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Abstract

The research field of ultracold atomic quantum gases has been developing rapidly during the last
years. That is due to the extremely flexible toolbox of the experimenters, which allows them to
simulate for example a plenty of very different solid-state phenomena and to perform ultraslow
chemical reactions in a controlled reversible manner.

One of the newest research objects are one-dimensional atomic systems in optical lattices. In
cigar-shaped optical traps the free motion of the particles can be restricted to one dimension.
The tight transverse confinement, moreover, extremely strengthens the effective forces leading to
strong correlations between the particles.

In the first chapters of this thesis I study properties of quasi-one-dimensional Bose gases with
contact interactions. For this reason I have developed an exact diagonalization approach, which
allows for an accurate construction of the many-body wave function of few particles. During the
development of the exact-diagonalization programming code I oriented myself on experiments,
which have been performed in the group of K. Sengstock on spinor Bose-Einstein condensates.

At first I study the influence of the interaction strength on the properties of a spin polarized
Bose gas. As long as the repulsive forces are weak, the particles behave like typical bosons, i.e.,
due to the permutation symmetry of the many-particle wave function they favor to occupy the same
single-particle state. In that regime, the main impact of the weak repulsion is a broadening and
flattening of the single-particle wave function in order to reduce the mean distance between the
bosons. In the opposite limit, an extremely strong (or even infinite) repulsive contact force prevents
the bosons from staying at the same position, thereby mimicing Pauli’s exclusion principle. Indeed
it is observed that hard-core bosons behave in many respects like noninteracting fermions.

Here I study the interaction-driven fermionization of quasi-one-dimensional bosons and its effect
on the most important measurable quantities. It is shown that the momentum distribution reflects
the permutation symmetry and the correlations of the many-particle wave function. Moreover, it
clearly distinguishes between the above mentioned interaction regimes. In this work the bound-
aries of these regimes are determined for small finite-size systems.

Next, I study a one-dimensional Bose gas of hard-core particles (i. e. the repulsive contact forces
between the point-like particles shall be infinite) with spin degrees of freedom. For that reason
an easy-to-use analytical formula of the exact many-body wave function of the highly correlated
bosons is derived. The construction scheme is based on M. Girardeau’s original idea of a Fermi-
Bose map for spinless particles. As a striking consequence of our mapping we find that one-
dimensional hard-core particles (bosons or fermions) with spin degrees of freedom behave in many
respects like noninteracting spinless fermions and noninteracting distinguishable spins. Therefore,
the energy spectrum of this highly correlated many-particle system can be constructed easily.
Moreover, the analytical formula of the many-body wave function is the basis of an illustrative
construction scheme for the spin densities, which resemble a chain of localized spins.

Again, the momentum distribution is particularly interesting. Now its form strongly depends on
the spin configuration of the one-dimensional system. The momentum distribution of spinless
hard-core bosons shows striking differences from that of spinless noninteracting fermions. Here,
by contrast, in some spin configurations the momentum distribution of the system shows clear
fermionic signatures. Moreover, the construction scheme for the wave functions is also applicable
to isospin-1/2 bosons, which e. g. represent Bose-Bose mixtures and two-level atoms.



The second part of this thesis deals with the ultracold chemical reaction of “°K and 8"Rb atoms.
C. Ospelkaus et al. produced molecules from atom pairs in a controlled reversible manner by
means of a Feshbach resonance. This groundbreaking experiment was an important step towards
the production of ultracold polar molecules (in their internal vibrational ground state). This might
enable the realization of quantum gases with long-range interactions in the near future. Here, I
develop a theoretical approach for the description of the molecule formation in a three-dimensional
optical lattice. This approach might also be useful for other atomic mixtures with large mass ratios.



Zusammenfassung

Das Gebiet der ultrakalten Quantengase hat sich in den letzten Jahren rasant entwickelt. Das
liegt auch an dem schier unerschopflichen Werkzeugkasten der Experimentatoren, der z. B. die
quantenmechanische Simulation unterschiedlichster Festkorperphinomene und die kontrollierte
Durchfiihrung chemischer Reaktionen ermoglicht, die bei ultratiefen Temperaturen sozusagen in
Zeitlupe ablaufen.

Die neuesten Untersuchungsobjekte sind eindimensionale Systeme in optischen Gittern. Ein zi-
garrenformiges Einschlusspotential beschrinkt dabei die freie Bewegung der Teilchen auf eine
Dimension, was dariiber hinaus zur Folge hat, dass die effektiven Kréfte zwischen den Teilchen
extrem verstirkt werden. Das fiihrt zu starken Korrelationen zwischen den Teilchen.

In den ersten Kapiteln dieser Dissertation werden die quantenmechanischen Eigenschaften von
quasi-eindimensionalen Bose-Gasen mit einer extrem kurzreichweitigen Kontaktwechselwirkung
untersucht. Zu diesem Zweck wurde eine Exakte Diagonalisierung entwickelt, die eine ge-
naue Konstruktion der Vielteilchenwellenfunktion von wenigen Teilchen ermdglicht. Als Vorbild
dienten Experimente der Gruppe von K. Sengstock zu Spinor Bose-Einstein Kondensaten.

Es wurde zunichst der Einfluss der Wechselwirkungsstérke auf die Eigenschaften eines spinpo-
larisierten Bose-Gases untersucht. Solange die abstolenden Kontaktkréfte zwischen den Teilchen
klein sind, verhalten sie sich wie typische Bosonen, die sich auf Grund der Symmetrie der Viel-
teilchenwellenfunktion unter beliebigen Teilchenvertauschungen bevorzugt im selben stationiren
Bewegungszustand aufhalten. Die Einteilchenwellenfunktion, die diesen stationidren Bewegungs-
zustand beschreibt, wird durch die repulsiven Kontaktkrifte lediglich verbreitert, um den mittle-
ren Abstand zwischen den Teilchen zu reduzieren. Eine sehr starke (unendlich grof3e) abstolende
Kontaktkraft hindert die Bosonen hingegen in ihrem Bestreben, den selben quantenmechanischen
Zustand einzunehmen. Die unendlich starke Abstoung simuliert vielmehr das Pauli-Prinzip, wo-
durch sich die Bosonen, dhnlich wie Fermionen, nicht mehr am selben Ort aufhalten konnen.
Es wird tatsdchlich beobachtet, dass Bosonen unter diesen Bedingungen viele Eigenschaften von
nichtwechselwirkenden Fermionen annehmen.

Diese sogenannte Fermionisierung quasi-eindimensionaler Bosonen mit zunehmender Kontaktab-
stoBung wird hier im Detail anhand wichtiger Messgrofen untersucht. Dabei zeigt insbesondere
die Impulsverteilung des Systems ein interessantes Verhalten, da sich in ihrer Form sowohl die
Permutationssymmetrie als auch die Korrelationen der Gesamtwellenfunktion widerspiegeln. Es
wird in dieser Arbeit erstmals gezeigt, dass sich bestimmte Merkmale der Impulsverteilung auch
zur Bestimmung der Grenzen der oben beschriebenen typischen Wechselwirkungsbereiche eignen.

Im néchsten Schritt wird ein eindimensionales Bose-Gas mit Spinfreiheitsgraden und (un-
endlich) starker KontaktabstoBung untersucht. Zu diesem Zweck wird, aufbauend auf den Ide-
en von M. D. Girardeau, eine vergleichsweise einfache analytische Formel fiir die exakten
Vielteilchen-Eigenfunktionen des Hamiltonoperators entwickelt. Die verbliiffende Konsequenz
dieser Formel ist die Aussage, dass sich eindimensionale Teilchen (sowohl Bosonen als auch
Fermionen) mit Spinfreiheitsgraden im Bereich unendlich starker KontaktabstoBung gleichzeitig
wie nichtwechselwirkende spinlose Fermionen und nichtwechselwirkende unterscheidbare Spins
verhalten. Dadurch setzt sich das Energiespekrum solcher Systeme in einfacher Weise aus dem
Spektrum dieser beiden Teilchensorten zusammen. Auflerdem l&sst sich aus der Formel der exak-
ten Vielteilchen-Wellenfunktionen ein anschauliches Konstruktionsverfahren fiir die Spindichten



ableiten. Es zeigt sich, dass diese einer Kette von lokalisierten Spins gleichen, deren Orientierung
sich in einfacher Weise von der angegebenen Wellenfunktion ablesen ldsst.

Besonders interessant ist abermals das Verhalten der Impulsverteilung, deren Form stark von der
Spinkonfiguration des eindimensionalen Systems abhéngt. Es zeigt sich nun auch im Impulsraum
eine groBe Ahnlichkeit zwischen Bosonen und Fermionen. Dariiber hinaus ist das Konstruktions-
verfahren auch auf Isospin-1/2 Bosonensysteme anwendbar, welche sich z. B. durch Mischungen
oder mit Hilfe von Zwei-Niveau Atome realisieren lassen.

Der zweite Teil dieser Arbeit widmet sich dem Gebiet der ultrakalten Chemie. In dem von C. Os-
pelkaus et al. durchgefiihrten Experiment wurden Kalium- und Rubidiumatome mit Hilfe einer
Feshbachresonanz kontrolliert zur Reaktion gebracht. Dieses Schliisselexperiment ermoglichte
erst kiirzlich die Herstellung von ultrakalten polaren Molekiilen (im internen Vibrationsgrund-
zustand), wodurch in naher Zukunft moglicherweise Quantengase mit langreichweitigen Wech-
selwirkungen realisiert werden konnen. Es wird hier ein einfaches Verfahren entwickelt, welches
eine genaue Beschreibung der Kalium-Rubidium Verbindung in einem dreidimensionalen opti-
schen Gitter ermdglicht. Die dabei entwickelte Methode konnte auch fiir andere Mischsysteme
mit groBen Massenunterschieden der einzelnen Bestandteile von Bedeutung sein.
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Chapter 1

Introduction

The subject of this thesis are Tonks-Girardeau gases with spin degrees of freedom and ultracold
heteronuclear Feshbach molecules. A Tonks-Girardeau gas is a one-dimensional Bose gas of
point-like hard spheres. It is named after Lewi Tonks und Marvin D. Girardeau. In 1936 L. Tonks
first derived the equation of state of a one-dimensional gas of hard spheres [5], motivated by the
research done at the laboratories of General Electric on monoatomic films of caesium on tungsten.
Later in 1960 M. D. Girardeau found an elegant way to construct the exact many-particle wave
function of one-dimensional hard-core bosons from that of spinless noninteracting fermions [6].

More precisely, he found out that the wave function of one-dimensional hard-core bosons
p y

d)t(,g:gns can be constructed exactly from the corresponding wave function of spinless noninteracting
fermions wf(fr)mions simply by a multiplication of the latter with the so-called unit antisymmetric

function A: {0 = A0 [see Eq. li for the definition of A]. This equation constitutes
a bijective map between noninteracting fermions and bosons with infinite ¢ repulsion. As a direct
consequence the energy spectra of the two systems and all the properties which are calculated from
the square of the wave function are identical. However, the momentum distributions are still quite
different due to the different permutation symmetries of the bosonic and fermionic wave functions.

Girardeau’s idea turned out to be extremely useful for the understanding of one-dimensional
systems and it inspired other theorists to search for further exact solutions. Shortly later in 1963
E. H. Lieb and W. Liniger solved exactly a gas of one-dimensional spinless bosons which inter-
act via contact potentials of finite strength in the thermodynamic limit |7}, 18]]. That solution was
generalized to particles with arbitrary permutation symmetry by C. N. Yang [9]] and to bosons at
finite temperatures by C. N. Yang and C. P. Yang [10]]. These papers form the basis of an effective
harmonic-fluid approach to the low-energy properties of one-dimensional systems by means of the
Luttinger liquid model [11} (12} [13]] (see Ref. [14] for an introduction to the method).

However, although these systems seemed to be rather interesting for many theorists it was im-
possible during a couple of decades to realize the quasi-one-dimensional regime in experiments.
That situation changed with the rapid progress in the field of ultracold atoms. Since the realization
of Bose-Einstein condensation (BEC) in atomic gases in 1995 the first groundbreaking experi-
ments have mainly been performed in the weakly interacting regime in two or three dimensions
(see Refs. [15, [16]] for a review). In first experiments with cigar-shaped optical dipole traps [[17]
dark solitons [[18]] and quantum phase fluctuations [[19] have been studied in the weakly interacting
regime. However, extremely elongated trap geometries, which are needed to reach the strongly in-
teracting regime, became only recently available in optical lattices [20]. Finally, in the year 2004
two experimental groups even reached the Tonks-Girardeau regime [21}22]. Moreover, Luttinger-
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liquid behavior, which has been theoretically predicted in Ref. [23] for ultracold atomic gases, has
been observed in several experiments with cold atoms in optical lattices [24} [25] and electrons in
quantum wires [26] and carbon nanotubes [27, 28] 129].

When one-dimensional systems with stronger interactions came into reach experimentally it was
realized that these systems have an inhomogeneous trapping potential with a finite size so that the
methods, which are based on the approach of E. H. Lieb and W. Liniger, were not directly applica-
ble. Moreover, it is rather difficult to extract correlation properties from the Lieb-Liniger solution.
The solution of Girardeau [6] on the other hand is valid for arbitrary trap geometries but unfortu-
nately only for an infinitely strong § repulsion. It was thus necessary to develop new approaches
which account for the finite size, the inhomogeneity and the finite interaction strength of the atomic
gases. These new approaches are based on the Lieb-Liniger method [30} 31} 32, 33 34} [35]],
quantum Monte Carlo techniques [36} 37], the numerical density-matrix renormalization group
(DMRG) approach [38, 139, 40]], the Multi-Configuration Time-Dependent Hartree (MCTDH)
method [41} 42] and the numerical exact-diagonalization technique [1} 2} [3, 4} |43] 44], which
is used throughout this thesis.

In the experiments of Kinoshita et al. [21},145] the strength of the effective one-dimensional § repul-
sion has been tuned by means of the transverse confinement. This is possible since in the quasi-
one-dimensional regime the effective one-dimensional interaction becomes proportional to the
transverse level spacing of the cigar-shaped trap. Accordingly, I study in chapter [3|the interaction-
driven evolution of a one-dimensional spin-polarized few boson system from a Bose-Einstein con-
densate to a Tonks-Girardeau gas. I use the exact-diagonalization method for the analysis of the
system, which I explain in detail in chapter2)for the specific system of bosons with spin-dependent
contact forces. It is shown in chapter [3| that the momentum distribution of the spin-polarized sys-
tem shows a particularly interesting evolution when the interaction strength is increased.

In chapter 4] I analyze the ground-state properties of a Tonks-Girardeau gas with additional spin
degrees of freedom. So far most experiments, which studied the ground-state properties and the
spin dynamics of weakly interacting isospin-1/2 [46]], spin-1 [47,48]149]] or spin-2 [50} 51} (52} 53]
Bose-Einstein condensates, have been successfully explained within the mean-field picture and
the single-mode approximation [54}, 55,156} 157, 58| 59, 160]. Moreover, coherent spin dynamics of
only two atoms at each site of a deep three-dimensional optical lattice has been studied in a series
of recent experiments [61} 62, [63]. However, in cigar-shaped traps with stronger interactions
the single-mode approximation is not applicable [64} 65, 166]. In that regime interesting spin
textures have been observed [67, 53], which are so far not completely understood. The results of
chapter[d]contribute to an understanding of these quasi-one-dimensional systems with spin degrees
of freedom from the viewpoint of an infinitely strong repulsion between the particles.

Girardeau’s concept of a bijective map between bosons and fermions has been extended to other
systems such as fermionic Tonks-Girardeau gases [[68]] and very recently also to mixtures [69]]
and two-level atoms [70, [71]. Surprisingly, thus far no Fermi-Bose map existed for the important
system of particles with spin degrees of freedom. A solution of that problem is given in chapter 4]
based on Girardeau’s original idea for spinless bosons [6]]. There, an easy-to-use analytical for-
mula for the many-body wave functions of hard-core particles with spin is given. That formula
constitutes a bijective map between noninteracting spinless fermions and noninteracting distin-
guishable spins on the one hand and hard-core particles with spin on the other hand. As a result
the energy spectrum of the strongly interacting spinful particles is simply the sum of the spectra
of noninteracting spinless fermions and noninteracting distinguishable spins. Further, an illustra-
tive construction scheme for the spin densities is derived and it is shown for the example of three
spin-1 bosons that the analytical limiting solutions can be used to approximate realistic systems



with large but finite interactions. Again, the momentum distribution shows a particularly interest-
ing behavior, which is now strongly dependent on the spin configuration of the one-dimensional
system and which exhibits fermionic features in some spin configurations.

Finally, chapter [5| deals with the production of ultracold heteronuclear molecules from “°K and
8TRb atoms by means of radio-frequency (rf) association in the vicinity of a magnetic-field
Feshbach resonance [72} 73| [74]]. In the first sections of that chapter I introduce important con-
cepts concerning the interactions in ultracold atomic gases. In particular I solve the problem of
two atoms in a three-dimensional rotationally symmetric harmonic trap, which interact via a box-
like potential. In the zero-range limit I obtain the result of Busch et al. [75], which shows that the
extremely short-range interaction potentials of ultracold atoms can be modeled by a regularized ¢§
potential. That solution (which already includes the interaction between the particles) is the basis
of a detailed theoretical analysis of the experiment of C. Ospelkaus et al. [[/2] in the following
sections of chapter [5] In particular it was necessary for a precise determination of the two-atom
wave function to account for the coupling between center-of-mass and relative motion due to the
anharmonic corrections of the single lattice sites and the different masses of the atoms. We derive
a simple exact-diagonalization approach to that problem, which allows us not only to precisely
determine the location of the Feshbach resonance but also the efficiency of the rf association and
the lifetime of the molecules.



Chapter 2

Modeling of ultracold spin-1 atoms

The main results of Secs. 2.3 to 2.9 have been published in my diploma thesis [I|] and the main
parts of the exact diagonalization have been implemented during that time.

In this chapter I describe the methods which are the basis of the following chapters [3] and 4] In
Sec. [2.1]T present the Hamiltonian of the system and I discuss its properties and symmetries. In
the corresponding subsections [2.1.1] and [2.1.2] I derive the effective Zeeman Hamiltonian and in-
teraction potential respectively. In Secs. to [2.8] I describe the implementation of a numerical
diagonalization of the many-particle Hamiltonian (2.5) and finally, in Sec.[2.9] I compare my nu-
merical results to known exact solutions in some limiting cases: the Tonks-Girardeau solution [6]]
for a quasi-one-dimensional spin-polarized system, the solution of C. K. Law, H. Pu and N. P.
Bigelow [56] for a zero-dimensional system of bosonic spins and the two-particle solution [[75}76].

2.1 Hamiltonian for spin-1 atoms

Spin-independent harmonic trap: We consider a neutral 8"Rb atom with spin f = 1. The atom is
confined by means of an optical dipole trap which provides a spin-independent harmonic potential

1
‘/trap = §m(wgl’2 + wzyQ + ngQ) ®1.

Here, m is the mass of the 87Rb atom (see appendix @), Wz, wy and w, are the trap frequencies
of the -, y- and z-direction, and 1 is the 3 x 3 dimensional identity matrix. Vi,p is a 3 X 3
dimensional matrix since a spin-1 particle with motional and spin degrees of freedom is described
by a 3-component wave function

DA = D b (P)my),

mp=—1,0,1

with |1) = (1,0,0)7, ]0) = (0,1,0)7 and |-1) = (0,0, 1)T. In each spin state the atom feels the
same trapping potential since Vi, is diagonal in spin space. Furthermore, Vi, commutes with
the parity operators of the -, y- and z-direction I, : # — —x,1I, : y — —yand Il : 2 — —2
since Virap(, Y, 2) = Virap (£, £y, =2). In most experiments of Refs. [52}[53] the transverse trap
frequencies w, and w, are much larger than the axial trap frequency w, so that the system becomes
quasi-one-dimensional.
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Zeeman Hamiltonian: A homogeneous magnetic field along the z-axis couples to the atomic spin
leading to the Zeeman Hamiltonian

B 2 B2 1
vy = _HBZ _HB (11_4f§>. 2.1)

2 2C s

Here, u1p is Bohr’s magneton, B is the strength of the applied magnetic field, f, is the dimen-
sionless spin-1 matrix of the z-direction and Chgs is the hyperfine constant (see appendix [D)). The
dimensionless spin-1 matrices are given by

1 010 0—-1 0 100
fa=—=|1 0 1), fy=—4|1 0-1 and f,=10 0 0
V2 010 V2 0 1 0 0 0-1

The first term of V is the usual linear and the second term is the quadratic Zeeman energy. Its
origin is explained in subsection [2.1.1]

Interaction Hamiltonian: Two spin-1 atoms interact with each other via a short-ranged spin-
dependent potential which is given by [54}155]

Vi, = 8(71 = 7) (9012 + g2 1 - o) 22)

with the interaction strengths gg and go (note that gy and go have dimension energy x volume
since the ¢ potential has dimension 1/volume). Vi is a 9 x 9 dimensional matrix since two
spin-1 particles with motional and spin degrees of freedom are described by a 9-component wave
function

w(ll?lafé) = Z wmf,m' (F17772)’mf7m/f> )

f
mf,m}:—l,(),l

with |mfam/f> = |mf> ® ‘m,f> 192 =1 ® 1, fi = (f:c,l’fy,la fz,l) = (fx ® ]lyfy & ]]-va & ﬂ)
are the spin-1 matrices of the first atom and f = (fe2, fy2, f22) =(1® fr, 1 ® £y, L ® f,) are
the spin-1 matrices of the second atom. The scalar product fi . fg has to be evaluated according to

A fo=foifeot furfoz+ forfoo= @ DAR@f)+...= fo @ fot....

The first term of the interaction potential (2.2)) is spin-independent (i.e. diagonal in spin space)
and the second term is spin-dependent (i. e. non-diagonal in spin space). The scalar product f1 - fo
can be expressed by means of the F'2 operator and the identity matrix. We use

= N 50\ 2 . . S5 o S5 o N .
Fz:(fl-i-fz) =2+ +2fi =412+ 2f1 - fo <f12:f22:2]1®2)-

Thus,
fi-fo=F?/2-21%2

and we can rewrite the interaction Hamiltonian (2.2)) according to
Vi, = 8(71 = 72) | (g0 — 202)1%% + (92/2)F? . 23)

Therefore, Vi, commutes with F, = f, 1 + f, 2 and F2. The interaction strengths go and g are
given by [54, 55

Anh?  ag + 2as Anh?  as —ap
go = X n X

m 3
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with the scattering lengths ag and as (A is Planck’s constant). The interaction potential which
the atoms feel depends on the 2-atom spin F leading to the scattering lengths ag (if ' = 0)
and as (if F = 2). For 8Rb, ag = 101.8 ap and ay = 100.4ap [77] (ap is the Bohr radius).
Therefore, the spin-dependent part of the interaction is approximately 200 times smaller than the
spin-independent part of the interaction, go/|g2| ~ 200. I will derive the interaction Hamiltonian
in subsection 2.1.2]

Total Hamiltonian of 2 atoms: By summing up the kinetic energy and all the contributions to the
potential energy we obtain the total Hamiltonian

2

W=y

=1

2
B 2 BQ 1 N R rd R
-3 [,u]; foi+BB (11@2 - 4f22,i>} + (71 — 72) (9011@2 +9g2/1 - f2>' 24)
i=1

h? 1
[_QmAi + §m<w§x? + wiyf + w§z§>]®ﬂ®2

2Chs

Conserved quantities: The above Hamiltonian @) conserves the parities of the z-, y- and z-
directions II,, II, and II., and the z-component of the total spin F.. For zero magnetic fields

B = 0 the square of the total spin F?2 is also conserved. For nonzero magnetic fields B # 0
the square of the total spin F? is not conserved due to the quadratic Zeeman Hamiltonian. F?
commutes with F, and f; - f2 but not with (f21+ 12,).

The linear Zeeman energy is often negligible: The linear Zeeman energy is often by far the
largest energy contribution to the total energy; see Sec. However, since the above Hamil-
tonian @]) commutes with F, one can diagonalize H within subspaces with same Mp. Within
these subspaces the linear Zeeman energy is only a constant offset.

Further, the linear Zeeman energy has no influence on the population dynamics of the sys-
tem. In current experiments the probability is measured to find a particle in spin state
|mys) (my = —1,0,1). The corresponding two-particle projection operator is given by
P, = |mg){my| ® 1 + 1 ® |my)(my|. These projection operators P, , commute with F,. Sup-
posed that the initial two-particle state is given by |¢)) then the time evolution of this state is given
by e 1t/ "|4). The time evolution of the population of the hyperfine state m 7 1s thus

<w’€ﬁHt/hme€fﬁHt/h‘w> _ <w‘eﬁH/t/h 2z nt/h,—iHz it /h meefﬁ[—[’t/h‘w>

=1

and therefore independent of Hz ji,.. Here we have decomposed the Hamiltonian H into the linear
Zeeman energy Hyz jin and the remainder H " and we have used that H 7. lin. commutes with H "so
that the relation e~ i(Hzin+H)t/h — o—iHznt/he—1H't/h 6] gs,

Weak coupling between spin and motional degrees of freedom: The spin and the motional de-
grees of freedom are only weakly coupled by the Hamiltonian (2.4)). To see this, we decompose
H into three parts. The first part,

2
h? 1 L
Huot. = Z {—mAi + §m<w§x? +wiyl + w?zf) + god (71 — 7“2)} ®1%2,
i=1
acts only in position space, the second part,

2 2 2
o ppB 1pB w2 _ 1o
Hspln - ; |:2fz,i + QChfs (]l - Zfz,i ’
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acts only in spin space and the third part,
HmotA—spin = 925(F1 - 7?2)f1 - f2,

weakly couples the motional to the spin degrees of freedom. The shape of the motional wave
function is mainly determined by Hy,, since it already contains the (large) spin-independent in-
teraction. Due to the weak coupling of the motional and the spin degrees of freedom via H o —spin
it is often a good strategy to diagonalize H in the eigenbasis of (Hpor, + HSPiﬂ)'EI

Generalization to /N atoms: Generalization of the above two-particle Hamiltonian (2.4) to N
particles is straightforward

N

1

H= Z { —A; + 2m(w§m?+w3yz + w2z >]®1®N
=1

B B? 1 S

MB 'LLB 1SN — 225 )|+ D6 — 7)) (9011®N+92fi'fj)-(2~5)
2Chfs 4=

=1 1<J

Here, f.; = 1?0V ® f, ® 190V=9 (£, ;, f,; accordingly) and the scalar product fi - f; has to

be evaluated according to fZ fj feifej+ fyifyi+ f2ifzj

2.1.1 Derivation of the Zeeman Hamiltonian

For the derivation of the Zeeman Hamiltonian 1| we have to regard that the atomic spin f is
composed of a nuclear spin i and an electron spin 5. 8’Rb atoms have a nuclear spin of i = 3/2
and an electron spin of s = 1/2 resulting in a total spin of f = 1 or 2. Both spins interact with
each other and an external magnetic field

Hy = geppBs: — gupinBis + Ched - . (2.6)

Here, g. ~ 2 is the electron g-factor, g, is the nuclear g-factor, p,, is the nuclear magneton, s =
(S5 8y, 52) and 7 = (i, 1,,7,) are the dimensionless spin-1/2 and spin-3,/2 matrices respectively.
We can savely neglect the second term of Eq. since gnpin/geprn ~ 10711 Hy can be
diagonalized exactly analytically. Its energy spectrum is plotted in Fig. [2.1]

At zero magnetic field H consists only of the spin-spin coupling which is diagonal in the basis
of total spin. Using

—

fP=(E+0)?=52+i%+25-71 = §-i=f?%2-9/41 Q2.7)
we obtain the hyperfine shifts

Chis 57 |f =1,mp) = —5/4Chgs |f = 1,my) and
Chis §-7|f = 2,mp) = +3/4Chgs |f = 2,m7).

'So far I did not discuss the additional symmetry restrictions of the two-particle wave function. In the weakly
interacting regime [when go/(lzl,l.) is small compared to the level spacings hws, hwy and fiw.| the two bosons
occupy the same motional (mean-field) ground state and one can describe the system within the symmetric spin space
by using a renormalized spin-dependent interaction strength g2 (see the discussion in Sec. 2.2} this is the so-called
single-mode approximation which is e. g. used in Ref. [56]]). In the strongly interacting regime, however, the motional
wave functions are highly correlated and nonsymmetric within different spin components (see Secs. @ and @
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I I
I I
|f7 mf> i i my, m:>>
b | —
st f=2 i i m; = 3/2
6 | , L ms = +1/2
4y = +2 | !
- EN 9 , —"m; = —-3/2 | | ® trsB
3 i I I 1
I RGN R T -t I ]
,gchfs ey _2 I cou Iln | 4 /
4 m . my=—1 I phng ! ~ —upB
v —a F I
I
—8 _ I I
1 ! ‘1 i . . . i m; = 3/2
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Figure 2.1: Zeeman energy of 87Rb atoms in dependence of the magnetic field | B|. For small | B|

the nuclear spin i and the electron spin S couple to the total spin f which precesses around the
magnetic field axis. For large ]E | both spins iand § precess independently around B. Although
the experiments are performed at very low magnetic fields (green circle) the nonlinear behavior of
the energy due to the coupling between f = 1 and f = 2 states is not negligible.

The energy shifts are drawn as blue arrows leftmost in Fig. Thus all f = 2 states are shifted
upwards by Ez = +3/4Chy and all f = 1 states are shifted downwards by E; = —5/4Chs.

For small magnetic fields it is often sufficiently accurate to approximate the real eigenstates by f 2
eigenstates (f and my are ‘good’ quantum numbers). By using Eq. (2.7) and the Wigner-Eckart
theorem [78]]

—

(5 f)s
(f2)s
(P is the projection operator onto the Hilbert space with spin f and the expectation values have

to be calculated with states from this subspace) we obtain the first-order approximation of the
Zeeman energy

Prs, Py = Prf.Py

fF+1) -3
2f(f+1)

=:gy (Landé factor)

Ez ~ (fomylHalfomy) = [ge ] wpBrmg + o [F(f 4+ 1)/2 — 9/4].

The Landé factor of the f = 1 states is g = —1/2 and for the f = 2 states we obtain go = 1/2
(for an illustrative calculation of the Landé factor see Ref. [1]). The first-order low-|B| result is
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thus given by
Ez(f = 1) ~ —5/4Chfs — ,uBBmf/2 and Ez(f = 2) ~ +3/4Chfs + uBBmf/Q. (2.8)

This behavior can be seen in Fig. [2.1]in the region B < 1000 G. Note that for f = 2 the state with
my = 2 has highest energy whereas for f = 1 the state with m; = —1 has highest energy due to
the negative sign of the Landé factor.

Let us now consider the other extreme case of large magnetic fields 2up B > Ch. Here it is
sufficiently accurate to approximate the real eigenstates by (i, s.) eigenstates (m; and m are
‘good’ quantum numbers). By using the relations

- 1. .
§~z:zz®sz+§(z+®s_+z_®s+) (2.9)

with ¢4+ = i, &£ 14, (and analog for s4) and

itli,ms) = \/i(i + 1) — mi(m; £ 1)|i,m; = 1) (and analog for s.) (2.10)
we obtain the first-order approximation of the Zeeman energy in the region of large magnetic fields
Ez =~ (m;, ms|Hz|lm;,ms) = 2upBms + Chesmims. 2.11)

Thus in the region B > 3000 G we observe two multiplets which are shifted by an average energy
of AE ~ £upB (see the blue arrows rightmost of Fig. [2.1). The average spacing between the
four states of each multiplet is AE ~ Chs/2. Note again that the ordering within the lower
multiplet is inverted since ms = —1/2.

