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Zusammenfassung

Die Spin-Orbit Kopplung ist eine relativistische Korrektur zur Schrédinger-
gleichung, die in Anwesenheit elektrischer Felder auftritt. Der Effekt ist
ziemlich schwach und wird erst signifikant, wenn sich Elektronen in der Néhe
von Atomkernen bewegen. In Festkorpern jedoch wird dieser Effekt durch die
Kopplung der Bander sehr verstarkt. Moderate elektrische Felder geniigen,
um die Spin- und Orbital-Zustéande der Elektronen zu beeinflussen.

Vor einigen Dekaden sagte Rashba et.al. die Spin-Orbit Kopplung, verur-
sacht durch die Asymmetrie des Einschlusspotentials, voraus. Wahrend
D’yakonov et.al. prognostizierte, dass die Separation von spinpolarisiertem
elektrischem Strom durch die von Storstellen induzierte Spin-Orbit Kopplung
auftreten sollte. Kiirzlich fand man beide Effekte in Experimenten. Auf der
einen Seite konnte gezeigt werden, dass die Stéirke der Spin-Orbit Kopplung
in einem zweidimensionalen Elektronensystem durch die Gatespannung mod-
ifiziert werden kann. Auf der anderen Seite hat man den sogenannten extrin-
sischen Spin-Hall Effekt in Halbleitern und Metallen sogar bei Raumtemper-
atur gefunden. Diese Entdeckungen offnen den Weg zur Spintronik, welche
bezweckt, den Spin eines elektrischen Stroms zusatzlich zu seiner Ladung zu
verwenden.

In dieser Arbeit wird der spinabhéngige elektronische Transport durch
Nanodrahte in Anwesenheit der Spin-Orbit Kopplung numerisch untersucht.
Zunachst zeigen wir die Herleitung des effektiven Hamiltonoperators mit
Spin-Orbit Kopplung von der Betrachtung der Einheitszelle eines I1I-V-Halb-
leiters. Dann erortern wir, wie man numerisch den elektronischen Transport
in mesoskopischen Systemen, beschrieben durch den effektiven Hamiltonop-
erator, berechnet. Zum Schluss sagen wir voraus, dass die Kombination eines
Three-Terminal Nanoscale Conductors mit Spin-Orbit Kopplung spinpolar-
isierten elektrischen Strom induzieren kann, in Abwesenheit magnetischer
Felder.



Preface

Spin-orbit coupling is a relativistic correction to the Schrodinger equation in
the presence of electric field. The effect is very weak and becomes significant
only if electrons are traveling in the vicinity of nuclei of atoms where electric
field is extremely high. In solids, however, this effect is strongly enhanced
due to the band couplings. Moderate electric field is enough to affect the
spin and orbital states of electrons.

A few decades ago, Rashba et al. predicted the spin-orbit coupling in-
duced by the asymmetric confinement potential in two-dimensional systems
while D’yakonov et al. predicted that separation of spin polarized electric
current should occur due to the spin-orbit coupling induced by impurities.
Recently, both effects have been observed in experiments. On the one hand,
it is shown that the strength of spin-orbit coupling can be modified by gate
voltage in two-dimensional electron systems.On the other hand, the so-called
extrinsic spin Hall effect has been observed in semiconductors and metals
even at room temperature. These observations open the way to spintronics
which aims to use spin of an electric current in addition to charge of it.

In this thesis, we have numerically investigated the spin-dependent elec-
tronic transport via nanowires in the presence of spin-orbit coupling. We
firstly show the derivation of the effective Hamiltonian with spin-orbit cou-
pling from the unit cell of M-V semiconductors. Then we show how one
can numerically calculate the electronic transport in mesoscopic systems de-
scribed by the effective Hamiltonian. Finally, we have predicted that com-
bination of three-terminal nanoscale conductor and spin-orbit coupling can
induce spin polarized electric current in the absence of magnetic field.
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Chapter 1

Introduction

1.1 Nanotechnology

Nanotechnology is a field of applied science focused on the materials and de-
vices on the nanoscale. It is a technology in chemistry, biology, physics and
other scientific fields. Two main approaches are used in nanotechnology. One
is a "bottom-up” approach where materials and devices are built up atom by
atom. The other is a "top-down” approach where they are constructed by
removing existing material from larger entities. A unique aspect of nanotech-
nology is the significantly increased ratio of surface area to volume, which
opens new possibilities in surface-based science.

The current interest for nanotechnology has originated from new ana-
lytical tools such as the atomic force microscope (AFM) and the scanning
tunneling microscope (STM). Combined with refined processes such as elec-
tron beam lithography, these instruments allow the detailed manipulation of
nanostructures. These new materials and structures have led to the obser-
vation of novel phenomena such as the quantum size effect. This effect does
not come into play by going from macro to micro dimensions. However, it
becomes dominant when the nanometer size range is reached.

Materials reduced to the nanoscale can suddenly show very different prop-
erties compared to what they exhibit on a macroscopic scale. For example,
insulators become conductors; solids turn into liquids at room temperature;
stable materials turn combustible; inert materials become catalysts; opaque
substances become transparent. These unique quantum and surface phe-
nomena enable unique applications. Quantum dots and carbon nanotubes



are examples of the most prominent systems and materials in the field of
nanotechnology.

1.2 Spintronics

Spintronics is a technology which uses the spin of electrons as well as their
charge state. In order to make a spintronic device, it is necessary to have
a system that can generate a spin polarized current, and a system that is
sensitive to the spin polarization of the electrons. Most devices also have a
unit that changes the magnitude of a current depending on its spin states.

The simplest spintronic device consists of two ferromagnetic layers sep-
arated by a non-magnetic spacer layer. The first layer is used to generate
a spin polarized current. If the spin direction of a spin polarized current
is parallel to the second layer, the resistance is low and a current will flow
freely. On the other hand, if the spin direction of a spin polarized current is
antiparallel to the second layer, the resistance is high and a current will not
flow very much. This effect is called a giant magnetoresistance (GMR).

GMR effect is used in a spin valve device (Fig.1.1). In a spin valve, one
of the ferromagnetic layers is pinned while the other ferromagnetic layer is
free to rotate by an applied magnetic field. Spin valves can be designed with
soft free layers which have a very sensitive response to magnetic fields. Such
spintronic devices are used in the field of mass-storage devices. Recently,
one could compress massive amounts of data into a small area. The storage
density of hard disk drives is rapidly increasing.

Future applications may include a spin field effect transistor as we intro-
duce in the next section. This requires the development of magnetic semi-
conductors exhibiting room temperature ferromagnetism. The operation of
magnetic random access memory (MRAM) is also based on spintronic prin-
ciples.

1.3 Device applications

In this section, we briefly introduce a few spintronic device proposals based
on the so-called Rashba spin-orbit coupling (RSO). RSO is originated from
the asymmetry of the confining potential perpendicular to two dimensional
electron systems.



low resistance

high resistance

source pinned spacer free drain
layer layer layer

Figure 1.1: Schematic of the spin valve. The spin direction of a free layer
can be rotated by an external magnetic field.

The Rashba Hamiltonian is given by
o
Hrso = ﬁ (pry - prx) (11)

where « denotes the strength of RSO, and o; and p; (i = x,y) are the
Pauli matrices and components of the momentum, respectively [1]. In the
presence of RSO, propagating electrons feel effective in-plane magnetic field
perpendicular to its traveling direction (Sec.3.5). This effective magnetic
field induces the spin precession of propagating electrons.

1.3.1 Spin FET

One of the most important features of RSO is that one can control the
strength of RSO by gate voltage [2, 3]. In 1990, Datta and Das proposed
the spin field effect transistor (spin FET) based on this property [4]. The
transistor consists of a sample region with RSO attached to two ferromagnetic
contacts (Fig.1.2).

The mechanism of the spin FET is as follows:

1. Spin polarized electrons are injected from a ferromagnetic source con-
tact.



source

Figure 1.2: Schematic of the spin field effect transistor (spin FET). The spin
precession length of electrons can be modified by gate voltage.

2. Spin precession occurs due to the effective magnetic field induced by
RSO.

3. Output current will (not) flow if spins of electrons leaving a sample
region are parallel (antiparallel) to those of a ferromagnetic drain con-
tact.

One can modify the strength of RSO so that the spin precession length and
the output current are changed.

The spin FET proposal attracted much interest on RSO and spintronics.
However, it has not been experimentally realized yet. The main obstacle
is the junction between ferromagnetic contacts and a sample region. Since
a sample region is semiconductor while contacts are metal, there is a large
mismatch at the junction and the spin polarization of current is dramati-
cally reduced [5]. In order to overcome this problem, it is necessary to use
ferromagnetic semiconductor contacts or to generate spin polarized current
without using ferromagnetic materials. Both of them are main current re-
search topics in the field of spintronics.

1.3.2 Spin interference device

In addition to the spin precession, propagating electrons will acquire the spin-
dependent phase factor in the presence of RSO (Sec.3.6). In 1999, Nitta et

4



al. proposed the spin interference device based on this property [6]. The
device consists of a sample region with RSO attached to normal contacts
(Fig.1.3). The mechanism is the same as that of the AB oscillation except
the use of RSO instead of magnetic flux. One can control the strength of
RSO by gate voltage so that the effective flux through ring and the output
current are changed. The magnitude of the output conductance is given by

e? am*
G= ﬁ |:1 —+ cos <27ra7>] , (12)

where a denotes the radius of a ring [6]. This spin interference device has
been experimentally realized by Koga et al. [7].

- source

X

Figure 1.3: Schematic of the spin interference device (top view). The mag-
nitude of an effective flux through ring can be modified by gate voltage.



Chapter 2

Bandstructure

In this chapter, we will briefly introduce how to derive the effective Hamil-
tonian for a conduction band from the atom and structure of materials. We
will start with the calculation of a band structure for a two-atoms periodic
lattice as example. Then we derive the k-dependent Hamiltonian for a unit
cell of GaAs by using the sp®s* model [8]. After that, we transform the basis
of Hamiltonian from orbital states to eigenstates at the I'-point (k = 0).
Finally, we obtain the effective Hamiltonian for a conduction band in the
vicinity of the I'-point by using the Léwdin partitioning (perturbation) [9].
These procedures are summarized as a flowchart in Fig. 2.1.

2.1 Procedure of calculating bandstructure

Firstly, let us consider the two-atoms periodic lattice in one-dimensional
system as shown in Fig.2.2. By using one orbital per atom, the Hamiltonian



atom
structure

quantum physics

H the whole system
periodicity
. sp’* model
h(k) the unit cell basis: orbitals
. size: 20(20
transformation
of the basis

, . kP model (Kane model)
h'(k) the unit cell basis: eigenstates at the -point
size: 8[B (14[114)

Lowdin partitioning

Hecsc the conduction band size: 22

Figure 2.1: Flowchart of deriving the effective Hamiltonian for a conduction
band.

can be written in the matrix representation as

|[1A) |1B) |24) |2B) |[3A) |3B)

(14 E.« V. 0 0 0 0

(1B] V Ey V.0 0 0

24 0 VI E. V 0 0
H= mp| 0 0 V E; V0 o (20)

(34] 0 0 0 VI E, V

(3B 0o 0 0 0 V Eg

where F4 and Ep denotes the energy of the atom A and B, respectively.
The term V' represents the hopping energy between the atom A and B in
the same unit cell while V'’ that between the atom B and the atom A of the
nearest neighbor unit cell.

By combining the elements of the matrix into (2 x 2) blocks, one can

7
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Figure 2.2: Schematic of a two-atoms periodic lattice in one-dimensional
system. Unit cells including atoms A and B are replaced by the distance a.

rewrite this Hamiltonian as

12 13
arl - Hn Hs 0 -
H= 2| Hu Hx» Hy - |, (2.2)

3|--- 0 Hs Hs

where

([ Es V (o0 V (00
Hnn_< V EB )aHn,n—l_ < 0 0 )aHn,n—H_ < V/ O) (23)

In this representation, one can obtain the following matrix equation for any
particular unit cell n,

Hoynaln—1+Hp,|n)+ Hypnialn+1) = En). (2.4)

By using the ansatz, 4
In) = e |0) (2.5)

this set of equations can be simplified as
(Homre ™+ Hyp + Hy py1e™) [0) = E0) (2.6)
that is

E V + Ve ika
(v T =0 2.)



By diagonalizing this (2 x 2) matrix, one can obtain the k-dependent eigen-
values,

(Ea+ Ep) £/(Ea— Ep)? + 4(V2 + V72 + 2VV cos(ka))

EL(k) = 5 . (2.8)
We show this dispersion relation of the two-atoms periodic lattice in
Fig.2.3. The parameters are B, = 1, Eg = —1, V = 2, and V' = 1.

Qualitatively same dispersion relation can be obtained for a two-atoms pe-
riodic lattice made by the same atom, i.e., E4 = Ep. This means that the
transtion from a one-atom periodic lattice to a two-atoms one opens a band-
gap. If the Fermi energy of a material is inside this band-gap, the material
changes its property from conductor to insulator (Peierls transition).

T 05 0 05 1
k (in unit of 1a)

Figure 2.3: Dispersion relation of the two-atoms periodic lattice (Eq. (2.8)).
Parameters are £4 =1, Eg = —1,V =2, and V' = 1.

This procedure can be easily generalized. Now let us consider any par-
ticular unit cell n coupled with several unit cells m. One can write down the
following matrix equation,

S Hyp |m) = En) . (2.9)

The size of the matrix H,,, depends on the number of basis functions per
unit cell.



By substituting the ansatz,

m) = eFdn |0, (2.10)
into Eq. (2.9), one can obtain
h(k)|0) = E10), (2.11)
where
h(k) =" HypeiF(@dn=dn), (2.12)

The dispersion relation (bandstructure) can be plotted by diagonalizing the
Hamiltonian h(k) for each value of k. If we assume that the number of basis
functions per unit cell is b, it will show b branches.

2.2 Bandstructure of gallium arsenide

Gallium arsenide (GaAs) belongs to the diamond structure which has a unit
cell consisting of Ga (cation) and As (anion) atoms. For each atom, we need
to include at least four valence orbitals, that is 4s, 4p,, 4p, and 4p,. It is
common to include the next higher orbital (5s) as well. This is so called the
sp3s* model and the unit cell has 10 basis, 5 orbitals multiplied by 2 atoms.
This means that the Hamiltonian h(k) is given by (10 x 10) matrix.