In the intermediate region 1000G < B < 3000G the energy depends nonlinearly on B (ex-
cept for the fully stretched states) and the coupling between states with same m ¢ (|1, myg) <

12,my), my = —1,0, 1) continuously rotates f Zinto (i,, s,) eigenstates. Note, that the energy of
the fully stretched states (|2,2)=|3/2,1/2) and |2,—2) =|-3/2,—1/2)) depends linearly on B for
all magnetic fields since they are not coupled to other states. They are thus eigenstates of H, for
all magnetic fields and their energy is exactly given by Eqgs. or (2.T1)). To determine the en-
ergy of the other states for all magnetic fields we have to calculate and diagonalize the 8 x 8 matrix
of Hz. Since only pairs of states with same m ; are mutually coupled this task reduces to a diago-
nalization of three 2 x 2 matrices. Here we do this calculation only for the pair of states |2, —1) and
|1, —1). We switch into the (i, s,) representation since the calculation of the off-diagonal matrix
element is easier to perform with the given Egs. and . The state |2, —1) transforms into
the state | — 3/2,1/2) and the state |1, —1) transforms into the state | — 1/2, —1/2) (see Fig. 2.1).
The matrix element of H between these states is (—3/2,1/2|Hz| — 1/2,—1/2) = v/3/2 Chg.
The resulting 2 x 2 matrix is given by [see Eq. for the diagonal elements]

H(subspace) _ <_3/4 Ches + upB \/§/2 Chs > 2.12)
d V/3/2 Chs +1/4 Cygs — ppB
The eigenvalues of this matrix are
Ey = —Chgs/4 £ \/Cgfs — ChesppB + p%B2. (2.13)

For small magnetic fields one can perform a Taylor expansion in B. For the lower energy (which
belongs to the state [¢)_) ~ |1, —1)) we obtain

_ + ~ .
Chs Chs 4 2 8Chs

B | u3B? B 3uyB?
C'hfs_c,m\/1 1B 1B N_5Chfs+MB ~ 3up (2.14)
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The result now contains the hyperfine shift, the linear and the quadratic Zeeman energy. Similar
calculations can be performed for the other states. The general result for the Zeeman shift, which
is valid for all quantum numbers ( f,my), is given by

C
Ez = — Zfs + (=1)f | Chts +

B 2B m
“g myp+ 282 (1 2L (2.15)

In current experiments all the atoms are initially prepared in spin state f = 1 and the magnetic
field strength is of the order of a few Gauss, which is indicated by the green circle in Fig. 2.1]
During observation time the total spin of the atomic system F = > ﬁ is conserved. Thus the
hyperfine shift and the linear Zeeman energy are only a constant offset which has no influence on
the system. The quadratic Zeeman shift, however, is of the order of the interaction energy and thus
not negligible.

The off-diagonal elements of Hy also lead to a mixing of f = 1 and f = 2 states. The above
state |¢)_), e.g., is a superposition |[¢)_) = a|l,—1) + (3|2, —1). Assuming a magnetic field
strength of one Gauss, which is a typical experimental value, we obtain o = 0.99999998 and
(B = 0.0002. Such a small admixture of f = 2 states has no influence on the properties of the
system and we can safely assume o = 1 and § = 0. In the effective Zeeman Hamiltonian for the
spin f = 1 atoms we have neglected the constant hyperfine shift and the small admixture of
the | f = 2, my) states.

2.1.2 Derivation of the Interaction Hamiltonian

The interaction potential depends on the total spin of the valence electrons: We consider the
interaction between two 5'Rb atoms at zero magnetic field B = 0. Again, we have to regard that
the atomic spins are composed of a nuclear spin 7 and an electron spin §. At close distances the
electron spins of the two atoms couple to the total electron spin S = & + 5. The interaction
between the two atoms depends on the absolute value of S: In the singlet state, S = 0, it is more
attractive than in the triplet state, S = 1, since in the first case the electron density between the Rb
cores is higher; see Fig. The interaction Hamiltonian is therefore given by

Vint.(r) = V5(r) Ps=o + Vi(r)Ps=1 (2.16)

where Pg—( (Ps—1) is the projection operator into the S = 0 (1) subspace and where V; (V) is
the singlet (triplet) interaction potential.

Delta approximation: We consider situations where the range of the singlet and triplet potential
R and R; is much smaller than the typical wave length of the wave functions of the interacting
particles. This length scale is of the order of the oscillator length /s , i. €., we consider situations
where max (R, R;) < losc. E] Under these conditions the whole impact of the interaction potential
reduces to a boundary condition on the logarithmic derivative of the wave function of the relative

To be more precisely: Of course the interaction potentials Vs and V; may have many bound states which lead to
the formation of tightly bound molecules; see Fig. [5.I[a) and the discussion in Secs.[5.I]and[5.2] The extent of these
molecules is much smaller than the range of the interaction. But here we are not interested in these tightly bound
molecules but in the deformation of the low-energy wave functions of the trap by the short-ranged interaction; see the
wave functions in Fig. [5.6 (apart from the red wave function in (a)). These low-energy trap states are in fact highly
excited states and thus they are metastable (the ground-state molecule has lowest energy). However, the formation of
tightly bound molecules is suppressed due to several conservation laws and since the overlap with the trap states is
negligibly small so that there is enough observation time to study the metastable low-energy trap states.
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singlet triplet
‘ﬂ’spin) = HT)
ind = 5 (111 = 111) apind = 5 (1T +11D)

‘wspin> = Hl)

/| 1 v .
‘wm bi‘ml> = ﬁ (“Oﬁ‘> + |1‘lght>)

/ 1 v :
‘7""’01’1)1‘[;11> = ﬁ ([left) — |r1ght>)

Figure 2.2: The interaction potential depends on the total spin of the valence electrons— At short

distances the electron spins couple to a totel spin S = & + 5. Inthe singlet state, the spin
function is antisymmetric and the orbital function of the two electrons is symmetric, leading to a
higher electron density (red) between the positive Rb cores. By contrast, in the triplet state, the
spin function is symmetric and the orbital function is antisymmetric, leading to a lower electron
density between the cores. Thus, in the singlet state, the Rb cores can come closer to each other
so that the singlet interaction potential V;(7) is more attractive than the triplet potential V(7).

motion at zero distance between the particles

(Tws/t)l 1

'm/}s/t r=0 Qs /t

where 15 (1)y) is the wave function in the singlet (triplet) state and where a; (a;) is the scattering
length of the singlet (triplet) interaction potential. E| I will show in Sec. that the above boundary
condition is equivalent to the pseudopotential

2rh2a : o
%seudop.,s/t(r) = de r)% r.
Thus, for our purposes, it is sufficiently accurate (and much easier to handle) to approximate the
real interaction potentials V; and V; by a regularized § potential:
onh? 0
Vi, (r) = ——6(F)=—r (asPs:o + atszl). (2.17)
7 or
Accurate values for the singlet and triplet scattering lengths have been calculated in Ref. [[77]:
as = 90.0ap and a; = 98.99ap. The regularized ¢ potential acts only on wave functions with
zero relative angular momentum /,; = 0. We want to use the pseudopotential in an exact diag-
onalization where the basis wave functions are harmonic oscillator eigenstates. Thus, the wave
functions of the relative motion with [.,; = 0 are given by

Phasis, rel. () o< £/ 2(7“2)6_7’2/ 2 (compare with Eq.[5.49)

3For the definition of the scattering length see Fig. and Eq. The above boundary condition follows from
Eq. min the limit R, /; — 0. A discussion of the boundary condition is given in Secs. @and@
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where £0(z) are the generalized Laguerre polynomials. The derivative of these wave functions at
the origin is zero

223/2(7,2)642/2

or =0

r=0

We hence obtain

= Ybasis, rel. (0) +M. (2.18)

r=0

(fi [rwbasis, rel.(r)}

Thus, we can neglect the operator %r in Eq. and obtain the interaction potential

27h?
Vint. (T) =

§(7) (asPs—o + arPs—1). (2.19)

Effective interaction Hamiltonian for spin-1 atoms: Since the interaction between two atoms
depends on the absolute value of the total electron spin S (singlet or triplet), the atomic spin f
can in principle be changed after the scattering. However, typical trap frequencies are orders of
magnitude smaller than the hyperfine splitting 2Cpg. Thus, when the system is very cold, two
atoms in f = 1 will remain in the same multiplet after the scattering since there is not enough
energy to promote either atom to f = 2. Therefore, the effective low-energy interaction preserves
the spin f of the individual atoms [54]. I will show in the following that, in the f; = fo = 1
subspace (i. e. the subspace where both atoms have spin 1), the interaction potential is given by

onh?
Vine. (1) = . §(7) (ap=oPr—o + ap—2Pp—2) (2.20)

where Pr—g (Pp—2) is the projection operator into the F' = 0 (2) subspace (ﬁ = f1 + fois the
total spin of the two atoms) and where ar—g and ap—2 are the corresponding scattering lengths.

Derivation of Eq. (2.20) from Eq. — At zero magnetic field two interacting atoms with
nuclear and electron spins (i1, 51) and (42, 52) are described by the Hamiltonian

27 h?

H = Chys (7?1 -8+ §2) + (Hiin. + Virap) @ 1 + 6(7) (asPs—o + arPs—1).

The first term Hyg is the hyperfine coupling between the nuclear and electron spins and the remain-
der H' consists of the kinetic, potential and interaction energy of the two atoms. The differences
of the energy eigenvalues of Hyg are of the order of a few hGHz: A Eyngs = 2Chs ~ 7 hGHz. By
contrast, the differences of the energy eigenvalues of H' are typically of the order of a few hHz up
to several hkHz (the largest trap frequencies which have been achieved in deep optical lattices are
of the order of ~ 0.1 hMHz; see Table. Thus, to first order, H is well approximated by Hyg;.

Using Eq.[2.7] we obtain
Chs

Hygs = 5

(f?+f;2—911>.

Therefore, the eigenvectors of Hyg are given by the eigenvectors of ( f? + f;z) and the eigenval-

ues are given by
C’hfs

Ehgs = >

(A4 D)+ B +1) -9,

“The second summand of Eq. is negligible as long as i 1. (0) < oo (or, more precisely, as long as
Yhasis. ret, () does not have a 1/r singularity at the origin). The wave functions of noninteracting particles are always
smooth at r = 0.
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—5Chis/2 if fi=fo=1
EhfS: —Chfs/2 iff1:1andf2:20rf1:2andf2:1
3Chs/2 if fi = fa=2.
The ground-state multiplet is ninefold degenerate since two spins with f = 1 can couple to one
state with spin F' = 0, three states with F' = 1 and five states with F' = 2.

Let us now switch on H’. Then, the degeneracy of the ground-state multiplet is lifted and we
observe the following energy structure: There is one state with an energy of —5Chs /24 F1 (as, at),
there are three states with an energy of —5Ch¢/2 + Fa(as, at) and there are five states with an
energy of —5Chs/2 + E3(as, ay). That is not surprising since H commutes with F, and F2,

Hence, the degenerate eigenstates have spin ' = 0, 1 and 2, respectively. Since ( ]FIQ + f}) does

not commute with Pg_g and Pg_1, each state contains admixtures from the higher multiplets of
Hpgs due to the coupling to these states via the interaction (2.19). However, according to the above
discussion, these admixtures are negligible since A Eyg > AE'. Therefore, we may approximate
H within the lowest multiplet by the Hamiltonian

H = Ey(as, at)Pp— =1, F=0 + Ea(as, as) Py —f,—1, =1 + E3(as, as) Pr—f,—1, p—2

where Py —,—1 F projects into the subspace where both atoms have spin 1 and total spin F'. In
the following we abbreviate these projectors by Pr.

Each energy is related to a scattering length (Ey < ap—o, E2 <> ap—1 and E3 < ap—3) via
Eq. and thus we may write the low-energy interaction Hamiltonian according to

2mh?
Vine. (1) = . §(P)(ap=0Pp=0 + ap=1Pr=1 + ap—2Pp—s).

Finally we regard that the F' = 1 spin functions are antisymmetric and thus the corresponding
relative wave functions must be antisymmetric too (we are considering bosons). These wave
functions are zero at r = 0 and thus the matrix elements of the operator (") Pp—; are always zero
for bosonic wave functions. After neglecting this part of the above Hamiltonian, we finally arrive
at Eq. (2.20).

An alternative notation: We may express the operator Pr—g as a linear combination of the oper-
ators 1, fl . fg and Pp—q:

Pr_o=al+ffi- fo+~vProi.
First, we convert the operator fl . fé:
P=(f+R) =R+ 2 +2f
& 2fi - fo=F>—41 & fi fo=F%?/2-21

and obtain the equation

Pr_o = (a—28)1 + gﬁ +Pp_y. (2.21)

In order to determine the coefficients, we calculate the expectation value of (2.21) with the
(F?, F.) eigenvectors |[F = 0,mp = 0), |[F = 1,mp) and |F = 2,mp). We obtain a set of

31 checked these commutation relations by means of MATHEMATICA
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three coupled equations

l=a-2p (expectation value with |F' = 0, mp = 0))
0=a—-20+08+~ (expectation value with |F' = 1, mp))
0=a—-28+30 (expectation value with |[F' = 2, mp))

from which we easily extract the coefficients « = 1/3, 3 = —1/3 and v = —2/3. Thus, the
operator Pr—y may be rewritten as

1 1- - 2
o=l =i fomZPp,. .
Pr—g 3 3f1 P 3PF_1 (2.22)

In an analogous calculation we obtain for Pp_s:

2 1> = 1
Pr_o=—-14+—-1- — —Pp_q. 2.23
F=2 = 3 + 3f1 f2 5 Pr=1 (2.23)

Using Eqs. (2.22)) and (2.23)) we obtain from Eq. (2.20)

2h? . [(ap—o + 2ap— AF—9 — QF—0 » = 20F—0+ Gp—
Vin (1) = = 5<r><”3 L ”ﬁ-ﬁ% :

Again, we can neglect the third summand since the expectation value of the operator §(7) Pp—1 is
always zero for bosonic wave functions. Using 1 = m/2 we finally obtain Eq. (2.2).

2.2 Energy scales and parameter regimes

Energy scales: Trap frequencies— Before I proceed I will calculate the typical energy scales of
our system. Table[2.1|shows typical trap frequencies of several experiments. The trap frequencies
of each direction w;, wy and w, can be varied independently. The trap frequencies of the optical
dipole traps used in Hamburg vary from a few to several hundred Hz. In the experiments of
Kinoshita ef al. at Penn State University an extremely elongated, quasi-one-dimensional trap
was used. Here, the axial trap frequency was only w, = 27 X 27.5 Hz whereas the transverse
trap frequencies were three orders of magnitude larger w, = w, < 27 x 70.7kHz. Large trap
frequencies in all three dimensions can be achieved in a deep optical lattice (Mainz).

Table 2.1: Trap frequencies of several experiments.

Wy Wy Wy
Hamburg 1D [53] | 27 x 16.7Hz 21 x 118 Hz 21 x 690 Hz
Hamburg 3D [53]] 21 x 92Hz 21 x 103 Hz 21 x 138 Hz
Penn State [21]] 27 x 27.5Hz | upto 27 x 70.7kHz | up to 27 x 70.7kHz
Mainz [63]] 271 x 43.6kHz 27 x 43.6kHz 21 x 43.6kHz

Interaction energy— According to the discussion in section [2.1] the level spacing of the trap has
to be compared to the spin-independent interaction energy since the interplay of these two energy
contributions determines the shape of the motional wave function. To get a rough estimate, we
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calculate the spin-independent interaction energy of two atoms which reside in the ground state of
the harmonic trap (see Sec. [2.4]for the eigenfunctions of the harmonic oscillator)

. 1 i,
H ¢0(z:)bo(yi)Po(2i) with do(u) = ——e (u/lu)?
i=1,2 luﬁ

Here, I, = \/h/(muw,) is the oscillator length of the u = x, y, z-direction. According to Eq. ll
the spin-independent interaction energy of the above state is given by

<%wZW/WWEWZmJVW%ﬂ/@%@/%%@)

The one-dimensional integrals I, = [ dugg have dimension 1/1,. To see this, we decompose
each quantity into a dimensionless quantity (which we mark by a tilde symbol) and its unit

w = i, ¢am:$awjé (u=,y,7).

By inserting these relations into the corresponding interaction integrals we obtain I, = I, / 1, with
I, = I, = I, = 1/+/2x. The interation energy becomes (wu =21 X fu)

9o A7h?  ag + 2as m3w 1
FEini0 = = X X x \/Fofofs X — .
Llylv/25 ™ 3 Voo RARV-<

As can be seen, the interaction energy increases when the trap frequencies are made larger since
then the particles are enclosed within a smaller volume, Ein o o< 1/(lzlyl.) o< \/ fofy f--

Again, we decompose each quantity into a product of a dimensionless number and its unit in order
to calculate the interaction energy in units of hHz

h:ﬁJs, m=mkg, a; =a;ap (i=0,2) ap=apm,
fu:ﬁtHZ (u:xvyvz), h:%JS = J:]./EhHZ7

with i = 1.05457163 x 10734, i = 1.443160648 x 1025, agp = 101.8,..., (see appendix@for
the constants). Finally we obtain the interaction energy in hHz

4rh? Gy + 2a 731 —
B = | —— x 20 202 amx ) 2| R 7, f- hHz (2.24)
m 3 k3

=:Cint

>

with Cip. & 4 x 1074 in typical experiments. The spin-dependent interaction energy Fin 2 is
approximately 200 times smaller since |ga|/go ~ 1/200.

Linear Zeeman energy— In the experiments performed in Hamburg and Mainz (63} 149]] the mag-
netic field strength was of the order of 1 G. According to Eq. (2.I), the splitting of the linear
Zeeman energy is given by AEyz i, = ppB/2. Similar to the above calculation we determine the
constant Cz j;,. which gives the linear Zeeman energy AE 7y, in hHz if B is given in G
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with up = upJ/T, B = B G, 1T = 10*G and Cziin. = 700 X 103. Thus, for a magnetic
field strength of 1 G we obtain 700 hkHz which is by far the largest energy scale in our system.
However, as discussed in section [2.1] the linear Zeeman energy has no influence on the population
dynamics of our system and within subspaces with same M it is only a constant, negligible offset.
Hence, this large energy contribution can often be neglected.

Quadratic Zeeman energy— The energy shift due to the quadratic Zeeman Hamiltonian is given
by AE7 quad. = ;ﬂBBQ /(8Chss); see Eq. tl Similar to the above calculation we obtain

~2 .
AE7quad. = [ Fo___ ]BQ hHz
8 x 1017 h2 Ciys

CVZ ,quad.

with éhfs ~ 3.4 x 10 and C 7,quad. = 72. Hence, for a magnetic field strength of 1 G we obtain a
quadratic Zeeman energy of 72 hHz.

Parameter regimes: Let me now calculate the different energy contributions for some typical
experiments with ultracold 87Rb atoms.

Two atoms in a deep optical lattice well— In the spin-dynamics experiments of Widera et al. [63] a
deep optical lattice was used to confine two atoms at each lattice site. Around the minima, the sites
are well approximated by harmonic oscillator potentials. From Eq. and the frequencies of
Table we calculate a spin-independent interaction energy of iy o ~ 3.6 hkHz. That is only
0.08 times the level spacing. Thus, we expect that both atoms reside in the Gaussian ground state
of the trap which is only slightly deformed by the repulsion between the atoms.

The linear Zeeman energy can be neglected since the z-component of the total spin F), is con-
served. Further, the spatial two-atom ground-state wave function is permutationally symmetric
so that the dynamics takes place within the symmetric spin space which is spanned by the two
states [m 1, mys2) = |0,0) and (|1, —1) + | — 1, 1)) /+/2. Moreover, the dynamics of the system
depends on the initial state and the ratio of the quadratic Zeeman energy compared to the spin-
dependent interaction energy. This ratio can be tuned by the magnetic field and the confinement.
The spin-dependent interaction energy is of the order of Fiy o ~ —16.6 hHz. This en-
ergy has to be compared to the shift of the quadratic Zeeman energy when two spins are flipped:
2AE7 quad.- Both energies are of the same order for a magnetic field strength of approximately
0.34 G since 2AE 7 quaa.(0.34 G) =~ 16.6 hHz. Thus, we expect that the interplay of both energy
contributions strongly influences the population dynamics of the two atoms around 0.34 G.
Large particle numbers and weak interactions— For both Hamburg experiments [[53]] we obtain a

two-particle interaction energy of El(li) 0

level spacing of the trap, Ei(th?O /(hwy) =~ 0.03 (1D) or ~ 0.005 (3D). We are therefore in the
weakly interacting regime. Of course the N-particle interaction energy grows rapidly with the

~ 0.5 hHz. That is quite weak compared to the smallest

number of particles El(njt\[)0 x N(N — 1)/2 and since the number of particles is typically given by

N = 3 x 10° [51]] we obtain for a condensate: El(n]tV)O ~ 41 hGHz. That is quite much compared to
the kinetic and potential energy Eiin, + Eiap = 1/2(16.74+118+690) hHz x 3 x 10% ~ 0.12 hGHz
(1D) and thus we expect that the ground-state wave function is substantially deformed to reduce
the interaction energy. However, due to the weak two-particle interaction, we can still assume that

all the particles reside in the same mean-field orbital.

Few atoms in a quasi-one-dimensional trap— For the quasi-one-dimensional trap of Kinoshita et
al. [21] we obtain a two-particle interaction of Ejy o ~ 146 hHz. That is approximately 5.3 times
larger than the level spacing of the z-direction but ~ 500 times smaller than the level spacing of
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the transverse y- and z-directions. Thus we expect, on the one hand, that the atoms reside in the
ground state of the transverse directions so that we can describe the system by a one-dimensional
Schrodinger equation. On the other hand, we expect a substantial deformation of the ground-state
wave function with strong correlations between the particles along the axial direction.

2.3 Exact diagonalization and second quantization

Exact diagonalization: The exact diagonalization method is usually used to calculate the low-
energy eigenspectrum and eigenfunctions of a time-independent Hamiltonian. The evolution of a
wave function [¢(t)) is determined by the time-dependent Schrédinger equation

.. d
i 0(1) = H([0(0).

In the case of a time-independent Hamiltonian H(¢) = H, the energy eigenfunctions change as
a function of time only by a complex phase factor |1)(t)) = e~ *F%/"|¢)). The eigenfunctions |)
and eigenenergies E are determined by the stationary Schrodinger equation

Hl|y) = E[1). (2.25)

In order to solve this eigenvalue problem we choose an arbitrary basis of the Hilbert space
{In),n =1,2,...} and project Eq. (2.25)) on the individual states |n)

(n|HY|n")(n'|Y) = E(nly) (forall n).

This set of equations can be written in matrix form

Hyy Hyp Hyz -+ c1 c1

Hy1 Hog Hoz --- c2 2

Hsy Hsy Haz - | [es | =F | es (2.26)
with H,,,» = (n|H|n') and ¢, = (n|y). The eigenenergies of the stationary Schrddinger

equation (2.25) are given by the eigenvalues of the Hamiltonian matrix (H,,, ) and correspond-
ingly the eigenfunctions [¢) are determined from the eigenvectors (cy, ca, . ..) of Eq. (2.26) by
|Y) = >, cn|n). In the case of a complete basis {|n)} the result is exact.

We diagonalize the Hamiltonian matrix (H,, ) numerically by using efficient algorithms
(ARPACK, NAG). The dimension of the Hilbert space of our problem is infinite but we must re-
strict the basis {|n)} to a finite number due to CPU and memory limitations resulting in deviations
between the real and the numerically obtained eigenenergies and eigenfunctions. The accuracy of
our calculations depends on a ‘good choice’ of basis functions |n) and their number. Our main
task is to generate the basis and to calculate the Hamiltonian matrix (H,,,) and, afterwards, to
calculate the desired observables from the given coefficients of the eigenvectors.

Second quantization: When dealing with many particles it is a rather cumbersome task to con-
struct permutationally symmetric or antisymmetric wave functions and to calculate matrix ele-
ments of some operators by using these wave functions. Second quantization is an efficient tool to
calculate these matrix elements. Here, I will give a brief description of the method for bosons.

In second quantization bosonic many-particle wave functions are represented by number states
|ny,na,...), where n; is the number of bosons which occupy the ith single-particle basis state.
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_I.

7

All many-particle operators can be expressed by means of creation and annihilation operators a
and a;. These operators act as follows on the occupation number states

all.comiy Y=V i1, al e = Vel — 1,10, (227)
and they obey the commutation relations

[ai,a}] = 0ij, [ai,aj] =0, and [aj,a}] =0.

One important class of many-particle operators, such as the density operator, can be written as a
sum of single-particle operators ), f“. Such an operator is translated into second quantization
by the prescription

> = lilflalay. (228)

v iJ

A second class of operators, such as the interaction operator, is a double sum of two-particle
operators » u<v 9. These operators are constructed by the prescription:

1 ..
Z gt = 3 Z(zg\g\kl}ala}akal . (2.29)
pu<v igkl

An introduction into second quantization is given in the book of Gordon Baym [79] and a deriva-
tion of formula (2.28)) is presented in the book of Eugen Fick [SOJ.H

2.4 Single-particle basis

The first step of an exact diagonalization is to choose a proper basis. I have decided for the
energy eigenfunctions of the noninteracting bosons. Thus, the number states |n1, ng, . . .) represent
permutationally symmetric energy eigenstates of noninteracting bosons with n; bosons occupying
the ¢th energy eigenstate of the single-particle problem. Here, I determine the energy eigenvalues
and eigenfunctions of one particle since they occur in the matrix elements (| f|7) and (ij|g|kl) of

Egs. (2.28) and (2.29). In the case of one particle Eq. (2.5) becomes

h’ 1 2.2 2,2 2.2 pBB MZBBZ L.
H_[—MA—i—Qm(wx:r +wyy —|—wzz) ®1 — 5 fZ—QChfs ]l_ZfZ .

The energy spectrum of H is given by

1 1 1 ,uBB ,LL2BBz 1 2
E = z+ = >+ + = +|n,+ = y— ———— QL — 1—- 2.
(n 2) huw <ny 2> hwy (n 2> hw 9 o 2Cim o (2.30)

with ng,ny,n, =0,1,2,... and a = 0, £1. The corresponding eigenfunctions are given by

wnoa (F) = wnz (x)wny (y)wnz (Z) ’a>

The general formula of a two-particle operator, which is valid for bosons and fermions, is given by Zu 9" =

1/2%°, .kl<ij\g|kl>a;’a;alak, i.e., the annihilation operators ar and a; occur in reversed order. This is equal to

Eq. (2.29) for bosons since ar and a; commute. But for fermions both equations are not equal since the fermionic
annihilation operators anticommute.
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Figure 2.3: Energy spectrum and eigenfunctions of the one-dimensional harmonic oscillator.

where n = (n,,ny,n.) is a multi-index, ¥, (v) (u = x,y, z) are the eigenfunctions of the one-
dimensional harmonic oscillator and |a) = |f = 1,m; = ) (a = 0, £1) are the eigenfunctions

of f2 =21 and f. The wave functions ¢,,, (u) are given by

1 1 2
%u u) = Hnu u/ly e—g(u/lu)
(u) TN (u/lu)
where [, = \/h/(mw,) is the oscillator length of the u-direction and
Hy,(ufl) = ) (-1)° S (2u/l)™ T

g (ny — 2s)!s!

are the Hermite polynomials. |x| is the largest integer smaller than z. The eigenfunctions of the
one-dimensional harmonic oscillator have a well-defined parity

yhn, (w) = Yn, (—u) = (=1)"4n, (u).
The energy spectrum and the lowest harmonic oscillator eigenfunctions are visualized in Fig.

2.5 Generation of the many-particle basis

In the following chapters we want to study the low-energy properties of the system. We assume
here that the low-energy eigenfunctions of the interacting system can be accurately represented by
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a superposition of low-energy basis functions of the noninteracting system. |Z] Therefore, we con-
struct all the basis functions of the noninteracting system below a certain energy cutoff. Moreover,
we make use of the conserved quantities, namely the parities 11, I, and II,, and the z-component
of the total spin F,. The parities II, II, and II, of a many-particle state are given by

V) =[] [(—1)“1“} YN (=) 2.31)
(i)

with |[N) = |...; (Nia : Nai, Nyi, Nziy 0); . . .). In this notation N;, particles occupy the single-
particle state |14, nyi, n2i, ). I have developed the following recursive construction scheme for
the many-particle basis states:

Given a magnetization F, = M, we construct the noninteracting ground state
(N =M :0,0,0,0); (M :0,0,0,1)) with N — M particles in state |z, ny, n;, ) = [0,0,0,0)
and M particles in state |0,0,0,1), i.e., all the particles reside in the motional ground state
[Nz, ny,nz) = |0,0,0), N — M particles have spin |a) = [0) and M particles have spin
la) = |1) to achieve a magnetization of M. EI We have put as many as possible particles into
the |«) = |0) spin state since it has the lowest quadratic Zeeman energy. We have 4 possibilities to
construct excited states, based on this ground state, by adding the energy differences AF, = hw,,
AE, = hwy, AE, = hw, and 2AE7 quad.:

|((N—M —1:0,0,0,0); (M :0,0,0,1);(1:1,0,0,0)) (+AE,)
|((N—M —1:0,0,0,0); (M :0,0,0,1);(1:0,1,0,0)) (+AEy)
|((N—M —1:0,0,0,0); (M :0,0,0,1);(1:0,0,1,0)) (+AE,)
(N = M —2:0,0,0,0); (M +1:0,0,0,1); (1:0,0,0,—1))  (+2AE7 quad.).

In the first three states we have occupied the first excited state of the z-, y- and z-direction by
one particle and in the fourth state we have taken 2 particles out of the spin state o) = |0) and
put them into the spin states |a) = |1) and |a) = |—1). By comparing the energies of these 4
states we find the first excited state of the many-particle basis. We choose this state and discard
the remaining three states. Similarly, we find the second excited state(s) of the many-particle basis
by adding excitations to the first excited state. We repeat the procedure until we have found all the
basis functions below a certain energy cutoff.

The recursion generates only states with the same magnetization M since the z-component of
the total spin F, is conserved during the process 2 x [0) — |1) 4+ |—1). Finally, we select all
the many-particle states with the same parities (IL;,II,,II,) = (1,1,1),(-1,1,1),... (there are
23 = 8 possibilities) and save them in the corresponding files.

Often we already know at the beginning that the system will be two- (if w,,w, < w.), one-
(if wy < wy,w;) ore zero-dimensional (if the two-particle interaction is much smaller than the
level spacing of the trap). Then, we allow only for the excitations (AE,, AEy,, 2AE7 qua4.) if the
system is two-dimensional, (AE,, 2AEz quad.) if the system is one-dimensional or 2AE7 gyad. if
the system is zero-dimensional.

On the one hand, the described construction scheme is quite flexible, but, on the other hand, it is
rather time consuming — especially in the three-dimensional case — due to the many compar-
isons of energies. It turned out to be better to generate in a first step the spinless many-particle
wave functions | .. .; (Njq : Nai, Nyi, N2i); - - -) and in a second step all the possible spinful many-
particle wave functions from a given spinless one. Such a recursion has been implemented by Kim

"We test the validity of this assumption later in Sec.
8For M < 0 we construct the ground state |(N — M : 0,0,0,0); (M : 0,0,0, —1)).
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Plassmeier [81]] and I used his program lately during my Ph.D. thesis. Furthermore, I applied my
program almost exclusively to one-dimensional trapping geometries and in this case we do not
need to compare energies since all the newly generated (spinless) states have the same energy:

N iy = 0) P2 (V- 105 (12 1)) R
(N = 1:0)5(1:2)) and |(V —2:0); (2: 1)) 25

+AEx
(N —=1:0);(1:3)), |[(N—=2:0);(1:1);(1:2))and (N —3:0);(3:1)) —"....
However, I hopefully demonstrated that it is possible to construct recursively all the many-particle
basis states below a certain energy cutoff with well-defined magnetization and parities.

2.6 Calculation of the Hamiltonian matrix

In this section I will calculate the matrix elements of the many-particle Hamiltonian (2.5)). T have
chosen the permutationally symmetric eigenfunctions of the noninteracting Hamiltonian as basis
states. First, I introduce an alternative notation for the occupation number states

new notation
) — |

|3 (Nia t gy Ny, My @) oy Niay o) (2.32)
where @ = (144, nyi, N2;) is a multi-index. Here, each position within the occupation number state
corresponds to a single-particle state |7, nyi, 124, o). These states shall represent the bosonic
eigenfunctions of the noninteracting Hamiltonian.

The Hamiltonian (2.5) consists of two parts: H = Hg + Viy.. The first part Hy is the Hamiltonian
of the noninteracting system and the second part Vi, is the interaction Hamiltonian. Hy is already
diagonal in the chosen representation but Vi, is non-diagonal.

First I will calculate the Hamiltonian of the noninteracting system which is given by

N
h? 1
Hy = Z [—Ai—i- 2m(w x; +wyyl +w 2 )} Q18N

¢ 2m
=1

_ MBB MBB ®N 1 2
Z [ Tew (11 4fz,i)]~ (2.33)

Hy is a single-particle operator. According to Eq. (2.28) we obtain its second-quantized formﬂ

, h? 1
Hy = Z (1| [—QmA@)ﬂ + im(wiaﬂ + w§y2 + w§z2> ®1
(ia)(55)

2 2
peB ppB Lo o\t
— — 1-- a; Qij. 2.34
2 fz 2Chfs 4fz ‘Jﬁ) ia%ifs ( )
My notation is a little bit inconsistent: The indices i,j = 1,2,..., N in the first-quantized operators (2.33)

and (2.36) are simple numbers. By contrast, in the second-quantized operators (2.34), (2.37) and in the occupation
number states (2.32) i = (N, Ny, Nzi)s § = Mgy Nyj, Nzj)s k = (Nak, Nyk, N2k ) and I = (nar, nyi, nzr) symbolize
multi-indices.



22 CHAPTER 2. MODELING OF ULTRACOLD SPIN-1 ATOMS

Using Eq. (2.30) and the orthonormality of the single-particle basis (icr|j3) = 0;;043 We obtain

1 1 1
Hy = Z[(nxz+ 2) hw,, + (nyi+ 2) hwy+ (nzi+ 2) hw.,

(i)
upB % B2 1,
~T 0 5 \1 7797 | tlatia

Now we multiply from left with the conjugate transpose of |[N) = | ..., Nja,...) and from right
with [N') = |..., N/, ...), use Egs. (2.27), the orthonormality of the occupation number states
(N|N"y = dnnr and obtain the matrix elements

1 1 1
<N’H0’N/> - 6NN/ ZNia [(nm t 2> hwx + (nyi + 2) hwy + (nzz + 2) th

(ia)
2 2
_npB B <1 - 1a2>] : (2.35)

2 2Chts

Next, we calculate the matrix elements of the Interaction Hamiltonian which is given by

Vi = 2007 = 75) (901%™ + o - ). 236)

1<J
Vint. 1s a two-particle operator. According to Eq. (2.29)) we obtain the second-quantized form
1 e L S
Vit = 5 Z (ij|0(7 — ) |kl) (af] (go]l®2 +9g2f1- fz) |v0) ajaa;ﬁa;waw. (2.37)
(i0)(58)

(ky)(18)

We introduce the abbreviations
Tigua = (515073 = 72) kD) = [drdra8(7: = )17 ) (7l = [ (7,7 ()
for the interaction integrals and

Japys = (] (goJ1®2 + g2/t ﬁ) [v5)

for the interaction-strength matrix. Next, we multiply from left with the conjugate transpose of

IN) =|..., Niq,...), fromright with |[N") = |..., N/_,...) and obtain the matrix elements

(N[Vin [Ny = 2 Y~ Gasms Liju (Nlal,al yar,ais| N')
(i) (38)
(k7)(15)
These matrix elements have been calculated in my diploma thesis [1]] using Egs. (2.27) and the
orthonormality of the occupation number states (N|N') = dx . Here, I give only the results for
completeness:
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Six different bra-ket combinations can be distinguished which lead to nonzero matrix elements
(N|Vipe|N'). In the first case, bra and ket are equal |NV) = |N’) and we obtain for the diagonal
elements of the interaction matrix

N’th |N Z gaaaa 1148 lOc(N’LOc - 1) + Z 2ga6aﬂ1ijijNiaNj,6’ .
(ic) (i) <(iB)

In the first term, we sum over all occupied positions within the number state | ..., Njq,...). The
second term is a double sum. The outer sum runs over all occupied positions within the number
state | ..., Njq,...) and the inner sum runs over all occupied positions to the right of position
(icv),i.e., overall states | ..., Nia,...,Njg,...).

In the second case, bra and ket differ at two positions by two particles. We obtain

(s Nper s Nges oo | Vint | ooos Npe + 2, oy Nge — 2,.) =

1
§geeeequpp\/(Npe + 2)(Np€ + 1)Nq€(Nq€ - 1) .

In the third case, bra and ket differ at two positions by one particle

(cos Npey ooty Ngey oo\ Vint | Npe + 1, 00, Nge — 1, ..) =

Z 2geaeanipi qu(Npe + I)Nia
(icr)#(pe),(ge)

+g€€€fIqqpq NQE(NPG + 1)(Nq€ - 1) + geeeslqppp NCIG(NPE + 1)Np€

In the fourth case, one single-particle state of the ket is occupied with two more and two states of
the ket are occupied with one less particle than in the bra

(s Npes ooy Ngors ooy Nagyy e[ Vit |oos Npe + 2, eo; Ngg — 1,00 Nog — 1,

= Goseeaspny] (Noc +2)(Npe + 1) Ngo Nog.

In the fifth case, one single-particle state of the ket is occupied with two less and two states of the
ket are occupied with one more particle than in the bra

<...,Np€,...,NqU, s¢,. |V1m‘ _23---7Nqo+1a-'->Ns¢+17--->

= GecosTppasy/ (NS¢ +1)(Ngo + 1)(Np€ —1)N,..

Finally, in the sixth case, two states of the ket are occupied with one more and two states of the
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ket are occupied with one less particle than in the bra

(s Npes evs Noors eves Nagyy coos Niws | Vint ooy Npe 4+ 1, iy Nyo + 1,00y N — 1, oy Niw — 1,...)

= 2g¢>weajstpq\/Ns¢>Ntw(Npe + 1)(Nqa + 1) .

Recursive calculation of the interaction integrals: As has been shown in Sec. @ the inter-
action integrals have dimension 1/(l;l,l.) and they decompose into a product of three one-
dimensional integrals for each direction

1 ~ ~ ~

Iijkl = l l l I(nzi»n:cj,nzkvnzl)I(nyi’nyj»nyk’nyl)j(nzivnzj7nzkanzl) :
zlylz

Therefore, we have to determine the values of one-dimensional integrals of the form

“+oo
Tou= | devi()s@inla)ne)
—0o0

where the indices i, j,k,] = 0,1,2,... are simple numbers during the further discussion and
where 1;(x) are oscillator functions. In the beginning I performed a numerical integration by
means of a NAG library routine (a Gaussian quadrature) which was especially suitable for these
kinds of integrands consisting of polynomials which decay like e~ at +00. Later, however,
Georg Deuretzbacher [82] gave me the following nice recursion formula

- a1 fici- G~ i~ =
Lijr = 3 [— TI(FQ)J'M + \/;I(il)(]'l)kl + ;I(ifl)j(kfl)l + Z.I(il)jk(ll)]

which is based on an integration by parts and two recurrence relations for the Hermite polynomials.
Using this formula one can trace back each integral to the basic integral Ipgpgpp = 1/v/27.

Derivation of the recursion formula— The one-dimensional interaction integrals can be written as

- oo
Lijw = Cz’jkl/ dz H;(x)H, () Hy(z) Hy(x)e 2"
— 00
with )
Cijri = — — .
/20T HR L) 51N
Using
we obtain
+o00 400
T .. ) . —22? ; y . . —22?
Liji = Cz]kl/ dx2xH; _1H;HHe —2(i — 1)ngkl/ dx H;_oH;HHe .
— 00 —0oQ

_T*
_[ijkl
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We use (6*212)’ = —4ze~2" and integrate by parts:

~ 1 +o0o d g
ikl = —§Cz'jkl . dxHi_lHijHl%e

1 o 1 too  d g2
= —*Cijle‘ ; —1€ + §Cijkl dl‘df(Hi_lHijHl)e .
—00 —00 XL

Now we use
!
H, =2nH,

and obtain

~ i +oo 2 2 B too 2 2

I;jkl = (Z — 1)Cz'jk'l/ dxHi_QHijHlef x +7 Cijk:l/ d:CHi_lﬂj_lHkHlei z

—o0 —o0

e 22 oo 212

+k Cijk:l/ deH; _1H;Hy,_1Hie™ 4 lCZ-jkl/ deH; _1H;HLH)_1e” e,
PN )

It follows that

. +00 —+o00
Iz’jkl = —(i — 1)Cz‘jkl/ dxHi_QHijHle*%? —|—jC¢jk1/ d;l?ffi_lJ;Ij_llr{].glqlefzm2
—00 —00
+o00 5 +o00 5
+k Cijkl / d.rHi_lﬂijlel(BiQx +1 Cijkl / dxHi_lHijHl,le*M
—00 —00
Now we transform the coefficients:
1 1 /-1

(i —1)Cijm = (i

-1 — S
)w\/4 2R — 1) (i — )l 2V i

o 1 _ l\ﬁc
J Cijkl —JW\/4 2 DTG DA EEN 9\ ;T E=DG-1k

and obtain the final form of the recursion.

Building up of an integral table— Based on the recursion formula I have built up an integral table
starting from the basic integral Iooo0 = 1/ V27, All the integrals of level L = ¢+ j + k + [ are
obtained from the integrals of the preceding level L — 2. Only the normal-ordered integrals with
i > j = k > [ are saved since all the integrals, obtained by rearranging a given set of indices, are
equal. The second level L = 2, for example, consists of the two normal-ordered integrals I2ggg
and Tnoo which are calculated according to

~ 1

T 7 _ 1~ 1
2000 = 2.\/50000— N

and Ti100 = =loooo = —5— -
2 ﬁgﬁ

All the integrals of the next level L = 4, namely Eoog, fg,loo, TQQOO and fnn are superpositions
of these two integrals of level . = 2 and so forth. Therefore, the task is to construct a chain of
integrals as follows: First, the indices of level L + 2 have to be generated from the indices of
level L and then the corresponding integrals have to be calculated using the recursion. In order to
accelerate the read out of the integral table, each level L is directly accessed.

!0The recursion is fairly stable: I have computed interaction integrals up to level L = 600 by means of the recursion
and checked the accuracy by means of MATHEMATICA. For I150,150,150,150 I found a relative deviation of only 3 x 1078,
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Calculation of the interaction-strength matrix: In order to calculate the interaction-strength
matrix g5, we use formulas which are similar to Egs. (2.9) and (2.10):

.]Fl'ﬁ:fz®fz+%(f+®f—+f—®f+)
and
fela) = VZjat1).

It follows that L
Ji- Loy =~401y0) + [y +10—1) + |y —16+1).

‘We obtain
Gaprs = (@b <90]1®2 +gafi - fz)lv5>

= (90 + 7592) dar08s + g2 (5047—1—15,85—1 + 5@7—1556+1>- (2.39)

Dimensionless Hamiltonian: Let me now derive the coupling constants used for the numerical
computation of the Hamiltonian matrix. Within the program I have expressed all energies in units
of hHz. As input parameters I have chosen the trap frequencies of each direction f, f,, f. in Hz,
the magnetic field B in mG and the scattering lengths ag and as in ap. In calculations similar to
those of Sec. we obtain the dimensionless matrix elements of the noninteracting Hamiltonian
according to

7 1\ ~ 1\ ~ 1\ ~
<N’H0|N/> = 5NN’§Nia[<nm‘+ 2) fa; + (nyi + 2) fy+ (nzi+ 2) fz

* ) * ~ 1
_CZ,lin.Ba - C'Z,qu.ald.B2 <1 - 4Oé2>] .

In detail these matrix elements are derived from Eq. (2.33) as follows:

hw, =h f, = ﬁc hHz with f, = fx Hz (analog for the y- and z-direction)

B ~ N _
HED _ | EB_\BhHz = Ly = —12— ~ 700
2 2-107h ’ 2-107h
:C},nn.

with up = upJ/T, B = BmG, 1T=10"Gand h = hJs (see appendix@for the constants).

2 B2 ~2 ~2
PpZ | BB I BhHz = Cgug = —=—B—— ~2.866 x 10
2Css 2Ch¢s 1023 B2 ’ 2Ch 1023 b2
:C},quad.

with Chgs = 5hfs hHz. Using .FNIO = Hy/(hHz) we obtain the above dimensionless Hamiltonian.
Similarly we calculate the coupling constant of the interaction matrix. The result is given by

(N Vi N') = G\ Fefue S Gapns Lijua (Nlalalagar| N').
()
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Here, we have defined ;5 = Ejkl/(lzlylz) and gagys = Japys (47h%ap/m). The coupling
constant of the interaction is calculated as follows

1 4zh%ap 1 1 4rh%ag [m3(2n)® 1| /===
1 — |2 2\ fufuf. hH
2 m lalyls [2 3 5| VJelufhHz

=C*

nt.

1 47h%a m3(2r)3 1
LarhZap [mPQm)° 1 5 083 % 105
2 m Boh

= C:

nt.

Here, we used i = hJs, ap = apm, m = mkg (mass of 87Rb), ly = \/h/(mwy), wy, = 27 f,
(u=x,y,2)and h = hlJs. Agaig, the interaction Hamiltonian Vi, is related to its dimensionless
counterpart according to Viy, = Vine, hHz.

2.7 Numerical diagonalization of the Hamiltonian matrix

In principle the main work is done when we built up the basis and calculated the Hamiltonian
matrix. What remains is to pass the Hamiltonian matrix to an efficient sparse-matrix diagonaliza-
tion routine. In the beginning I used the NAG library (mark 19). What I especially liked was the
excellent documentation of the NAG making it possible (even for a beginner) to implement the
diagonalization routines quickly. However, some day Kim Plassmeier realized that MATHEMATICA
diagonalizes orders of magnitude faster than the NAG (mark 19) since it uses a newer algorithm of
the LAPACK library. Since then I use Kim’s implementation [81]] of the sparse-matrix diagonal-
ization routine of the LAPACK library. I heared that the newest NAG (mark 21) is considerably
faster (since it also uses this new algorithm), however, it was not available at my university.

The results of a numerical diagonalization are the desired number of lowest eigenenergies and
eigenvectors, given as an array of coefficients (..., cy,...)T, which are the desired coefficients
of the expansion [¢)) = >y cn|N). We will need these coefficients later together with the corre-
sponding number states | V) when we want to calculate any further system properties.

2.8 Calculation of system properties

Arbitrary properties of an eigenstate |1)) are given by the expectation values of the corresponding

operators (1)|O|1). Since we know the eigenvector (..., cy,...)T such an expectation value is
given by
(WO = " enenOnnr=(.en ..) |+« Onnr oo | | ew (2.40)
NN’ : :
with Oy = (N|O|N'). Therefore, we are done, when we know the matrix elements of the

desired operator. These matrix elements will be calculated in the following for selected operators.

In the numerical implementation we mostly computed the sum of Eq. (in the case
of the densities, momentum distributions and correlation functions). In other cases, however, it
is more efficient to calculate first the matrix O and to perform matrix-vector multiplications
hereafter as shown in Eq. (2.40). This method was used by Kim Plassmeier for the calculation
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of the expectation value (ﬁ2> [81]]. The main advantage of this method is that, once the matrix
(O N N/) has been calculated, one can quickly compute the expectation values of all the given
eigenvectors.

Density: The density is the probability to find one particle at position 7. For one particle it is given
by (7). The corresponding one-particle operator is the projection on position 7

|77 © Lspin -

The matrix elements of the /NV-particle density are therefore given by

(NIp(@)IN') = 3 (ol |7 | @ Lo LiB)(Nlal,a561N)
(ia)(58)

= 3" Gasthi(P)e () (Nlal a5 ) 241)
(1) (35)

with ¥;(7) = ¥, (2)Vn,,; (y)Pn.,(2). We obtain for the diagonal elements
(N1p(F)IN) =D ¢i() Nia -
2o

Only in one case, when bra and ket differ at two positions by one particle, we obtain nonzero
non-diagonal elements which are given by

(s Npes ooy Ngors o |0 oo Npe + 1, oo Ngo — 1, ) = 620ty (7)1 (7)1 Nyor (N + 1)

The oscillator functions are computed recursively. Using (2.38) we obtain the recursion formula

Pn(z) = \/gm/}n—l(l“) Y it Yn—2().

n

Spin density: The spin density is the probability to find one particle at position 7 in spin state |).
The corresponding one-particle operator is the projection on state |7™y):

|7y) (7] -

The matrix elements of the /NV-particle spin density are thus given by

(Nlpy(P) Ny = 3" Gandayhi () (F)(Nal,a;5|N') .
(i) (38)

Kinetic energy of the x-direction: The kinetic energy of one particle along the z-axis is given by

W2 9% W0 hwy O fa 0

C2mdxz? 2mi20%2 2 932 2 022

We introduce creation and annihilation operators of oscillator quantum numbers

b 1(~+,~) 1 <~+8> ot 1(~ i5,) 1 <~ 8)
= —(z+1 =—(x+ =, =—([T—1ip;)=—4=|T— =
V2 Pe) ="/ oz V2 Pe) =55 ox
where the dimensionless momentum operator is given by p, = —19/dz. The action of these

operators on the eigenstates of the harmonic oscillator is given by

b'|ng) = vVng + 1|ng + 1), bing) = /ng|ng — 1),
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similar to Egs. (2.27)). We express the position operator Z and the partial derivative 9/07 by means
of these creation and annihilation operators:

% %(berT), %—é(b—b*).

We obtain for the kinetic energy

_;:1;; - JZ‘ (b bT) (b—bT) hHz — —“Z;” (bQ—bbT —bTb+bT2) hHz.

The one-particle matrix elements of the kinetic energy of the z-direction are therefore given by

_ R 9% 7 . fx
(ia [_max?] 178) = hHz 0030n,in,;On.in.;

Similarly, we obtain for the potential energy of the x-direction

! };
<’La‘ |:2mw T :| ‘]/3> = hHz 6aﬁ6ny¢nyj6nzinzj

Momentum distribution: The probability to find one particle with momentum p'is given by

|ﬁ><ﬁ| ® ILspin .
The single-particle matrix element of that operator is given by
(i) |7 )1 © Tygin]178) = o il WF 1) = Sass (7 (7)

with
i (7)e P T/R

W(F) = 1) = [ =

One can show that the Fourier transform of the oscillator functions is given by

Xn (px) = (*j)nd}n(px) (2.42)

(1, 1s an oscillator function) and that they obey the recursive relation

2. n—1
Xn(px) = _\/;]lpac Xn—l(pac> + " Xn—2(p:v) .

Correlation function: The correlation function is the probability to find one particle at position 7
and the other at /. The corresponding two-particle operator is given by

|77 ) (77| & Lipin -

The two-particle matrix elements of that operator are evaluated according to

G I [7 VT © Yogin| 1K 18) = G G5t () (7o (7 ()
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The matrix elements of the /NV-particle correlation function are thus given by

(Nlp(7,7")IN") Z BaryOpsths (F )3 (F)uow (F ) (") (Nl af yany ans | ')

(za)(m)

(k) (1)
These matrix elements are evaluated in a similar way as has been done for the interaction operator.
However, take care that the product ¢; (7 )1; (7)1 (7 )i (7') has different symmetries than the
interaction integrals Iz = [ dr e (7)) (7 )r (7 )i (7).
Local correlation function: The local correlation function is the probability to find the two parti-
cles at the same position

/dF]FF)(FH ® Lspin -

The N-particle matrix elements of that operator are given by

<N|plocal cor. |N Z 5a75ﬂ5[1]kl <N|azaa]ﬁak’yal5|N >

(la)(Jﬂ)
(k) (1)

which is the interaction operator when 0,035 is replaced by the interaction-strength matrix g,g-s.

Square of total spin: The operator F?isasumof a single- and a two-particle operator — like the
Hamiltonian of our system. We calculate for two particles

. . S\ 2 . . S o S o
F2:(f1+f2) =[P+ H2fi- fa=21+2142f1 f5.
Thus, the second-quantized form of that operator is given by
=2 Y (ialljBala;s+ D (iajBlfi - folkyld)al,al jaras.
(ia)(58) (i) (38)

(kv)(18)

The single-particle matrix element is given by

(ia|1]jB) = bijdap
and the two-particle matrix element is given by [see the calculation of the interaction-strength
matrix 2.39]

(i jB| fi - falky 16) = 0irdji (75 0ay0885 + Oaryt+1085—1 + 5@7—1555+1>-

The F?2 operator has been implemented by Kim Plassmeier [81].

2.9 Testing / convergence

Since one can make mistakes in every step of an exact diagonalization, we need tests to check our
results. We are here in the fortunate situation that there are many nontrivial testing cases available.
Comparison with the Tonks-Girardeau gas: One-dimensional spinless bosons with infinite §
repulsion behave in many respects like noninteracting fermions since the exact ground-state wave
function is given by the absolute value of the Slater determinant [6]:

wt():jgns('wlax% . 'amN) = ‘det [wl($])” Z,] = 1,2, .. .,N.
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Figure 2.4: Coefficient distribution of the ground state of the spin-polarized quasi-one-dimensional
strongly-interacting system. Shown are the coefficients of the expansion [¢)) = >\ cy|N).

Here, ¢;(x) is the ith eigenfunction of the single-particle Hamiltonian. It follows immediatly from
this solution that all the quantities which are calculated from the square of the wave function,

2] = detfe))? .43

— like the NV-particle density, the correlation function and all the energy contributions — are equal
to those of noninteracting fermions. I will show later in Sec. that Eq. (2.43)) holds also for the
excited states (but with the corresponding Slater determinant).

In our system, the particles have spin 1. But in the spin-polarized case (F,) = +N, when all
the spins of the initial state point up- or downwards, the system can be described by a spinless
wave function since the N-particle spin function |1,1,...,1) (or |—-1,-1,..., —1>) is the same
at all times (I have shown in Sec. that F, is conserved and thus no spin-changing collisions
can occur). Hence, the spin function can be neglected for the description of the system. Therefore,
in the spin-polarized case, when the system is quasi-one-dimensional (i.e. w, < wy,w;) and
when the repulsion between the particles is strong, the bosons should behave like noninteracting
fermions. In a first test, we thus checked whether the total energies of all the low-energy states
were equal to those of noninteracting fermions, i. e., we checked whether the ground-state energy
E, =N 2 /2 hw, and the level spacing AE = 1 hw, were equal (apart from a constant offset
from the Zeeman energy and the transverse directions). This is a nontrivial test of the Hamiltonian
since the basis states of the noninteracting Hamiltonian are strongly mixed up in the low-energy
eigenstates of the strongly interacting system, as shown in Fig. for the ground state. Later, we
also checked the density operator and the correlation function in the Tonks-Girardeau limit.

Comparison with the solution of C. K. Law, H. Pu and N. P. Bigelow [56]: In order to test the
spin part of the Hamiltonian we can compare with the solution of C. K. Law et al. [56]. The
solution is valid for zero-dimensional systems, i. e., all the particles reside in the motional ground
state, and zero magnetic field. In that case the basis is finite. The occupation number states are




32 CHAPTER 2. MODELING OF ULTRACOLD SPIN-1 ATOMS
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Figure 2.5: Coefficient distribution of the ground state for a zero-dimensional system at zero
magnetic field. Here, the number of particles is N = 600 and the z-component of the total spin is
F, = 0. Shown are the coefficients of the expansion |1)) = " _cc|e) (see text).

given by | Ny, N1, N_1) with Ny, N particles in spin state my = 0,£1. Let us, e. g., consider
the case F, = 0. Then, the basis consists of the number states |¢) = [N +2 — 2¢,e — 1,¢ — 1)
(e =1,2,...,|N/2| + 1). The basis states are mixed up due to the spin-dependent interaction:
For ferromagnetic coupling (g2 < 0) one observes a coefficient distribution in the ground state
which resembles a Gaussian [see Fig. left)} and for antiferromagnetic coupling (g2 > 0) one
observes the coefficient distribution of Fig. 2.5|right). In the antiferromagnetic ground state, the
coefficients ¢, with odd/even e are greater/smaller than zero. Our numerical results agree well
with the coefficient distributions of Ref. [56].

Comparison with the two-particle solution: The problem of two particles in a harmonic trap
which interact via a J potential can be solved exactly analytically. For the three-dimensional
rotationally symmetric trap the solution [75] will be derived in Sec.[5.2] For the one-dimensional
trap the solution [76] can be derived easily with the methods of chapter 3}

Analytical solution— We want to solve the Schrodinger equation

2 2

—;881:% - ;8833% + %x% + %az% +g0(z1 —x2)| = E9.
Here, all energies have been expressed in units of /iw, and all lengths have been expressed in units
of I, = y/h/(mw,). In particular the interaction strength g has been expressed in units of fiw,l,.
For the derivation of a dimensionless equation see Sec. [5.6]
The above equation separates into a center-of-mass and a relative equation. The center-of-mass
equation is given by (for the transformation see Sec. [5.6)

[1d2 1

_iﬁ -+ 2X2:| T/Jc.m. = c.m.wc.m. .

Here, all energies have been expressed in units of /iw, and all lengths have been expressed in units
of Iy em = \//(Mwy) with M = 2m. The solution of that equation is given by the eigenenergies
and eigenfunctions of the one-dimensional harmonic oscillator. The relative equation is given by

1d?> 1,
“oqpz T T 0(x) | tret. = Erel. Vrel. -
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Here, all energies have been expressed in units of /iw, and all lengths have been expressed in units
of Iy rel. = /h/(pwy) with p = m/2. The interaction strength g, is now expressed in units of
hwyly rer.. It is related to g as follows

la

x,rel.

g = ahwxlac = grhwaclard. = gr = gl

Here, g and g, are the dimensionless interaction strengths. We omit the tilde symbol and obtain
the relation

9r=9/V2 (2.44)

since lg rel. = V21,. In the region x # 0, the § potential is zero and the relative equation trans-
forms to

;4/31. - x2¢rel. + 2E‘rel.wrel. =0.

I solve this equation in appendix Bl Due to the boundary condition t/r () = 0 for |z| — oo we
obtain the solution [see Egs. l 28)) and -

E, 11 _
Yret, = AU(=Fraiv/22) = A D, 175 (V22) :BU(— 5 +4;2;x2> e /2 (245)

where A and B = A 2Fw1./2-1/4 gre normalization constants. B is given by

_ 1/2 — Epe1)

32 — 2Ere].+1/2ﬂ- 1/2 ( I'C . (246)
U (3/4 — Ere/2) — V(1/4 — Eer./2)

(B? differs by a factor 2 from Egq. 1| since [0 =2 [°.) It remains to determine E.. The

0 potential is equivalent to the boundary condition [83]]

1; < dwrel. dq/}rel.
1m —

e—0 dx dx

> =29, Yre1.(0) . (2.47)

—€
Since Yrer (—x) = el () it follows that ¢/, (—e) = —/, (¢) and the boundary condition be-

comes
. dwrel.
lim

e—0 dx

— rel (0+)
. = gr wrel.(o) = wrel.< ) = Gr-

Note the similarity to the boundary condition [5.41]in three dimensions! In Sec.[5.2) we will derive
Eq. (5.40), which determines the energy as a function of the scattering length a, from the bound-
ary condition [5.41] Thus, we obtain the energy of the relative motion Ei simply by replacing
—1/as by the interaction strength g, in Eq. :

T(3/4 — B /2)
T(1/4— B /2) 7

Finally, in order to compare with the numerical solution, we have to construct the total two-particle
wave function:

B ly Iz 1+ T2 1 — X2
¢ - wc.m. (Xl:ccm ) wrel ( lx el > wcm < \/— > wrel <\/§>

(given in units of ;). I note, that one has to regard Eq. (2.44)) for the comparison with the numerics.

(2.48)

Comparison with the numerical solution— Fig. [2.6] shows a comparison of the exact (black
dashed) to the numerical solution (colored solid lines) for different interaction strengths g. The
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Figure 2.6: Exact (dashed) vs. numerical (solid) two-particle ground-state wave function. We fixed
the coordinate of the first particle at x; = 0 and varied the coordinate x> of the second particle.
Both solutions agree quite well apart from small differences around the cusp at coinciding particle
positions z; = z2. The wave functions at g = 16 nearly agree with the Tonks-Girardeau limiting
solution (blue dash-dotted) at ¢ = oo. (The interaction strength g is given in units of Aw,l;.)

numerical wave functions are the result of an exact diagonalization of the Hamiltonian (2.5)
within the restricted Hilbert space of the energetically lowest eigenfunctions of the noninteracting
Hamiltonian, i.e., permutationally symmetric products of oscillator functions. The wave func-
tions were obtained from the coefficients (..., cy,...)7 by means of the correlation function
since for two particles the wave function is simply the square root of the correlation function,

(7, 7)) = \/{(Y|p(7,7")|). Thus, the comparison is also a test of that operator.

In Fig. we fixed the coordinate of the first particle at z; = 0 and varied the coordinate x5 of
the second. One clearly sees the cusp in the wave function at the position £1 = x2 in accordance
with the boundary condition (2.47). This cusp is not resolved in the numerical solution but in
total both results agree quite well. It is not that surprising that we cannot resolve the cusp with a
finite number of (smooth) harmonic oscillator functions. The accuracy of the numerical solution
around the cusp does not become substantially better if we increase the energy cutoff from, e. g.,
FEeuotf = 20 hw,, to 200 hw,, and thereby substantially increase the basis size (an effect similar to
Gibbs phenomenon). Therefore, we expect the largest differences from the exact results for all
quantities which are particularly sensitive to the wave function at equal particle positions z; = z;
like the local correlation function or the long-ranged tails of the momentum distribution.



Chapter 3

Evolution from a Bose-Einstein
condensate to a Tonks-Girardeau gas

The main results of this chapter have been published in Ref. [2l]. Parts have been published in my
diploma thesis [l1].