Now let us consider the structure of GaAs. The diamond structure con-
sists of two interpenetrating face-centered cubic (FCC) lattice as shown in
Fig.2.4. The lattice of As atoms can be obtained by adding (1,1, 1)a/4 to
that of Ga atoms. As shown in Fig. 2.5, the As atom in a diamond structure
has four nearest neighbors of the Ga atoms arranged in a tetrahedron.

By considering these structure, the Hamiltonian can be obtained as [8, 10]

10
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Ga (cation) As (anion)

(0,0,0) (1,1,1)a/4

Figure 2.4: Schematic of the FCC lattices based on Ga and As atoms. The
lattice of As atoms is shifted from that of Ga atoms by (1,1,1)a/4. The
diamond structure of GaAs consists of these two FCC lattices.

Here E, and E,. denotes the energies of the 4s-orbitals for the anion (As)
and cation (Ga), E,, and E,. the energies of the 4p-orbitals, and Ej-,, and
FE.. the energies of the 5s-orbitals, respectively. The hopping terms between
the orbitals are given by Eg,, Erpy Eryy Esapes Epase, Esvape, and Epgexc. The
factor go, g1, g2, and g3 are defined by

490 = 1 +e—ik-d1 +e—ik~d2 +e—ik~d3 (214)

4g, = 1+4eikdr _ oikdy _ —ikds (2.15)

492 = 11— e—ik)-dl + e—ik)-dz o e—ik)-d3 (216)

dgy = 1—etkdr _ gmikdy | o—ikds (2.17)

where

d = (0,1,1)a/2 (2.18)

d, = (1,0,1)a/2 (2.19)

ds = (1,1,0)a/2. (2.20)

Figure 2.6 shows the bandstructure calculated by diagonalizing Eq. (2.13)

for each value of k along the I' — X and I' — L directions. Parameters are
summarized in Table. 2.1 [8, 10].

12



al2 L «

unit cell

Figure 2.5: Schematic of the unit cell. The As atom has four nearest neighbor
Ga atoms, one of which is in the same unit cell. They are coupled by 4s-,
4p-, and 5s-orbitals.

2.2.1 Eigenstates at the I'-point

In typical experiments, the Fermi energy of semiconductors are lying at 10-
100 meV above (below) the edge of the conduction (valence) band. For this
reason, we are especially interested in the vicinity of the I'-point (k = 0). At
the T'-point, the factors g;, g2, and g3 in Eqs. (2.15)-(2.17) become equal to
zero. This means that the 4s-, 4p-, and 5s-orbitals are decoupled each other
(Fig.2.7). The wave functions at the points 1 and 5 in Fig. 2.8 are simply
given by the linear combination of 4s-orbitals in anion (As) and cation (Ga)
atoms while those at the points 2, 3, 4 and 6, 7, 8 are given by that of
4p-orbitals. The wave function at the point 9 and 10 is given by the 5s-
orbital in cation (Ga) and that in anion (As), respectively. It shows that, in
the vicinity of the I'-point, the 4s-orbitals are dominant in the conduction
band (blue line with No.5 at the I'-point in Fig.2.8) while the 4p-orbitals
are dominant in the valence band (red and green lines with No.2,3,4 at the
I-point in Fig. 2.8).
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Figure 2.6: The bandstructre of GaAs for k along the '=X (from k = (0,0, 0)
to (1,0,0)27/a) and I' — X (from k = (0,0,0) to (1,1,1)7/a) directions.
Some bands are degenerate.

2.2.2 Conduction band

It is well known that the sp3s* model gives a reasonably accurate band-
structure. What happens if we ignore the contribution from 4p-orbitals or
5s-orbitals? Figure 2.9 shows the bandstructure of the conduction band of
GaAs for the restricted hopping terms. We take into account the hopping
between Ga and As atom via (1) only 4s-orbitals, (2) 4s- and 4p- orbitals,
and (3) 4s-, 4p- and 5s-orbitals (Fig. 2.10). It is shown that if we assume the
hopping via 4s-orbitals only, the conduction band becomes antiparabolic.
This is not realistic at all. By including the contribution of 4p-orbitals, the
bandstructure becomes quite accurate in the vicinity of the I'-point, but is
not for large k.

2.3 Effect of spin-orbit couping

When electrons are traveling at very high velocities, relativistic effects be-
come significant and one need to use the Dirac equation instead of the

14



E,. | -8.3431 | 4E,, | -6.4513
E,. | -2.6569 || 4E,, | 1.9546
1.0414 || 4E,, | 5.0779
. | 3.6686 | 4E,qp 1.8
Eyq | 85914 || 4E,4. | -5.7839
Ege | 6.7386 || 4Byuepe | 4.8422
AE e | -4.8077

Table 2.1: Parameters for GaAs in the unit of eV.

5s 5s
4p 4p
4s 4s

Ga As

Figure 2.7: Schematic of the coupling between Ga and As atom at the I'-point
(k = 0). The 4s-, 4p-, and 5s-orbitals are decoupled each other.

Schrodinger equation. In solids, the velocity of electrons is not so high that
one can include relativistic effects into the the Schrédinger equation by per-

turbation (see Sec.2.6).
One of these relativistic corrections is the spin-orbit coupling,

h

Am2c?

Hg, = o - (p x VUy(r)). (2.21)
The spin-orbit coupling is usually very weak. But it can not be ignored when
electrons are traveling around the nuclei of atoms where the electric field is
very high. If we assume the spherically symmetric atomic potential Uy(r),
the spin-orbit term can be written by
h  1dU
H,, = LdGo(r), . o (2.22)

Am2c2r dr

where | = r X p.
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Figure 2.8: The bandstructre of GaAs.

The operator I - o can be evaluated by the total angular momentum state
J=1%3) (1#0)as[11]

1 1
Lolie V= 4= 9.9
U‘+2> ‘+2>’ (223)

l-a‘l—%>: (4 1) ‘z-%>. (2.24)

Hence the spin-orbit coupling induces the band splitting for the p-orbital
(I = 1) states. In other words, the spin-orbit coupling mixes the spin up and
down states of the p-orbitals as shown in Fig.2.11.

In the matrix representation, the spin-orbit coupling can be expressed in
terms of a single number ¢, for the anionic orbitals,

Xa }/CL ZCL XCL Ya Za
X,/ 0 —is, O 0 0 J,
Y, [0, 0O 0 0 0 —id,
Z, | 0 0 0 =6, i, O
X,| 0 o -6, 0 i, 0 | (2.25)
Y, | 0 0 —id, —id, O 0
7. \ 64 0, 0 0 0 0
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Figure 2.9: The conduction band of GaAs for the restricted hopping terms.
The hopping between Ga and As atom is taken into account via (1) only 4s-
orbitals, (2) 4s- and 4p- orbitals, and (3) 4s-, 4p- and 5s-orbitals (Fig. 2.10).

and in terms of a single number J. for the cationic orbitals,

Xc }/c Zc XC }_/C ZC
X. /0 —id. 0 0 0 O
Y. | id, 0 0 0 0 —10,
Z.| 0 0 0 -4, 6. O
X.| 0 0O -5 0 45 0 (2.26)
)76 0 0 —i0, —10., O 0
Ze \ 6. i0. 0 0 0 0
The spin-orbit splitting A. (or A,) is given by
A.(orA,) = 3d.(ordy). (2.27)

The values of the spin-orbit splitting is well-known from both theory and
experiment for all the atoms. For example, Ga has a spin-orbit splitting of
0.013eV while that of As is 0.38eV [8].

17
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5s 5s 5s 5s
4p 4p 4p 4p
4s 4s 4s 4s
Ga As Ga As
)
5s 5s
4p ~::;f"' "'fj:: 4p
4s 4s
Ga As

Figure 2.10: Schematic of the coupling between Ga and As atom for the
restricted hopping terms.

By including the effect of the spin-orbit coupling, one now need to diag-
onalize the (20 x 20) Hamiltonian given by

m 1D
_ (T (h(k) 0O
Ho= i) < 0 h(k)> + H,, (2.28)

where h(k) is the (10 x 10) Hamiltonian in Eq. (2.13).
Figure 2.12 shows the bandstructure of GaAs including the effect of spin-
orbit coupling.

2.3.1 Eigenstates at the I'-point

As we discussed in the previous section, the 4s-, 4p-, and 5s-orbitals are
decoupled at the I'-point. In the presence of spin-orbit coupling, the p-
orbital (I = 1) states are further decoupled into the j = 3/2 and j = 1/2
states. We have summarized the eigenstates at the I'-point for the p-like

18
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4pt i i apt

| |

4s 1 | | 4sl
i Ga As :

5s{ | | 5s}
I I

ap} | | ap)
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Figure 2.11: Schematic of the coupling between Ga and As atom in the
presence of spin-orbit coupling. The up and down spin states of 4p-orbitals
are coupled by spin-orbit coupling.

conduction band (I's., I'7.), the conduction band (T's.), and the valence band
(Tsy, D7) in Table. 2.2 [9].
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Figure 2.12: The bandstructre of GaAs. Left: without spin-orbit coupling (as
same as Fig.2.6). Right: with spin-orbit coupling. The spin-orbit coupling
induces the band splitting in the valence band and the p-like conduction band
at the I'-point.

2.4 Eigenstate basis

So far, we have shown that the band structure can be obtained by diagonal-
izing the k-dependent 20 x 20 Hamiltonian for each value of k. However, our
main interest is the conduction band in the vicinity of the I'-point. In this
case, it is convenient to rewrite the Hamiltonian by the basis of eigenstates
at the I'-point instead of orbital states. In the eigenstate representation, the
coupling between bands are well described by the k- P model or the envelope
function approximation (EFA) [9],

2
Z { [En’ + M + U] 5nn’5¢70/ + %MBU : B5nn/

o 2m
+ %(hk Y eA) - Poboor + Am,n/g/} Cror = By (2.29)
where
P = (lpl) (2.30)
Bugw = T (ol p- (o (V1)) o). (2:31)

Here F,, denotes the eigen energy at the I'-point for the band n, P, is the
momentum matrix element between the band n and n’, and A, /. is the

20
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. L x =iy s s 1 0
|2 -1 > = I o7 > |3 -3 > - v X’—iY>
e |3 3), = ~% X’fiY’> 2 ) = X/—ZZ;YI>
nollsa), = [3) - |9
nollE 1), = | TRY) 1R = E | oim)
X . 1 X —iY 3 3 L 0
‘5 -1 > = % 97 > \5 3 > Y] X—iY>
F?v ‘% 1>1 = 7% XfIY> ‘% _% >U B 7% X__ZIY>

Table 2.2: Eigenstates at the I-point for the p-like conduction band (T's., I'7.), the conduction band (Te,),
and the valence band (I's,, I'7,).



matrix element of spin-orbit interaction. The Vj denotes a rapidly oscillating
microscopic lattice-periodic potential while U represents a slowly varying
potential over a whole sample.

Each bands are weakly coupled for the small value of k so that one can
decouple the conduction band from the other bands by using the Lowdin
partitioning (perturbation). After the perturbation, one can finally obtain
the 2 x 2 effective Hamiltonian for the conduction band.

2.5 Calculation of effective Hamiltonian

In this section, we will show how to obtain the effective Hamiltonian for
the particular band around the particular k. Let us consider the 3 x 3 k-
dependent Hamiltonian h(k) for example. Assume that we are interested in
the band A in the vicinity of & = kg as shown in Fig. 2.13.

E
C

/

B

S~
o

Ko k1 k

Figure 2.13: Schematic dispersion relation. We are interested in the band A
in the vicinity of k = k.

The Hamiltonian at k = kg can be written by

lao)  |bo) |co)
<a0\ EAO 0 0
hko) = (ol | 0 Eme 0 (2.32)

<CO ‘ 0 O Eco

where |ao), |bo), and |cy) are eigenstates of h(kg). Similarly, one can write
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down the Hamiltonian at k = k; as

lar) b)) er)
<a1\ EAl 0 0
hki)= (|| 0 Ep 0 (2.33)
<Cl‘ 0 0 ECl

where |a1), |b1), and |c;) are eigenstates of h(k;). The important point is
that this Hamiltonian can be also written by |ao), |bo), and |co) as

lap)  [bo)  |co)

(ag| { Han Hap Hac
h(ki) = (bo| | Hea Hpp Hpc |, (2.34)
(col \Hca Hep Hee

since each set of eigenstates gives a complete and orthonormal set of the
basis. One can further rewrite the Hamiltonian by h(kg) and the additional
term,

hki) = hke) + \h'(ki) = H() (2.35)
Eqo+ Arag AT AR AT Ac
= )\IBA EB() + )\ZL’BB )\xBC (236)
)\ch AxCB Ec() + )\JICC

where A denotes the strength of coupling and h'(k;) the matrix elements
between each bands.

If ky ~ ki, each bands are weakly coupled (A < 1) so that one can
separate them by perturbation. By applying the unitary transformation, one
can decouple the band A from the others as (Fig.2.14)

H(\) = UMNHWNU(\) (2.37)
His O 0

= 0 Hpp Hpe |- (2.38)
0 Hep Hee

The effective Hamiltonian for the band A around k = kg is then given by

Hap=HO + X H, + 2HE, + BHE), + - (2.39)
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Figure 2.14: Schematic of weakly coupled systems. The focused system (A)
can be decoupled from the others (B and C) by the unitary transformation.

for any order of A\. This decoupling of the system in interest from other
systems are called Lowdin partitioning [9].

We have summarized the value of HE& up to i = 3,

H,gof)x = FE.o (2.40)

HY = 2 (2.41)
(2) TAiTiA

H = —_— 2.42
A l:%c ) (2.42)
3 AT Ty A TAITIATAA T TAAT AIT A

H,(u)x _ Z _ Z (2.43)

~ (Ba— E)(Ea— Ey) 4 2Es — E)?