Subject of this chapter is a study of the interaction-driven evolution of a quasi-one-dimensional
system of spinless hard-core bosons. First, in Sec. I derive the effective Hamiltonian of spin-
less quasi-one-dimensional bosons. In Secs. [3.2] and [3.3]T discuss the two limiting regimes of
weak and infinitely strong ¢ repulsion. In Sec. [3.4] I study the interaction-driven evolution of
various ground-state properties. Besides the pair correlation function I will identify the momen-
tum distribution as a reliable indicator for transitions of the system between three characteristic
regimes, the Bose-Einstein-condenstate (BEC) regime, an intermediate regime with strong short-
range correlations and the Tonks-Girardeau regime. 1 will quantify the interaction strength for
the transitions by means of two characteristic features of the momentum distribution. In the last
section [3.5]1 will finally discuss the low-energy excitation spectrum of the boson system. Related
studies on that subject have been performed by S. Zollner et al. [41,142] and by Y. Hao et al. [35].

3.1 Effective quasi-one-dimensional Hamiltonian

We consider a system of spin-polarized quasi-one-dimensional bosons, i. e., the axial level spacing
Iw; and the interaction energy iy o [estimated by Eq. ] shall be much smaller than the
transverse level spacings hw, and hw, and the N -particle spin function is given by |1,1,...,1) or
|—1,—1,...,—1). In the experiment of Kinoshita ez al. [21] for example we have w, /w, ~ 2600
(with Wl = wy = wz) and hw, /FEin0 ~ 500 (see the discussion in the end of Sec. SO
that these conditions are rather well satisfied. But let me start the discussion with the complete
Hamiltonian (2.4) of two particles

2
h2
H = Z [ 2mA + m(w%xf —i—wiyf —i—wizf)]@l@?

=1

[MBBf L 1B

1 — N — —
# T 2Chts (1®2 B 4fz2”'>} +0(r1 —72) (901@2 +92f1- f2>.

=1

35
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Let us assume that the two particles are initially in spin state |1, 1).['| This state is an eigenstate of
the spin part of the above Hamiltonian since

Rl =|fo s+ 5 Ua o+ 1o ]iL =1L

and thus the spin-polarized state |1, 1) is not coupled to states with other spin orientations by the
spin-dependent interaction g26(7; — 72) f1 - f2. Since

47 h2 as

(1,11 (901%% + 921 - 2)11,1) = g0 + g2 =
the effective spinless Hamiltonian (within the subspace F, = 2) is given by

Arhlas .,
o(r —72) + E7 oftset

2

h? 1

(L1AELL =Y |:—27nAz‘+ Qm(wiw?+w§y?+w§2?)} +
=1

where the Zeeman energy

upB ,uQBB2 1
E =2 |FBZ 1— -
Z offset |: 9 9 Chfs 4

is a constant offset energy within this subspace. Now we assume that the two particles reside in
the ground state of the transverse direction since the interaction energy is such small compared to
the transverse level spacing

Y1 = o(y1)vo(z1)v0(y2)vo(22) -

Here, 1) is the ground state of the one-dimensional harmonic oscillator. We integrate over the
transverse direction and obtain the effective Hamiltonian

2

? 9* 1
<17 1’ ® <¢L’H’wL> ® ‘17 1> - Z (_27718:6'2 + 2mwg2c$12> +95(x1 - 1‘2) +EZ,0ffset +EJ_,offset
i=1 i

where the ground-state energy of the transverse motion is given by
1 1
EJ_,offset =2 ihwy + émz

and where the effective one-dimensional interaction strength is given by

Amh2a Amh?as 1 1
= 2|5 (y1 — y2)8(z1 — 2)|9p1) = L =2hwia. ()
ylz

g

Here we used [ dyii(y) [ dza(z) = 1/(2wl,l.) and 1y =1, =1, = \/h/(mw, ). The effective
Hamiltonian for the axial wave function 1, is thus given by

2

PO Y L W S
_i:1 Qmax? 2mw Z; go(xri x9).

'The discussion is analogous for the state |—1, —1).



3.2. WEAKLY INTERACTING REGIME: MEAN-FIELD APPROXIMATION 37

Here I renamed the frequency w = w, and I neglected the constant offset energies. Generalization
to N particles is straightforward

H—i i 62+1m )+ 25 Y (3.2)
_i:1 2m8:z W gzq 3) '

Finally I note that the scattering length a is affected by a tight transverse confinement. E] It has
been shown in Refs. [84, 85] that the effective scattering length as efr. 18 given by

1
1—146as/ (V201)

However, for the transvere confinement considered here (see the frequencies of Ref. [21]] in Ta-
ble the scattering length ay is only marginally modified since

aeff. = yaz With =

1<vy<116 for 0<wy <27 x70.7kHz.

3.2 Weakly interacting regime: Mean-field approximation

For vanishing interactions all the bosons occupy the ground state of the harmonic trap ¢y (z) and
the many-particle wave function is given by ¢(z1,x2,...,ZN) = Hf\il ¥o(x;). Similarly, in the
weakly interacting regime it is sufficiently accurate to assume that all the bosons condense into
the same mean-field wave function ¢, 1. () so that the many-particle wave function is given by

N
Y, g, o) ~ [ tme () (3.3)
i=1

However, the mean-field orbital is deformed due to the interaction between the bosons. The opti-
mal shape of ¢, £ (x) minimizes the total energy of the above state (3.3) with the Hamiltonian (3.2))

2 2 _
E () = /da; [pr;lhf_(x) ( th dd2 n 1mw . )%f( )+ N(NQUQWM(@

‘ 4

The Gross-Pitaevskii equation is obtained from this energy functional by using a variational pro-
cedure [15, [16]]

LN T 1>g!¢m.f_<m)ﬂ Yt (7) = e (1) (34)

where y is the chemical potential. Eq. (3.4) is a nonlinear differential equation. Different from an
ordinary single-particle Schrodinger equation there is an additional mean-field potential

Vint. (@) = (N = 1)g|thm. ()|

’The three-dimensional scattering length a, is usually determined from the phase shift 5o of the scattered wave in
the limit of zero energy and zero confinement, where tando = —kas. A tight confinement affects the behavior of
the radial wave function at » = R (where R is the range of the interaction potential), thus leading to a modification
of the scattering length. [See Sefor the discussion of the short-ranged interaction between two particles in the
trap-free case — in particular Eq. (5.17) for the definition of the scattering length and Eq. (5.20) for the relation between
the scattering length and the phase shift. The influence of the confinement is discussed in Sec. Note that all the
quantities in that section are given in units of the oscillator length and the level spacing of the trap.]
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Figure 3.1: Exact [1/)(0,1:2), dashed] vs. mean-field [’(ﬁm.f.(O)’l]Z)m_f.(l'Q), solid] two-particle wave
function. The coordinate of the first particle is fixed at x; = 0. The interaction strength

U=yg/l(l=1,)is given in fw.

which is proportional to the particle density pms(x) = N ‘wm,f,(x)f. Thus, the system favors
lower particle densities, especially in the trap center, to reduce the interaction energy

N(N —
Eint, ms. = (21) g/da: ]@Z)m_f.(z:)}ﬁ‘.

The results of a numerical solution of the Gross-Pitaevskii equation (3.4) for two particles and
different interaction strengths U = g/l are shown as solid lines in Fig. As can be seen,
the system reacts to an increasing repulsion by a broadening and flattening of the mean-field
wave function, since the effective potential Ve (z) = mw?x?/2 + Viur () is shallower near
the trap center due to the additional mean-field potential. In comparison with the exact two-
particle wave function (dashed lines), the mean-field wave function does not exhibit short-range
correlations, i. e., there is not such a rapid decrease of the mean-field wave function at short particle
distances. For the smallest interaction strength shown in Fig. [U/ (hw) = 0.5] , the short-range
correlations are not significant and the mean-field solution is in total a good approximation of the
exact wave function. Note that in typical experiments, performed in the mean-field regime, the
interaction strength is even smaller, U/(fw) < 1 (see the discussion of the different parameter
regimes in the end of Sec. [2.2). For larger interaction strengths U = 1 or 2 hw, the mean-field
wave function more and more deviates from the exact solution at short particle distances. We
conclude, that the mean-field wave function is a good approximation of the exact solution for
small interaction strengths and large interparticle distances.

The main advantage of the mean-field ansatz is that many system properties can be easily calcu-
lated from a single-particle wave function: The N-particle density is given by

s () = V2 (2)(Nlaf ;ame| N) = N2 ¢ ()

where | V) denotes the wave function (3.3). Here |¢n . (2) ‘2 = 12 ; (z) since the mean-field wave
function of our system is real. The correlation function is given by

N(N —1)

i (,2') = S0 ()0 ()N ay g ampome IN) = 0202 (@) (o)
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and thus it is proportional to the density when one particle coordinate is fixed. The kinetic energy
is given by

dx

and so forth ... Later in Sec. [3.4]1 will determine the parameter regime where the mean-field
approximation is sufficiently accurate.

2 2
Ekm mf. — N n dx |:d¢mf(33):|
2m

3.3 Strongly interacting regime: Girardeau’s Fermi-Bose mapping

Not only in the weakly interacting regime but also in the opposite limit of very strong repulsion
there exists a simple method to analyze the system. Surprisingly it is even easier to calculate the
exact many-particle wave function of the strongly interacting bosons than the mean-field wave
function in the weakly interacting regime.

We are considering spinless one-dimensional bosons which interact via a § potential. The Hamil-
tonian of that system is given by

(see the derivation of Eq. (3.2) in Sec.[3.I). One can derive from Eq. (2.47) that the interaction

Hamiltonian ¢ » 7, _; d(z; — ;) is equivalent to the boundary condition

0 0 b ng
<8.’Ez a],']) W:m T+ T <8$1 a:E]) w‘l‘z =x;— — ¢’$7 =z; (35)

i.e., 1) has cusps whenever two particles touch and the jumps in the derivative of ¢ are 2mg/h?.
We are interested in the solution of the limiting case of infinite repulsion g = co. In that case
it follows from the boundary condition (3.5) that the wave function has to be zero whenever two
particle coordinates are equal

¢<$1,$2,...,Z’N)=0 ifxl-:xj.

Thus, we are searching for solutions of the Schrédinger equation of noninteracting particles which
are zero on the surface {z; = x,;} = {(z1,22,...,2n5) € RV, 2; = z;} and which are permuta-
tionally symmetric:

N

oo? 1 :
1 solves ;( %BTC? + §mw x; > Y =FEy inRY\ {z; = z;} (3.6a)
Y(x1,22,...,25) =0 onthe surface {z; = x;} (3.6b)
1) has Bose symmetry (is permutationally symmetric). (3.6¢)

Eq. (3.6a) and the boundary condition (3.6b)) are readily fulfilled by the wave functions of nonin-
teracting fermions wf(gr)miom(xl, x9,...,xN). These wave functions are given by the Slater deter-
minant of the occupied single-particle orbitals. However, fermionic wave functions are antisym-
metric under any permutations of particle coordinates. In order to construct a Bose wave function

from the fermionic solution of (3.6a) we introduce the so-called “unit antisymmetric function”

A(zy,2a,...,zn) = [ [ sign(zi — ;) (3.7)
1<J
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and construct the product [6]
wl()z:gns = Azbgeoriqions : (38)
This wave function now fulfills the Schrodinger equation and the boundary conditions
and and thus it is the desired solution of spinless one-dimensional bosons with infinite ¢
repulsion. The unit antisymmetric function A is +1 or —1 in each sector of the configuration
space RY
CW:{(xl,IQ...,JUN)GRN, Zr(1) <"'<$7r(N)} 3.9

where 7 is an arbitrary permutation. To be more precisely: It is +1 if 7 is an even permutation
and —1 if 7 is an odd permutation. A does nothing but to restore the Bose symmetry of the wave
function and apart from that it does not alter the fermionic solution of (3.6a)). Thus, in each sector
C’, the bosonic wave function wézjgns is equal to the fermionic one wf(g)mions apart from a +1
factor. It follows immediately from the Fermi-Bose map (3.8)) that

8] = [ niom]

since A? = 1. Thus, all the properties of the spinless one-dimensional hard-core bosons which are
calculated from the square of the wave function — such as the density, the correlation function and
all the energy contributions — are equal to those of noninteracting fermions. In other words:

“One-dimensional hard-core bosons behave like noninteracting fermions.”

There are still differences which are remnants of the Bose symmetry of the wave function: I will
show in the following section that the momentum distribution and the occupation of the single-
particle orbitals is completely different from the fermionic one and exhibits typical bosonic fea-
tures. However, Girardeau’s simple idea turned out to be an extremely useful concept and it in-
spired other theorists to search for further exact solutions [7, 8} 9} [10] and new models [[11} 12} 13]
for one-dimensional systems.

Examples— Before I proceed I would like to construct explicitly the ground and the first excited
state of two hard-core bosons in a harmonic trap. The discussion is visualized in Fig. The
ground state of two noninteracting fermions in a harmonic trap is given by

2 2
e—:r,‘l/Q 1’16_:01/2

2.2
z1+23)/2
efx%/Q .%'267‘%%/2 )

x (x1 — x2) e

0
wésr)mion ar. (21, ®2)

apart from a normalization constant. We multiply the fermion ground state with A and obtain the
ground state of two hard-core bosons

. (2 2 (2 2
oo o (1, 72) o< sign(zy — @) (21 — m) € TTHR2 = |y — o] em (THTRI/Z,

see Fig. [3.2(bottom row). This result for the boson ground state of the harmonic trap can be
generalized to N particles [86]:

wézjgngr.(:vl,xg, co,IN) X H |z; — aj] He_xi/Q. (3.10)
i<j k

We see in Fig. that the Fermi wave functions have smooth zeros on the surface {z; = z;}. By
contrast, the corresponding boson states have hard-core cusps (i. e. jumps in the first derivatives)
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Figure 3.2: Sketch of Girardeau’s Fermi-Bose map for two particles. Bottom row: ground state,
upper row: first excited state, right: configuration space.

at the collision points {z; = x;}. One can show for a general trapping potential that the boson
ground state is always given by the absolute value of the corresponding fermion ground state [[6]

[e'S) 0 0
wlgosgn or. = Awésr)mion or. = ‘wéer)mion or.

since all the zeros of the Fermi ground state are located on the surface {x; = x;} and there are no
further zeros within the sectors C';.

Let me now construct the first excited state. The first excited state of two noninteracting fermions
in a harmonic trap is given by

e~ 1/2 (223 — 1)6_1%/2

2 2\ —(z3+x3)/2
o—3/2 (203 — 1)6_:5%/2 o (27— z3) e (23 +23)/2

(0)
prermion 1st(x17 .%‘2) X

We multiply this state with the unit antisymmetric function A and obtain the first excited state of
two hard-core bosons

P (@1, @) o sign(ay — a2) (22 — 23) e CTHR/2 = (2 4 2p) [y — o (@1 H0D)/2

We see that this state has interaction cusps on the “surface” x; — x5 = 0 and additional smooth
zeros on the “surface” 1 + x2 = 0 which runs through the sectors x; < x3 and x2 < 1. Hence,
the sign of the wave function of the first excited state changes not only on the sector boundaries
0C'; but also within the sectors C.. Anyway, one can generalize Eq. according to

¢é§§gm(w1,m2, cooyxy) X fo(xr, e, . xN) H |z; — ;] 1_16_”"2/2 3.11)
i<j k

with fj being some permutationally symmetric polynomial. For the ground state we have f; = 1
and for the first excited state we have f, = x1 + 22+ ...+ N-E'

31 checked the relation (3.11) for the lowest excited states of the harmonic trap and different particle numbers by
means of MATHEMATICA but I did not proof it.
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Some ground-state properties— The N -particle ground-state density is given by

N-1
pla) = vi(2)
i=0

where 1); is the ith eigenstate of the single-particle problem and the correlation function is given
by [186]
2
plaa’) = Y i)y () — il )y (a)]”

0<i<j<N—1

For the total energy in the harmonic trap we obtain

N-1
1 N2
B = Z <Z+2>hw—2 hw .
i=0

Kinetic and potential energy are equal in the harmonic trap and given by Eyin, = Epo. = Eior. /2.
The interaction energy is zero like for noninteracting fermions despite the infinite repulsion be-
tween the bosons, since the wave function is zero at {z; = z;}.

3.4 Evolution of various ground-state properties

In this section I will study the interaction-driven crossover of few bosons from the mean-field to the
Tonks-Girardeau regime. I performed calculations for up to seven particles but here I will concen-
trate on my results achieved for five bosons. I will show that one can discriminate between three
regimes: the mean-field regime, an intermediate regime and the Tonks-Girardeau regime. Besides
the pair correlation function I will identify the momentum distribution as a reliable indicator for
transitions between these regimes.

Density: I start my discussion with the particle density p(x) which is shown in Fig. In the
spinless one-dimensional system considered here the N-particle density is given by

pla) = (U1 (@) ¥(2))

where ¥(z) = 3 ; ¥i(z)a; is the field operator [a; is the bosonic annihilation operator for a parti-
cle in the 7th eigenstate 1); of the axial harmonic oscillator; the general formula for spinful bosons
in three dimensions is given by Eq. ] At small interaction strengths U the density reflects
the conventional mean-field behavior (see Sec. and p(x) ~ pmr(z) = NyZ;(x). In this
regime all the bosons condense into the same single-particle wavefunction ¥ (zy, zo,...,xN) ~
vaz 1 Ymr.(2;) and thus the many-boson system is well described by ) 1. () which solves the
Gross-Pitaevskii equation. The system reacts to an increasing repulsive interaction with a den-
sity which becomes broader and flatter [30, [36} 35, 41, 139]]. In the strong interaction regime
density oscillations appear (see e. g. the curve at U = 8 fw in Fig. [3.3)) and with further increas-
ing U the density of the bosons converges towards the density of five noninteracting fermions
p(x) = prermions(T) = Z?:o Y2(z), as predicted by Girardeau [6]. Both densities agree at
U = 20w indicating that the limit of infinite repulsion is practically reached. Thus, the den-
sity oscillations reflect the structure of the occupied orbitals in the harmonic trap. In contrast to
Ref. [87]] which predicts the oscillations to appear one after the other, when the repulsion between
the bosons becomes stronger, I observe a simultaneous formation of five density maxima. These
density oscillations are absent in mean-field calculations [88, [30]. However, for large particle
numbers these oscillations die out and are barely visible.
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Figure 3.3: Particle density of five bosons for different interaction strengths U (given in units of
hw). The density becomes flatter and broader with increasing U. In the strong interaction regime
oscillations appear. At U = 20 the density of the bosons agrees with the density of noninteracting
fermions.

Pair correlation function: Additional insight into the evolution of the system with increasing
repulsion can be obtained from the pair correlation function

plr,a') = o (¥ () ¥ (2! (a0 )

which is depicted in Fig. [3.4(left) for different U. In the regime of weak interactions where the
mean-field approximation is valid the correlation function resembles the particle density since
p(z,2') ~ N(N —1)/2 92 (2)12 ; (2) & pm(®)pms(2z'). Thus, the system reacts to the
increasing repulsion mainly by a flattening of the mean-field wave function )y, ¢, in the trap center
in order to reduce the interaction energy

N(N -1
Eint. ~ Eint., m.f. = % g/dZC wr%lf(w) :

Significant short-range correlations appear around U = 0.5 hw; see the dip of p(z,2’) at 2’ = 0
in Fig. [3.4(left). This decrease of the wave function at short interparticle distances marks first
deviations from the mean-field behavior. With further increasing U the overall correlation function
becomes flatter and broader and the dip at x = 2’ develops into a pronounced correlation hole.
Finally at U = 20 Aw the correlation function of the bosons agrees rather good with that of five
noninteracting fermions. As in the case of fermions the probability to find two bosons at the same
position becomes zero. Thus, the infinite repulsion mimics Pauli’s exclusion principle. Again, we
observe minor oscillation with a wavelength which is of the order of the oscillator length.

I would like to note the rapid deformation of the correlation function in the (comparatively
small) region U = 0...3 Aw. At U = 3 hw the correlation function already attains a form which
is typical for a Tonks-Girardeau gas: Flat long-range shoulders indicate the incompressibility of
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Figure 3.4: Left: Pair correlation function p(z, z’) of five bosons for different interaction strengths
U (in units of Aw). One particle is fixed at z = 0. The distribution flattens and with increasing
repulsion U it forms a correlation hole at coinciding particle positions z = z/. Note the rapid
deformation of p(z,2’) in the region U = 0...3 compared to the slow evolution above from
U = 3. Right: Local pair correlation function pioca corr. = f dxp(z,x) as a function of U. I
normalized the local pair correlation function such that piocal corr. (0) = 1 and thus it is one for
noninteracting bosons.

a Fermi gas. By contrast, in the (large) region U = 3...20 iw the correlation function reacts
comparatively slowly to the increasing repulsion. I note further that the density at U = 3 hw still
exhibits a mean-field shape; see Fig. [3.3).

In order to quantify the speed of change we additionally calculated the local pair correlation func-
tion

Plocal corr. = /dl' p(fL‘,l’)

which is a measure for the probability to find two particles at the same position. Fig. [3.4{right)
shows the result: In the region U = 0. .. 3 fw the local pair correlation function decreases rapidly
and piocal corr.(3) = 1/5. By contrast, above from U = 3 hw the local pair correlation function
converges rather slowly towards zero.

For the homogeneous system it has been found that the local pair correlation function decreases
proportional to 1/4? where v = mg/[h?p(x)] ﬂcharacterizes the interaction strength of the infinite
system [32]. Similarly, we expect a decrease of piocal corr. X 1/U 2 for large U in our finite-size
system. I was not able to extract the 1/U? behavior of the local pair correlation function from my
numerical calculations. The reason for that is discussed later in the end of this section.

However, apart from the comparison with the homogeneous system, another indication for the
assumed 1/U? behavior of the local pair correlation function comes from the analytical two-
particle solution: In the two-particle case the pair correlation function is given by the square of

“In the homogeneous system the density is not spatially dependent and p(x) = p = constant. In our finite-size
system the density is spatially dependent and thus one often chooses the density at the trap center po = p(0) in order to
calculate ~y. For weak and intermediate interaction strengths U = g¢/! the density at the trap center po rapidly decreases
as a function of U (see Fig. and thus v o U/po(U). By contrast, for larger interaction strengths, po is nearly
constant, po &~ po(U = 00), and thus v o U.
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the wave function, which can be expressed in terms of the center-of-mass and the relative-motion
wave function ¥ = ¢ m. (X )l (). The local pair correlation function is thus given by

Plocal corr. = [/_ dx ¢gm($):| ¢r261.(0) .

=const.

In Sec. we have determined the ground-state wave function of two interacting particles in
a one-dimensional harmonic trap; see Eqs. (2.45)), (2.46) and (2.48). We found a close rela-
tion between the one- and the three-dimensional two-particle solution. For example, one ob-
tains the one-dimensional two-particle energy simply by replacing —1/as by g, in the three-
dimensional equation (5.40). In Sec.[5.9]I calculate the lifetime of a three-dimensional molecule;
see Egs. (5.61), (5.62) and (5.65). The lifetime depends on the probability to find the two con-
stituents of the molecule close to each other and Eq. shows that this probability is approx-
imately given by x2, (0) [in three dimensions one often introduces the radial “wave function”

Xrel.(T) =7 wrel.(r)]. By replacing —1/a by g, in Eq. |b we thus obtain

1 1
97 ‘11(3/4 - Erel‘/Q) - \Il(l/4 - Erel./2)

2
Plocal corr. X ¢rel‘(0) X =

(W is the digamma function). In the limit of infinite repulsion (g, = oo) the energy of the relative
motion converges towards E = 3/2 (the total energy is & = N 2 /2 = 2 and the center-of-mass
energy is Fcm = 1/2; all energies are given in units of hw) A Taylor expansion of the right-hand
side of the above equation around Ei. = 3/2 gives the leading-order result

1 3
Plocal corr. X —— <Ere1. — ) .
gr 2

Next, we perform a Taylor expansion of the left-hand side of Eq. (2.48]) in order to express Ei. as
a function of g, and obtain

Ggr = — + higher-order terms . (3.12)

2
ﬁ (Erel. - %)
Thus, in the regime of strong repulsion, the local pair correlation function of two particles de-
creases like piocal corr. X 1/ g% x 1/U 2. I mention that it has been reported by Y. Hao et al. [33]]
that the local correlation function of N > 2 particles in a finite-size hard-wall box behaves similar
to the homogeneous case [32]]. It is thus highly probable that the local correlation function of
N > 2 particles in a harmonic trap similarly decreases like 1/U? for large repulsion.

Different energy contributions: Fig. shows the evolution of various contributions to the total
energy with increasing U. The interaction energy (green)

By = 2 / de (0 (2) ¥ (2)(2) ¥ () = U / dz p(,7) = U procal con

2
is directly related to the local pair correlation function. In Fig.[3.4[right) we have analyzed the evo-
lution of piocal corr. and seen that for small U it decays like 1 — f(U) where f(U) is some rapidly in-
creasing function. Thus, for small U, the interaction energy grows like Ej, oc U [1 - flU )] x U.
For large U, however, it decreases like Ej o< 1/U since the local correlation function decreases
like 1/U?. Somewhere in between, at U ~ 3 Jww for five particles, the interaction energy reaches
its maximum value. It is nearly constant in the region U ~ 2...4 hw. We found the maximum
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Figure 3.5: Evolution of various contributions to the total energy F. of five bosons with increas-
ing interaction strength U. The energies evolve towards the accordant energies of noninteracting
fermions. An interesting behavior is shown by the kinetic and the interaction energy. The interac-
tion energy first grows o< U, reaches a maximum and then decreases o 1/U (for large U) since
the short-range correlations decay like 1/U2. By contrast, the kinetic energy first decreases due
to the flattening and broadening of the overall wave function (“density = wave function” in the
mean-field regime). This effect is overcompensated by the development of short-range correla-
tions which lead to an increase of the kinetic energy above from U = 0.5 iw. As can be seen the
kinetic energy is rather sensitive to these short-range correlations. The minimum of the kinetic
energy thus marks an upper limit of the mean-field regime.

of the interaction energy to be dependent on the number of particles: With increasing number of
particles N its location Up,x, moves towards larger values of U.

The potential energy (the blue curve in Fig. [3.5)) is given by
1 - A 1
Epot. = 2mw2/d:c 2 <\I/T(x)111(x)> = imw2<m2>
—_—————
=p(z)

It grows continuously from E]§22_ = N/4hw = 1.25hw (for noninteracting bosons) to

Eégﬁ) = N?/4 hw = 6.25 hw in the Tonks-Girardeau limit. For larger U the increase of the po-
tential energy and thus the broadening and flattening of the boson density slows down.

According to the above equation the potential energy is directly related to the width w, = 2./ (x?)
of the N-particle density which has been measured in Ref. [21]. In the Tonks-Girardeau limit
the width of the boson system is given by wéoo) = 24/N?/41 = N1 = 5l. Thus, the mean
interparticle distance d,, = w,, /N = [. This fact suggests to identify the maxima of the oscillations
of the density with the positions of the individual particles [21]] (see Fig. [3.3)) since the separation
of the oscsillation maxima is /=~ [. By contrast, in the weakly interacting regime the width is
given by wg(go) = 2,/N/21 = /2N [ and thus the mean interparticle distance is d, = w,/N =
V2/N 1 — 0 for large N, i.e., the bosons sit on top of each other.
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The total energy (black curve) behaves in a similar manner as the potential energy: It grows contin-

uously from Et(oot? = N/2 hw = 2.5 hw for noninteracting bosons to Et(oio) =N?/2hw = 12.5 hw
in the Tonks-Girardeau limit.

An interesting behavior is shown by the kinetic energy (the red curve in Fig.

2 2
Bun =~ [ (¥1(0) 75 00) = o [ dpp? (@ O)0)) = 5

=p(p)

which is related to the width w, = 2,/(p?) of the momentum distribution p(p) = <ﬂT(p)ﬂ(p)>

Here I introduced the operator f[(p) = \/21% [ dx \i/(x)e*ﬂpx/ " which annihilates a particle with

momentum p. The kinetic energy first decreases within the small region U = 0...0.5 hw, has
a minimum at U ~ 0.5 hw and grows rapidly for larger interaction strengths U. Like for the

potential energy its limiting values are given by El((?n) = N/4hw = 1.25hw (at U = 0) and by
B = N?/4 hw = 6.25 hw in the Tonks-Girardeau limit,

Why does the kinetic energy first decrease for small interactions? In the mean-field region it is
well approximated by

2 2 2 dr/ 2
Exin. = Exin,mf. = N " [dwm'f'(x)} S [pdr;f(x)]

2m dx - 2m
and thus connected to the gradient of the particle density. Therefore, the flattening and broadening
of the overall density (= reduced gradient) leads to the initial decrease of the kinetic energy.
The inset of Fig. [3.5]shows the mean-field kinetic energy (red dashed) which I extracted from the
densities of Fig. by means of the above equation. As can be seen Ey;, g decreases in the

shown region U =0...2 hw.

However, the effect caused by the flattening of the density is in competition with the development
of short-range correlations in the intermediate interaction regime above from U ~ 0.5 fiw. The
exact kinetic energy (in first quantization) is given by

12 0 ?
Eyin. = N— /dxl co.dxy [wbosons(wl ce xN)
2m o1

and thus it is also sensitive to the rapid reduction of the boson wave function at short interparticle
distances. We have seen in Fig. [3.4(left) that these short-range correlations become significant
around U = 0.5 Iw, i. e., exactly at that point when these correlations overcompensate the flatten-
ing of the overall wave function so that the kinetic energy starts to increase with U. Therefore, the
minimum of the kinetic energy clearly marks the limit of the mean-field regime and the increasing
importance of short-range correlations.

Further analysis of the momentum distribution: Fig. @ shows selected momentum distribu-
tions at different U. The red dashed curve belongs to five noninteracting bosons. It is a Gaussian.
The green dashed curve belongs to five noninteracting fermions. Due to Eq. (2.42) the momen-
tum distribution of the fermions has the same form as the density and prermions(P) = sz\; 0 1/)1-2 (p).
Thus, the width of the fermion distribution is w, = N f/l = 51/l and the Fermi edge is approx-
imately located at |p| = N/2h/l = 2.5h/l. The black curve is the momentum distribution of
five bosons with strong § repulsion (U = 20 hiw). It perfectly agrees with the momentum distri-
bution of a Tonks-Girardeau gas calculated from the ground state in the trap by means of a
Monte-Carlo integration [89, 86].
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Figure 3.6: Momentum distributions of noninteracting bosons (red dashed), noninteracting
fermions (green dashed), hard-core bosons in the Tonks-Girardeau limit (black) and strongly in-
teracting bosons (blue). The distribution of the Tonks-Girardeau gas still exhibits typical bosonic
features like the narrow and high central peak which is a remnant of the permutation symmetry
of the wave function. The long-range high-momentum tails originate from the cusps in the wave
function, i.e., the short-range correlations. The peak height pyax. of the distribution depends on
the interaction strength U and the inset shows its evolution with increasing U. The maximum
height of ppmax. marks the limit of the Tonks-Girardeau regime (see text).

Note that the momentum distribution of the Tonks-Girardeau gas is completely different from that
of noninteracting fermions. It has a pronounced zero-momentum peak (like for noninteracting
bosons) which is a remnant of the Bose symmetry of the many-particle wave function and long-
range tails which decay like p(p) oc 1/p* for large momenta p [00, 91, [02]. T. Papenbrock
found out that the peak height pp.x. = p(0) is proportional to N [89]. Thus, the system of hard-
core bosons mimics the macroscopic occupation of the zero-momentum state and in this aspect
resembles a noninteracting Bose system. Another aspect, the “shoulders” of the distribution at
|p| &~ 1 A/l, presumably originate from the Fridel-type oscillations of the density.

Note further that the momentum distribution of the hard-core bosons (black curve of Fig.[3.6) has
the same width as the momentum distribution of the noninteracting fermions (green dashed). That
is quite surprising since at first glance the black curve looks much narrower than the green dashed
curve. But we have seen that the kinetic energy and thus the width of the momentum densities
w;,()oo) = N h/l = 5 h/l are equal for hard-core bosons and noninteracting fermions.

But what is the origin of the high-momentum tails of the black distribution? We have seen in
Fig. 3.2 and in Eq. [3.10] that the Tonks-Girardeau ground state has cusps at coinciding particle
positions x; = x;. We need an infinite number of plain waves to approximate these cusps in the
wave function and thus there must be a significant population of high-momentum states. Another
argumentation goes as follows: The momentum distribution of the Tonks-Girardeau gas (black
curve of Fig.[3.6) has the same width as the distribution of the noninteracting fermions (the green
dashed curve). Below the Fermi edge |p| < 2.5 A/l the hard-core bosons mainly populate the
central peak (there is a comparatively large population of momentum states with |p| < 1A/1)
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and thus there must be a sufficiently strong population of high-momentum states above the Fermi
edge in order to achieve the same width as for the noninteracting fermion distribution. I note that
the high-momentum tails of the distribution are mainly responsible for the increase of the kinetic
energy (or width of the momentum distribution) above from U = 0.5 hw since the momentum
density is weighted with p? in the expectation value (p?) = [ dp p?p(p).

Another interesting aspect concerns the evolution of the height of the central peak. The blue curve
in Fig.[3.6is the momentum distribution of the bosons at U = 3 fiw. As can be seen the peak height
is larger than for noninteracting and hard-core bosons. The inset of Fig. shows the evolution
of the peak height which is largest around U = 3 hw. We found the location of this maximum
to be independent of the number of particles. The height of the central peak at its maximum is
approx. 30% larger than at small interaction strength (U = 0) and about 20% larger than at large
interactions (U = 20 hw). This contrast increases with increasing particle number.

What are the two competing mechanisms which cause this behavior? The same effects which
are responsible for the minimum of the kinetic energy at U = 0.5 hAw! Due to the flattening
and broadening of the particle density the central peak of the momentum distribution becomes
narrower and higher. On the other hand, the formation of short-range correlations at x = z’
leads to an increasing population of high momentum states. This effect dominates above U =
3 hw, when the growth of the density width slows down thus leading to a redistribution from
low- towards high-momentum states. At this point the height of the central peak has reached
its maximum. This coincides with the transition behavior visible in the correlation function (see
Fig.[3.4). Therefore, the maximum of the peak height marks the transition towards the Tonks-
Girardeau regime.

Discrimination between the interaction regimes: Let me give a short summary of the most im-
portant results presented so far. Caused by the increasing repulsive interaction the overall boson
wave function flattens, broadens and forms short-range correlations, which prevent the bosons
from sitting on top of each other. Three interaction regimes can be distinguished: the mean-field
and the Tonks-Girardeau regime and an intermediate regime in between. We found the momen-
tum distribution of the boson system to be a reliable indicator for transitions between those three
regimes. Its width is extremely sensitive to the formation of short-range correlations and thus the
minimum width at U = 0.5 iw clearly marks the limit of the mean-field regime. By contrast,
the maximum of the peak height at U = 3 hw marks the transition towards the Tonks-Girardeau
regime. The evolution of both features of the momentum distribution is caused by two competing
mechanisms, namely, the broadening and flattening of the overall wave function on the one hand
and the formation of short-range correlations on the other hand.

Occupation of the single-particle states: I finally discuss the occupation number distribution

(n;) = <a2ai) of the harmonic oscillator states which is shown in Fig. With increasing
interaction strength U the bosons leave the ground state and occupy the excited states of the har-
monic trap. At U = 20 hw the distribution is similar to the distribution shown in [86] for U = oc.
However, we observe a stronger population of single-particle states with even parity compared
to those with odd parity. This effect is most pronounced in mean-field calculations where oc-
cupations of odd parity orbitals are absent. Why? The mean-field ground state has even parity
(see Fig[3.1), i. e., it is symmetric under horizontal flips, and thus the coefficients of the expansion
Yme (z) = >, cithi(z) with ¢; = [ dx )i (2)Ym . () are zero for states with odd parity (i. e. states
with ¢ = 1,3,5,...). The comparatively stronger occupation of single-particle states with even
parity can therefore be interpreted as another remnant of the mean-field regime. E] M. Girardeau

Despite the even parity of the many-particle ground state, there is nevertheless a significant population of odd-
parity single-particle wave functions in that state. That is due to the fact that a Fock state | Ng, N1, N2, .. .) (where N;
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Figure 3.7: Occupation number distribution of the harmonic-oscillator eigenstates of five bosons
for different interaction strengths U. With increasing interaction strength U the bosons leave the
ground state and occupy excited states. Single-particle states with even parity are comparatively
stronger populated than those with odd parity. Note the large population of the ground state in
the Tonks-Girardeau limit (given by (ng) = VN > 1) due to the permutation symmetry of the
wave function and the significant population of high-energy states above the Fermi edge due to
the cusps in the wave function at coinciding particle positions z; = x;.

et al. [186]] and T. Papenbrock [89] found out that the population of the lowest natural orbital E] is
v/N. My calculations are in agreement with a population of the harmonic-oscillator ground state
of (ng) = v/N. Again, one sees in Fig. bottom right) that the population of the harmonic-
oscillator states is completely different for hard-core bosons and noninteracting fermions. The
occupation of the harmonic-oscillator ground state is much larger than 1, due to the permutation
symmetry of the wave function, and there is a significant population of high-energy states above
the Fermi edge due to the cusps in the wave function at coinciding particle positions x; = x;.

Remarks on the accuracy of my calculations: I already discussed in Sec. when I compared
the resultant wave function of my numerical diagonalization with the exact analytical two-particle
wave function (see Fig. [2.6), that the cusps in the wave function at x; = z; are not resolved by
our numerical approach although the overlap between both solutions is very close to one. That is
no wonder since the singular § potential does not match up very good with the smooth harmonic-
oscillator states (leading to convergence problems similar to Gibbs phenomenon). I guess that
the convergence would be significantly improved if the § potential would be smeared out into a
Gaussian of finite width. However, I think that I extensively proved in the previous discussion and
in Sec. that my calculations in general converged satisfactory. That is in agreement with the
commonly known statement that the usual § potential is unproblematic in one dimension.

Anyway, some results have been more accurately calculated using alternative methods, namely,

is the occupation number of the ¢th oscillator eigenstate 1/)1') with an even-numbered population of odd-parity oscillator
functions, N1 + N3 + N5 + ... = even, still has even parity in total; see Eq. .

The “natural orbitals” are defined in Ref. [86]] as the eigenfunctions of the reduced single-particle density matrix
of the Tonks-Girardeau ground state.
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all the properties which crucially depend on the shape of the wave function at z; = x;. To give
some examples: The correlation functions of Fig. left) have cusps at x = 2’ for all nonzero
and finite 0 < U < oo (not for U = 0 and not for U = oo!) as one can derive quickly from
the exact two-particle solution of Sec.[2.9]and as has been shown for the infinite homogeneous
system [37]. Secondly, I cannot extract a 1/U? decay of the local pair correlation function for
large U similar to the results of Ref. [32] but I also obtain the same qualitative behavior; as can
be seen in Fig. right). The same is true for the 1/p* decay of the high-momentum tails of the
distributions of Fig.[3.6]

I have performed calculations with different basis lengths in order to estimate the maximum de-
viations of the energies of Fig. [3.5] from its “true” values and in order to insure myself that my
main statements concerning the momentum distribution are correct. From these calculations I ob-
tained, e. g., the following limiting values of the energies at U = 20 hiw: Eio limit = 11.78 hw,
Epot., limit = 5.69 ﬁw, Ekin,, limit = 5.07 Aw and Eint., limit = 1.02 hw while the values of Fig. @]are
given by Etot., fig. = 12.32 ﬁw, Epot., fig. = 6.13 hw, Ekin., fig. = 5.10 Aiw and Eint., fig. = 1.09 hw.
Thus, the deviation between these energies is 4.6% for the total energy, 7.7% for the potential
energy, 0.6% for the kinetic energy and 7.2% for the interaction energy. Moreover, in order ensure
myself that the limiting energies are in good agreement with the true energies, I cross-checked the
method by means of the exact analytical two-particle solution from which the true energies can be
determined with high precision.

More importantly I am confident that my statement holds true that the three interaction regimes
can be distinguished by means of the momentum distribution since the underlying two compet-
ing mechanisms — the flattening and broadening of the overall wave function and the formation
of short-range correlations — persist independent of the precise shape of the wave function at
x; = xj. Again, I determined the minimum of the width and the maximum of the peak height of
the momentum distribution independently from the exact analytical two-particle solution in order
to cross-check my method. I cannot exclude that the limits of the mean-field regime at U ~ 0.5 hw
and of the Tonks-Girardeau regime at U ~ 3 /ww weakly depend on the number of particles V.
However, for 2 — 7 particles I could not see a dependency on the number of particles. Thus, I
am sure that these values are at least valid for small particle numbers, but, to my knowledge, so
far the quasi-one-dimensional strongly interacting regime has not been entered with large particle
numbers (/N ~ 15 — 18 in the experiment of Ref. [22] and ~ 54 in Ref. [21]]).

3.5 Excitation spectrum

I close my discussion with a study of the excitation spectrum. First, a few remarks about the
energy spectrum in the two limiting regimes of zero and infinite ¢ repulsion: Both spectra agree
apart from the different ground-state energy. For noninteracting bosons the ground-state energy is
Eéo) = N/2 hw and the level spacing is AE = 1 hw. The degeneracy of the lowest levels is given
by

degeneracy = 1,1,2,3,5,7,10,13,... (3.13)

for the ground state and the lowest seven excited states of five bosons since the lowest occupation
number states are given by

5) = 14,1) = [3,2), [4,0,1) — [2,3), 3,1, 1), [4,0,0,1) — ...

(here the ith position of a number state belongs to the (i — 1)th single-particle state). Since hard-

core bosons behave like noninteracting fermions the ground-state energy is Eéoo) = N?/2 hw and
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Figure 3.8: Density of states p(E) = dN/dFE for different interaction strengths U. The excitation
energy (E — E,) above the ground state is plotted along the x-axis. The density of states p(E) is
plotted along the y-axis. Top: p(F) in the region (£ — E;) = 0...20 hw. Bottom: p(E) in the
region (E — E4) = 8.5...15.5 lw. (I thank Holger Niehus for the making of this figure.)

the level spacing is AFE = 1 Aw in the limit of infinite ¢ repulsion. The degeneracy equals that of
noninteracting bosons since the lowest fermion states are given by

1,1,1,1,1) —[1,1,1,1,0,1) — [1,1,1,1,0,0,1), |1,1,1,0,1,1)
—1,1,1,1,0,0,0,1), 1,1,1,0,1,0,1), |1,1,0,1,1,1) — ... .

Fig. [3.8| shows the density of states p(E) = dN/dFE, i.e., the number of energy levels within the
interval £ ... E' + dE. What is shown? The excitation energy (£ — E;) above the ground state is
plotted along the x-axis, i. e., I always subtracted the ground-state energy so that p(E,) is located
at E = 0. The density of states p(E) is plotted along the y-axis.

The upper picture shall give an overview. It shows the density of states p( E) for excitation energies
in the region (E — E;) = 0...20 hw. The backmost density p(£) of the upper picture at U =
19.63 hw belongs to the Tonks-Girardeau gas. Thus, we see sharp d-like peaks with a separation of
AFE = 1 hw. The height of these peaks grows according to Eq. (3.13). The same structure would
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be observed for noninteracting bosons at U = 0. In between these limiting regimes we observe
a substantial broadening of the peaks but the center of these peaks is still located at 0,1,2,... .
The height of the peaks decreases due to the broadening of the peaks, since they consist of the
same number of states. I observe the largest broadening of the peaks for an interaction strength of
U = 2.45 hw. Below and above this point the peaks become narrower and higher when moving
from U = 2.45 hw towards U = 0 or in the other direction from U = 2.45 hw towards U = oo.
This can be clearly seen in the upper picture of Fig. The broadest and flattest peaks belong
to the density of states at U = 2.45 hw and with increasing U the peaks become narrower and
higher; compare with the density of states at U = 4.91,9.81 and 19.63 hw.

The lower picture of Fig.|3.8/shows the density of states in the region (£ — E,) ~ 8.5...15.5 hw,
i.e., the 10 — 16th excited level. Here I show more densities p(E) around the critical interaction
strength U ~ 2.45 hw. One sees in the bottom picture of Fig. [3.8|that the peak height is lowest for
U =~ 2.45 hw and that it is substantially higher for U = 0.98 or 9.81 Aw.

To summarize the result: For zero (U = 0) and infinite ¢ repulsion (U = oco) we observe the same
energy structure and each energy level is degenerate according to Eq. (3.13). Each multiplet has
a finite width wg for nonzero and finite interaction strengths 0 < U < oco. The width wg of the
multiplets is largest for U ~ 2.5 haw. This critical point coincides quite well with the limit of the
Tonks-Girardeau regime at U ~ 3 hw which we have determined in the previous section from the
ground-state behavior. However, despite the broadening of the energy levels (i. e., the broadening
of the J-like peaks) for intermediate repulsions the energy levels are clearly separated from each
other for all interaction strengths and the spacing between the levels is always AF = 1 fiw.



Chapter 4

The spinor Tonks-Girardeau gas

The main results of this chapter have been published in Ref. [4]].

Subject of this chapter is a study of spinful one-dimensional bosons with strong ¢ repulsion. In the
first section I will derive an exact analytical solution for infinite § repulsion. This solution is
not only valid for spin-1 bosons but for particles with arbitrary permutation symmetry (bosons and
fermions) and arbitrary spin. Moreover, it is applicable to Fermi-Fermi and Bose-Bose mixtures.
An analytical formula for the spin densities will be given in Sec. Derivation of that formula has
been given to me by Klaus Fredenhagen [93]]. I show the derivation of that formula in appendix [A]
In Sec. #.4]I will present selected momentum distributions of the degenerate ground states. These
distributions have been obtained from the numerical calculations. In Sec.[4.2]I will finally discuss
the structure of the ground-state multiplet for large but finite repulsion. Here I will compare
the numerical results to the exact limiting solutions. Similar results have been found recently for
mixtures of two different atomic species [69], two-level atoms [70,71] and spin-1/2 fermions[94].

4.1 Analytical solution for hard-core particles with spin

We are searching for the solution of quasi-one-dimensional spin-1 bosons with infinite ¢ repulsion
at zero magnetic field. The Hamiltonian of such a system is given by

N 2 92
H= Z; < 2hm ai + 1mw2x2> 19N 4+ (s — xj)(gonw +M> (4.1)
[See Sec. for the derivation of a quasi-one-dimensional Hamiltonian from Eq. ] Here, gg
is infinite and the value of gs is arbitrary. The spin-dependent interaction can be neglected since
the wave function is already zero at equal particle positions x; = x;. Thus, there is no coupling
between the spin and the motional degrees of freedom in the limit of infinite repulsion, i.e., the
Hamiltonian is diagonal in spin space. It follows that we can restrict ourselves to the solution of
the spinless Hamiltonian

H—i —fiﬁ+1mwx + Za p—y (4.2)
By 2m 0z | 2 g0 i) ‘

since we obtain a valid solution of the spinful Hamiltonian (4.1) simply by multiplying an
eigenfunction of the spinless Hamiltonian (4.2) with an arbitrary N-particle spin function. If,

54
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e.g., Y(r1,we,...,xy) is an eigenfunction of then all the 3" spinful wave functions
(x1,x2,...,xN)|m1, ma,...,my) With mj,ma,...,my = 0,41 are automatically eigen-
functions of the Hamiltonian (#.1).

So what is the difference to the spinless problem of section[3.3}? In the case of spinless bosons the
wave function has to be symmetric under any permutation 7 of the particle coordinates:

w(:l:la$27 oo ,CL'N) = d}(xw(l)?xﬂ(Q)a s 7x7r(N))'

Here, by contrast, the wave function has to be symmetric under any permutation of the combined
space-spin indices (x;, m;) and it follows that all the single components of the vector-valued wave
function are interrelated to each other by the prescription

Vmy,omy (T15 00, TN) = wmw(l)’“"mﬂ'(N) (xﬂ(l)’ e ’:ETF(N))'

This relation holds true for any permutation 7 if the vector-valued wave function |¢)) describes
spinful bosons. That is a big difference to the spinless case, since now it is not excluded that the
motional wave functions of the individual spin components ¥, mo....my (Z1,Z2, ..., ZN) can be
nonsymmetric, i. e., it could be that

djml,...,mN (LIL’l, cee ,LEN) 7& ¢m1,...,mN (xw(l)a e 7:67r(N)) !

Consider, e. g., two bosons with spin f = 1. Their two-particle (nine-component vector-valued)
wave function is given by

V(21 22) = Z Vimymo (21, 22) M, ma) .

m1,m2=—1,0,1

This wave function shall be symmetric under the exchange of the space-spin indices of the first
and the second particle (z1,m1) < (x2, mg) since we are considering bosons and it follows for
all of its components

77Z1m1,mg(331a m?) = ¢m2,m1 (x27$1) .

So, it follows that the wave-function components 1 1(x1, z2), ¥0,0(z1,22) and Y_1 _1(x1, z2)
are symmetric under the exchange of the coordinates x; and x». All the other wave-function com-
ponents ¢ o(z1,x2), Y1,—1(x1, T2), Yo,1 (1, 22), Yo,—1(x1, 22), Y_1,1(21,22) and ¢_q o(z1, 22)
can, however, be nonsymmetric. They are mutually related to each other, e. g., by the prescrip-
tion Y1 o(x1,22) = vo,1(22, 1) but both wave-function components can be nonsymmetric un-
der the exchange of x; and z», i.e., it is not excluded that v o(x1,2z2) # ¥1,0(22,21) and
Yo,1(z1,2) # Yo,1(z2, 21).

In order to find the bosonic eigenfunctions of the spinful Hamiltonian ({.T)), we therefore construct
in a first step all the eigenfunctions of the spinless Hamiltonian (4.2)). These solutions do not need
to be permutationally symmetric or antisymmetric. Thus, they describe distinguishable spinless
particles with infinite d repulsion. Similar to Eq. the following set of equations and boundary
conditions has to be solved:

N

AR . N
1 solves Z(_Qmaxf +gmw l’Z> Y =FEy inRY\{z; =x;} (4.3a)
Y(x1,22,...,2n) =0 onthe surface {z; = x;} (4.3b)

1) does not need to obey any exchange symmetry! (4.3¢)
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Figure 4.1: Construction of nonsymmetric ground states from the ground-state Slater determinant
of three fermions. Since no permutation symmetry is required one can assign £1 values at will
to each sector C;; of the configuration space R™V. By means of this procedure one can construct
2! ground states of distinguishable particles since the configuration space RY decomposes into
N! different sectors C and in each sector we can choose for +1 or —1. But these states are not
orthonormal and even linearly dependent.

So, while in Sec. [3.3] we have constructed a bosonic wave function from a Slater determinant, we
are now trying to construct wave functions of distinguishable particles from a Slater determinant.

What possibilities do we have to construct nonsymmetric wave functions from a given Slater
determinant? In Sec. we have multiplied the Slater determinant with the “unit antisymmetric
function” in order to construct a wave function which is permutationally symmetric under
any exchange of particle coordinates. I discussed in Sec.[3.3|that the “unit antisymmetric function”
A'is +1 in all the sectors C [see Eq. for the deﬁnition} , where the order of the coordinates
Tr1) < -+ < Ty is given by an even permutation m and —1 if 7 is odd. One first idea is
therefore to multiply the Slater determinant with 1 signs at will in each sector C’; in order to
construct all the valid wave functions if no permutation symmetry is required [69]. This idea is
illustrated in Fig.

Starting from the ground-state Slater determinant one can multiply in each sector with 1 values
at will and thereby flip vertically the corresponding part of the wave function (if multiplied with
—1) or leave it unaffected (if multiplied with +1). By means of this procedure one can construct
2N! oround states of distinguishable particles, since the configuration space RV decomposes into
N different sectors C; and in each sector one can choose for a +1 or —1 sign. A big disadvantage
of this method is that the ground states constructed in that way are not orthonormal. Moreover, it
turns out that most of these ground states are linear superpositions of the others.

A basis for spinless, distinguishable hard-core particles: In order to construct an orthonormal
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basis of the space of nonsymmetric ground states we try the ansatz:

VNIAYD - f <<
(x1,...,2N|7) = { Hlemin s ) ) (4.4)
0

otherwise ,

i.e., we take the boson ground state wboson o = restrict that wave function to the

wf ermion gr.’
region C; and multiply with the prefactor \ﬁ in order to normalize it. These states are orthog-
onal by construction, since each state ¢, (z1,...,25) = (1,...,2N|7) isS nonzero only in the
corresponding region C); and there is no overlap between different regions C;. and C/. Further,
they are normalized, since

(m|m) = N!/ de%[¢fermlongr Tiye.oy TN)
(1)< <~’E7r(N)

2

_ (0) g
- /. dry ... dzy [wfermiongr.(xl’ .. .,J:N)] =1.

In the second step of the calculation I extended the integration from the region C; to the whole
configuration space RY and I used the symmetry of the square of the Fermi ground state

[w&m o (Tr(1)s - "“’“N))]Q _ |:wf(gr)mi0n (@1 7;,;N)}2.

I note that all the wave functions li have the same ground-state energy £, = N 2/2 hw so
that the space of ground states is /N! times degenerate (there are N! different permutations of N
different items and thus N! disjoint regions C ) Moreover, the result lb for the ground state

can be generalized to an arbitrary Slater determinant @Z)zth fermion st. (x1,x2,...,2zyN) and is thus also
valid for the excited states, i. e., one can construct N! nonsymmetric orthonormal states from the
tth Slater determinant of the noninteracting fermions. Correspondingly, the energies of these states

are given by the energy of that Slater determinant F; = E {1,[)( ) }

ith fermion st.
The wave functions (#.4)) look a bit strange but they are a valid solution of the set of equations (#.3)):
Each wave function ¢ (z1,...,zn) = (x1,...,zN|T) is a solution of the Schrédinger equation
(@.34) in the region C;, since it is proportional to the ground state of noninteracting fermions.
Outside the region C; it is zero and thus trivially solves . Moreover, ¢ (x1,...,2xN) is zero
on the surface {x; = x;} as required by the boundary condition (4.3bj.
Let us look at the two-particle ground states of Fig.[4.2]to become more familiar with these
solutions: As discussed in Sec. the fermion and boson ground states are given by

(0) —(z2+a3)/2 (00) —(a2+23)/2
wfermron ar. (xl B x2) € tee and ¢boson gor. X ’.1’1 - xQ‘ € Lz )

respectively. Since there are no symmetry restrictions we can superimpose both solutions. The
sum of both solutions is the nonsymmetric basis state

— \/7' 1/}( ) ifzo < x
0 0o 9l ) )
d}lger)mion ar. + Qiz)l()osgn gar. | U 12> { 0 i

if 1 < 2,

where m12(1) = 2, m2(2) = 1 exchanges the two indices. The difference of both solutions results
in the nonsymmetric basis state

\/iwl()z:gn or. if 21 <2
0 if zo < 21,

() _ i) —
wfermlon gr. wszon gr. |1d> - {
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Figure 4.2: Construction of nonsymmetric spinless wave functions of two distinguishable parti-
cles. The states |m12) and |id) form a basis of the twofold degenerate space of ground states. The
nonsymmetric basis states are superpositions of the fermion and the boson ground states.

where id(1) = 1, id(2) = 2 is the identical permutation. Both solutions describe distinguishable
particles since they are nonsymmetric. There are no further basis states since the configuration
space R2 can only be decomposed into the two disjoint regions Cig = {(xl, x9) € R2 2, < xQ}
and Cr,, = {(acl, x9) € R2, 29 < xl}. Thus the space of ground states is twofold degenerate.
Analytical solution for spinful hard-core particles: Actually, the main work has already been
done, namely, to construct nonsymmetric motional wave functions which account for the infinite
¢ repulsion. The wave functions for distinguishable particles solve the Hamiltonian {#.2). As
discussed before, we need only to multiply one of the spinless solutions with an arbitrary many-
particle spin function |x) (e.g. [x) = |m1,mo, ..., my) or any superposition of these states) in
order to obtain a (spinful) solution of the Hamiltonian @):

(c0) —
‘¢s§i?lful particle gr.> - |7T> ® ‘X> :

However, these solutions are nonsymmetric and thus describe distinguishable hard-core particles
with spin. In order to describe bosons one has to symmetrize this nonsymmetric wave function:

‘ws(;:;)ful boson gr.> = \/MPS (’7T> & |X>) . 4.5)

Here, I introduced the projection into the subspace of the permutationally symmetric wave func-

tions )
Ps =+ > Uln).
TeSN
Sy is the symmetric group, i.e., the set of all bijective functions from {1,2,...,N} to
{1,2,..., N}, or, in other words, the set of all permutations of the numbers 1,2, ..., N. U(r) is

the permutation operator which exchanges particle indices according to the permutation

"= (aty wioy 7 wv)
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with (i) € {1,2,...,N} and w(i) # w(j). U(m) acts as follows on an arbitrary state
‘al, a9, ..., Q N> where «; are some quantum numbers of the same kind) [95]:

U(W)!Ql,ag, .. ,aN> = U(Tr)‘a1>1 ® ‘a2>2 R...0 ‘O‘N>N

= |a1) ) @ |a2) ) ® - @ an) v

=|or-11)), @ lar-1(2)), ® -+ @ |1

= ’aﬂ—1(1),aﬂ—1(2),...,oz,r—1(N)>. (46)

Since U (7) is unitary [95]

it follows that
.i.
<041,042, R ozN|U(7r) = |:U(7T71) ‘041,042, R OZN>:| = <a7r(1), Qr(2)s - - - 7O‘7r(N)| .
Thus, the amplitude of some wave function U (7)|¢) at position |1, z2, ..., 2y ) is given by [95]

(w1, @9, ..., 2N |UM)[0) = (Tr1)s Ta(@)s - - - Tr () [©) = V(Tr(1), Tr2)s - > Tr(y) - (A7)

Using the above relations (4.6), (4.7) and Eq. (4.4) we obtain the following formula for the action
of the permutation operator U () on the ground state |7’ ) ® |my, ma,...,my):

U(?T)‘ﬂ'/> ® ‘ml,mg,. . .,mN> = |7TO7I‘/> ® ‘mﬁfl(l),mﬁfl(g), . ,m,r71(N)> 4.8)

where 7 o 7’ is the composition of the permutations 7 and 7/. Now we have collected all the
calculation rules which we need to understand Eq. (.5).

Since one can choose between N'! different orbital wave functions |7) and 3V different spin func-
tions [my,myg,...,my) (with m; = —1,0, 1), one might think that the ground state of the hard-
core bosons is N! x 3V times degenerate. But that is not the case. Instead, it turns out that most
of the states constructed by the prescription (4.5) are linearly dependent. If we choose, e. g., the
product wave function |7) ®|1,1, ..., 1) then we obtain by means of Eqgs. and the boson
ground state

(o0) _ 1
‘wsgiflfulbosongr.>_ﬁ Z ’7T,O7T>®|1,1,...,1>.

N

Using Eq. (4.4) we see that

Soremy = ST = Y 1) = VNTAYE o e = VN oo o

m'eSN mor—1leSN meSn

1 1 1

In the first step I substituted 7/ = 7’ o = 7" or ' =7n'omonr! = 7" on ' =7’ and
in the second step I changed the order of the summation. In Eq. (4.4) we have decomposed the
(spinless) wave function A @bgr)mion or along the boundaries of the sectors C; in order to obtain a
: . Do . . (0) .
basis for spinless distinguishable particles. Thus, we get back the original state Ay, . or if we

sum up all the components 3 ¢ |7). In the last step I used Girardeau’s Fermi-Bose map (3.8)
for spinless particles. We finally obtain

‘ws(;(r)l)ful boson gr.> = Qiblgzgczn gar. ® |17 L... ’ 1> (49)
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(where wézjgn o, 18 the spinless boson ground state). We see that the final result does not
depend on the choice of the orbital wave function |7) and thus all the N! initial states {]77> ®
I1,1,...,1), withw € SN} lead to the same boson state . So, what remains to do is to find
a construction scheme for a basis of the space of ground states with Bose symmetry.

Map for bosons: Such a basis can be directly constructed from an arbitrary basis of the IV-particle
spin space by means of the unitary map

W = vV/N! P |id) ® Tpin (4.10)

where id is the identical permutation and where 1, is the identity in spin space. So, when we
apply the map W to an arbitrary spin function |x) then we obtain the boson ground state

‘ws(;;)fulbosongr.> = W’X> = \/ﬁPg (‘id> ® ‘X>> :

In the following I will proof the most important properties of the map W. First, W is linear since
the tensor product is bilinear and since Pg is linear.

W preserves the scalar product: The scalar product of two boson ground states W|x) and W|x/)
is given by

XIWTWIX) = Nl{x| ® (id| Pslid) @ [x') = Y (x| ® (idj7) @ [U(m)xX)] = (xIx) -

TESN

In the second step I used that Pgs is self-adjoined P;L = Pg and a projection operator Pg = Pg,
and in the last step I used the orthonormality of the nonsymmetric orbitals (id|7) = dig». Thus, if
the two spin states |x) and |y’) are orthogonal then the two boson ground states W|y) and W |x')
are also orthogonal, and if the spin state |y) is normalized then the boson ground state WW|y) is
also normalized. It follows that W is also injective.

W is surjective: An arbitrary boson ground state |1)) is a superposition of the states (4.5))

|¢> = Z Crmy..my (\/MPS\W>®|m1,m2,...,mN>) .

Tmi...myN

By using |7) ® |mqi,ma,...,my) = U(r)]id) ® ‘mw(l),mwm), ... Mg(yy) and PsU(7) = Py
we obtain

|'¢> = \/N!PS ’1d> & ( Z CTrm1...mN’m7r(1)7m7r(2)> v 7m7r(N)>) = W‘¢> .

m™mi..mn

=l¢)

Here we used the bilinearity of the tensor product and the linearity of Pg. Thus, for any boson
ground state |¢)) there exists a spin function |¢) with [¢)) = W|¢).

Therefore, the map W from the spin space into the space of boson ground states is linear, bijective
and it preserves the scalar product — and thus it is unitary. Due to the bijectivity of the map W
we can immediately determine the degeneracy of the boson ground state, which is given by the
dimension of the spin space.
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Another useful feature is that W commutes2with the z-component and the square of the total
spin, F, = > f.iand F2 = (20, fi) e,

(]lpos. b2y Fz)W =WEF, and (]lpos. ® ﬁ2)W = Wﬁ2

(Lpos. is the identity in position space). The proof uses the fact that (1pes, @ F%) and (Lpos. ® 132)
are symmetric under any exchange of particle indices so that they commute with Pg:

(Tpos. ® ) W = VNI Py (Lpos. @ F) [id) @ Lapin = VN Ps lid) @ F,
- [\/N! Ps |id) ® 11Spm} F,=WF,

(and analog for F 2). Therefore, if the spin function |x) is an F, and F? eigenfunction with the

eigenvalues F' and M then the boson ground state W |x) is also an (Lpes. @ F%) and (Lpos. ® 132)
eigenfunction with the same eigenvalues F' and M.