In general, an effective Hamiltonian is given by [9],

g, = H , (2.44)
7Y, = H (2.45)
@, -1 S H!H] L 1 (2.46)
mm/ 2 l ml*+im’ Em - El E;n — El .
1 1 1
H(3) L= - H;n H//H,,m, [ i ]
"2 %: W (B — E)(En — E) (B, — B) (B}, — E))

!/ / / !/ / /
1 HmlHlm”Hm”m’ Hmm"Hm"lHlm’

T i R e | @)

where the indices m, m’,m” correspond to states in the focused band, and
I,I',1" correspond to states in the other bands.
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2.6 Relativistic effect

Figure 2.15: Schematic band structure for the Dirac equation.

Before dealing with the multi-band Hamiltonian for semiconductor sys-
tems, we would like to review how the effective Hamiltonian for the positive
energy branch can be derived from the Dirac equation.

The Hamiltonian in the Dirac equation is defined by [12]

+) =)

H:<+|<mc2+U co-p )

(=] \ co-p" —mE+U (2.48)

where p’ = p + eA.
In the third order perturbation, the effective Hamiltonian for the positive
energy branch in the vicinity of p = 0 can be calculated as

Hep=HEL 4 HY + HE + HE) (2.49)
where
HO = e (2.50)
Y = v 2.51
2
2 _ ¢ o,/ !
H{} = mc? (o-p')(o-p) (2.52)
p” e (V x A) (2.53)
— - —0O - .
2m  2m
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¢ 2(0-p)U(o-p') —{U(o - p')(o-p)+(o-p')(c-p)U}

(3)
H =
++ (2m02>2 2
h , &

Here, we have used the following relations,

(0-A)oc-B) = A-B+ioc-(AxB) (2.55)

2ABA - (BAA+ AAB) = [[A, B|,A] (2.56)
One can rewrite the effective Hamiltonian as
2 2
] _ 2 p, 90 )\so h
Hy, =mc +U—|—%+E,MBO"B+70'-(]?' x VU) —i—WAU, (2.58)
where
B=VxA (2.59)
and
g = 2 (2.60)
eh
f— —_— 2- ].
KB T (2.61)
h2
)\so - _4m2c2- (262)

The band gap, the Bohr magneton, and the strength of the spin-orbit
coupling are estimated as

2mc® ~ 1MeV, (2.63)
pp =~ 927 x 107JT7, (2.64)
Ao ~ —3.7x1076A%, (2.65)

respectively.

2.7 Effective Hamiltonian for conduction band

The main properties of electrons in semiconductors are well described only
by considering the coupling between the conduction and valence band. The
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Figure 2.16: Schematic band structure for the 8 x 8 Kane model.

multi-band Hamiltonian is given by 8 x 8 Kane model,

H 6¢c6¢ H 6¢c8v H 6¢cTv
Hsxs = | Hswoe Hsvso Hsoro |- (2.66)
H Tvbe H Tv8v H Tv'Tv

In the third order perturbation, the effective Hamiltonian for the conduc-
tion band can be calculated as [9]

Hoose = Hipo + Hipo + Hiho + H, (2.67)
with
i, - & 269
h2k/2

Hge = Ut——+ %uBU B (2.69)

H(2) _ h_ Z (k PGCSU)(k/ : P8v6c Z k/ P6c7v)(k P7v6c)

Gcte m? £ Ey m2 s Eo + Ay
P2/ 2 1 eP? 1

_ P2 . k/2__(__7) B (270
3 (E0+E0+A0> s \B B 1A B 270
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_ B 2(K - Pocso)U(K - Psvee) — {U(K - Pecso) (K - Psuse) + (K - Pocso) (K’ - Psvse)U}
- m? 2E§
|8v)
n h_2 2(k" - Pecry)U(K' - Pryse) — {U(K' - Pocro) (k' - Proee) + (K - Pecro) (k' - Pryec)U}
m2 2(Eo + Ap)?
|7v)
P2 (1 1 , ) 1
- = (E_g _ 7(E0+A0)2> o (K x VU) + — (E_§+7(EO+AO)2> AU
(2.71)
where .
k'=k+ ﬁA (2.72)
and 5
P=—{8p, |X). 2.73
= (8172 1X) (273
One can rewrite the effective Hamiltonian as
2712 *
Hocoe = E.+ U + 5 + %MBO— B+ %a (K x VU) + AU (2.74)
where
m 2m P? / 2 1
= 1+ =4+ =—— 2.75
m T3 (E0+E0+Ao) (2.75)
* omP? /1 1
oo Pl L) .10
2 2 he 3 \Ey Ey+ A
eP? [ 1 1
= — | == — 2.77
e 3 (Eg (Eo + A0)2> (277)
P2 /(2 1
= —|==+—=—=]. 2.78
L (E% <E0+Ao>2> (278)

The band parameters for typical IlI-V semiconductors are summarized in
Table 2.3 in comparison with those of free electrons in the Dirac equation

[9]-

2.8

Dresselhaus spin-orbit coupling

Let us consider the effect of the p-like conduction band (I'7., I's.) in addition
to the valence band (I'7,, I's,). The multi-band Hamiltonian is given by the
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‘ H unit H GaAs ‘ InAs ‘ InSb H free e™

Ey || ev || 1.519 | 0.418 | 0.237 ~ 106
Ao || eV || 0.341 | 0.380 | 0.810 -
m* || m || 0.0665 | 0.0229 | 0.0139 1
g* - -0.44 | -14.9 | -51.56 2
ass | eA2 || 5.206 | 117.1 | 523.0 | -3.7 x10°€

Table 2.3: Band parameters for typical Il -V semiconductors.

14 x 14 Kane model,

H, 6c6c H, 6c8v H, 6cTv H, 6c7c H, 6c8c
H8v6c H8v8v H8U7’U H8v7c H8v8c
H14>< 14 — H7v6c H7v8v H7U7’U H7v7c H7v8c . (2 . 79)
H Tcbe H Tc8v H Tctv H 7cic H 7c8c
H, 8cbe H, 8c8v H, 8cTv H, 8cTc H, 8c8c

One can calculate the effective Hamiltonian for the conduction band in
the third order perturbation as [9]

H6c6c = G(g%c + Hﬁ(iéc + H((iigjc + Hﬁ(iéc (280)
The third order perturbation gives
(k, : PGCB'D)(kl : PSv?c)(k, : P?ch)

h3
@ _
Hose = 35 22 Ey(Eo — By)

(k, : PGC?'D)(kl : P7v8c)(k, : PSCGC)

h3
md e ts (Bo+ Ao)(Bo — Ej — A))

= an |ou{k), Ky — K2} + o {K), K2 = K2} + oK K2 — K3}

(2.81)
where
K = k+%A (2.82)
43 1 1
— _—pp! — 2.83
2 3 @ (Eo + Ao)(Eo — Ey — Ay)  Eo(Eo — Ep) (2:83)
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Figure 2.17: Schematic band structure for the 14 x 14 extended Kane model.

(A B} = %(AB+BA) (2.84)
h
r /
P'= —(S|pa|X') (2.85)
_h /
Q = m<X|py‘Z>. (2.86)
Here we have taken the directions of coordinates as ¢ = [100], g = [010],

and Z = [001]. The above term that arises from the third order perturbation
is called the Dresselhaus spin-orbit coupling [13]. We have summarized the
strength of Dresselhaus coupling for typical IIl -V semiconductors in Table 2.4

[9]-
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‘ H unit H GaAs ‘ InAs ‘ InSb ‘
| ag || eA? || 27.58 [ 27.18 | 760.1 |

Table 2.4: The strength of Dresselhaus spin-orbit coupling for typical I -V
semiconductors.
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Chapter 3

Two-dimensional systems

In this chapter, we derive the Hamiltonian for two-dimensional electron sys-
tems from the effective Hamiltonian in the previous chapter and discuss the
basic properties induced by spin-orbit coupling. The asymmetric confinement
results in the so-called Rashba spin-orbit coupling (RSO). For the Dressel-
haus spin-orbit coupling (DSO), we have considered the confinement in the
[001] direction and only focused on the k-linear term. This Hamiltonian for
2DES in the presence of RSO and DSO is a starting point of our investi-
gation. We have further described it in the matrix representation by using
the discrete lattice model for numerical simulations. The spin orientation at
the Fermi energy and the spin-dependnet effective magnetic field induced by
spin-orbit coupling are also discussed.

3.1 Rashba spin-orbit coupling
Let us separate the potential term as
U(T) :Ul(x,y)+U2(z). (31)

From Eq. (2.74), the effective Hamiltonian for the conduction band in the
absence of magnetic field can be written by

- n’k? o*U,  0*U,  O*U
Hese = Eet+Up+Us+ —— + < : -+ 2)

2m ox? * 0y? 022

46 8U1 8U1 46 8U1 8U1
LR <’f Dy kyaT;) ok (ax a—y“w>
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Hecse

confinement
in the [001] direction

Hzpes two dimensional system

Rashba spin-orbit copuling

discretization of the lattice Dresselhaus spin-orbit coupling

Hrs tight-binding model

Figure 3.1: Flowchart of deriving the effective Hamiltonian for two-
dimensional systems.

Q46 oU,
?E(O—xk’y — O'ykx). (32)
By taking the average of the z-dependent operators, one can obtain the
Hamiltonian for two-dimensional electron systems (2DES),
R (k2 + k2 h? (k2
Hoypps = E.+ U+ (Us) + ( y)+ h)

2m* 2m*
82U1 82U1 82U2 46 8U1 8U1
* 7(3;,;2 * ay2>”<az2 P e P
as6 OU,

where (k.) = 0. Here we replace k, by 0/i0z. We also note that the band
parameters are modified by the confinement. More delicate approach can
be found in Ref. [14]. The last term in Eq. (3.3) is called Rashba spin-orbit
coupling (RSO) [1].

In this thesis, we have defined the Rashba Hamiltonian as

«
Hrso = %(O—xpy - pr:c) (34)

a= <%%> (3.5)
e 0z
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3.2 Dresselhaus spin-orbit coupling

3.2.1 Confinement in the [001] direction

From Eq. (2.81), the Dresselhaus spin-orbit coupling (DSO) in 2DES confined
in the [001] direction is given by

HQ(?]S)ES[001] = —042 <k3§> (0uks — oyky) + askoky(ooky — oyks). (3.6)

In this thesis, we have ignored the second term in Eq. (3.6) and defined
the Dresselhaus Hamiltonian as

Hdso = (Usz - pry) (37)

St

where
B =—an (k). (3.8)
We have compared the strength of RSO and DSO for typical II-V semi-
conductors (Table3.1). We note that this is a rough estimation since we
directly use the band parameters for three-dimensional system (Table. 2.3).
The accurate values must be evaluated by experiments. Still, these values are
useful to know the order of the strength and explain why RSO is dominant
in InAs while is comparable with DSO in GaAs.

‘ H unit H GaAs‘ InAs ‘ InSb ‘

a || meVA || 5.206 | 117.1 | 523.0
B || meVA || -9.93 | -9.78 | -273.6

Table 3.1: The comparison of the strength of Rashba and Dresselhaus spin-
orbit couplings in 2DES. We use the band parameters a4 and a4 in Table. 2.3
and assume (0U,/0z) = 1 mVA~! [2] and (k) = 3.6 x 10~* A=2 [15] for
evaluating o and f3.

3.2.2 Confinement in the [110] direction

If one choose the direction of confinement as [110] instead of [001], DSO in
2DES can be given by

(k2) K
H2(?])D)ES[110] = Q42 { 5 9 + ki ka0 (3.9)
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where we set & = [110], § = [001], and 2 = [110]. In contrast to the DSO
confined in the [001] direction, the DSO in the [110] direction does not induce
effective in-plane magnetic field [15]. In other words, the spin precession can
be suppressed in this confinement. Especially, the DSO in the [110] direction
can be erased when a current is flowing in the y- ([001]) direction [16].

3.3 Effect of potential curvature

From Eq. (3.3), the Hamiltonian for 2DES confined in symmetric potential
is given by

H

K2 k> oU oU.
_ PR <ka_y - k%) LU AL (310)

2m* e

One can rewrite the Hamiltonian as
2 A2 * 2 2 2
i I (s ) [(AU (20
ox dy

T ome h 2e2h?
m*as0, [ OUy _8U1 0
e2h oy’ ox’ )

+ U1 + ’)/AUl (311)

where

A=

(3.12)

This effective vector potential corresponds to the effective magnetic field,
B = VxA (3.13)

m*a46c7 -
This implies that electrons feel spin-dependent effective magnetic field de-
pending on the curvature of potential.

The simplest example of this effect is a quasi one-dimensional wire with
parabolic confinement. The parabolic confinement U (y) = mw?y?/2 results
in the effective magnetic field proportional to mw?c,. Spin accumulation due

to this effective field has been reported by several numerical investigations
[17, 18, 19, 20].
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3.4 Matrix representation of Hamiltonian

In order to perform numerical simulations, we would like to represent the
Hamiltonian by matrix based on the discrete lattice (tight-binding) model.
Let us consider the Hamiltonian with RSO and DSO,

2

«

H =
2m*  h

This Hamiltonian can be separated in the z- and y-directions as

H=H,+H, (3.16)
where 2 a0, + o
H, = 277”;* + 7 Dz (3.17)
and 2 won — o
Hy =50+ ———"1y (3.18)

In the discrete lattice model, the kinetic term in Eq.(3.17) can be given
by [21]

-y ) WG G-ah 19

om*

where Vy = h%/2m*a? with the unit lattice spacing a. The spin-orbit term
can be given by

_ 2V0a(_90y+¢%)\i> <i+fi“|2;a!i> (i — 2|
= —Vi(—ibo, +igo,)(|i) (i + 2| — |3) (i — &])

0 —04id\ .
= (gl o) W al -1 G-l

—aoy + Bo,
h pI

(3.20)
where a = 20Vha and 3 = 2¢Vja.
Now we can describe the Hamiltonian in the z-direction as
H, =2Vo —Viits — Vii-s (3.21)

36



where
- 1 —0+i¢p

and
Viies = Vi (3.23)

7

Here V; ;4; denotes the hopping from the site i + Z to <.
Similarly, the Hamiltonian in the y-direction can be described by

Hy=2Vo = Viirg — Viiyg (3.24)

where

B 1 10— ¢
and
Viieg = Vil (3.26)
One can summarize the Hamiltonian in the discrete lattice model as
Hrp=— Y VigjorClicjor (3.27)
(ijyoo’

with ‘/7;’7;4_;2 and ‘/Z',Z'—HQ‘

3.5 Spin orientation at Fermi energy

In this section, we discuss the spin orientation at the Fermi energy and the

spin precession of propagating electrons. Let us consider the Hamiltonian
with RSO and DSO,

2
p o 5
Y + 7 (02py — OyDz) + 7 (0uDz — Oypy) - (3.28)

H =

The eigenvalues are given by

*

n;_: \/a2 + 32 +2aﬂsin2¢>2 - (042 + 3 +2aﬂsin2¢)

1
Ei = <p:i:

2m* 2h2

(3.29)
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with the eigen functions,

1 1
< l ) = :l: aeig_i_ﬁeiqb (330)
+ Va2 +32+2a8sin2¢

where ¢ = tan~'(p,/p.) and ¢ = 7/2 — ¢.
The magnitude of momentum at the Fermi energy is given by

*2 *
ple = \/2m*Ep + (a2 + B2+ 2085in20) F Sy fa? + B2+ 2005in 20,

(3.31)

Figure 3.2 shows the spin orientation at the Fermi energy in the presence
of RSO and DSO. In the presence of only RSO (A), a transport is isotropic
and the direction of effective in-plane magnetic field is always perpendicular
to that of propagating electrons. In other words, the spin precession occurs
on the plane parallel to the direction of a current. In the presence of only
DSO (B), a transport is also isotropic but the direction of effective in-plane
magnetic field depends on that of propagating electrons. On the one hand,
the plane of spin precession is perpendicular to the direction of a current when
the current is flowing along the [100] and [010] directions. On the other hand,
the plane of spin precession is parallel to the direction of a current when the
current is flowing along the [110] and [110] directions.

In the presence of both RSO and DSO (C), a transport becomes anisotropic
[22]. If the strength of RSO is equal to DSO, the direction of effective in-
plane magnetic field is always parallel to the [110] direction. This means
that the direction of the spin precession is fixed in the [110] direction. In
this case, the diffusion of spin direction induced by impurities (D’yakonov-
Perel’ relaxation [23]) is suppressed. Schliemann et.al have been proposed
the non-diffusive spin FET based on this property [24].

3.6 Spin-dependent effective magnetic field

In this section, we will show that RSO and DSO induce the spin-dependent
effective magnetic field perpendicular to 2DES. Let us consider the Hamilto-
nian with RSO and DSO,

2

p a 5
+ _(Uzpy - prz) + %(prx - pry)' (3.32)

H =
2m*  h
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Firstly, we derive the effective magnetic field by evaluating the time
derivative of velocity operator. The velocity operator can be calculated as

d 1 P  —ao, + Bo,
= —xr= H v e 3.33
o= gt gl = s (3:33)
d 1 P — fBo
= —y=_—[yH =247 7Y 3.34

It clearly shows that m*v # p. Similarly, the time derivative of velocity
operator can be calculated as

d 1 e [ p ~
@ Hl — B .
at’ = zh[v’ ] m* [m* 8 ] (3.35)
where (2 )
B = (o,o, m (0;13_5 )az>. (3.36)
e

Another convenient way of deriving the effective magnetic field is to esti-
mate the flux per plaquette from the Aharanov-Bohm phase. Let us consider
the Hamiltonian given by Eq. (3.27). The hopping term can be simplified as

Viive = Voexp[—i(bo, — ¢o,)] (3.37)
Vi = Vooxpli(do, — o, (3.38)

for an infinitesimal lattice spacing a. Let an electron initially be at (7, ) and
consider the closed path as shown in Fig. 3.3,

C = Vz‘z‘+gViz’+xV Vi

— exp it — 6oy exp it — 6.
[—i(00z — ¢oy)] exp [i(boy — ¢oy)]
~ exp {z 0+ ¢)(0n — 0y) + (67 — (,152)04
{ (0 + ¢) ax—ay)+z(2—gb2)az}
~ exp [2@(02 - (bz)az] : (3.39)

X exp

X exp

Here we have used the Campbell-Hausdorff formula,

)\2

exp(AX) exp(AY) = exp <)\(X +Y)+ — 5 (X, Y]+ O()\3)> (3.40)
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and have dropped terms higher than A2. The acquired phase can be related

to an effective magnetic field as

2(0% — ¢*)o, = %Bz&
that is,
2 2
BB
ea

(3.41)

(3.42)

By substituting o = 20Vya, 3 = 2¢Vya, and Vy = h*/2m*a?, one can obtain

Bz _ 2m*2(a23— /62)
eh

40

o,.

(3.43)



E=Er | E=Er

Figure 3.2: Spin orientation at the Fermi energy in the presence of RSO (A),
DSO (B), both RSO and DSO (C), the same strength of RSO and DSO (D).
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i, j+y) (i+X, j+¥)

O O
C
O O
G, j) (i+X, j)

Figure 3.3: Closed path C' inside a square lattice.
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Chapter 4

Recursive Green function
method

The measurement of an electric current is one of the most fundamental ex-
periments in order to investigate material properties. In this chapter, we will
introduce the recursive Green function method to calculate the conductance
and current distribution in mesoscopic systems for linear response regime.
We start with the one-dimensional wire in two-terminal geometry in order
to show the basic idea of the Green function method. Then we expand the
model to the finite width. Finally, we consider the multi-terminal geometry.

4.1 Two-terminal geometry

4.1.1 One-dimensional wire

Firstly, let us consider an infinite one-dimentioanl (1D) wire as shown in
Fig.4.1. A finite sample region (e) is attached to two reservoirs via semi-
infinite ideal probes (o).

P~ O—O0—0—0— —0—0 OO
N+1

-1 0 1 2 N1 N N+2

Figure 4.1: Schematic of a one-dimensional wire. Black and white circles
represent a sample and ideal probe region, respectively.
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The Hamiltonian can be written by

H = Hiala = Y Vyala;, (4.1)

where a!(a;) denotes the creation (annihilation) operator of an electron on
the site ¢, H; the potential on the site ¢, and V;; the hopping term between
the site 7 and 7. The hopping is restricted to nearest neighbors. Here we set

(M (1<i<N)
HZ’_{HO (<ON+1<i) (4.2)

and

[V Q<i<N-1)

respectively. The hopping in the reverse direction is given by Viii; = VZTZ 41
The Schrodinger equation in the matrix form can be written by

Ho — F —1 co

-1 Hi—FE -V c1
_yt '
1% —0,

T, -V .

vt HN-E -1 eN

CN+1

—1 Ho — E

(4.4)

where E denotes the Fermi energy and ¢; the component of the wave function
on the cite 7. We note that the wave function can be decomposed into the
right- and left-going solutions which also satisfy Eq. (4.4).

Let us consider the transport from the left to the right reservoir. The
component of the right-going solution on the site —1 can be described by
that on the site 0 as

o1 o= coa(+) + (=)
= e Co(+)+e Feo(—)
= e Feo(+) + (CO—CO(+))
e®eg + (€7 — o (+), (4.5)



where the index +(—) represents the right- (left-) going component. The
wave number k is given by

Ho—E

S (4.6)

cosk =

where —2 < E < 2. One can substitute Eq. (4.5) into Eq. (4.4) for the site 0
as

—c1+Ho—E)eg—c1 = 0
—{e*co+ (e7* — e®)co(+)} + (Ho — E)cg —e1 =
(Ho—e* —E)eg—e1 = (e7* —eF)eo(+) . (4.7)

Similarly, the component of the right-going solution on the site N 4+ 2 can be
described by that on the site N + 1,

cny2 = enga(+)
= eFeypi(+)

= ey (4.8)

By substituting Eq. (4.8) into Eq. (4.4) for the site N + 1, one can obtain
—cn + (Ho — E)eny1 — e
—cy + (Ho — etk — E)eyy1 = 0. (4.9)

By using Eqs.(4.7) and (4.9), Eq. (4.4) for infinite sites (Fig. 4.1) can be reduced
to the equation for finite sites (Fig. 4.2),

; —ik _ ik
Ho—e* B 1 e (e™* —e*)co(+)

—1 H1 — FE -V c1 0
R va .

vt HN-E -1 en :

-1 Ho — etk — B CN41 o

(4.10)
Now we define the Green function as
1

= 4.11

HS + 2 - EI ’ ( )
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Y o—o—  —e—8 ¢

2 N1 N N+1

Figure 4.2: Schematic of a finite one-dimensional wire. The effects of semi-
infinite ideal probes are included into the sites 0 and N + 1.

where H denotes the (N + 2) x (N + 2) Hamiltonian for the sample region in
Eq. (4.10), X the effect of ideal probes, and I the unit matrix. The matrix element
of 3 is given by

—e* (i=j=0,N+1)
Xij = { 0 (otherwise) ' (4.12)

By multiplying the Green function G to the left-hand side of Eq. (4.10), one
can obtain

co G(0,0) s G(0,N +1) (e —e®)eo(+)
(4] 0
CN :
N1 G(N+1,00 - GN+1,N+1) 0
(4.13)

where G(i,j) denotes the matrix element of G.
The reflection and transmission coefficients are given by
co(—) Co ik ke
r = = —1:GO’0 eZ —eZ —17 414
o)~ o) (0,0)( ) (4.14)
enti(+) _ enga —ik ik
t = = =GN +1,0)(e™™ =€), 4.15
W) e G TROET )

while the component of the right-going solution on the site 7 is given by

ci = G(i,0)(e™™* — e®)co(4) for 1<i<N, (4.16)
where one can set co(+) = 1. The current distribution on the site i is given by
lcil*.

The transport from the right to the left reservoir can be evaluated simply by
changing the right-hand side of Eq. (4.10) from

((e_ik . eik)Co(-i-), 0, ’())T , (4.17)

46



to
(0,40, = M)ehea () (118)

where ¢y ;(—) denotes the left-going component of the left-going solution at the
site N + 1. We note that this is not the case if the magnetic field exists in ideal
probes. More careful treatment is necessary in the presence of magnetic field [25].

We summarize the reflection and transmission coefficients as the scattering
matrix,

r t
o= (i 0)
B G(0,0) G(0,N +1) etk — otk 0 (10
~ \ G(IN+1,00 G(N+1,N+1) 0 etk — ek 0 1

(4.19)

where 7’ and t’ represent the reflection and transmission coefficients for the left-
going transport, respectively. The corresponding right- and left-going solutions
are given by

¢ = G(i,0)(e”* — Qik)co(+), (4.20)
¢ = G, N+1)(e™* —e*)y,i1(-), (4.21)

where one can set c¢o(+) = C/N+1(_) = 1.

4.1.2 Quasi one-dimensional wire

Secondly, let us consider an infinite quasi one-dimentioanl (Q1D) wire as shown
in Fig.4.3. The sample region is attached to two reservoirs via semi-infinite ideal
probes.

The Hamiltonian can be written by

H = Z Wijajjaij — Z V@H@;jajjaﬂi,j — Z Vi;j,j_;,_gajjai,j_;_g + c.c. s (4.22)
ij ij ij
where a;-rj(aij) denotes the creation (annihilation) operator of an electron on the
site (i,7), Wiyj the potential on the site (4,7), Vjits:(Vi.jj+g) the hopping term
in the z(y)-direction, and c.c the complex conjugate.
We decompose the sample region into a series of the slices along the y-direction
(Fig.4.3). The Hamiltonian can be rewritten as

7‘2 = ZHZ — Z ‘/i,i+§;;ja;[jai+@,j +c.c., (4.23)
)

ij
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N-1 N N+1

Figure 4.3: Schematic of a quasi one-dimensional wire. Shaded area repre-
sents the NV x M sample region.

with

Hi=) Wija;'rjaij - ‘/i§j,j+?§a;'rjai,j+?§ +c.c.. (4.24)
j j

Here we set

_JH; (1<i<N)
HZ_{ Ho ((<0O,N+1<i) ’ (4.25)
and
- Ve, 1<i<N-1)
_ Vy I1<i<N-1)
Vz‘;j,j-&-ﬁ - { 1 (i <0,N <) (4.27)
The Schrodinger equation in the matrix form can be written by
Ho — EI -1 Co
—TI H,— FEI -V C1
vt o,
. i 7 ;
-vt My —-EI -1 Cy
CnN+1
-1 Ho — EI ,
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(4.28)

where E denotes the Fermi energy, C; = (c},--- ,CZM)T the M components of
the wave function on the slice 4, and I the unit matrix. The matrix element of
the hopping V' is given by V;; = V,d;;. We note that the wave function can be
decomposed into the right- and left-going solutions which also satisfy Eq. (4.28).
Let us consider the transport from the left to the right reservoir. Firstly,
we change the real-space representation of C'; in the ideal probe to the k-space

representation D; = (di,---,d%,)T as
D; =UIC; (i <0,N+1<1), (4.29)
with
UP:(ulv"'vuM) s (430)

where the transverse wave function u,, can be obtained by diagonalizing the Hamil-
tonian in the ideal probe,

Hou, = Ejuy, (p=1,---,M). (4.31)

Here £} denotes the transverse confinement energy of the p-th channel.
The components of the right-going solution on the slice —1 can be described
by those on the slice 0 as

D, = D_(+)+D-1(-)
= A 'Dy(+)+ ADy(-)
= A_lDo(-l-) + A(Dy — Dy(+))
= ADy+ (A7 = A)Dy(+), (4.32)

where the matrix element of A is given by A, = exp(ik})d,,. Here the index
+(—) represents the right- (left-) going component. The wave number k£ of the

channel p is given by
. EL-E
COS k‘“ = T 5 (433)

where —4 < F < 4. Here we note that it is necessary to calculate not only the
real number of kj; but also the complex number of it. All wave numbers can be
obtained by solving the equation,

A —(EY —E)A\y+1=0, (4.34)

where A\, = exp(ikﬁ). The real number of kj; corresponds to the propagating mode
while the complex number to the evanescent mode. Although the evanescent modes
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do not contribute to the conductance, they must be included into A in order to
satisfy the unitarity of the scattering matrix.

In the real-space representation, the components of the right-going solution on
the slice —1 can be described as

c, = U,D_
= Upy{ADg+ (A" = A)Do(+)}
= U,AUCo+U,(A' = A)UICo(+), (4.35)
where we use U;Up = I. By substituting Eq. (4.35) into Eq. (4.28) for the slice 0,
one can obtain
—Cfl—i-(?'(o—EI)Co—Cl =
—{U,AU}Co +Up(A~ — A)U}Co(+)} + (Ho — EI)Cy — C4
(Ho — UpAU}, — EINCo — C1

Up(A~' = A)UCo(+) .