Construction of a basis of the space of ground states: A basis of the space of ground states can
be directly constructed from an arbitrary basis of the N-particle spin space. One may, for example,
choose the spin functions |my,ma,...,my) (m; = —1,0,1) as a basis of the N-particle spin
space in order to construct the basis wave functions W |my,ma, ..., my) of the space of boson
ground states. In other situations it might be better to choose a basis of spin functions which are
simultaneously eigenfunctions of F), and F2.

Map for fermions: It is obvious that one obtains a solution with Fermi symmetry if one replaces

Ps by Py in Eq. (4.10)

W' = VNI Py |id) @ Lypin (4.11)

where )
Py= 5 > sign(m)U(m)

TeSN

is the projection into the subspace of the permutationally antisymmetric wave functions. The func-
tion sign(7) is 41 if 7 is even and —1 if 7 is an odd permutation. The previously discussed prop-
erties of W hold also for W’ since similarly P); = P4 and P§ = P4 but PAU(r) = sign(m) P
(but that difference is not relevant in the proof of the surjectivity).

The map W' allows for the direct construction of a ground state of spinful hard-core fermions
from an arbitrary spin function. I note that two fermions do not feel the J interaction if they are in
the same single-particle spin state, but they feel it if they occupy different spin states.

The map works with arbitrary spin functions: The previous discussion was not restricted to
specific single-particle spin functions. So, in principle, Eqs. (4.10) and @.11)) work for bosons
or fermions with spin 1/2, 1, 3/2, 2, ... . Thus, since spin-1/2 bosons [I (or spin-1/2 fermions)
with a fixed z-component of the total spin F, can be mapped to Bose-Bose mixtures (or Fermi-
Fermi mixtures) and vice versa, formulas (.10) and (4.11]) can also be used to describe these
mixtures of hard-core particles [69].

Equivalence of spin-1/2 systems and mixtures— A many-particle state of a mixture of a- and b-
bosons is represented by the Fock state |Noq, Nop, N1a, N1p, - - ), Where Ny, /b is the number of

'In Ref. [46] 3"Rb in spin states | 1) = |f = 2,m = 1) and | |) = |f = 1,m = —1) has been used to realize
isospin-1/2 Bose systems.
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a/b-bosons which occupy the ith oscillator eigenstate v;. Here, I consider the case that the a- and
b-bosons have (nearly) equal masses, which could be realized by choosing different isotopes of an
alkali element. The Hamiltonian of such a Bose-Bose mixture is given by [43]

<t Rod2 1, 5]
Hyix, = Z dz VUl (2) | —=— — + —mw“z” | ¥, (x)

a=a,b

DI / da W} (2) ¥ (2) (@) T () + gap / A W (2) ¥} (2) 0y () o (1)

a=a,b

where g, (o« = a,b) and g,y are the intra- and interatomic interaction strengths. The Hamiltonian
can also be written in the form

Hyix, = Z /dw\iﬁ(x) —h—Qd—Q—i—lmwa2 N ED
e =, @ 2m dz? = 2 “

+ Y @ / de W} (2) ¥ (2) 8, (2) ¥5(2)
o,B,7,0=a,b

With gaaaa = Gas Gobbd = o> Gabab = YGabba = YGbaab = YGbaba = gab/2 and JaBys = 0 oth-
erwise. Similarly, a many-particle state of spin-1/2 bosons is represented by the Fock state

|Not, Noj, Nit, N1y, ...), where N;; (IV;)) is the occupation number of the eigenstate ;| 1)
(15| 1)) with 9; being the ith oscillator eigenstate and with the spin function |1) (|])). The
Hamiltonian of such a spin system is given by [152]]

il W& 1 2. 2|3
Hgpyin = Z dz V! (z) | —— — + zmw*z?| V()
a=T,|

Gapys T I I
> 20 [ 4o () ¥ o) ) (o).
o,B,7,0=T,]

Thus, by replacing a- and b- by T- and |-labels, we obtain the Fock states and the Hamiltonian of
a spin-1/2 system from those of a Bose-Bose mixture. If the number of a- and b-bosons is given
by Ny = ), Niq and N}, = ) . N;p, then the magnetization of the corresponding spin-1/2 Bose
system is given by F, = N, — Nj.

Excited states: As discussed before, one can use an arbitrary Slater determinant of the spinless
(0)

ith fermion <. 1NStead of the ground state in Eq. |i This means that one

can similarly decompose the ith eigenstate of the spinless noninteracting fermions wggl)fermion “
along the boundaries of the sectors C; and thereby obtain N! nonsymmetric orbitals |r;). There-
fore, one can similarly construct a map W; (or W) by using the ith eigenfunction of the spinless

noninteracting fermions

noninteracting fermions v

Wi — \/MPS |1d1> & ]lspin

where (21, z2,...,zN|id;) = \/N!AdJi(gl)fmmon o if 1 < 2 < ... < xpy and zero otherwise
(for W/ one has to use Py instead). By applying Wj to an arbitrary spin function |x),

Wilx) = VNI Ps (Jid)) @ ) (“.12)

one obtains similarly a state of spinful bosons with an excited motional energy E; (where E; is
(0)

the energy of the spinless noninteracting fermion state ;..



4.1. ANALYTICAL SOLUTION FOR HARD-CORE PARTICLES WITH SPIN 63
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Figure 4.3: Energy spectrum of spin-1 bosons. At zero magnetic field the ground-state energy
and the level spacing equal those of noninteracting spinless fermions. The degeneracy of each
level equals the degeneracy of the corresponding level of the noninteracting spinless fermions
multiplied by the dimension of the spin space. Here, we consider spin-1 particles and thus the
dimension of the spin space is 3. The degenerate levels split up when a magnetic field is applied.
The energy shift of the boson wave function W;|x) is given by the Zeeman energy of its spin
function Ez(|x)).

Consequences: In the previous text I constructed the wave functions of spinful hard-core parti-
cles (bosons and fermions) from the wave functions of noninteracting spinless fermions and from
the wave functions of noninteracting distinguishable spins. The consequences of the mapping
functions Egs. and can thus be summarized as follows:

“One-dimensional hard-core particles (bosons or fermions) with spin degrees of freedom
behave like noninteracting spinless fermions and noninteracting distinguishable spins.”

Energy spectrum: The dual behavior of one-dimensional hard-core particles with spin is espe-
cially reflected in the energy spectrum and the (spin) densities (which I will show later in Sec.[4.3).
In Fig. 43| the energy spectrum of spin-1 hard-core bosons is shown as an example. A direct con-
sequence of the mapping and its generalization to the excited states is that the energy
of the boson state W;|x) is given by the sum of the motional energy of the spinless noninteracting

ith fermion st.

fermions F; = F [1/1(0) } and the Zeeman energy E [|x)] of the spin function |x),

E[WJ}O] = E[wz(t?l)fermion st} + EZ UX>] . (4'13)

Thus, at zero magnetic field B = 0, we observe the same energy eigenvalues as for the spinless
one-dimensional noninteracting fermions since EZ[| X>] = 0, i.e., the ground-state energy is
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E, = N?/2hw and the level spacing is AE = 1w, as shown in Fig. left). However, the
degeneracy of the energy levels is much larger: The second consequence of the mappings
and (#.12) is that the degeneracy is given by the product of the degeneracy of the corresponding
level of the noninteracting fermions and the dimension of the N-particle spin space. Thus, the
degeneracy of each level is 3" times larger than for the spinless noninteracting fermions since we
consider spin-1 particles in Fig. @.3|left).

When a magnetic field is applied along the z-axis the spin functions |x) must also be eigenstates
of the Zeeman Hamiltonian V. (It is then automatically guaranteed that the boson state W;|y) is
also an eigenstate of Vz since W commutes with VZ.) An eigenbasis of Vz may, for example, be
given by the spin functions |m1,ma, ..., my) (with m; = —1,0,1). Thus, the energy levels E;
split up according to Eq. and the Zeeman shift of each boson state W;|my, ma, ..., my) is
given by the Zeeman shift of the spin function Ez (|m1, ma,...,m N}); see Fig. right).

4.2 Large but finite repulsion

In the limit of infinite repulsion Uy = oo (and at zero magnetic field) the ground state of NV spin-1
bosons is 3 times degenerate. Any superposition

Z le,..t,mNW|m17m27"'7mN>

mi,...,MN

with arbitrary coefficients ¢, .. my (apart from the constraint Zm17...7mN ‘le,...,mN !2 = 1) is
a valid boson ground state. When the spin-independent interaction Uy is made large but finite
the degenerate ground-state level splits up into a quasidegenerate multiplet. The eigenstates of
this multiplet are still well approximated by the limiting solutions. However, the coefficients
Cm,...,my Of the corresponding limiting solutions are no longer arbitrary but they are determined
by the spin-independent and spin-dependent interactions.

In the following I will first show in Fig. {f.4] that the wave functions of a realistic system (with
large but finite interactions) are well approximated by the Tonks-Girardeau limiting solutions —
if one has once found the right superposition of basis spin functions |mi,mo, ..., my). Later
in Fig. I will discuss the splitting of the ground-state multiplet of three spin-1 bosons in the
F, = 0 subspace. These findings are not only valid for three particles and Fig. [4.6] summarizes
our observations made for 2 — 5 spin-1 bosons.

Approximation of a realistic wave function by its limiting solution: In the experiment of Ki-
noshita er al. [21] an effective one-dimensional interaction strength of U < 15.4 hw has been
achieved. That is deep within the strongly interacting regime, where the realistic wave function is
well approximated by the Tonks-Girardeau limiting solution. This has already been discussed in
Sec. and in connection with Fig. where the evolution of a (spinless bosonic) two-particle
wave function with increasing repulsion is shown. One sees in Fig. [2.6] that the wave function of
the strongly interacting bosons nearly agrees with the limiting Tonks-Girardeau wave function for
interaction strengths above U 2 16 fiw.

Similarly, we expect that the real wave function of the spin-1 bosons is well approximated by its
limiting solution if the spin-independent repulsion Uy is sufficiently strong. Fig. shows a cut
through the nonzero spin-components of a particular three-boson ground state (:):2 = —0.8/ and
x3 = 0.8 are fixed and z; is Variable). The red solid line of Fig. corresponds to the exact
limiting solution and the blue dashed line has been obtained from a numerical diagonalization of
the Hamiltonian for a large but finite repulsion Uy. As can be seen, the agreement between
both solutions is rather good.
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Figure 4.4: Cut through the nonzero spin-components of a bosonic 3-particle state. The second
and the third coordinate are fixed at x9 = —0.8 [ and x3 = 0.8 [. Shown is the exact wave function
in the limit of infinite J-repulsion (red solid line) and the solution of a numerical diagonalizion of
the Hamiltonian in the limit of large but finite repulsion (blue dashed line).

I note that both wave functions of Fig. [4.4] deviate from the real solution of when U is
large but finite. Similar to the spinless two-boson wave function of Fig. [2.6] the first derivative
of the exact wave function is discontinuous at x1 = z9 = —0.8] and 1 = xz3 = 0.8[. The
numerical solution, by contrast, is rounded and shows minor oscillations around these points, since
it is obtained from a superposition of a finite number of smooth oscillator wave functions. This
behavior is not a feature of the realistic wave function at large but finite interactions but a result
of our approximative method. However, a true feature of the numerical solution is the observation
that in the case of a finite repulsion the cusps in the wave function are located at a finite height, i. e.,
the wave function is not zero at these points as in the limiting case of infinite repulsion (see, e.g.,
the behavior of the blue dashed wave function at x; = —0.81 in the spin component | — 1,1, 0>)
We conclude that the numerical wave function of Fig. [4.4] resembles the true solution apart from
some minor oscillations and the rounding of the cusps at the collision points z; = z2 and x1 = 3
— but the finite height of the cusps is a true feature of the real wave function since the interaction
strength is finite. By contrast, the Tonks-Girardeau limiting solution is zero at the collision points.

Energy structure of the ground-state multiplet: Fig. shows the energies of three spin-1
bosons in the ground-state multiplet in the subspace F, = 0 together with the corresponding
limiting eigenfunctions. The energies have been obtained from a numerical diagonalization of the
Hamiltonian for a strong spin-independent repulsion (Uy = 20 fw) and a small ferromag-
netic spin-dependent interaction strength (Uy = —Up/2000). The wave functions of Fig. are
the limiting Tonks-Girardeau solutions of the numerical eigenfunctions.
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Figure 4.5: Energy structure of the ground-state multiplet of three spin-1 bosons in the subspace
F, = 0. The spin-independent interaction Uy = 20 fw is large and the spin-dependent interaction
Us = —Uy/2000 is weak and ferromagnetic. Note the small splitting of the ground-state multiplet,
which is much smaller than the spacing from the first excited multiplet: (4.5 — 4.455)hw =
0.045 hw < 1 hw. The energy eigenvalues have been obtained from a numerical diagonalization
of the Hamiltonian. The corresponding limiting solutions of the eigenfunctions are also shown.
The 4th eigenstate is the example wave function of Fig. [#.4]

The states are ordered by energy (1: lowest, ..., 7: largest energy). In the F, = 0 subspace the
ground-state multiplet consists of 7 boson wave functions since a basis of the corresponding spin
space is, e. g., given by the states |0,0,0), |1,0,—1), [1,—1,0), |0,1,—1), |0, —1,1), | — 1,1,0)
and | — 1,0, 1). For infinite repulsion Uy = oo all the seven states acquire the same energy F, =
N2 /2 hw = 4.5 hw. For a large but finite repulsion only the 7th state has exactly that energy and
the energies of the other states are slightly lower. Note that the splitting of the multiplet is much
smaller than the spacing from the first excited multiplet: (4.5 — 4.455)hw = 0.045 hw < 1 hw.
With increasing repulsion the states 1 — 6 approach the limiting energy from below.

The 7th state is not affected by the d repulsion. For all values of Uy it has the same energy 4.5 hw.
The spin function of that state is antisymmetric under any permutation of two particles

) = —
X7_\/6

Likewise the motional wave function of the corresponding boson ground state is permutationally

(\0, 1,—1)+[1,-1,0)+|-1,0,1)—[0,—1,1)—|—1,1,0)—|1, 0,—1)) =V31P4|0,1,—1).
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antisymmetric as well
Wlxr) = (V3IPalid) @ (V3IPa]0,1,-1)) = Yfhion e @ (V3IP[0,1,-1)),  (4.14)

i.e., the orbital function is given by the ground-state Slater determinant of three noninteracting
fermions

0 (24,22
wlger)mion gr. X (xl - 332)(1’1 — $3)($2 — 133)6 ($1+$2+$3)/2’

which is zero at {z; = x;} and hence the particles in that state do not feel the ¢ interaction
potential. I note finally that the 7th state is an F'2 and parity eigenstate (F=0,II=-1).

By contrast, the 1st and the 2nd state of Fig. [4.5] (which form the Ist level of the multiplet) have
permutationally symmetric motional wave functions and they are strongly influenced by the in-
creasing J repulsion. One can build two linearly independent symmetric spin functions from the
above states: The state |0, 0, 0), which is already symmetric, and the state v/3! Pg|1,0, —1). For
Us = 0 (when the spin-dependent interaction is switched off) both boson ground states 170, 0, 0)
and W+/3! Pg|1,0,—1) are energetically degenerate and the system can be in arbitrary superpo-
sitions of these states, which need not to be F2 eigenstates. The degeneracy is lifted, when Us
is switched on and both states become F2 eigenstates. One state has total spin F' = 3 and is
approximately given by the limiting solution

Wix1) = Wixp=s3) =W <\/§]0,0,0) + \/E\/?sz\l,O, —1>) (4.15)

and the other state has total spin ' = 1 and is approximately given by

Wlx2) = Wixp=1) = W <\/§\o,o,o> — \/g\/ipsu,o, —1>>. (4.16)

These states can also be written as W[x1 2) = z/zl()z:(zn o ® X1/2)- i. €., the orbital wave function is
given by the permutationally symmetric spinless Tonks-Girardeau wave function

(00) 1 — x2||z1 — 23||T2 — T3 e~ (@it+ad+ad)/2 4.17)
boson gr.

The states W|x /o) of the first level are strongestly influenced by the ¢ interaction, since for a
motional wave function with Bose symmetry the probability is highest to find two particles at the
same position. Both states have evolved from the noninteracting ground-states wégzon o ® Ix1 /2>
with ¢t(>220n gor. x ef(m§+:v§+m§)/2'

Additionally, the energy of the states of the lowest level, which are approximated by W |x p—3) and
W|xFr=1), depends on the sign of the spin-dependent interaction Us. We found for two particles
[see Eq. 2.3] that the interaction Hamiltonian can be written as

Vin, = 8(71 = 72) [ (90 — 202)1% + (92/2) 2] (4.18)
(UO /2 = 9o/2 / l). E| The first term of the interaction |i has already deformed the motional

wave function of both states which is now approximately given by (4.17). The second term has
two effects: Firstly, both states become F? eigenstates and, secondly, their energy is shifted by the

I note that for N > 3 particles the spin-dependent interaction is not simply proportional to F? asin the two-particle
case. Otherwise all the eigenstates of Fig. with same F' would have the same energy. However, still [H int., I 2] =0.
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spin-dependent interaction term. Here, ¢ is negative and thus the energy of the state W |y p—3) is
more lowered than the energy of the state W|xr—1). I note finally that both states of level 1 have
parity II = 1.

So far we have discussed the two limiting cases of the ground-state multiplet of Fig. .5} The
two states of level 1, which have the lowest energy within the multiplet and which have per-
mutationally symmetric orbital wave functions, and the 7th state, which has the highest energy
and a permutationally antisymmetric orbital wave function. I now turn to the states in between
which form the levels 2 and 3. One first notices that the motional wave functions of different
spin-components of one single state can look completely different from each other (compare, for
example, the |0, 1, —1)- and the |1, 0, —1)-component of the 5th state of Fig. . And, secondly,
one sees that all the motional wave functions of the single spin-components of the states 3 — 6 are
nonsymmetric.

[By contrast, the states of level 1 have the same orbital wave functions in all the components
0,1,-1),10,—1,1), |1,0,-1), [1,—1,0), | — 1,0,1) and | — 1, 1, 0). These components deviate
only by +1 and a scaling factor from the orbital wave function of the |0, 0, 0)-component. Sec-
ondly, the orbital wave functions look permutationally symmetric, since they are symmetric around
the collision points: for example ¢ (x1 = x9 — dxo, T2, x3) ~ Y(x1 = T2 + 0x9, X2, x3). Like-
wise, the 7th state has the same orbital wave function in all the components |0,1, —1), |0, —1, 1),
11,0,—1),|1,—1,0),|—1,0,1) and | — 1, 1, 0) apart from the sign of the permutation sign(m). The
orbital wave function of the 7th state looks permutationally antisymmetric since it is antisymmetric
around the collision points: 1 (z1 = z9 — dx2, T2, T3) &= —(r1 = T2 + dx2, T2, 1:3)]

We have already seen that the spin functions of the ground states of level 1 are permutationally
symmetric see Egs. 1 15) and ( .16] and that the spin function of the 7th state is permuta-
tionally antisymmetric |see Eq. 14 . The spin functions of the states 3 — 6, by contrast, are

nonsymmetric:
w
W|X4> = ?(‘07 ]-7 _1> + |07 _17 1> - |17 _170> - ’ - ]-7 ]-70>)
w
W) = 5 (10,1,-1) = [0, =1,1) = [1,1,0) + | = 1,1,0))

W
Wxe) 2\/3( 0,1, 1) =0, =1,1) + 21,0, =1) + 2| = 1,0,1) =1, =1,0) = [ = 1,1,0}).
[These states are at the same time F2 and parity eigenstates and the corresponding eigenvalues are
givenby: (Wixs): F=211=—-1); (Wixa): F=1,11=-1); Wi|xs) : F =211 =1);
Wixe): F=1,11=1).]
We see in Fig. 4.5/ that the boson states W|x3) and W|x4) are grouped together in level 2 while
the states W |ys) and W |yg) form level 3. Again, we observe that the states of the same level
are energetically degenerate when Uy is switched off. An infinitesimal perturbation (Usz # 0) has
the effect that all the ground states of the multiplet become F? eigenstates. Here, the 3rd (Sth)
state has total spin F' = 2 and the 4th (6th) state has total spin ' = 1. Because Uy < 0 and
due to Eq. the energy of the state with largest I is lowered by the largest amount since the
spin-dependent interaction energy Egpi, is proportional to Us and F’ (F+1), Egpin o< Up F(F+1).
We studied the level structure of the ground-state multiplet in more detail and made the
following further observations: The seven states of the multiplet are grouped together in 4 levels
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guasidegenerate ground-state multiplet

Uy = 10 hw (large but finite)
U; < 0 (small, ferromagnetic)

F = min.

F = max.
—

gap due to symmetry
F = min, [*AEsymmetry o< 1/Up
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Figure 4.6: Sketch of the energy structure of the ground-state multiplet of 2 — 5 particles. The
ground-state multiplet splits up into several levels when the § repulsion is made large but finite.
Comparatively large gaps due to the different symmetry of the motional wave functions separate
the different levels from each other. These “symmetry gaps” depend only on the strength of the
spin-independent interaction A Egymmetry o< 1 /Up. The splitting within the levels is furthermore
determined by the spin-dependent interaction strength and AEg, o< Ua/ UZ. With increasing
level index the motional wave functions of the ground states become more and more permutation-
ally antisymmetric.

(see Fig. .5). The symmetry of the motional wave functions decreases with increasing level
index (level 1: permutationally symmetric motional wave functions, ... increasing antisymmetry
..., level 4: permutationally antisymmetric motional wave function). The energy gaps between
different levels are comparatively large and solely determined by the spin-independent interaction
strength A Egymmery o< 1/Up. [A similar energy structure has been discussed in Ref. [69] for a
two-component system by means of the two-particle solution; see Eqs. (2.43), (2.46) and (2.48).
From a Taylor expansion of the left-hand side of Eq. one obtains Eq. (3.12). Thus, the
energy gap AE = F —3/2 « 1/g, = 1/U ] The comparatively small energy gaps within the
single levels depend also on the spin-dependent interaction strength Us and they are given by
AFEgin < Uy/ Ug since the local correlation function piocal corr. = [ dxp(x, ) is proportional to
1/ Ug in the limit of strong repulsion [32] and since A Egpin = Us piocal corr.-

Generalization to other particle numbers: We made similar observations for 2 — 5 particles and
I believe that the general structure of the ground-state multiplet is independent of the number of
particles N. Fig. summarizes the results: The ground-state multiplet decomposes into several
levels. All the states of level 1 have permutationally symmetric motional wave functions — in
agreement with Ref. [96]. The states of different levels are separated from each other by “sym-
metry gaps”. The spacing between the levels solely depends on the spin-independent interaction
strength A Egymmewry < 1/Up. The comparatively small gaps within the single levels depend more-
over on the spin-dependent interaction strength A Egyin o< Us / Ug. The symmetry of the motional
wave functions decreases with increasing level index, i. e., the states of the energetically highest
level have the most antisymmetric motional wave functions. (Note that one can not build com-
pletely permutationally antisymmetric spin functions for more than three spin-1 particles since,
for example, P4|1,1,0,—1) = ().) Each state of the ground-state multiplet can be approximated
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by a superposition of the basis states W|mj, ma,...,my) and the corresponding coefficients
Cmy,...,my are determined by the interaction Hamiltonian. So far we find these coefficients from
the comparison with the numerical solutions (which we have done so far only for three particles).

4.3 Spin densities of the ground states

We found in Sec. that hard-core particles with spin behave at the same time like noninteract-
ing spinless fermions and noninteracting distinguishable spins. The dual nature of the particles
became clearly visible in the energy spectrum (see Fig.[d.3). A similar behavior is shown by the
(spin) densities of the system. I will show in the following that the total density of all the degen-
erate ground states always equals that of noninteracting spinless fermions. The spin densities, by
contrast, depend sensitively on the superposition of the spin function and equal those of a chain of
localized particles with the spin orientations given by the spin function; see Fig.

First, I will derive the first-quantized form of the spin density. The operator of the probability to
find particle 1 in spin state m is given by

im)(mly = [m)(m| @ 1%N"D = 3" m ma, ... my)(m,ma, ... mu]
mo,...,MN

= Z 5mm1\m1,m2,...,mN><m1,m2,...,mN\.
mi,m2;...,mN

Here, 1 is the identity matrix of the single-particle spin space. This operator is of course not
permutationally symmetric and we cannot measure whether particle 1 is in spin state m since the
particles are indistinguishable. We can only measure whether one particle is in spin state m and
the corresponding symmetrized operator is given by

N N
Z [m)(m|; = Z Z Omm; M, ...,mn)(m1,...,my|.
=1

=1 miy,....my

Likewise we construct the projection operator of finding one particle at position x

N N
Z]w)(xi:Z/Ndxl...da?N(S(x—a:i)|x1,...,a:N)<a:1,...,a?N].
i=1 i=1 /R

The spin density is the probability to find one particle in spin state m at position x. The corre-
sponding operator is therefore the projection

N
pm(@) = Y lxm)(wm;
i=1

N
:Z Z /];Ndl'l...d.f]\[(smmié(-%'_m'i)

i=1mi,....myn

X’fL‘l,...,.’I}N> &® ]m1,...,mN><m1,...,mN\ & <.’I}1,...,$N‘. 4.19)

We want to calculate the spin density of a ground state W |y) which is given by the expectation
value

(pm(2)) = (X|Wpm ()W) = Nlx| @ (id] P p (@) Ps [id) @ [x)
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Ps = Pg is self-adjoined, it commutes with any permutationally symmetric operator [and thus
also with pm(x)] and it is a projection operator Pg = Ps. We thus obtain

(om(@) = >~ (] & lidlpm(@)|m) © (U] = (@ (idlpm(@)fid) @ [x), @20

TESN

since (id|pm (z)|m) = biq x(id|pm (2)[id). By inserting Eq. (#.19) into Eq. (4.20) we obtain the
expectation value of the spin density in state W|x)

(pm(x» = Z ( Z 6mmz <m17"'>mN’X>{2>
=p:r(m)
X (/ doy ... doy 6(x — x;)|[(z1, ... ,:L'Nid>}2> . (4.21)

=0 ()

Here, we have defined the probability p;(m) to find the ith particle of the system in spin state m
and the probability density p(*) (x) to find the ith particle of the system, restricted to the standard
sector Cjg, at point z. Thus, we obtain the following formula for the spin density

z)) = Zm(m)p“‘) (). (4.22)

An explicit calculation of the probability density ,0 ( ) (which I will derive in appendix ' ) yields
the following formula

d Z DN=/(N —k—1)! o

T da (i —DUN —k —)! k! OAkdet [B(x) B )\]l} ‘)\:0] ’ (4.23)

k=0

where the N x N-matrix B(z) has entries §;;(z) = [ da'1;(2")1;(2’) with the single-particle
eigenfunctions of the spinless problem v; (1 is the N x N identity matrix).

I note that formula is independent of the spin and the statistics of the hard-core particles (it
can be applied to spin-1/2,1,3/2, ... bosons or fermions) Formula (4 is independent of the
confining potential and also applicable to the excited states (51mp1y use the corresponding B;(x)
matrix of the excited state TW;|x) and the single-particle eigenfunctions of the confining potential
which has to be studied). In the following I will apply the formula to the ground states of spin-1
hard-core bosons, which are confined in a one-dimensional harmonic trap.

Spin densities of spin-1 bosons: Fig. shows the spin densities of selected ground states of 8
spin-1 hard-core bosons in a harmonic trap. The spin density has 3 components which corre-
spond to m = —1,0,1. The single components are drawn as a blue dashed (p1), red solid (pg)
and a green dotted line (p_1). In Fig. a) and (b) we have also plotted the densities p(i) ()
of the particles i = 1 — 8. Note that p)(x) is not a measurable observable! However, it will
serve as a very useful quantity in order to develop an intuitive understanding of Eq. (4.22). De-
spite the quite complicated form of Eq. ( the densities p(* )( ) of the particles i = 1 — 8
look rather simple [see Fig. la) and (b)] namely, like Gaussians which are located in a row
along the z-axis, one after the other, at (z1) ~ —3.51, (x2) = —2.51,...,(xs) ~ 3.51 [with

= [dx zp) (l‘ﬂ . One might, therefore, develop the intuitive picture of particles, which are
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Figure 4.7: Spin densities of 8 spin-1 bosons in different ground states (see text). Shown are the

densities p(Y) (gray dash-dotted line, see text), and the components pg (red solid line), p; (blue
dashed line) and p_; (green dotted line) of the spin density. The spin densities resemble chains of

localized spins.

aligned in a row along the x-axis, by interpreting the square root of the densities p(i)( ) as the

wave packets of i 1mag1nary particles, w(z = +/p(z) [21] with the spin orientations given by
= (v/pi(—1), v/pi(0), v/pi(1 ) (the unit vector u( ) has length one). Thus, we obtain the

spin density p,, () as follows: We draw the density p(*)(z) of the localized particle i as done in

Fig. a) and (b), we multiply p(*) (x) by p;(m) in order to obtain the spin density of particle 7,

pg,;)( ) = pi(m ) p(l)( ), and in the final step we sum up the spin densities of all the eight particles
pm(x) =5, pm ( ) — that is precisely the meaning of Eq. @

Fig. [4.7(a) shows the spin density of the spin-polarized state W |x4) = W|1,1,...). In the spin-

polarized case all the probabilities p;(1) = 1; see the definition of p;(m) in Eq. . Therefore,

Eq. (4.22) reduces to

CL') = Z P(Z)( = Pfermion gr Z 1/}

which is the usual density of a spinless Tonks-Girardeau gas. Fig.[d.7(b) shows the spin density of
the ground state W|1,1,1,0,0,0,0,1). Similarly we obtain p;(1) = 1 fori = 1,2,3 and 8,
and p;(0) = 1 fori = 4 — 7. Thus, the spin density p;(z) of that state is given by
pr(x) = pW(z) + p@ () + p® () + p® (2) and po(z) is given by po(x) = Y1_, p) (@), i.e.,
we add the particle densities p!) () — p®) (z) and p® () to the component p; () and the particle
densities p(*) () — p(7)(z) to the component po () of the spin density. Finally, Figs. c) and (d)
show the spin densities of the ground state W1, —1,1,0,0,—1, —1, 1) and the superposition state

W (]0,0,...) +|1,—1,1,—1,...)) /v/2 respectively. We see in Figs. lb—d) that the spin den-
sities of the hard-core bosons can strongly vary on a rather short length scale, given by the mean
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Figure 4.8: Momentum distributions of 5 spin-1 bosons in different ground states. The gray dashed
line shows for comparison the momentum distribution of 5 noninteracting fermions. The shape of
the momentum distribution depends on the symmetry of the orbital wave function.

interparticle spacing ~ [ — different from the total density, which shows only minor oscillations
on this length scale, which are washed out for N — oco. I finally note that the total density of all
the degenerate ground states is always equal to that of spinless noninteracting fermions

p(l’) = Z Pm(fU) = Z P(l) (1’) = Pfermion gr.(w) .

m=-—1,0,1

To summarize — we have seen that the (spin) densities combine properties of spinless noninter-
acting fermions and distinguishable noninteracting spins. The spin densities resemble chains of
localized (and thus distinguishable) spins and the total densities of all the degenerate ground states
are always equal to the density of spinless noninteracting fermions. Different from the spinless
case, the spin densities can strongly vary on the length scale of the mean interparticle spacing = [.

4.4 Momentum distributions of the ground states

One of the most important experimentally accessible quantities is the momentum distribution of
the spinor bosons, given by

p(p) ZZ/dpl---de > 5= pi)[tmy,my (01, PN

mi,...,mn

Fig. shows selected momentum distributions of 5 spin-1 bosons in their degenerate ground
states, obtained from a numerical diagonalization of (#.I)). For comparison we have also plotted
the momentum distribution of 5 noninteracting fermions (gray dashed line). It turns out that the
shape of the momentum distribution depends on the symmetry of the spin function so that different
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ground states can have completely different momentum distributions. This has to be contrasted
with the total density, which was completely independent of the spin function and equal for each
ground state. States with a completely symmetric spin function |x) have a completely symmetric
orbital function, W|xs) = wé(;:gn o (Z15- -, ZN)|Xs), which is given by the usual spinless Tonks-
Girardeau wave function. The momentum distribution of these states is equal to that of a spinless
Tonks-Girardeau gas (blue dash-dotted line), which exhibits a pronounced zero-momentum peak
and long-range, high-momentum tails [90,192]. The other extreme case is given by a flat and broad
momentum distribution, which resembles the fermionic one (red solid line). In the case of 2 and
3 spin-1 bosons, some spin functions |x,) can be completely antisymmetric and thus the corre-
sponding ground state is given by W{x,) = ¢f(§r)mion (%1, .., ZN)|Xa) so that its momentum
distribution is equal to that of spinless fermions. One cannot construct completely antisymmetric
spin functions with more than 3 spin-1 particles. However, it is possible to construct nonsym-
metric spin functions, which are “almost antisymmetric” (see Young’s Tableaux [97]), resulting in
momentum distributions which are almost fermionic. We believe, due to group theoretical argu-
ments [97], that this broadening and flattening of some momentum distributions saturates for large
N. However, as one sees in Fig. some spinful bosons aquire Fermi-like momentum distribu-
tions depending on the symmetry of their spin function. That is quite different from the spinless
case, where the momentum distribution clearly exhibits bosonic features. The opposite obser-
vation is made for spinful fermions. Here, the ground states with “almost antisymmetric” spin
functions have momentum distributions which resemble those of spinless hard-core bosons. The
relationship between the symmetry of the motional wave function of a ground state and the shape
of its momentum distribution is sketched in Fig.[4.9] I finally note that all the momentum distribu-
tions of Fig. have the same width w, = 2,/(p?) = 5 i/ since the kinetic energy Fiin, o (p?)
is independent of the spin function and equal to that of noninteracting spinless fermions.
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Figure 4.9: Relationship between the symmetry of the orbital wave function of a ground state
and the shape of its momentum distribution (three particles). A state with a completely antisym-
metric orbital function has a momentum distribution which equals that of spinless noninteracting
fermions (upper row). In the other extreme case of a state with a completely symmetric orbital
wave function the momentum distribution equals that of spinless hard-core bosons (lower row). A
remnant of the Bose symmetry of that orbital function is the typical pronounced zero-momentum
peak while the high-momentum tails are related to the cusps in the wave function at {z; = x;}.
By gradually replacing absolute values by brackets in the spinless Tonks-Girardeau wave function
we obtain more an more antisymmetric orbital functions (middle row) resulting in momentum
distributions which combine Bose- and Fermi-like features.



Chapter 5

Ultracold heteronuclear Feshbach
molecules

The main results of Secs. [5.6|—[5.9 have been published in Ref. [3]].

The aim of this chapter is a theoretical description of the experiment of C. Ospelkaus et al. [72] on
the formation of ultracold Feshbach molecules from two different atomic elements. In Secs. 5.1
[5.4]1 present simple models for the interaction between ultracold atoms. These models are used to
become familiar with some of the most important concepts, namely the scattering length, the phase
shift, the pseudopotential approximation and Feshbach resonances. In Sec.[5.6]I describe the exact-
diagonalization algorithm used to calculate the low-energy spectrum and the corresponding wave
functions of two interacting atoms at a single site of an optical lattice. In the following sections
—[B9 T compare our results to the experimental data and calculate the transfer efficiency of
the rf association and the lifetime of the Feshbach molecules. Related theoretical work has been
published by J. F. Bertelsen and K. Mglmer [98| 99].

5.1 S-wave scattering in free space

Let us consider two atoms in free space (i. e. no external potential) which interact via a spherically

symmetric box potential
Voos(1) = { vors s (5.1)
0 ifr>R.
We are searching for the solution of the radial equation
{_ h? 1 d?
2u r dr?
The equation consists of the kinetic energy of the radial motion, the potential energy of the box

and the energy of the relative motion. We restrict our discussion to particles with relative angular
momentum zero ([ = 0), i. e., the centrifugal barrier is zero. By substituting

r+ Voox (1) — E] (r) = 0.

xX(r) =7r(r)
the radial equation transforms to
d?>x(r 2
)4 2B Vi ()] () = 0. (5.2)
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Figure 5.1: Radial wave functions x(r) of an attractive (a) and a repulsive (b) spherically sym-
metric box potential. Attractive interaction (a): In the inner region xi, o sin(Kr). The larger the
wave number K o /E — V the faster the oscillation. In the outer region xou x e " (E < 0) or
Xout o sin(kr) (E > 0). The energy spectrum is discrete for £ < 0 leading to a finite number of
molecular bound states. For £ > 0 the energy spectrum is continuous: The free spherical waves
can have every energy £ > 0. Repulsive interaction (b): In the inner region yj, o sinh(K'r)
(E < V)or xin x sin(Kr) (E > V). In the borderline case £ = V the inner wave function is
just a straight line xj, o 7. In the outer region Xout o sin(kr).

The probability p(7) = [(7)|?|Yim (0, ¢)|? to find the relative particle at position 7 shall be finite
everywhere (Y}, are spherical harmonics). Therefore, it is a reasonable constraint that the wave
function v (r) is finite everywhere too, in particular at the origin: 1(0) = finite. Thus, the wave
function x(r) has to obey the boundary condition x(0) = 0 [78]. We introduce some abbreviations

ouE 2uV
E?v Eﬁv kE\/Ea pP=V—E€

K=+vVe-0, K =Vl —e=1K. (5.3)

Firstly we want to solve Eq. (5.2)) in the inner region (r < R). We consider the case ¢ > 6. Then,

Eq. (5.2) becomes
X" (r) + K*x(r) = 0.

Two linearly independent solutions of this equation are the sine and the cosine function
sin(Kr) and cos(KT).

But due to the boundary condition x(0) = 0 only the sine function is a possible solution of the
inner region
Xin(r) = Asin(Kr) (e>0)

(A is a constant). Similarly we obtain

Xin(7) = Asinh(K'r) (e <0)
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in the case € < 6 since sin(ixz) = i sinh(xz). We now turn to the outer region (r > R). In the case
€ < 0 Eq. (5.2) becomes

X"(r) = p*x(r) = 0.
Two linearly independent solutions of this equation are

e’ and e 7.
But since e”” blows up as 7 — oo the only possible solution of the outer region is given by
Xout(r) = Be " (e <0)

(B is a constant). In the case € > 0 Eq. (5.2) becomes

(1) + KX (r) = 0.
Two possible linearly independent solutions of this equation are

sin(kr) and cos(kr).

There are no further constrains: The point = 0 does not belong to the interval [R, co) and, since
sin(kr) and cos(kr) belong to the continuous energy spectrum, the wave function does not need
to be normalizable. Thus, any superposition of these functions is a solution of the outer region.
Let us choose the two constants B (amplitude) and dg (phase shift) to construct the solution

Xout(r) = B|cos &g sin(kr) + sin &g cos(kr)] = Bsin(kr + o).

Molecules: The different solutions are now merged at » = R. In the case § < ¢ < 0 we may
obtain molecular bound states

Xbound( ) = { Xin('f') - ASin(K"') if r

SR 5.4)
Xout(r) = Be™*" if r > R. '

The possible energies of the bound states are determined by the continuity of the logarithmic

derivative at r = R , )
— Xin(R) _ Xout(R)

Bo = (5.5
"7 Xin(R) "~ Xou(R)
Using (5.4) we obtain
Kcos(KR)  pe PR
sin(KR) e PR’
The possible eigenenergies are thus given by the zeros of the “energy function”
—0
F(e) = tan (\/e - eR) + 6( 7 =0 (5.6)
—€
The constant B is determined by the continuity of x at R
Xin(R) = Xow(R) = B = Asin(KR)e". (5.7)

Finally the constant A is determined by the normalization condition

A= /OO dry®(r). (5.8)
0
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Figure 5.2: “Energy function” F'(¢) for parameters R = 1 and §# = —63. The energy eigenvalues
are the zeros of F'(e). These are located at e; = —55.3, e = —32.6 and e3 = —0.27. The zero at
e = § = —63 is not a valid solution since it belongs to the wave function Xpound(7) = 0. The zeros
are located between the singularities of F(e). These are located at €ging (1) = 0 + [(2n — 1) %] 2
withn = 1,2, ..., Npound (Mbound total number of bound states).

Two examples of molecular bound states are depicted in Fig.[5.1[(a). The corresponding eigenen-
ergies have been determined numerically by solving Eq. by means of MATHEMATICA. An
example plot of the “energy function” is given in Fig. [5.2] We see that the zeros are located
between the singularities of F'(¢). These singularities can be determined easily:

F(e) =400 = tan(ve—GR)::too
= \/6—0R=(2n—1)g (n=1,2,3,...)

2
= €gng.(n) =0+ [(zn _ 1)%] (n=1,2,3,. .. "boud)

where npound 1S the total number of bound states. This number can be calculated as follows: We
assume that the energy of the least bound state is approximately zero (¢ = 0—). Then, we obtain
from the “energy function”

F(el—O):O = cot(ﬂR)zO

- \/THR:(zn—Ug (n=1,2,3,...)
vV—0R 1J

_|_7

- 5 5.9

= MNbpound = \‘

where || is the greatest integer less than or equal to x. Therefore, if the box is too shallow and
too narrow, it might be possible that there exists no bound state at all.
Strongly bound molecules— For strongly bound molecules (¢ < 0) the box potential is practically

infinitely high. Thus the molecular wave function is given by Xpouna = Asin(Kr) for r < R
and zero otherwise. From the boundary condition Xpound(R) ~ 0 we obtain K R ~ n7 and thus
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€ ~ 0 4+ n?(n/R)? — the well-known result of a particles in a one-dimensional infinite square
well. The wave function is therefore approximately given by Xpound =~ A sin [mr(r / R)] Thus,
the inner wave function of the nth strongly bound molecule shows n /2 sine oscillations [compare
with the blue and green wave function of Fig. a)]. The mean distance between the atoms is
(ry = [drrx2u,ma~ R/2.

Weakly bound molecules— For weakly bound molecules (¢ < 0) the outer wave function is ap-
proximately given by you = Be V" ~ B(1 — v/—er). We have seen in the derivation of
Eq. that in this case K ~ v/—0 ~ (2npouna — 1)7/(2R) so that the inner wave function is
given by xin ~ Asin[(2npouna — 1)(7/2)(r/R)]. Thus, the inner wave function of the weakly
bound molecule shows (2npeung — 1)/4 sine oscillations [compare with the red wave function of
Fig. a)] . The mean distance between the atoms (r) approaches +o0c when e approaches zero
since then the outer wave function becomes a constant o ~ B.

Free spherical waves: We now turn to the case e > 0 where the solutions are free spherical waves.
In the case ¢ > 6 we obtain for the wave function

Xin(7) = Asin(Kr) ifr

<R
> 0). 5.10
Xout(r) = Bsin(kr + dg) if r > R (e>9) (-10)

Xfree (T) = {

The phase shift §y can be calculated from the logarithmic derivative at R: Using the inner wave
function we obtain ,
— Xin(R)

Xin (R)
From the outer solution we obtain

_ Xow(R) K [cos 8y cos(kR) — sin &g sin(kR)] _ cos(kR) — tandpsin(kR)
~ Xow(R)  coségsin(kR) +sindgcos(kR) sin(kR) + tan &g cos(kR)’

Bo

= Kcot(KR) (e >0). (5.11)

Bo

Thus, the phase shift is given by
kcos(kR) — Bosin(kR)

0o = arct 5.12
0 = aretan g sin(kR) + [y cos(kR) (>.12)
The constant A can be deduced from the continuity of y at R
Bsin(kR + d)
in = Xou A= ———F——- . 1

The remaining constant B can be chosen at will since the free spherical waves are not normaliz-
able. I choose B = 1.

The case € < 6 is very similar since sin(iz) = 1sinh(x) and cos(iz) = cosh(z): Simply replace
sin(Kr) by sinh(K'r) in Eq. (5.10) to obtain the wave function

o / .
= (e e G
replace K cot(K R) by K’ coth(K'R) in (5.11)) to obtain the logarithmic derivative

Bo = K'coth(K'R) (e < 6) (5.15)
and replace sin(K R) by sinh(K’R) in (5.13) to obtain the constant A

_ Bsin(kR + do)

b (KF) (e < 0). (5.16)
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Figure 5.3: Definition of the scattering length. The picture shows an attractive potential V' (r)
(black thick solid line), a radial wave function x(r) (red thick solid line) and the tangent of x at
R. We define the scattering length ag as the intersection of the tangent of x at R with the r-axis.

Also in this case the phase shift is given by Eq. (5.12) (since in both cases the outer wave function
Xout(7) is the same) but now one has to use Eq. (5.13) for the logarithmic derivative 3y (since the
inner solutions are different). Again we choose B = 1.

Hard sphere— In the extreme case of a hard sphere (V' = o00) it follows from Egs. (5.3), (5.12),
(5.15) and that K/ = 0o, A =0, By = oo and 9 = —kR. Thus the wave function is simply
Xfree(r) = sin [k:(r — R)] if r > Rand zeroif r < R.

Examples of free spherical waves are depicted in Fig. a) and (b). For € < 6 the wave function
grows exponentially in the inner region, Yfree o sinh(K’r), with K/ oc v/V — E. In the borderline
case € = 0 the wave function is just a straight line and Yfee o< 7. For € > 6 the wave function
shows an oscillatory behavior, Yfree x sin(Kr), with K o< /E — V. In the outer region the wave
function Yiree o< sin(kr) oscillates with & oc v/E.

Scattering length: Let me now introduce the concept of the scattering length. We define the
scattering length ag as the intersection of the tangent of x at R with the r-axis, ['| see Fig. (this
definition can be applied to any potential with a finite range R). As can be seen in Fig. [5.3| the
following relation holds

X(R)
R —a;

R 1
%):R_i'
X' (R) Bo
In the extreme case of a hard sphere [V = o0; see Fig. a)] the scattering length is simply given
by the radius of the hard sphere

~Y(R) & a=R- (5.17)

as =R (hard sphere)

since B9 = oo. In the case of a soft sphere [0 < E < V = finite; see Figs. b) and (c)] it
follows from Eqgs. (5.17) and (5.15) that the scattering length is given by

1
as=R— 5 tanh(K'R)  (0<E<V). (5.18)

'See pp. 413-414 of Ref. [97].
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Figure 5.4: Scattering length of several wave functions. The pictures show a wave function x(r)
(red thick solid line) and its tangent at R (black thin dashed line). The radius of the box potential
is R = 1. The scattering length a, is the intersection of the tangent of x at R with the r-axis. (a)
as =R, (b)as =0.66R, (c) as =0, (d) ag = —3.5R and (e) as = 4.5R.
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Thus, if K'R < 1 the scattering length is a5 ~ 0 since tanh(x) &~ x for small 2. On the other
hand, if K'R > 1 the scattering length is a; ~ R — 1/K’ since tanh(z) ~ 1 for large z.
Therefore, in the case of a soft sphere, the following inequality holds:

0<as <R (for 0 < E < V = finite).
In the case £ > V the scattering length has to be calculated from Egs. (5.17) and (5.T1))
1
a,=R—tan(KR) (B >V). (5.19)

Therefore the scattering length varies from —oo to 400 depending on K R. In particular ag jumps
from —oo to +o0 if KR — (2n — 1)7/2 (n = 1,2, ...); see Figs.[5.4(d) and (e).

Relation between scattering length and phase shift— In the case of a hard sphere a; = R and
09 = —kR leading to g = —kas. In general we can connect the scattering length with the
phase shift by inserting the logarithmic derivative of the outer solution 5y = x4y (R)/Xout(R) into

Eq.

1
as = R — Z tan(kR + dp). (5.20)

For k ~ 0 and R < a, we obtain tan 0g = —kas.

Some borderline cases— Strongly bound molecules: Similar to the case of the hard sphere the
wave function is approximately zero at R since xin ~ Asin|[n7(r/R)]. Therefore, the scattering
length is as ~ R (more precisely as = R); see the tangents of the blue and the green wave
function in Fig. [5.5(a). Weakly bound molecules: The outer wave function is approximately
given by Xou ~ B(1 — \/—er). Therefore, as approaches +oc when e approaches zero; see
Figs.[5.5(a-c). Low-energy free waves: The outer wave function is approximately given by xout &~
Bcos|k(r — R)]. Thus, at 7 = R, the gradient of xou is zero and |as| = co. More precisely

as = —oo; see Fig.[5.5(d).
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Figure 5.5: (a) Three molecular bound states. Blue: molecule in the lowest vibrational state,
green: molecule in the first excited vibrational state, red: least bound state (with highest vibrational
energy). (b) The extent of the weakly bound molecule tends to infinity when the binding energy
approaches zero. (c) as = —+oo for a least bound state with &' = 0— and (d) as; = —oo for a
low-energy free wave with E = 0+.

Weakly bound molecules: We have seen that the binding energy of the least bound state ap-
proaches zero if V=R = (2n — 1)m/2 [see the derivation of Eq. } In Figs. a) and
(b) T have chosen the parameters of the attractive box potential according to v/—0R 2> 57/2 so
that three bound states occur. The blue line is the wave function of the strongest bound molecule
which is in the lowest vibrational state. The green line belongs to a molecule which is in the first
excited vibrational state and the red line belongs to a molecule which is in the second excited
vibrational state. The blue and the green wave function have large binding energies and they are
located within the box potential ((r) ~ 0.6R). By contrast the red wave function has an extremely
small binding energy and the mean distance between the atoms is large (<r) ~ 9.2R in the top
right ﬁgure). The probability to find the two atoms within the radius R is extremely small.

We can relate the scattering length to the binding energy of the least bound state. Using the
logarithmic derivative of the outer wave function (5.4) we obtain from Eq. (5.17)

ﬁ2p2 h2 h2
Ey,=—-F = = R 5.21
as — R - b 2u 2p(as — R)?2 2pa? (5:21)

1
as=R+—- & p=
p

for large scattering lengths a5 > R. Further, a; is related to the distance (r) between the atoms.
As can be seen in Fig. [5.5(b), for a weakly bound molecule, the probability to find the particles
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within a sphere with radius R is negligible compared to the probability to find them outside,

R 00
/ drxy*>~0 and / dry’ ~ 1.
0 R

Since xout = Be™P" we obtain
oo o.]
1 %/ dry2, = B2/ dre”%" = B? =2pe*rR
R R

and the mean distance (r) is given by

<r)%/ drrxgut:BQ/ drre " =R+ — = Tas
R R 2p 2

(5.22)

Figs.[5.5c) and (d) show the evolution from a weakly bound state to a low-energy free wave when
the attractive potential is made shallower. As can be seen a; = +00 when the energy of the least
bound state is infinitesimal small, & = 0—, and a; = —oo for a free wave with £ = 0+.

Delta potential: The usual repulsive § potential has no influence on the scattered wave. To see this
we consider the potential 6 = 3/(47R3) if » < R and zero if r > R. The scattered wave shall
have a low fixed energy E. For small enough R we have 0 < F < 3/(47R3) so that 0 < as < R.
Thus, as — 0 if R — 0. Further, 69 — 0 if as — 0 and R — 0; see Eq. (5.20).

5.2 S-wave scattering in a harmonic trap

We consider two atoms which interact via the box potential (5.1). Additionally the atoms are
confined by a harmonic oscillator potential. The angular momentum of the relative motion shall
be zero (I = 0). The radial dimensionless equation of the relative motion reads
1 d? 1
5 g + Vhox(r) + 57“2 — E|Y(r)=0.
Here, all lengths have been expressed in units of the oscillator length lose = +///(uw) and all
energies have been expressed in units of hw. Again, we substitute y = 7 and obtain the equation

X" =1+ 2[E — Vhox] x = 0. (5.23)
Two linearly independent solutions of this equation are given by
U1[—(E = Voo); V2r], 2] (E — Vhox); V2r] /V2

where the parabolic cylinder functions y; and y2 [ are given by
2

a 1'1'z
4’2" 2

a
yi(a; z) = 11'71[2 +

3 3 2?
] e‘z2/4, yo(a;2) = 211 [2 + Z; 55 2] G_ZZ/4- (5.24)

The function 1 F} (a; b; 2) is the confluent hypergeometric function of the first kind

a a(a+1) 22 a...(a+n—1)z"
Fi(a;b;z) =14 — —_——+... —+... 5.25
L e S s M Sy e o e (5-25)

“Entries 19.2.1 and 19.2.3 of Ref. [100] / Wikipedia / Wolfram MathWorld.
3Entry 13.1.2 of Ref. [100] / Wikipedia / Wolfram MathWorld.
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which is implemented as “HypergeometriclF1” in MATHEMATICA. A derivation of the solutions ¥
and y, by means of a polynomial ansatz is given in appendix B}

In the inner region r < R we have to satisfy the boundary condition x(0) = 0. Since y1(a;0) =1
and y2(a; 0) = 0 the solution of the inner region is given by (Voox = V)

Xin(r) = Ayz [—(E = V); \/ir]

In the outer region r > R we have to fulfill the boundary condition x(co) = 0. For this reason we
construct another pair of linearly independent solutions of Eq. (5.23) E]

Ula; z) = cos[m(a/2 + 1/4)|Y1(a; 2) —sin[r(a/2 + 1/4)] Y2 (a; 2), (5.26)
V(g z) = F(l/;_a){sin [r(a/2 + 1/49)]Yi(a: 2) + cos[n(a/2 + 1/4)] Ya(a; ) }

with

_ T(1/4—a/2)

= W?JI(GS z), _ LB/~ a/2)

Y1(a; 2) = Wyz(as z).

Ya(a; 2) (5.27)

The behavior of these functions at r = oo is known:E] V (a; z) diverges and U (a; z) approaches
zero for large values of r. Thus, the solution of the outer region is given by (Vpox = 0)

Xou(r) = BU[-E;V/2r]. (5.28)
The discrete energies follow from the logarithmic derivative at R

Yo[—(E—V);V2R] _U'[-E;V2R] (5.29)
2| —(E—V)iv2R]  U[-E;v2R]’ '

the constant B follows from the continuity at R

[—(E—-V);V2R]

Xin(R) = Xxow(R) = B=A U[_E; \/§R]

and the constant A follows from the normalization condition.

Discussion— As an example Fig. [5.6] shows the evolution of two wave functions with decreasing
box depth and Fig.|5.7|shows the corresponding energies and the scattering length of the molecule.

Fig.[5.6(a): For the chosen box depth of V' = —1485 iw we have three molecular bound
states. Shown is the least bound molecule (red) which is in the second excited (internal) vibrational
state. Therefore we see a fast oscillation within the inner region » < R and a fast exponential
decrease in the outer region » < R. Similarly the next excited state (blue) rapidly oscillates in
the inner region. In the outer region it perfectly agrees with the ground state of the harmonic trap
(yellow dashed). Thus, the phase shift dy and the scattering length a of this state are zero.

Fig. [5.6(b): The molecule (red) is now only weakly bound and the distance between the atoms
is twice as large as in (a). The next excited state (blue) now resembles the ground state of the
harmonic trap (blue dashed line) which is slightly shifted rightwards along the r-axis (= small
negative phase shift). The scattering length is small and positive and approximately given by the
intersection of the blue wave function with the r-axis at r &~ 0.35 [ysc.

“Entries 19.3.1, 19.3.2, 19.3.3 and 19.3.4 of Ref. [100] / Wikipedia / Wolfram MathWorld.
SEntries 19.8.1 and 19.8.2 of Ref. [[1O0] / Wikipedia / Wolfram MathWorld.
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V = —1485 hw V = =800 hw

1 2 3 4 0 1 2 3 4 0 ‘ 1 2 3 4

Figure 5.6: Evolution of two wave functions with decreasing depth of the box potential. I have
chosen R = 0.2l for all pictures. (a) The box depth is V' = —1485 iiw. Red is the molecule,
blue is the wave function with the next highest energy and yellow dashed is the ground state of
the harmonic trap (X x re~"*/? since x =7 and P x e~/ 2). The molecule is strongly bound.
The distance between the atoms (r) > R/2. The blue wave function perfectly agrees with the
ground state of the harmonic trap in the outer region apart from some fast oscillations in the inner
region. Scattering length as and phase shift dg are zero. (b) The scattering length is as ~ 0.35 losc
and the phase shift is small and negative 9 =~ —kas. The outer blue wave function looks like
the ground state of the harmonic trap (blue dashed) which is shifted rightwards along the r-axis.
The molecule is weakly bound and (r) 2> R. (¢) V = =771 hw, as ~ 101y, 0o ~ —7/2 and
(ry = 35R. () V = =770 hw, as = —12ls, 0o = +7/2. (e) V = =760 hw, as ~ —0.3 losc,
dp ~ —kas small and positive and (r) ~ 5R &~ 1ly. Red dashed is the ground state and blue
dashed is the next excited state of the harmonic trap. The outer red (blue) wave function looks
like the ground (next excited) state of the harmonic trap which is shifted leftwards along the r-
axis. (f) (r) &~ 1.13 losc. The red (blue) wave function now perfectly agrees with the ground (next
excited) state of the harmonic trap. Again, as = 0 and dg = 0. (a-f) With decreasing box depth
the molecule (ground state) evolves towards the ground (next excited) state of the trap.

Fig.[5.6(c): With decreasing box depth the molecule becomes more and more loosely bound. The
scattering length increases up to a maximum value of a; = +00; see the tangent of the molecular
wave function (black dashed line). Likewise the mean distance (r) between the atoms is much
larger than R. However, (r) does not converge towards infinity according to Eq. due to the
external trapping potential.

Fig. d): Similar to the free-space case [see Fig. the molecule becomes an unbound pair of
atoms when the scattering length switches from plus to minus infinity. It seems to be a reasonable
definition of the transition point. However, there is no dicontinuous change of the wave function
at this transition point. The wave functions of Figs. [5.6(c) and (d) look almost equal. Only the
gradient of the wave function at R changes slightly from 0— to 0+ leading to an abrupt jump of
intersection of the tangent of the wave function at R with the r-axis. Likewise the phase shift d
jumps from —7/2 to +7/2. However, since sin(x — 7/2) = —sin(x + 7/2) = — cos(x) and
since the minus sign is absorbed by the global phase of the normalization constant, there is no
visible influence on the wave function.
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Figure 5.7: Left: Evolution of the energy of the weakly bound molecule (red) and the ground
state of the harmonic trap (blue) with decreasing depth of the attractive box potential. The green
crosses mark the corresponding wave functions of Fig. Middle: Evolution of the scattering
length of the molecule with decreasing box depth. Right: Energy of the molecule (red) as a
function of the scattering length. Black dashed is an estimate of the molecular energy according
to E = —h?/ [2u(as — R)?] which is exact in free space [see Eq. (5.21)].

With further decreasing trap depth the red wave function, which was formerly a bound molecule,
evolves more and more into a wave function which is very similar to the ground state of the
harmonic oscillator apart from the fast oscillations in the inner region. In Fig.[5.6(e) the red wave
function has already a large overlap with the ground state of the trap (red dashed line). It is only
shifted a little bit leftwards along the r-axis compared to the ground state of the trap (small positive
phase shift). Likewise the blue wave function resembles the next excited state (blue dashed) of the
trap. Thus, the phase shift is small and positive.

The phase shift becomes even zero for V. = —745 hw; see Fig. [5.6(f). At this point also the
scattering length is again zero; see the middle picture of Fig Now, the red and the blue wave
function perfectly agree with the ground (next excited) state of the harmonic trap in the outer
region. Thus, one can say, that the least bound molecule (ground state of the trap) continuously
evolves into the ground (next excited) state of the trap when the depth of the box potential is made
shallower.

The transition behavior is also visible in the evolution of the energies; see Fig. [5.7(left). Red is
the energy of the molecule and blue is the energy of the ground state of the trap. In a rotationally
symmetric harmonic trap the energy eigenvalues are given by £ = (2n + | + 3/2)hw where
n = 0,1,...1is the principal quantum number and [ = 0, 1, ... is the relative angular momentum.
The ground-state energy is Fy = 3/2 hw and the energy of the next excited state with [ = 0 is
Ey = 7/2hw [this is the second excited state since the state (n, 1) = (0,1) has a lower energy|.
When the box is made shallower from V' = —1485 to —780 hw the energy of the molecule (red)
grows rapidly from £¥ = —576 to —1 Aw. This increase dramatically slows down in the region V' =
—780...—745 hw. AtV = —745 hw the energy of the former molecule exactly coincides with the
energy of the ground state of the trap Ey = 3/2 hw. At this point the scattering length is zero and
the former molecule exactly coincides with the ground state of the trap in the outer region. Above
V = —745 hw, in the region V' = —745 ... — 500 hw, the energy of the former molecule is nearly
unaffected by large changes of the box depth, it increases only from £ = 1.5 to 1.7 Aiw. Likewise
the energy of the oscillator ground state (blue) evolves from Ey = 3/2fw to By = 7/2 hw. The
change of the energy mainly occures in the small region V' = —790... — 750 Aw and is fastest
around V' = —770 hw where the scattering length jumps from plus to minus infinity. Remarkably
the energy of this state (and all the other harmonic oscillator states) is nearly unaffected by the
large changes of the trap depth below V = —790 fw and above V' = —750 Aw. This is also true
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for the wave function (see the change of the scattering length in the middle picture of Fig.[5.7).

Finally, Fig.[5.7(right) shows the energy of the molecule (red) as a function of the scattering
length which are connected through F(V (as)). Black dashed is the free-space energy of the
molecule according to Eq. (5.21). Both curves agree well for small positive scattering lengths
since a tightly bound molecule is nearly unaffected by an additional external trap.

Comparison with the solution of Busch et al.: Firstly, I will show that the outer wave function
(5.28) is equal to the solution of Busch et al. [75]]. Eq. (17) of Ref. [[75]] reads

1
UBuseh (1) = §W’3/2Ae’r2/2f(—y)U (—1/; 2;73) (5.30)
where A is a normalization constant, I'(z) is the gamma function and
Fi(a;b; 2) 1—ptFi(l+a—0;2—-0b;2)
Ula,b,z) = : - 5.31
(@.5:2) = S0 [TA £a—oT @)~ T(a)T(2 - b) (5-31)

is the confluent hypergeometric function of the second kindlﬂwhich is implemented as “Hyperge-
ometricU” in MATHEMATICA. The index v is related to the energy according to £ = 2v + 3/2. 1
define the normalization constant B’ = 1/21n~3/2AT'(—v). Thus, we have to show that

E
Xou(r) = BU[=E;V2r] = rpusen(r) = B'rU (—2 + %; 3;7"2) e 2, (5.32)
One finds [’
Ula;z) = D_q_1/2(2) (5.33)
and ] )
D,(z) = 2v/2e=2* /Ay <V; L. ) .