(4.36)

Similarly, the components of the right-going solution on the slice N + 2 can be
described by those on the slice N + 1,

Cnyi2 = Cni2(+)
= U,AU}Cni1(+)
= U,AU}Cy.1. (4.37)
By substituting Eq. (4.37) into Eq. (4.28) for the slice NV + 1, one can obtain
—Cny+(Hy—EICNy1 —Cpnia = 0
—Cn+ (Ho - Up,AU} — EI)Cn41 = 0. (4.38)

By using Eqs.(4.36) and (4.38), Eq. (4.28) for infinite slices can be reduced to
the equation for finite slices,

Ho — UpAU}, — EI I Co
I Hy—EI -V c
_yt
. -V :
-vt Hy-EI -1 CnN
-1 Ho — UpAU} — EI CN+1
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(4.39)
Now we define the Green function as

1

é < A

(4.40)

where H, denotes the M(N + 2) x M(N + 2) Hamiltonian for the sample region
in Eq. (4.39), X the effect of ideal probes, and I the unit matrix. The M x M
sub-matrix of 3 is given by

. { ~U,AU} (i=j=0,N+1) (4.41)

2(i,7) = 0 (otherwise)

Here we need to invert the M (N+2)x M (N+2) matrix in order to obtain the Green
function G. However, the direct inversion takes much time especially for a large
system since the number of numerical operations required for the inversion of the
matrix increases as L with L the size of the matrix. By using the recursive method
as shown in the Appendix A, one can obtain the Green function by inverting the
M x M sub-matrices of G successively. This approach reduces the operation time
significantly.

By multiplying the Green function G to the left-hand side of Eq. (4.39), one
can obtain

Co G(0,0) . G(0,N +1) Up(A~! = AU Co(+)
Ci 0
Cw
Cni1 G(N +1,0) G(N +1,N +1) o
(4.42)

where G(i, j) denotes the M x M sub-matrix of G.
The transmission matrix element from the channel v to p is given by

T dﬁf“(ﬂ

-t @ = U_y, T -1 -
b =/ e UV{UPG(N + 1,00 U, (A = A)} (4.43)

where dfl(—{—) denotes the right-going components of the right-going solution on the
slice ¢ with the channel i in the k-space representation. The velocity of electrons
in the channel p is given by [21]

v, = 2sink,, . (4.44)
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The prefactor /v, /v, is necessary since the current amplitude is proportional to

the square of the wave function multiplied by the veolocity [21]. Similarly, the
reflection matrix from the channel v to p is given by

v, d0(— v
Ty = \/% d§§+§ = \/%{U;G(o, OUL(A™ —A)—T},,. (4.45)

The components of the right-going solution on the slice ¢ are given by

Ci=G(i,00UA —A)Dy(+) for 1<i<N, (4.46)

where the matrix element of Dg(+) = (dY(+),---,d%,;(+))7 is

0 _J 1 (propagating mode)
du(+) = { 0 (decay mode) ' (4.47)

The current distribution on the slice i is given by |C;|2.
The transport from the right to the left reservoir can be evaluated simply by
changing the right-hand side of Eq. (4.39) from

T
(Up(A™! = AUJCo(+),0,--,0) ", (4.48)
to T
(0,++,0,U, (A7 = AUSC 11 (=) (4.49)

where C’ N1 1(—) denotes the left-going component of the left-going solution at the
slice N +1. We note that this is not the case if the magnetic field presents in ideal
probes [25].

We summarize the reflection and transmission matrices as the scattering ma-
trix,

r t
S = (t r’)
g
_ [wm (U} oo G(0,0) G(0,N +1) U, 0
v, 0 U} G(N+1,00 G(N+1,N+1) 0 U,

-1 _
(ot ata) (e 7)) 40
%

where r/ and ¢’ represent the reflection and transmission matrices for the left-going
transport, respectively. The corresponding right- and left-going solutions are given
by

Ci = G(i,00U,(A" = A)Dy(+), (4.51)
C'i = G@,N+1D)ULA—A)D (), (4.52)
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where

1 (propagating mode)

d2(+),d/fj+l(_) _ { D (Gocny oy (4.53)

4.2 Multi-terminal geometory

Let us consider the three-terminal geometry as shown in Fig.4.4. The N, x N,
central sample region (C') is attached to three reservoirs via probes (L, R and D).
FEach probe consists of a semi-infinite ideal region and a finite sample region. The
size of the finite sample region is given by N, x M! (I = L, R and D).

Nx

Mr

D Mb

Figure 4.4: Schematic of a three terminal geometry. Shaded area represents
the sample region.

The Hamiltonian is given by

H=Hc+ > Hp—Vpc (4.54)
I=L,R,D

where H¢ denotes the Hamiltonian for the central region (C), H5 the Hamiltonian
for the probe I, and V p¢ the coupling between the probes and central region.
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The Hamiltonian for the central region (C) is given by

Ho =Y Wijalay = Virajaljaia; — Y Vijjrgalaijrg +cc., (4.55)
ij ij ij
where aj] (ai;j) denotes the creation (annihilation) operator of an electron on the
site (i,7), Wyj the potential on the site (4,7), Vjits:(Viijj+g) the hopping term
in the z(y)-direction, and c.c the complex conjugate. The hopping term is set to
be Viitsj = Vo and Vi 549 = Vy.
The Hamiltonian for the probe I is given by

Lot 1 E : Z I It r
HP - Z Z] @i 1,0+1; ]alj az—i—l] V s, i+1%45 az;—i—l + c.c. (456)
ij

where a{jT( Z]) denotes the creation (annihilation) operator of an electron on the

site (3,7), Wé the potential on the site (7,7), and V“Jrl ](VI] j+1) the hopping
term in the longitudinal (transverse) direction in the probe I. We decompose the
probe region into a series of the slices along the transverse direction and gather the
slices for the same longitudinal cites (Fig.4.5). The Hamiltonian for the gathered
slice is given by

1p=Y Hp=> Hi—> Vii1+ecc., (4.57)
1 i 7

with
_i,
H: = ZZWZ I I ZZVI JHaU a”+1+cc (4.58)
I
HE 0 0
= o HE o |, (4.59)
0o o HP
and

ZZ+1 ZZ ii+1;7 2] z+1,] (460)

Here we set

M (<i<h)
H, —{ Hy (i< 0) , (4.61)
and
]V (1<i<N,—1)
Vz,2+1 - { I (’L < 0) ) (462)



with

vi 0o o
v=| o V& o |, (4.63)
o o VP

R

where the hopping matrix element at each probe is given by sz = VxT ij, Vi
Vxéij, and ‘/Z]D = VJ(SZ']'.

Figure 4.5: Graphical interpretation for the Hamiltonian H,;. The i-th slices
of three probes are gathered.

Let us consider the transport from the probe L to R and D. The equation
corresponding to Eq.4.39 in the previous section is given by

Ho - U,AT] — EI I Co
I H,—-EI -V c,
—vt
. v :
—vt HNPT—EI —Vpe 0ch
-vhie He — EI c

QLU,(A™! — AU Co(+)
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(4.64)

where E denotes the Fermi energy and I the unit matrix. The size of the Hamilto-
nian for the gathered slice M; is (3°; M) x (3_; M) while that for the central region
Hc is NoNy x NyN,. The C; = (¢4, -- cLML,cR1,~ CRMR,CDl,-- cDMD)T
denotes the My, + Mg+ Mp components of the wave function at the gathered slice
i, and C¢ the N, x N, components at the central region. The C(+) denotes the
incoming solution at the gathered slice 0.

The matrix of the Fourier transformation U p is given by

U, 0 0
U,=| o Uz o |, (4.65)
0 0 Up

where U denotes the set of the transverse wave function in the probe I. The
matrix of the ideal channel propagation A is given by

A O 0
A= 0 Arp O , (4.66)
0 0 Ap
with
{AI}/W = eXp(ikﬁ)éuu ) (4.67)

where k‘ﬁ denotes the wave number of the channel p in the probe I.
We define the projection matrix Q' as

dij (i=1,---,Mp)
L _ E L
@3 { 0 (0therw1se) ’ (4.68)
dij (i=Mp+1,---, M+ Mg)
R _ iJ L L R
@3 { 0 (0therw1se) ’ (4.69)
K 0 (0therw1se) ’

We use QF in the Eq. (4.64) since we focus on the transport from the probe L.
In the absence of magnetic field at the ideal probe region, the transport from the
probe R or D can be simply obtained by replacing Q% to Q* or Q.

Now we define the Green function as



where FL, denotes the {(¥; M1)(Np + 1) + Na Ny} x {(; M1)(Np + 1) + NNy}
Hamiltonian for the sample region in Eq. (4.64), 3 the effect of ideal probes, and
I the unit matrix. The sub-matrix of X is given by

~oamt
& ) “UAU, (i=7=0)
(i, ) = p p . 4.72

(0,9) { 0 (otherwise) (4.72)

The Green function can be efficiently calculated by recursive method (see Ap-
pendix A).

By multiplying the Green function G to the left-hand side of Eq. (4.39), one
can obtain

" ~“—1 ~ ot
Co G(0,0) -+ G(0,0) Up(A ~ = AU, Co(+)

C: 0

Cn, :

Ce G(,0) -+ G(C.0) 0

(4.73)

where G(i, j) denotes the sub-matrix of G.
The scattering matrix element corresponding to the transport from the channel
v in the probe J to the channel p in the probe [ is given by

'UI N T ~ ~—1 ~ 1J
S — ﬁ {0,G0,00,A - A) - I}W : (4.74)
where vﬁ(vg ) denotes the Fermi velocity of an electron at the channel pu(v) in the

probe I(J). The incoming solution from the probe I is given by

C! = Gi,0Q'U,(A™" - AT Co(+). (4.75)
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Chapter 5

Spin-dependent electronic
transport in nanowire

In this chapter, we numerically investigate the spin-dependent electron transport
through a quasi one-dimensional wire in the presence of Rashba spin-orbit coupling
(RSO) and Dresselhaus spin-orbit coupling (DSO). We consider the sample region
attached to two reservoirs via ideal probes (Fig.5.1). The Hamiltonian for the
sample region can be written by

H= Z M/icz‘rgcio - Z V;lo,ja/c;i'-gcjo’ (51)
1,0 (ig) oo’
with
B 1 —0+i¢
Vm—i—x - Vb < 0 + Z(b 1 ) (5.2)
and
B 1 i0—¢
Viirg = Vo ( i0+¢ 1 ) (5:3)

where W, denotes the random potential on the site ¢ distributed uniformly in
[(-W/2,W/2|, and V; ;13(Vii+y) the hopping matrix elements in 2-(y-) directions.
The parameters 6 and ¢ represent the strengths of RSO and DSO, respectively.
We have ignored the spin-orbit coupling induced by the random potential.

In our numerical simulation, we consider four different combinations of RSO
and DSO as shown in Table 5.1. We firstly show the energy dependence of the
conductance and corresponding spin polarization for the ballistic and diffusive
transport. Then we show the charge and spin distribution of the current for
the single-channel transport. We also show the dynamics of the wave packet for
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= 10

Figure 5.1: Schematic of the quasi one-dimensional wire. Shaded area rep-
resents the sample region with Rashba and Dresselhaus spin-orbit couplings.

the same system. Finally we discuss some properties obtained in our numerical
simulation by symmetry of the system, self-duality of the scattering-matrix, and
Zitterbewegunyg.

RSO [ DSO |
A || 0.067 0

B 0 0.067
C || 0.047 | 0.027
D || 0.037 | 0.037

Table 5.1: Combinations of Rashba and Dresselhaus spin-orbit couplings.

5.1 Conductance and spin polarization

In this section, we show the energy dependence of the conductance and corre-
sponding spin polarizations. The conductance is defined by the Landauer formula
26]

G = GoTrt't (5.4)

where G = €2 /h is the quantum conductance and t denotes the transmission ma-
trix from the left to the right reservoir. We have calculated the transmission matrix
by the recursive Green function method. The corresponding spin polarizations can
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be defined by

Trtfo;t
Trift

where o; (i = x,y, z) represents the Pauli matrices.

P =

5.1.1 Ballistic transport

Firstly, we study the transport in the absence of impurities (W = 0 in Eq. (5.1)).
Figure 5.2 shows the energy dependence of the conductance and corresponding
spin polarizations in the presence of RSO and DSO. In the presence of RSO (A),
the spin polarization in the y-direction can be high at the energies where new
channels are opened (E = —3.68Vy, —3.30Vj,...). The spin polarizations in the
- and z-directions are equal to zero for any value of energy. A quite similar
result can be obtained in the presence of DSO (B) except the direction of the
spin polarization is in the z-direction. These properties can be explained by the
symmetry of the system (Sec. 5.4). Figure 5.2 (C) shows the result in the presence
of RSO and DSO. This result is similar to that of (A) since the strength of RSO is
set to be twice as that of DSO. However, there are also small polarizations in the
x- and z-directions. If the strength of RSO and DSO is set to be the same (D),
no spin polarization can be obtained.

5.1.2 Diffusive transport

Secondly, we study the transport in the presence of impurities (Fig.5.3). The
strength of disorder is set to be W = 1 in Eq. (5.1). If the transport is multi-
channeled, the spin polarization in any directions can be obtained unless the
strength of RSO differs from that of DSO. However, one can not obtain any spin
polarization for the energy where only one channel is opened (—3.91Vy < E <
—3.68V)). We will discuss this property in Sec.5.5. As is the case in the absence
of disorder, no spin polarization can be obtained if the strength of RSO is equal
to that of DSO (D).

5.2 Charge and spin distribution of current

In this section, we show the charge and spin distribution of a current. We focus
on a ballistic transport (W = 0 in Eq.(5.1)). The Fermi energy is set to be
E = —3.8Vy where only one channel is opened.
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A: RSO

Figure 5.4 shows the charge and spin distribution of a current in the presence of
RSO. The strength of RSO is set to be § = 0.06w. It is shown that the spin
distributions of the z- and z-components are antisymmetric while that for the y-
component is symmetric about z-axis (A1l). This is due to the symmetry of the
system (Sec. 5.4).

(A2) and (A3) show the charge and spin distribution of a current initially
having the up- and down-spin components, respectively. They show not only the
spin precession but also deflected trajectories. Such trajectories attribute to the
spin-dependent effective magnetic field (Sec. 3.6). The combination of the spin pre-
cession and the spin-dependent deflection results in the snake motion of a propa-
gating electron. This motion can be regarded as Zitterbewegung in semiconductors
(Sec. 5.6).

B: DSO

Figure 5.5 shows the charge and spin distribution of a current in the presence of
DSO. The strength of DSO is set to be ¢ = 0.06w. It is shown that the spin
distributions for the y- and z-components are antisymmetric while that for the
x-component is symmetric (B1). (B2) and (B3) show the charge and spin distribu-
tions of a current initially having the up- and down-spin components, respectively.
In contrast to the presence of RSO, the spin precession occurs in the y-z plane
(Sec. 3.5).

C: RSO + DSO

Figure 5.6 shows the charge and spin distribution of a current in the presence of
both RSO and DSO. The strengths of RSO and DSO are set to be 8§ = 0.047 and
¢ = 0.027, respectively. Spin-dependent deflection of electrons are weaken since
the direction of effective magneitc field induced by RSO and DSO are opposite
(Sec. 3.6). The magnitude of spin distribution in the z-direction (C1, bottom) is
thus smaller than that observed in the presence of either RSO (A1, bottom) or
DSO (B1, bottom).

D: RSO = DSO

Figure 5.7 shows the charge and spin distribution of a current for the same strength
of RSO and DSO (6 = ¢ = 0.037). No spin-dependent deflection (D2, D3) and no
spin polarization in the z-direction (D1, bottom) can be observed. This is because
the direction of effective magneitc field induced by RSO and DSO cancel out each
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other (Sec. 3.6). In addition, the spin precession occurs only for electrons traveling
in the (& + ¢)-direction (Sec.3.5).

5.3 Dynamics of wave packet

In order to visualize the snake motion of propagating electrons, we have numer-
ically investigated the dynamics of the wave packet in this section. We use the
higher-order decomposition of exponential operator for calculating the time evo-
lution (see AppendixB).

We consider the isolated system with (N, x Ny) = (150 x 10) (Fig.5.8). The
range of the sample region with RSO is set to be (51 < N, < 100). The strength
of RSO is 8 = 0.06.

The initial state of the wave packet is given by

Akg(z—xq)

lthx) = Neikﬂe_( ’ ) sinkyy |x) (5.6)

where N is a normalized factor and x is a spin component. In the following
simulation, we set k, = 0.35, k, = /N, + 1, Ak, = 0.15, and 2o = 25.5. We
consider the wave packet with up-spin (x =7). The time evolution of this wave
packet roughly corresponds to the current carrying state for £ = —3.8V) in the
previous section.

Fig. 5.8 shows the distribution of charge (upper) and of the spin z-component
(lower) at certain times. It clearly shows the snake motion of the wave packet.

One can see the more detailed dynamics of the wave packet as animation in
the attached CD. The CD includes the animations for 12 types of dynamics as
summarized in Table 5.3. The snapshots shown in this section correspond to the
type A2.

SO Initial spin state
Rashba ‘ Dressehus || - ‘ T ‘ l
0.067 0 Al | A2 | A3
0 0.067 Bl | B2| B3
0.047 0.027 c1]Cc2| C3
0.037 0.037 D1 | D2 | D3
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5.4 Spin polarization in symmetric systems

Let us consider the symmetric multi-terminal system in the presence of Rashba
spin-orbit coupling (RSO) as shown in Fig. 5.9. The sample region is attached to
reservoirs via semi-infinite ideal probes. Here the word “ideal” means that the
system including probes is also symmetric. The Hamiltonian is given by

2

D «
M= Pt Loupy —oypa) + V(o). (5.7
where
| a (sample region)
4= { 0 (probe region) (5-8)

Since the size of the system including probes are infinite, there is an eigenfunction
of the Hamiltonian for any value of the Fermi energy, H|¢) = Ep|¢). This
eigenfunction can be decomposed as

) = 1) + |9b2) + |h3) (5.9)

where |17) denotes the incoming solution from the probe I. In the previous section,
we have already noted that each of |¢1) is also the eigenfunction of the Hamiltonian
and the electron injected from the probe I with the energy Er propagates through
the system via the wavefunction [¢)y).

Now let us focus on the wavefunction |¢1). In the coordinate representation,
it can be written as

Y1) = /_o:o /_O:o dxdyci(z,y)x1(x,y) |z, y)
= /_ o; dz /Ooo dyci(z, y)x1(z,y) |z,y) + c1(z, —y)xi(z, —y) [z, ~y) ,
(5.10)

where ¢q(z,y) denotes the charge component while y1(z,y) the (2 x 1) spin com-
ponent at the coordinate (x,y). Since the system is symmetric about the z-axis,
the charge component of |¢), satisfies

ez, y)| = ler(z, —y)l- (5.11)
The considered system with RSO has the following commutation relation,

[H, 0,5,] =0, (5.12)
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where S, denotes the Parity operator in the y-direction, Sy |z,y) = |z, —y). This
relation satisfies

oySy [Y1) = £ |¢1) (5.13)
By substituting Egs. (5.11) and (5.13) into Eq. (5.10), one can obtain
X1 (.ZU, y) = ZlZnyl(iU, _y) . (514)

Hence, the local expectation value of the spin z-component at the coordinate (x,y)
relates to that at (x, —y) as

0wy = lal@y)Pxaley)iomxi(z,y)
= e, —y)Pxa (@, —y) owxa (2, —y)
= (0 ey) - (5.15)
Similarly,
(O @y = )@y > (5.16)
<O-y>(;c7y) = —<UZ>(I,—y)- (5.17)

In the presence of Dresselhaus spin-orbit coupling (DSO), the Hamiltonian can
be written as
P> B

P+ (oape = o) + V(ly). (518)

H =
In this case, the commutation relation is given by
[H, 0,5,] =0, (5.19)

and the local expectation value of the spin component satisfies

(O @y = (O2)(m—y) > (5.20)
<Uy>(x,y) = - <Uy>(r7_y) ) (5.21)
(O @y = —(02)(@—y) - (5.22)

In the presence of both RSO and DSO, there is no such a relation of the local
expectation value of the spin component.
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5.5 Self-duality and single-channel transport

The system with spin-orbit coupling belongs to the symplectic universality class
[27]. The scattering matrix in this class has the self-duality property by choosing
a proper basis.

The self-duality is defined as follows. If a particular 2 x 2 spin-dependent
element of the scattering matrix is given by

A B
its reversive elements can be represented as
D -B
Sji = ( _C A ) . (5.24)

Now let us consider the spin polarization for the single-channel transport in
two-terminal geometry in the symplectic class. In this case, the scattering matrix
can be described by the 4 x 4 matrix,

e 0 d -b
r t 0 e —c a

S_<tr’>_ ab f 0 (5:25)
c d 0 f

The spin polarization in the z-, y-, and z- directions (5.5) are given by
ac* + bd*
P, . 5.26
© T PP e ap e (>:20)

i(ac* + bd*

P, = a2 —l—(]bP n ]CP)—F i c.c (5.27)
jal? + [b? — |c]? — |d|?
|al? + [ + |c[? + |d]?

where c.c denotes the complex conjugate.

On the other hand, the unitarity of the scattering matrix (Eq. (5.25)) gives

jal + [o* = fe[* = |d]* = 0 (5.29)
ac* +bd* = 0. (5.30)

P, (5.28)

This immediately results in
F,=0 (5.31)

for i = x,y, 2. This explains that one cannot obtain any spin polarization for the
single-channle transport in two-terminal geometory (Sec.5.1).

65



5.6 Zitterbewegung

Zitterbewegung is the oscillating motion of the electron which is traveling at very
high velocity. This is the interference effect between wave functions of the positive
and negative energy branch in the Dirac equation (Eq.(2.48)) [12]. As we have
already seen in Sec. 2.6, the relativistic spin-orbit coupling originates from the
coupling between the positive and negative energy branch. Although the spin-orbit
coupling in semiconductors attributes to the coupling between the conduction and
valence band, the derived effective Hamiltonian looks the same as the relativistic
one. Therefore, one can regard the snake motion of electrons observed in Sec. 5.2
as Zitterbewegung in semiconductors.
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Figure 5.2: Energy dependence of the conductance (upper) and correspond-
ing spin polarizations (lower) in the absence of disorder (W = 0). The
strengths of RSO (#) and DSO (¢) are set to be as follows. (A) 6 = 0.067.
(B) ¢ = 0.067. (C) 0 =0.047 and ¢ = 0.027. (D) 0 = ¢ = 0.03.
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Figure 5.3: Energy dependence of the conductance (upper) and correspond-
ing spin polarizations (lower) in the presence of disorder (W = 1). The
strengths of RSO (#) and DSO (¢) are set to be as follows. (A) 6 = 0.067.
(B) ¢ =0.067. (C) 8 = 0.047 and ¢ = 0.027. (D) 0 = ¢ = 0.03.

68



05

H
5

N | |
Density

<Sx>

05

<sy>
o

05

<Sz>

5
L L I .
o>
[\ L i L i L 4
~—
L 4 L 4 L ._
Density
o
o
S
Density

A A
=l = elB=0s
1
T T T T T T T T T
i e N I8 i . s (I o
[7) 0 7]
] - v - v
1 1 -I 1 1 ITI I'

-1

<Sz>

-
]
I
A
¥
L]

-' - g W
Figure 5.4: (A1) Charge and spin distribution of a current in the presence of

RSO. The strength of RSO is set to be § = 0.067. (A2) Up-spin component.
(A3) Down-spin component.

69

05



10 2 Y ) 50 60 70
0
[ e— | ,
8
0]
[ — |
05
: : : : : :
- A
@ 0
v
1 1 1 1 1 -
05
: : : : : :
A
0]
el v
1 1

H
5
Density
o
o
=
15
Density

05
10 2 30 40 50 60 70 10 20 30 % 50 60 70
0 0
1 05
T T T T T T T T T T T T
& 3
- - § Ho * - w0 Ho
. . . . . . . . . 1
1 -0.5
T T T T T T T T T T T T
actae: ERTaTE |
v v
. . . . . .

Figure 5.5: (B1) Charge and spin distribution of a current in the presence of
DSO. The strength of DSO is set to be ¢ = 0.067. (B2) Up-spin component.
(B3) Down-spin component.

70



2
2
g 05

10 20 30 40 50 60 70
0
A
X
@
v
0.5
A
@ 0
v
-0.5
A
A
@
v
1 1
10 10
2 2
a g
3 3
g 05 g 05
10 20 30 40 50 60 70 10 20 30 40 50 60 70
0 0
T T T T T T T T T T T T
A A
3 @
CEE XS L L it
! ! . . 1 1 | | 1
0.5 0.5
T T T T T T T T T T T T
L Wy 4 S
H ‘\ ‘- 9 0 K 0
. . . . . . . | . 1 .
-0.5 0.5

<Sz>

S5 RS L _ R IS LN |
Figure 5.6: (C1) Charge and spin distribution of a current in the presence
of RSO and DSO. The strength of RSO and DSO are set to be 8 = 0.047

and ¢ = 0.027, respectively. (C2) Up-spin component. (C3) Down-spin
component.

71



10 20 30 40 50 60 70
0
.
:
[9]
g
05
4
(‘/; 0
-0.5
.
5
19}
§
1 1
10 10
2 2
|2 z
H 05 g 05
10 20 30 40 50 60 70 10 20 30 40 50 60 70
0 0
T T T T T T T T T T T T
A A
T 3 . . 5
v v
1 1 1 1 1 1 1 1 1 1
1 05
T T T T T T T T T T T T
4 A
¢ «
‘ = Py = -4@ : = ‘. L. LT
1 1 1 1 1 1 1 1 1 1
-1 0.5

- e s .
Figure 5.7: (D1) Charge and spin distribution of a current in the presence of

RSO and DSO. The strength of RSO and DSO are set to be 6 = ¢ = 0.037
(D2) Up-spin component. (D3) Down-spin component.

72



Il
= —4x107 ~x107* 0 2107 4x107?

40.00 Density 60.00 Density
10 10
I~ I ="
0 0
0 p 150 0 p 150
T T T T T T
0 107 %107 3x107 4x107? 0 107 2107 3x107 4x107
<Sz> <S>

Il
—4x107 ~2x107 0 2x107 4x107 —4x107 ~x107* 0 2107 4x107?

Figure 5.8: Time evolution of the wave packet. Yellow region represents the
sample region with Rashba spin-orbit coupling. The time of each snapshot
is t = 0, 20,40, - - - in units of AV *.

73



80.00

—4x107°

Density

%107 3x107 4x107?
<Sz>
T
‘ .
~2x107 2x107 4x107
Density

—9x

L
2x107 3x107 4x107
<Sz>
I T
-
- L
[ ‘ i
Il L
107 2x107 4x107

74

—4x107°

L
2107 3x107 4x107

<S>
:

T
‘ i

107 2107 4x107?

Density

150

A
i LI
M

9%

Il
107

4x107



3

Figure 5.9: Schematic of a symmetric multi-terminal system. The shaded
area represents the sample region with spin-orbit coupling.
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Chapter 6

T-shape conductor

In this chapter, we have numerically investigated the spin-dependent electronic
transport through the T-shape conductor as shown in Fig. 6.1. The sample region
contains RSO and DSO and attached to three reservoirs via ideal probes. The
Hamiltonian is given by Eq. (5.1). We have considered four different combinations
of RSO and DSO as shown in Table 5.1. The system size is set to be N,, = 10a and
N; = 20a except Sec.6.7. The spin-dependent transport in this system has been
originally investigated by Kiselev and Kim [28]. Our results are consistent with
their weak spin-orbit coupling results, while new properties have been observed
for strong spin-orbit coupling [29].

6.1 Conductance and spin polarization

In this section, we show the energy dependence of the conductance and corre-
sponding spin polarizations.
The conductance is defined by

G = GyTr t}]t[] (6.1)

where Gy = €2 /h is the quantum conducntace and ¢;; denotes the transmission

matrix from the reservoir J to I. Transmission matrix £;; can be calculated by

the recursive Green function method. The corresponding spin polarizations are

defined by

PZ'IJ _ TrtLaitU (62)
Tr t} gtrg

where o0; (i = z,y, z) represents the Pauli matrices.
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Figure 6.1: Schematic of the T-shape conductor. Shaded area represents the
sample region with Rashba and Dresselhaus spin-orbit couplings.

In the following simulation, we focus on the ballistic transport (W = 0 in
Eq. (5.1)) from the bottom reservoir (J = 1) to the left reservoir (I = 2) and right
reservoir (I = 3).

6.1.1 Magnitude of spin polarization

Firstly, we focus on the magnitude of spin polarization,

Pl = /P2 + P2+ P2. (6.3)

Figure 6.2 shows the energy dependence of the conductance and corresponding spin
polarization in the presence of RSO and DSO. It is shown that nearly 100% spin
polarization can be obtained for the energy range of the single-channle transport
in the presence of RSO (A). This result attributes to a strong spin-orbit coupling
and differs from the result obtained in the precedent work in the weak coupling
region [28]. In Sec.6.4, we have compared the result obtained for strong RSO
with that for weak RSO. We have also discussed the condition of this 100% spin
polarization in Sec. 6.5.

The same result can be obtained for DSO (B). In the presence of both RSO
and DSO (C), the spin-dependent transport becomes anisotropic. This results in
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the different value of the spin polarization at the left and right probes. The spin
polarization is strongly reduced when the strength of RSO is equal to that of DSO
(D). We note that high polarization seems to be obtained at F = —3.7V), but
corresponding conductance is quite small.

6.1.2 Direction of spin polarization

Secondly, we focus on the spin polarizations in the x-, y-, and z-directions. Figure
6.3 shows the energy dependence of each components of the spin polarization at
the left and the right probes in the presence of RSO and DSO. In the presence of
only RSO (A), the y- and z-components are antisymmetric while the z-component
is symmetric between the left and right probes. Similar result with « and y spin
directions interchanged are obtained in the presence of only DSO (B). This is
due to the symmetry of the system (Sec.5.4). In the presence of both RSO and
DSO (C), the components of the spin polarization at the left and right probes are
independent each other. The z- and y-components are antisymmetric each other
in the same probe while the z-component is equal to zero for the same strength of
RSO and DSO (D).

6.2 Charge and spin distribution of current

In this section, we show the charge and spin distribution of a current. We focus
on a ballistic transport (W = 0 in Eq.(5.1)). The Fermi energy is set to be
FE = —3.8Vy where only one channel is opened.

A: RSO

Figure 6.4 shows the charge and spin distribution of a current in the presence of
RSO. The strength of RSO is set to be § = 0.06w. It is shown that the charge
distribution is symmetric while the spin distribution is antisymmetric (A1). This
can be explained by the symmetry of the system in Sec. 5.4.

It is well known that the direction of spin are not randomly distributed but
quantized in a certain direction. This property was originally shown by the Stern-
Gerlach experiment [11]. In the previous chapter, the direction of the spin quanti-
zation axis is set to be the z-direction, but one can arbitrarily choose this direction
if the up and down spins are degenerated. (A2) and (A3) show the charge and
spin distributions of a current initially having the up and down spin components
in the particular spin quantization axis. The up and down spins are represented
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by the spins parallel to the z-axis as

Mnew = cos% 1) + sin % 1) (6.4)
W = —sin T |1) 4 cos e [1) 65)

with 8’ = 0.69787 and ¢’ = —7/2.

It is clearly shown that a current with up and down spins are separated at
the junction of the T-shape conductor. This is due to the spin-dependent effective
magnetic field (Sec.3.6). We also give the detailed analysis in Sec. 6.5.

B: DSO

Figure 6.5 shows the charge and spin distribution of a current in the presence of
DSO. The strength of DSO is set to be ¢ = 0.06w. The charge distribution is the
same as that of RSO while the spin distirbution is opposite since the direction of
a spin-dependent effective magnetic field is antiparallel between RSO and DSO
(Eq. (3.36)). This property can be clearly observed in the charge and spin distri-
butions of a current initially having the up and down spin components ((B2) and
(B3)). Here the up and down spins are represented by the spins parallel to the
z-axis as

Mo = 05 % 1) +sin 2 | (6.
|l>new = - Sin% ‘T> -+ cos % ei(f)/ H,> (67)

where 6’ = 0.30227 and ¢’ = 0.

C: RSO + DSO

Figure 6.6 shows the charge and spin distribution of a current in the presence of
both RSO and DSO. The strength of RSO and DSO are set to be 8 = 0.047 and
¢ = 0.02m, respectively. The reflection at the junction are enhanced since the
strength of effective magnetic field (Eq. (3.36)) are weaken due to the coexistance
of RSO and DSO. (C2) and (C3) show the charge and spin distribution of the
current initially having the up and down spin components parallel to the z-axis,
respectively.

D: RSO=DSO

Figure 6.7 shows the charge and spin distribution of a current for the same strength
of RSO and DSO (6 = ¢ = 0.037). The reflection at the junction are further
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enhanced since the strength of effective magnetic field (Eq. 3.36) is equal to zero
(D1). It is also shown that there is no spin polarization in the z-direction. (D2)
and (D3) show the charge and spin distribution for the current initially having the
up and down spin components parallel to the z-axis, respectively. In this case, the
charge distributions of up- and down-spin components are identical.

6.3 Dynamics of wave packet

In this section, we show the dynamics of the wave packet. We have considered the
isolated system which consists of the ideal probe regions and the sample region
with RSO (Fig.6.8). The size of the probe and sample regions are set to be
(NProPe 5 Nprobey — (20 x 10) and (NZ*™Ple x Ngample) — (10 x 10), respectively.
The size of the ideal probe is (Njdl x Nideal) = (40 x 10). The strength of RSO
is set to be 6§ = 0.067.

The initial shape of the wave packet is same as that given in Sec.5.3. The
initial spin state is given by

o' 0 .
[X) = cos o [1) +sin ' |1) (6.8)
where 6’ = 0.96787 and ¢’ = —7/2. One can see the more detailed dynamics of
the wave packet as animation in the attached CD.

6.4 Dependence on spin-orbit coupling

Figure 6.9 shows the dependence of the conductance and the spin polarization
on the Fermi energy E for weak and strong spin-orbit couplings. We consider
the energy region for single-channel transport. For weaker spin-orbit coupling
( = 0.027), high spin polarization is obtained for energies just before the sec-
ond channel opens (E ~ —3.68V). The corresponding conductance is small as
compared to Gg. This result is consistent with that of the preceding investigation
[28]. Almost perfect polarization is obtained together with a conductance close to
Gy for stronger spin-orbit coupling (# = 0.067). Here, the polarization is almost
insensitive to the energy except near the band edge.

Figure 6.10 shows the dependence of the conductance and the spin polarization
on the strength of RSO at energy £ = —3.8V. With the increase of the strength
of RSO, P, also increases monotonically while P, and P, oscillate. We also note
that the conductance increases together with the amplitude of the polarization.
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6.5 Condition for 100% spin polarization

What are the conditions for achieving almost perfect polarization? We define the
m-phase spin precession length Le (| P|, Nw) = wa/20(|P|, Ny) where 6(|P|, Ny,) is
the strength of RSO giving rise to the polarization |P| for the width N,. From
the plot Lo (|P|, Ny) as a function of the width of the system N, (Fig.6.11),
one concludes that Lg(|P|, Ny) is almost linear in N, and high polarization,
|P| > 0.99, is achieved for Le,(|P|, Ny) < Ny.
Let us use Eq.(3.42) to estimate the strength of effective magnetic field,
= 4162 hm

B#)=—5 =~ 7 (6.9)

where we have averaged o, to be 2/7, since the variation of the expectation value
of 0, is described by the cosine function. Since the kinetic energy is comparable
to the confinement energy in single-channel transport, the velocity of an injected
electron can be assumed to be

hw
~ ) 6.10
m* Ny, ( )
Then the corresponding cyclotron diameter is given by
_ 2mMv _ 212 (6.11)

205(0) = BO) - Ny
The cyclotron diameter becomes shorter than the wire width (20 5(0) < N,,) if the
spin precession length becomes shorter than the wire width (Lg, < N, /v/2). As a
result, electrons with opposite z—component spin are almost completely separated
at the junction and nearly perfect spin polarization is obtained (Fig.6.12). This
situation is similar to the mesoscopic cross junction in magnetic fields [30].

6.6 Influence of disorder

We now consider briefly the effect of disorder on the spin polarization (Fig.6.13).
An ensemble average is performed over 104 samples. The suppression of the po-
larization by disorder becomes more prominent as the spin-orbit coupling becomes
stronger. The mean free path of a 2DES in the tight-binding model is described

by [25]

Ly, = 48aV/ 7”EVV+24VO.
One can use this estimate to distinguish the ballistic regime from the diffusive
one. For the present system, we obtain W ~ 1.53V} for L,, = 50a (indicated by
an arrow in Fig. 6.13). As seen in the figure, the sample size must be smaller than
the mean free path in order to obtain high spin polarization.

(6.12)
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6.7 Experimental realization

In order to obtain information whether or not the predicted effects are observable
in experiment, let us consider the parameters required for one of the favorable
materials, InAs, with an effective mass m* = 0.039m (m is the free electron mass)
and Rashba coupling a = 238 meVA[31]. Let us assume that the width of the
conduction band is A =1eV. This gives for V) = A/2Z = 125meV (Z = 4 for
square lattice), and for the tight-binding lattice parameter a = h/(2m*Vy)'/? ~
2.8nm. Using the above numerical value of « one obtains 0 = a/2Vja ~ 0.017.
This would reduce the polarization to about 10%, still a reasonable value for being
observable in experiment. The crucial point, however, is the condition that the
transport has to be in the single-channel regime. The wire width should be about
20nm for single-channel transport when Fermi energy is of the order of 10 meV.

For this reason, we have investigated the transport in the system whose sizes
are N, = 50a (140 nm) and N; = 50a where many channels exist. Figure 6.14
shows the dependence of the conductance and the spin polarization on the Fermi
energy E for § = 0.01wr. We focus on the energy region —3.9Vy < E < —3.6V4. In
this energy region where the number of channels increases to values ranging from
5 to 10, several channels contribute to transport. While the spin polarization is
reduced by channel mixing, it still stays higher than 10%. This indicates that we
can observe the spin polarization experimentally.

82



Left probe —

Right probe - - -

08 Left probe —
Right probe - - -

£ Vi

Left probe —

Right probe - - -

08 ' Left probe —
Right probe - - -

4 a5 3 25 2 15 1 05 0
E [Vo]

10

(Gd]
8

Left probe —

Right probe - - -

Left probe —
Right probe - - -

£ Vi

Left probe —

Right probe - - -

Left probe —
Right probe - - -

w.JﬂA”.J‘.AJ Mot

-4 -35 -3 25 -2 -15 -1 0.5 0

E [Vo]

Figure 6.2: Energy dependence of the conductance (upper) and correspond-
ing spin polarization (lower). The strengths of RSO (6) and DSO (¢) are
set to be as follows. (A) # = 0.067. (B) ¢ = 0.067. (C) # = 0.047 and

¢ =0.027. (D) § = ¢ = 0.037.
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Figure 6.3: Components of spin polarization at the upper probe (upper) and
the lower probe (lower). The strengths of RSO (#) and DSO (¢) are set to
be as follows. (A) 8 = 0.067. (B) ¢ = 0.067. (C) § = 0.047 and ¢ = 0.027.
(D) 8 = ¢ = 0.03.
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Figure 6.4: (A1) Charge and spin distribution of a current in the presence of
RSO. The strength of RSO is set to be § = 0.067. (A2) Left-going solution.

(A3) Right-going solution.
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Figure 6.8: Time evolution of the wave packet. Yellow region represents the
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Figure 6.9: Conductance G and spin polarization |P| as functions of the
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Rashba spin-orbit coupling. Almost 100% polarization is obtained together
with G =~ G for stronger spin-orbit coupling (0 = 0.067). For § = 0.027
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Figure 6.11: The spin precession lengths Ly, for |P| = 0.5,0.75,0.99 as
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polarization becomes almost perfect if the spin precession length becomes
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Figure 6.12: Schematic view of the electron trajectory. A pair of the electrons
with anti-parallel spins are almost completely separated at the junction when
the cyclotron diameter becomes shorter than the wire width (203(6) < N,,).
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Chapter 7

Cavity attached to three probes

In the experiment, it is still hard to fabricate a narrow T-shape structure such
that the transport is formed only by the lowest subband. In order to realize the
single-channel transport, it is more realistic to fabricate a structure by a quantum
dot attached to three probes via point contacts [32]. For this reason, we have
investigated the transport through the cavity attached to three reservoirs via ideal
probes as shown in Fig. 7.1 [33].

VA X
Figure 7.1: Schematic of the cavity attached to three probes. Shaded area

represents the sample region with Rashba and Dresselhaus spin-orbit cou-
plings.

The sample region contains RSO and DSO and the Hamiltonian is given by
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Eq. (5.1). We have considered four different combinations of RSO and DSO as
shown in Table 5.1.

7.1 Conductance and spin polarization

In this section, we show the energy dependence of the conductance and corre-
sponding spin polarizations. The conductance and spin polarization are defined
by Egs. (6.1) and (6.2), respectively. In the following simulation, we focus on the
ballistic transport (W = 0 in Eq. (5.1)) from the left reservoir (J = 1) to the upper
right reservoir (I = 2) and the lower right reservoirs (I = 3).

7.1.1 Magnitude of spin polarization

Firstly, we focus on the magnitude of spin polarization (Eq. (6.3)). Figure 7.2 shows
the energy dependence of the conductance and corresponding spin polarization
in the presence of RSO and DSO. Similar to a T-shape conductor, high spin
polarization can be obtained for the energy range of the single-channel transport in
the presence of either RSO (A) or DSO (B). However, the spin polarization strongly
depends on the energy in comparison with a T-shape conductor. Anisotropic
properties is enhanced due to the scattering inside a cavity in the presence of RSO
and DSO (C). In the case of the same strength of RSO and DSO (D), the spin
polarization is smaller than above three results (A,B,C), but larger than the result
obtained for a T-shape conductor. This can also attribute to the scattering inside
a cavity.

7.1.2 Direction of spin polarization

Secondly, we focus on the spin polarizations in the x-, y-, and z-directions. Figure
7.3 shows the energy dependence of each components of the spin polarization at the
upper and lower right probes in the presence of RSO and DSO. Obtained results
are qualitatively the same as those for a T-shape conductor. Quantitatively, it
shows strong energy dependence due to the cavity structure.

7.1.3 Energy levels of isolated system

In order to see the energy dependence of conductance and corresponding spin
polarization in detail, we have compared these dependance with energy levels of
isolated sample region. We focus on the energy dependence in the presence of RSO
(Fig. 7.2 (A)) for —3.9Vy < E < —3.7V, (Fig. 7.4). Vertical lines are corresponding
to the energy levels of the 30 x 30 isolated sample region, which can be obtained
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directly by diagonalizing the Hamiltonian (Eq. (5.1)). It is shown that the positions
of large dips in conductance are well fitted with those of energy levels. Localization
of electrons are enhanced at these energies althogh we have considered an open
system, i.e., electrons are freely traveling from one probe to the other. Some
dips and peaks of spin polarization are also observed at the energy levels of the
isolated cavity. On the other hand, other dips and peaks seems independent from
energy levels. If we reduce the strength of coupling between the sample region and
ideal probes, such independence may disappear and transport properties can be
dominated by the energy levels of the isolated cavity. In this case, however, one
need to consider the electron-electron interaction inside the cavity.

7.2 Charge and spin distribution of current

In this section, we show the charge and spin distributions of a current. We focus
on a ballistic transport (W = 0 in Eq.(5.1)). The Fermi energy is set to be
E = —3.8Vy where only one channel is opened. Obtained results are qualitatively
the same as those of a T-shape conductor.

A: RSO

Figure 7.6 shows the charge and spin distribution of a current in the presence of
RSO. The strength of RSO is set to be § = 0.06w. It is shown that the charge
distribution is symmetric while the spin distribution is antisymmetric (Al). (A2)
and (A3) show the charge and spin distribution of the current initially having the
up- and down-spin components, respectively.

B: DSO

Figure 7.5 shows the charge and spin distribution of a current in the presence
of DSO. The strength of DSO is set to be ¢ = 0.067. (B2) and (B3) show the
charge and spin distribution of the current initially having the up- and down-spin
components, respectively.

C: RSO + DSO

Figure 7.7 shows the charge and spin distribution of a current in the presence
of both RSO and DSO. The strength of RSO and DSO are set to be 8 = 0.04w
and ¢ = 0.027, respectively. The charge distribution clearly shows an anisotropic
transport (C1). (C2) and (C3) show the charge and spin distributions of the
current initially having the up- and down-spin components, respectively.
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D: RSO = DSO

Figure 7.8 shows the charge and spin distribution of a current for the same strength
of RSO and DSO (0 = ¢ = 0.037). (D2) and (D3) show the charge and spin
distribution of the current initially having the up- and down-spin components,
respectively.

7.3 Dynamics of wave packet

In this section, we show the dynamics of the wave packet. We have considered the
isolated system which consists of the ideal probe regions and the sample region
with RSO (Fig. 7.9). The size of the ideal probe and sample regions are set to be
(Nideal s Nideal) — (50 x 10) and (Nz2™mPle x Nsample) — (30 x 30), respectively. The
strength of RSO is set to be § = 0.06w. The initial condition of the wave packet
is the same as that given in Sec.5.3. One can see the more detailed dynamics of
the wave packet as animation in the attached CD.
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Figure 7.2: Energy dependence of the conductance (upper) and correspond-
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set to be as follows. (A) # = 0.067. (B) ¢ = 0.067. (C) # = 0.047 and
¢ =0.02r. (D) § = ¢ = 0.037.
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Figure 7.3: Components of spin polarization at the upper probe (upper) and
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Figure 7.5: (A1) Charge and spin distribution of a current in the presence of
RSO. The strength of RSO is set to be § = 0.067. (A2) Up-spin component.

(A3) Down-spin component.
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Figure 7.6: (B1) Charge and spin distribution of a current in the presence of
DSO. The strength of DSO is set to be ¢ = 0.067. (B2) Up-spin component.

(B3) Down-spin component.
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Appendix A

Calculation of Green function

A.1 Recursive calculation

In this appendix, we show how to calculate the M N x M N Green function recur-
sively. For example, let us consider the 4M x 4M Hamiltonian,

H, — EI -V 0 0 G11 G2 Giz Guy
—vt He — ET -V 0 G2o1 G2z G2z Gay
0 —vt Hs — EI -V Gz Gs2 Gizz Gay
0 0 —vt Hys— EI Gy Gi2 Guz Gu
I 0 0 O
3 0 I 00
- 0 0 I O ’
0 0 0 I

(A1)

where ‘H; and G;; denote the M x M sub-matrices of the Hamiltonian and the
Green function, respectively. Here we have ignored the effect of ideal probes 3|
since it is not necessary to explain the mathematical procedure of the recursive
method.

Firstly, we focus on the left side column of the Green function,

H]_ - EI —V 0 0 Gll I
-Vt Hy—-EI -V 0 Ga 0

0 -V Hs — EI -V Gs; 0

0 0 vt M,—FEI Gy 0

By calculating from the bottom row of the Hamiltonian, one can obtain the G
as

—VTG31—|—(H4—EI)G41 =0
Gy = g\ViGs, (A.3)
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—VTG21 + (Hg — EI)G31 - VGy1 = 0
—V1Gy + (Hs — EI) - Vglvhas, = 0
Gs = gyViGy, (A.4)

—VTGH + (Hg — EI)G21 -VGsy; = 0
—~VIG + (Ha—EI) - VglvhGy, = 0

Gn = giViGi, (A.5)
and
(Hy— EIG11 —VGy = I
(Hi—EI)-VglvhGe, = I
Gn = ! (A.6)

Here glT is defined by

1

T T

g, = g:=20). AT
B VeV (g1 =0) (A7)

The G321 can be obtained by substituting G'1; into Eq.(A.5). One can obtain G3;
and G4; in sequence.
Secondly, we focus on the right side column of the Green function,

H, — EI -V 0 0 Gy 0
-Vl Hy-EI -V 0 Gay 0

0 -V Hs — EI -V Gsy 0

0 0 vt MM,—FEI Gy I

By calculating from the top row of the Hamiltonian, one can obtain G 44 as

(Hl—EI)G14—VG24 =0
Gu = giVGa, (A.9)

—VTG14 + (HQ — EI)G24 VG, = 0
((HQ — EI) — VTQ%V)G24 — VG34
Ga = gsVGiaa, (A.10)

I
o
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—VTG24 + (H3 — EI)G34 - VG = 0

((H3 — EI) — VTQ%V)G34 — VG44 =0
G34 = g%VG44, (A.ll)
and
VG + (Hy—ENGy = I
(Ha—ED - V'giV)Guy = I
1

Gu = . (A.12)

Here gl-l is defined by

1

! !

g, = g;=0). A.13
H;, — ET — VTgf_lV ( 0 ) ( )

Lastly, we focus on the intermediate column of the Green function,

H,—-FEI -V 0 0 G2 0
-Vl Hy-EI -V 0 Go | | I

0 -Vl H3-EI -V Gy | | o | (A-14)
0 0 -V Hy—EI Gy 0

On the one hand, by calculating from the top row of the Hamiltonian, one can
have

(Hl — EI)G12 — VGQQ =0
G12 = g%VGQQ . (A.15)

On the other hand, by calculating from the bottom row of the Hamiltonian, one
can have

—VTG32 + (H4 — EI)G42 =0
G42 = gILVTGgg s (A.lﬁ)

and

—VTGQQ +(H3—EIG32s —VGy = 0
~ViGyn + (H3 — EI) - VglvhGs = 0
G32 = g;VTGQQ . (A17)
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By substituting Eqgs.(A.15) and (A.17) into the following equation, one can obtain
G as
VG + (Hy—ENGy —VGs, = I
(Hy — EI) = VigiV ~ VgiVl)Gy = I
1
@ T (- BD ViV - VgVT)
(A.18)

Now we summarize the recursive calculation for the M N x M N Green function.
Firstly, calculate gZT and g% fori=1to N,
T 1

'
g, = (g = 0)7 (Alg)
(M — EI) - Vgl Vi N1

1

! !

g, = (g5=0). (A.20)
(Hi— BT)— Vig v

By using them, one can obtain the M x M diagonal sub-matrices of the Green
function as

1
G = - T . (A.21)

Finally, the sub-matrices of the lower and upper triangle of the Green function can
be obtained from the diagonal sub-matrices in order,

Git1j = ng.u,.lVTGz‘j (i >
Gy = 9i.VGy (i <

i, (A.22)
). (A.23)

A.2 Comparison with Transfer Matrix method

Let us consider the left side column of the Green function (Eq.(A.2)) again,

H, — ET -V 0 0 G I
-Vl Hy-EI -V 0 Gun | |0
0 -Vl H3-EI -V Gy | | o | (A.24)
0 0 -Vt H,-EI Ga 0
One can also calculate the G41 in the following way,
—VTG31 + (H4 — EI)G41 =0
G311 = V(H4—EIGay (Vi=v
= f3Ga, (A.25)
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—VIGy +(Hs—EING3 — VG4 = 0
Goi = V((Hs—EIGs — VGy)
V(H; —EI)f3—V)Gu
= fyGui, (A.26)

~VIGi + (Hy — EIG21 —VG3 = 0
G = V((Hy—EIGa — VGsz)
= V((H2 - EI)f2 - Vf3)G31
= f[1Ga, (A.27)

and
(Hi — EIG11 —VGyy = 1T
(Hi—ELf, -V f)Gu = 1
1

Gu = G (A.28)

Here f, is defined by

fi = V((Hi-i-l - EI)fi—i—l - V.fi+2) (f4 =1, fs = 0)' (A,29)

The procedure of this calculation is the same as that of the transfer matrix method
[34]. In this approach, one need to invert the M x M sub-matrix only at the last
step of the calculation in theory. In practice, however, the inversion of the sub-
matrix is necessary at every five or six steps in order to avoid the divergence of
the evanescent mode. Still, the operation time of the transfer matrix method is
much shorter than that of the recursive Green function method.
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Appendix B

Calculation of time evolution

In order to solve numerically the time-dependent Schrédinger equations, we have
adopted the method based on the higher-order decomposition of exponential op-
erators [35]. The basic formula we have used is the fourth-order decomposition

explr(H1+Ha + -+ Hy)] = S(xp)S (x(1 — 2p)) S(xp) + O(z°), (B.1)

where
S(z) = e g3Me . p3Ha—1 g2 p3He—1 ... 7M1 (B.2)

)

and the parameter p is given by p = (2 — ¢/2)~!. Here Hj,... , Hq are arbitrary
operators.

® —* ? ® ® Hs

1 2H23 4 5 6

Figure B.1: Schematic of the one-dimensional wire. The Hamiltonian of this
system can be decomposed into 3 parts.

In order to understand the basic idea of the method, let us consider the one-
dimensional wire with 6 sites as shown in Fig.B.1. The Hamiltonian is given by

6
H=> wicle;— Y Viele;, (B.3)
=1 (i3)
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_i,

where c;

(¢;) denotes the creation (annihilation) operator at the site i, w; the on-

site potential, V;; the hopping term. The hopping is restricted in the nearest

neighbors. In the matrix representation, it can be written as

wp -1 0 0 0 O
-1 wy -1 0 0 O
0 -1 w3 =1 0 O
0 0 -1 wgy -1 O
0 0 0 -1 ws -1
0 0 0 0 -1 we

where we set V;; = 1.
One can decompose the Hamiltonian of this system into 3 parts as

H="Hi+Hz+Hs,

where
0 -1 0 0 0 0
-1 0 0 0 0 0
0 0 0 -1 0 0
Mm=19 0o -1 0 0o o |’
O 0 0 0 0 -1
0O 0 0 0 -1 0
00 0 0 0 0
00 -1 0 0 0
0 -1 0 0 0 0
Ho=149 0 0 0o -1 0|
00 0 -1 0 0
00 0 0 0 0
and
w; 0 0 0 0 0
0 we O O 0 O
B 0 0 ws3 0O O O
Hs = 0 0 0 wg 0 0
0 0 0 0 ws O
0 0 0 0 0 wg

The state at the time ¢ + At is given by

[t + A1) = e T (1))
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where
o—THAL o —i(H1+Ha+Hz)AL
~ S(—ipAt)S(—ip’ At)S(—ipAt)
— o iH1BAL —iHa BAL (—iHspAt (—iH2 §AL (i1 B AL
oM B AL (—iH B AL (—iHap At —iHa G AL~ B At

e M1 B AL o—iHa EAL (—iHapAt o—iH2 BAL (—iHI FAL (B.10)

with p’ =1 — 2p.
Since H? = I (i = 1,2), the exponentials of H; and Hs are simply given by

LAY —iAt')? —iAt')?
eTHIAY — T4 (—iAYYH, + ( Z2' ) HE + ( Z3' ) H 4+ - (B.11)
_ At/ 2 _ At/ 3
= I+ (—iAYHy + ( 22' ) I+ ( 23' ) Hi+ - (B.12)
= cos At' I —isin At' H; (B.13)
cos At isin At 0 0 0 0
isin At’ cos At 0 0 0 0
0 0 cos At isin At/ 0 0
o 0 0 isin At'  cos At/ 0 0 (B4
0 0 0 0 cos At isin At
0 0 0 0 isin At'  cos At
and
0 0 0 0 0 0
0 cosAt' isin At 0 0 0
_itoar | 0 isin At cos At 0 0 0
¢ o o 0 cosAt' isinAt 0 |’ (B.15)
0 0 0 isin At'  cos At 0
0 0 0 0 0 0
respectively. The exponential of Hg is given by
e w1 At 0 0 0 0 0
0 e w2 A 0 0 0 0
—iw3 At
At 0 0 e s 0 0 0 B
€ 0 0 0 e—iw4At' 0 0 ( . 6)
0 0 0 0 e iws A 0
0 0 0 0 0 e iws Al

It is straightforward to apply the method to much longer wires as well as
two-dimensional systems [36].
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