Using these relations we obtain from Eq. (5.28)
E 11 _
Xou(r) = B Dp_1/2(V2r) = B'U (—2 i r2> e (5.34)

with B’ = B2F/2=1/4 One finds[)
Ula;b;2) = 22 °U(1 +a — b;2 — b; 2).

Using this relation with a = —E/2 + 1/4, b = 1/2 and z = r? we finally obtain the right-hand
side of Eq. (5.32). Thus, we may use Eq. (5.28)), the right-hand side of Eq. (5.32) or Eq. (5.34) for
the outer wave function xou (). However, the energy of our system (box potential with radius R)
is still different from the energy of the system of Busch et al. [[75] (regularized § potential) and in
the inner region (r < R) the wave function xin(r) strongly deviates from Eq. (5.34).

It arises the question, whether the energy of our system becomes equal to the energy of the system
of Busch et al., when the radius of the box becomes infinitesimal small, R — 0, since then both
wave functions agree for all . Eq. (16) of Ref. [[75] reads
I'-E/2+3/4 1
/5 D=E/2+3/4

T(—E/2+1/4) as -3

®Entry 13.1.3 of Ref. [100] / Wikipedia / Wolfram MathWorld.
"Entry 19.3.7 of Ref. [100] / Wolfram MathWorld.

8Entry 19.240 of Ref. [[101] / Wolfram MathWorld.

Entry 13.1.29 of Ref. [100].
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which determines the energy as a function of the scattering length. By contrast the energy of our
system is determined by Eq. (5.29) and thus a function of V" and R.

We have seen in Fig. that both, the energy and the scattering length, are functions of the
box depth. Both quantities change dramatically with V' around a characteristic value (here V' =~
—770 hw) when a weakly bound state evolves into the ground state of the trap. Thus, £ and a are
directly connected with each other through E(V (as)) and we can plot the energy as a function of
the scattering length; see Fig. [5.7(right). Can we directly calculate E as a function of a, without
making use of the box depth VV? We remember that the energy is determined by the boundary
condition that the logarithmic derivatives of the inner and outer solutions must agree at r = R
[Eq. } . Further, we remember that the scattering length is also determined by the logarithmic
derivative at R [Eq. (5. 17] . Using Eq. and the outer wave function we obtain

U'(—E;V2R) 1
V2 VB ViR ~ R (5.36)

which determines the energy as a function of as and R. I would like to note that this formula is
much more useful for practical purposes than Eq. since in practice the precise shape of the
interaction potential is often unknown and definitely not given by a simple box. Eq. (5.36) does
not make use of the precise shape of Viy (7). The only parameters which remain of Vi, () are the
range of the interaction potential R (which might be, e. g., the van der Waals length scale) and the
scattering length as. Both quantities are experimentally accessible.

We would expect that the energy becomes even independent of R when the range of the interaction

potential becomes much smaller than the oscillator length of the relative motion losc = /A/(pw).
This is indeed the case. In the following I will show that in this case Eq. is equal to

Eq. (5.35). For R = 0 Eq. (5.36) reads

1 _ \/§U,(_E;O)

. 5.37
o U(=F:0) (5.37)
We see from Eqgs. (5.24)) and (5.25)) that
y1(a;0) =1, 1(a;0) =0, w2(a;0) =0 and yh(a;0) = 1.
Using these relations and Eqs. (5.26)) and (5.27) we obtain
o v m™\ ['(1/4+ E/2)

and
) ['(3/4+ E/2)

N_E:0) = —sin (F _ gl 2\2/2T 2/2)
U'(-E;0) = sm( E N

4 2
so that the above equation becomes
1 /4
7:2tan<ﬁ_Eﬁ>M_
as 4 2/ T(1/4+ E/2)
Now I use Euler’s reflection formula for the gamma function@

™

Fz)I'1l—=2) =

sin(7z)’

%Entry 6.1.17 of Ref. [100] / Wikipedia / Wolfram MathWorld.
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It follows
1 F
Y 5.39
(172) - meremre o
and
JOE P— :
— — = — 3 p 1 E = - p T By
402 sin(f + E5)T (37— 3) cos(§+EF)T(;-3)
Using these relations we obtain
1 T T m  m\ I(3/4—E/2)
— =2tan (5 - B2 )tan (5 + B2 ) L2
s g~ ry) L MY A=)
which is equal to
I'(3/4—E/2) _ 1 (5.40)

2~ L 7
[(1/4—E/2)  as
since tan(w/4 — x)tan(n/4 + ) = 1. Egs. (5.35) and (5.40) differ only by a factor of /2.

But this is only due to the unconventional definition of the relative and center-of-mass coordinates
used in Ref. [75)]. Both results agree when the usual definitions of the relative and center-of-mass
coordinates are used. Therefore the regularized § potential is equivalent to the boundary condition

Xout(0) _ 1
Xout(o) as

(5.41)

on the logarithmic derivative of the outer wave function at the origin [98, 99]. Thus, the boundary
condition (5.41) replaces the usual boundary condition at the origin, x(0) = 0, which has to be
used in connection with regular interaction potentials.

5.3 Regularized delta potential

In many problems the mean distance (r) between the particles is much larger than the range R of
the interaction; see, e. g., the wave functions of Fig. [5.6| apart from the strongly bound molecule
in (a). Then the probability to find the particles within the range R is negligible compared to the
probability to find them outside fOR dryd, < J R?O drx2,.. Therefore, slight modifications of the
inner wave function (replace x;, by Xin) have practically no impact on the properties of the system
if still [ dri? < [0 dry2y.

This is shown in Fig The real inner wave function (red dashed line) and the real outer wave
function (red solid line) are a magnification of the “oscillator ground state” of Fig. [5.6(e). As
can be seen fOR eriQn < [ EO drx2,. One can, e.g., simply replace the inner wave function
Xin by the outer wave function Xin, = Xou (blue line), i.e., one simply extends the outer wave
function into the inner region [0, R]. Still fOR dry?, < J ;O drx2, and (nearly) all the properties
of the system are correctly described by this modified wave function. The only problem which
arises from this slight modification is that the probability to find the particle at the origin becomes
infinite: xou(0) = const. = You(0) = xout(0)/0 = oo. However, as long as we don’t ask for
p(0) = |1ou(0)|? the essential physics of the system is well described. As has been shown in the
last section the extended wave function has to obey the boundary condition (5.41) at the origin

which is equal to Eqgs. (5.37) and (5.40) in a harmonic trap.

Now I wish to reintegrate the boundary condition (5.41) into the Schrédinger equation. That
is, I have to reintegrate an interaction potential into the Schrodinger equation such that the outer
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Figure 5.8: “Oscillator ground state” of Fig. e) in the region 0 < r < 1. Red is the outer
and red dashed is the inner wave function. Since the probability to find the particles within the
range I? is negligible compared to the probability to find them outside, fOR drx?n < [ 130 drx2,.
a modification of the inner wave function (xin — Xin) has no influence on the properties of the
system. Xin,1 = Xout(7): The outer wave function has been extended into the inner region. Xin 2:
The inner wave function has been modified according to Eq. (5.42).

wave function obeys the boundary condition (5.41). Since I can choose nearly arbitrary inner wave
functions i, I can construct an interaction potential which is much easier than realistic interaction
potentials. I discuss the procedure firstly for free particles.

Free space— The outer wave function solves the Schrodinger equation of noninteracting particles
and is given by ou(r) = (B/r) sin(kr + o) (free spherical wave) or ¢ou(r) = (B/r)e "
(molecule). For the inner wave function I choose vin(r) = (A/R)[3/2 — 1/2 (r/R)?]:

in(r) = & [3 _1 (T)T ifr <R

R|12 2\R

Y(r) = (5.42)

B B
Yout(r) = —sin(kr + dp) or You(r) = —e " ifr = R.
r r

The inner wave function Xin(r) = r ¢in(r) = (A/R)[(3/2) r — 1/2 (¥ /R?)] is shown in Fig
(green line). We wish the wave function to be continuous at R. Then we can express the constant
A by means of the outer wave function

A
win(R) = E = '¢0ut(R) = A= Rwout(R)-
Let’s act with the Laplacian on (7). In the inner region we obtain
1 d? 34

Athin = — =5 (1) = =23 = —470R(r) [Rbou(R)]

with 6z (r) = 1/[(4/3)7R?] if r < Rand 6r(r) = 0if r > R. In the outer region we get in both
cases
Atpout = —k? Your = —€W%our  OF  Athoy = /02 Yout = —€ Yout-

Thus we obtain, when acting with the kinetic energy operator on the wave function,

2 - 9
;Azb(r) = B thou(r) + 42 Z’L 5(r) [R o (R)].
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Now we include the boundary condition (5.17) into the equation. We use

1 _ [T %m(?‘)],
R —a, r wout(r)

= Rwout(R) = (R - as)% [7” wout(r)]

r=R r=R
and obtain
h? 2nh*(as — R) 0
—ZAw(T) + —5R(T)E [ Yot (r)] T E ou(r).

In the limit R — 0 this equation becomes

h? 2mh3a 0

——A 2 5(F)— - F

A 50 2 r] wi) = Bt

[since 0r(r) — &(7) for R — 0] where the operator
2h2ag 0
Vinu(r) = . () (5.43)

is the desired pseudopotential which reintegrates the boundary condition (5.41) into the
Schrodinger equation of the noninteracting particles.

Harmonic trap— The derivation is almost equal to the free-space case since we did not use the
specific shape of the free-space solutions. Again, we choose the inner wave function of Eq. (5.42).
The outer wave function is now given by You(r) = (B/r)U[—E;V/2r|. Again A is given by
A = Rou(R). Now we slightly modify the Hamiltonian of the inner region

HIY = ——A if r <R

(R) _
Hy'Y = >
H = —ﬂA + iuw2r2 ifr>R.

We act with this Hamiltonian on the wave function and obtain

27k

HPY(r) = Epou(r) + 22 85(r) [R ou(R)].

Now we replace R tou(R) by (R — a,)[r(r)] ,’T:  and thereby integrate the boundary condi-
tion (5.17) into the above equation

N 2nh?(as — R)

a4 (r) ’

6R(r); [7' wout(r)] = Ewout(r)-

r=R
In the limit R — 0 the Hamiltonian H, (SR) is solely given by H, éom) and the above equation becomes

h2 1 2nha, )

_EA + i,uwQTQ + 5(7"’)E r] P(r)=E(r).

Summary— Let me summarize the main steps of the pseudopotential method (for cold atoms).
Outside the range R of the true (short-ranged) interaction potential Viy (1) the outer wave function
out(r) is only determined by the Schrédinger equation of noninteracting particles and the bound-
ary condition [r %ut(?“)]/ / [r wout(rﬂ ‘T: r=1 /(R — as). Thus, the whole impact of the true
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coupling V.

—(a) (b) (if) (d) (e) () —

detuning Ae

— detuning Ae

Figure 5.9: Left: Sketch of a simple Feshbach-resonance model. Red is the wave function of the

molecule (y o e~*") and blue is the wave function of the noninteracting atoms (y o re~""/2).
The molecule and the noninteracting atoms shall have different magnetic moments pi,, # pq. By
applying a homogeneous magnetic field B one can shift the energy of the atoms relative to the
energy of the molecule. The shift is given by AFEy,, = Ap B with Ay = pg — ji,. For a
certain value B = By the energy of the molecule exactly agrees with the energy of the atoms and
the detuning becomes zero Ae = 0 (Bo is the center of the Feshbach resonance). Around By
the wave functions of the molecule and the two atoms strongly mix up, provided there is some
additional coupling V. between the two states. Right: Energies of the two eigenstates as a function
of the detuning Ae for fixed coupling V. = —1. The labels (a-f) correspond to Figs. [5.10(a-f).

interaction potential reduces to a boundary condition on the outer wave function which depends
only on two parameters of Viy (), namely its range R and the scattering length as. When the mean
distance (r) between the particles is much larger than R the probability to find both particles within
R is negligible compared to the probability to find them outside, fOR dr(r win)2 < f ;O dr(r wout)Q.
Then, one can replace the inner wave function )y, by 1o, so that the wave function is solely given
by 1 = tou for all 7 € [0,00). After this small modification (see the blue line in Fig. still
fOR dr(r)? < [ dr(ri)?. The extended outer wave function is determined by the Schrodinger
equation of noninteracting particles and the boundary condition [r (r)] ' [ (rab(r) |7’=0 = —1/as.
This boundary condition can be included exactly into the Schrodinger equation of the noninteract-
ing particles by means of the regularized ¢ potential . Thus, if (r) > R, the true interaction
potential can be replaced by the regularized ¢ potential. The extended outer wave functions have
a (harmless integrable) 1/r singularity at » = 0 and thus the probability p(0) = [1(0)]* = oc.
However, apart from this deficiency the essential physics is well described by the extended outer
wave functions. [1]

5.4 Feshbach resonance

Simple model— A Feshbach resonance occurs if the energy of the least bound state is close to
the energy of the noninteracting atoms. Additionally we need some coupling between both states.
Consider Fig. left): Red is the relative wave function of the least bound molecule Xy o e *"
and blue is the relative wave function of the noninteracting atoms Xatoms < re~"*/2. The molecule

"See also the discussion in Sec. 2.5 “The Bethe-Peierls model” (pp- 26-29) of Ref. [102] and references therein.
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and the two atoms have different magnetic moments p,,, # o SO that an external magnetic field
B shifts the energy of both states relative to each other according to AFpn,, = Ap B with Ay =
b — I4m- For a certain value of B the energy of the molecule exactly agrees with the energy of the
atoms and the detuning becomes zero Ae = 0. This value B = By is the center of the Feshbach
resonance. Around By the wave functions of the molecule and the two atoms strongly mix up if
there is an additional coupling V. between the two states.

The mixing of the two states can be modeled by a simple 2 X 2 matrix

0 Ve
Hy, = <V Ag). (5.44)

The eigenenergies of this Hamiltonian are

By = (Ae/2) = VY2 (Bef2)%, By = (De/2) + V2 + (Bej2)?

and the corresponding eigenvectors are given by

Ae ++/(2V.)% + (A€)?
X1 = N1 | Xmol. — ( ) ( ) Xatoms
2V,
Ae — 2V.)2 + (Ae)?
X2 = NQ [Xmol. - ( 2V) ( ) Xatoms]

where N1 and Ny are normalization constants. FE; and Es are plotted in Fig. [5.9(right) as a
function of Ae for fixed coupling V. = —1. In the limit Ae = —oo the coupling V, is negligible
so that Hg is approximately diagonal and F; = Ae, Es = 0, x1 = Xmol. and X2 = Xatoms-
In the opposite limit Ae = +o0o we obtain 1 = 0, Fy = A€, X1 = Xatoms and X2 = Xmol.-
Therefore, by changing Ae adiabatically from a positive to a negative value, two noninteracting
atoms evolve continuously into a weakly bound molecule [follow the arrow in Fig. right)].
Exactly at Ae = 0 the energies are given by F1 = —|V.|, E2 = +|V,| and the corresponding
eigenvectors are x1 = (Xmol. - Xatoms)/\/5 and x2 = (Xmol. + Xatoms)/\/i-

Relation between scattering length and detuning— Fig. shows several superpositions of a
molecular wave function y o and a wave function of two atoms X ,toms for a fixed coupling V. =
—1 and variable detuning Ae. In this example I have chosen a box depth of V' = —780 /ww for the
least bound molecule and V' = —745 hw for the two atoms so that the outer wave function of the
two atoms exactly coincides with the ground state of the harmonic trap (= as = 0). The shape of
Xmol. and Yatoms Was fixed for all values of Ae.

Fig.[5.10(a): For Ae = —100 there is no mixing between the two wave functions and x1 = Xmol.
(red) and x2 = Xatoms (blue).

Fig. b): For Ae = —3 the superposition wave functions are given by x1 =~ 0.29 xaoms +
0.96 xmol. (red) and x2 =~ 0.96 Xatoms — 0.29 Xmo1. (blue). This leads to a broadening of the
molecular wave function (red) and a smaller binding energy E, = —FE; [for the corresponding
binding energy see Fig. right)]. Likewise the two atoms (blue) move a little bit apart from
each other and their energy E» increases. I note that the blue superposition wave function y»
looks very similar to the blue wave function of Fig.[5.6(b). Therefore, I have varied the box depth
V' such that the overlap between the resulting ground state of the trap and the blue superposition
wave function was maximized. The resulting blue dashed wave function belongs to a box depth
of Vopr, = —820 hw. It has a small positive scattering length as ~ 0.3 losc and its overlap with the
blue superposition state is nearly one. The red dashed wave function is the least bound molecule
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Figure 5.10: Evolution of the superposition wave functions y; and x2 (see text) with the detuning
Ae (V. = —1 = fixed). The superposition with more than 50% admixture of Xy, is drawn as
a red solid line and the superposition with more than 50% admixture of X atoms is drawn as a blue
solid line. One can adjust the wave functions of Sec. [5.2] (given by the red and the blue dashed
lines) to the superposition wave functions x; and x2 by choosing an optimal trap depth Vo, for
each detuning Ae. Such a fit works quite good for the molecule if Ae < 0 and |A¢| not too large
(i.e. as > 0 not too small), see the red curve of Fig. (c). For the repulsively interacting atoms
[blue curves of Figs. (b) and (c)] and the attractively interacting atoms [blue curves of Figs. (d)
and (e)] the fit works for all values of Ae.

of the same box Vo, = —820 fiw. As can be seen the overlap between the red dashed and the red
wave function is much smaller (overlap ~ 0.76).

Fig. @Kc): For Ae = —1 the superposition wave functions are given by x1 ~ 0.53 Xawoms +
0.85 xmol. (red) and x2 =~ 0.85 Yatoms — 0-53 Xmol. (blue). Again we vary the box depth V' such that
a maximum overlap with the corresponding least bound molecule (red dashed) and the ground state
of the trap (blue dashed) is achieved. The optimum box depth is now given by Vo = —775 hw
leading to an overlap of 0.99 between the red and the red dashed wave function and an overlap of
0.91 between the blue and the blue dashed wave function. The scattering lengths of the red and
the blue dashed wave functions are large and positive since we are close to the critical box depth
V = —771... — 770 hw where the scattering length diverges [compare with Fig. c)] .

Fig. [5.10(d): For Ae = +1 the superposition wave functions are given by x1 ~ 0.85 Xatoms +
0.53 Xmol. (blue) and x2 ~ —0.53 Xatoms + 0.85 Xmol. (red). The optimum box depth is Vo, =
—768 hw and thus the scattering lengths of the dashed wave functions are large and negative
[compare with Fig. d)] . The overlap between the blue wave functions is approximately one
and it is =~ 0.74 between the red wave functions.

Fig. [5.10fe): For Ae = +3 the superposition wave functions are given by x1 =~ 0.96 Xatoms +
0.29 Xmol. (blue) and x2 ~ —0.29 Xatoms + 0.96 Xmol. (red). The optimum box depth is Vop, =
—760 hw and thus the scattering length of the blue dashed wave function is as ~ —0.3 log
[compare with Fig. e)] . The overlap between the blue wave functions is nearly one.

Fig.[5.10(f): For Ae = +100 there is no mixing between the two wave functions and X1 = Xatoms
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(blue) and x2 = Xmol. (red).

Relation between scattering length and magnetic field— We conclude that the scattering length
of the optimally adjusted (dashed) wave functions depends on the detuning as = as(Vope. (A€)).
And since the detuning depends on the strength of the magnetic field B there is also a functional
relation between as and B. This functional relation is given by [103]

AB
as(B) = Obg (1 — B—BO> (545)

where ay, is the non-resonant background scattering length, AB the magnetic field width of the
resonance and By the resonance center position. [7]

5.5 A short description of the experiment

I now turn to a short description of the experiment of C. Ospelkaus et al. [/2]. More details are
given in the Ph.D. theses of Christian [73] and Silke Ospelkaus [74]. In a first step, an ultracold
(quantum-degenerate) mixture of ‘K atoms in the | f = 9/2,m; = 9/2) spin state and 8"Rb in the
|f =2,my = 2) spin state was achieved by means of radio-frequency (rf) induced sympathetic
cooling in a magnetic trap. [Evaporative cooling of the bosonic 8"Rb atoms: The 8"Rb atoms
are enclosed in a harmonic potential with a finite height. The barrier of the potential is slightly
lowered for a short period so that the high-energy atoms can escape from the trap. Thereby the
mean kinetic energy of the remaining atoms is lowered. The remaining atoms scatter with each
other which leads to a thermalization at a lower temperature. The cycle is repeated until quantum
degeneracy is achieved. Sympathetic cooling of the fermionic “°K atoms: A pure sample of °K
atoms does not thermalize since fermions cannot occupy the same position in space due to the
Pauli exclusion principle and thus they do not feel the § interaction potential. In a mixture, the
fermionic “°K atoms can scatter with the bosonic 3"Rb atoms so that a cooling of the "Rb sample
simultaneously cools the “°K sample.]

Afterwards the mixture was transferred into a (shallow) optical dipole trap with final trap frequen-
cies for 87Rb of 27 x 50 Hz. In the optical dipole trap, 8"Rb atoms were transferred from |2, 2) to
|1, 1) by a microwave sweep at 20 G and any remaining atoms in the upper hyperfine | f = 2,my)
states were removed by a resonant light pulse. Next, the “°K atoms were transferred into the
|9/2, —7/2) state by performing an rf sweep at the same magnetic field with almost 100% effi-
ciency. With the mixture in the 87Rb|1, 1) ®*°K|9/2, —7/2) state, the magnetic field was ramped
up to final field values at the Feshbach resonance occurring around 547 G [104]. Note that the pre-
pared state is not Feshbach-resonant at the magnetic field values which have been studied, and that
a final transfer of *°K into the |9/2, —9/2) state was necessary to access the resonantly interacting
state. This was precisely the transition which has been used to measure the energy spectrum as
outlined further below.

In a next step, a 3D optical lattice was ramped up at a wavelength of A = 1030 nm, where the
trapping potential for both species is related according to Vk = 0.86 Vg,. Due to the different
masses of the two species, the trapping frequencies are wg = /87/40 - 0.86 wrp ~ 1.37 wgyp in
the harmonic approximation. The lattice was formed by three retroreflected laser beams. In order
to get a maximum of lattice sites occupied by one boson and one fermion, the best trade-off has
been to limit the particle number at this stage to a few ten thousand.

12See Sec. 2.4 “A two-channel model” (pp- 22-26) of Ref. [102] for a derivation of Eq. (5.45).
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Figure 5.11: Rf spectroscopy of “°K-87Rb in a 3D optical lattice on the “°K |9/2, —7/2) —
19/2,—9/2) transition (see inset) at a lattice depth of Vgy, = 27.5 E,.rp and a magnetic field of
547.13 G, where the interaction is attractive. The spectrum is plotted as a function of detuning
from the undisturbed atomic resonance frequency and clearly shows the large atomic peak at zero
detuning. The peak at -13.9kHz is due to association of 8"Rb|1, 1) ®4°K|9/2, —7/2) atom pairs
into a bound state.

In the optical lattice, the binding energy of pairs of one 87Rb and one “°K atom at a single lattice
site was studied by rf spectroscopy (see inset of Fig.[5.1T)). The idea for the measurement was to
drive an rf transition between the two atomic sublevels of “°K one of which is characterized by
the presence of the Feshbach resonance and exhibits a large variation of the scattering length as a
function of magnetic field according to Eq. (5.43). The other level involved in the rf transition is
characterized by a non-resonant scattering length independent of magnetic field over the experi-
mentally studied field range. Here, the °K |9/2, —7/2) — [9/2, —9/2) transition was used where
the Feshbach-resonant state is the final 8"Rb|1, 1) ®4°K|9/2, —9/2) state.

A sample spectrum of this transition for the mixture in the optical lattice is shown in Fig.[5.11] The
figure shows two peaks: One of them occurs at the frequency corresponding to the undisturbed
40K 19/2,—7/2) — |9/2, —9/2) Zeeman transition frequency at lattice sites occupied by a single
40K fermion. This peak was used for the calibration of the magnetic field across the Feshbach
resonance using the Breit-Rabi formula for 40K [73]. For 57 measurements on 11 consecutive days
a mean deviation from the magnetic field calibration of 2.7 mG at magnetic fields around 547 G
has been found, corresponding to a field reproducibility of 5 x 1076, There was an additional
uncertainty on the absolute value of the magnetic field due to the specified reference frequency
source accuracy for the rf synthesizer of 1 x 1075, resulting in an uncertainty of the measured
magnetic fields of 12 mG.

The second peak at a negative detuning of -13.9 kHz is the result of interactions between “°K and
8TRbD at lattice sites where one heteronuclear atom pair is present. There are two different energy
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shifts causing the observed separation of the peaks: One is the constant, small energy shift of the
initial 8"Rb|1, 1) ®4°K|9/2, —7/2) state which is independent of B, and the important, magnetic
field sensitive collisional shift which stems from the strong Feshbach-resonant interactions in the
5TRb|1, 1) ®1°K|9/2, —9/2) final state (inset of Fig. [S.11). In the specific example, the binding
energy of the final state increases the transition frequency as seen in Fig.

In order to perform spectroscopy on the aforementioned transition, pulses with a gaussian ampli-
tude envelope (1/e? full width of 400 us and total pulse length of 800 us) have been used, resulting
in an rf 1/€? half linewidth of 1.7 kHz. The pulse power was chosen such as to achieve full trans-
fer on the single atom transition, i.e. rf pulse parameters including power are identical for all
magnetic fields.

5.6 Modeling of two interacting atoms at a single optical lattice site

Two interacting atoms in a harmonic trap: The Schrodinger equation of two atoms which in-
teract via a regularized § potential and which are confined in a harmonic potential is given by

h? 1 2rhas o
5 (g gmis®e? ) + ) S| () = E ().

i=1,2

Here, m; is the mass and 77; is the position of atom ¢, w is the angular frequency of the trap, as
is the s-wave scattering length, = mims/M is the reduced mass, M = mj + my is the total
mass, 7 = 7 — 75 is the relative position and r = |7} — 7| is the distance between the atoms.
The first term consists of the kinetic and the potential energy of atom ¢ and the second term is the
regularized § potential which we have introduced in Sec. in order to model the short-ranged
interaction between ultracold atoms. We introduce center-of-mass and relative coordinates

R:(mlfl+mgfz)/M, 7= 171—7?2 & Flzé—l-mz’l?/M, ngé—ml’l?/M.
By inserting these relations into the above Schrédinger equation, we obtain

h? K2 1 21 h?
_7Acm "‘ M 2R2 - 7Are] + 7/1/0)27‘2 + il as

Wi 2 5 (F)—r (R, 7) = Ey(R, 7).

We are looking for solutions that are separable into products

(R, 7) = tem (B) e (7).

Putting this into the above equation, we obtain two separate equations for the center-of-mass and
the relative motion

h2 2 p2 -
|: 2]M_Acm + Mw R :| wcm( ) EC.m.¢c,m,(R>,

Arel + — T +

th 1 55 27rﬁa5
21 2

( ) :| wrel (7"_‘) Erelwrel (7#)

(With EF=FE.. + Erel) which can be solved independent of each other. We express all lengths
of the center-of-mass and the relative motion in units of [, = v/h/(Mw) and l;e; = \/A/(puw)
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respectively, and we express all energies in units of ~w. The dimensionless Schrodinger equations
of the center-of-mass and the relative motion read

1~ 1 ~
Arel + 27" + 277@3 ( ) wrel relwrel-

1~ 1] ~ -
_*Acm ~R? cm. — Lem. WPem.s
[2 ..+2R}¢.. m Yem. 5

[Here we have separated each quantity into a dimensionless quantity (which we mark by a tilde
symbol) and its unit: A, = Acm/lcm,R Rlcm,wcm = wcm/lé”{f, em = Eem hw,
A = Arel/ lrel, r = Tlel, Yrel = ¢re1/ lrel and B = Erel hw. In particular the scattering

length and the ¢ function are given by as = a5l and § = 0 / lfel. One can easily show that the
dimensionless equations are equivalent to the original ones. We keep these relations in mind but
throughout the following text I will always omit the tilde symbol.]

Center-of-mass equation— The Schrodinger equation of a particle in a 3D rotationally symmetric
harmonic oscillator has to be solved. The spectrum is given by

3
with N, L = 0,1,2,... . The associated eigenfunctions are given by

Yem. = RBNL(R)YLMm (O, P)

with M = —L,—-L+1,...,L —1,L. Y (O, ®) are spherical harmonics (implemented as
“SphericalHarmonicY” in MATHEMATICA) and the radial eigenfunctions are given by

Ryr(R) = Avy RE 272 (R?) e /2 (5.47)

with the normalization constant Axz, = v/(2N!)/T(N + L + 3/2) and the generalized Laguerre
polynomials £% (implemented as “Laguerrel.” in MATHEMATICA). Alternatively one may also use

the confluent hypergeometric function of the first kind since

(a+b)!
alb!

£h(2) = 11 (—a; 0+ 1; 2).

The solution of the radial equation by means of a polynomial ansatz is given in Vol. 2 of Ref. [[78§]].

Relative equation— Two cases have to be considered. In the case of nonzero relative angular mo-
mentum (! # 0) we obtain again the solutions of a 3D rotationally symmetric harmonic oscillator
(but now in units of Awye and lrel) since the [ # 0 wave functions do not feel the § potential at the
origin. The energy spectrum is given by

3
Eoa=2n+1+ 3 (1#£0) (5.48)
withn =0,1,2,...and ! = 1,2, ... . The associated eigenfunctions are given by

Yrel = 9[{nl("")YVlm(e’ ¢) (l 7é 0)
withm =—[,—-l+1,...,1—1,land

R (1) = A vl €512(r2) e 12 (14 0) (5.49)

13Eq. (13.128) of Ref. [103] / Wolfram MathWorld.
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Figure 5.12: Energy spectrum (red) and eigenfunctions X = 7 ¥ (blue) of the [ = 0 states.
Note the similarity to the wave functions of Fig.[5.6|outside the range R and to the energy spectrum
of the molecule of Fig.[5.7|right).

where A,; = /(2n!)/T(n + 1+ 3/2) is again a normalization constant. In the case of zero
angular momentum (! = 0) the solutions have already been derived in Sec. The energy
spectrum is determined by the equation

I'(3/4 — Ew1/2) 1

? T(1/4— Ew/2) as (= 0). (5.50)

It is convenient to define a non-integer effective harmonic oscillator quantum number v by
E.) = 2v + 3/2. The associated eigenfunctions are given by

Yret = Ry (r) = A, U<—V; g; 7“2> e 2 (I1=0) (5.51)

where A, is a normalization constant which we determine numerically (here, the spherical har-
monic Ypo = 1/(2y/7) has been included into A4,).

Energy spectrum (red) and associated wave functions (blue) of the [ = 0 states are plotted in
Fig.[5.12] As has been discussed in Sec.[5.2] these wave functions agree with the solutions of a
realistic interaction potential outside the range R; see Fig.[5.6|

Let us move along the energy spectrum starting from the ground state of the noninteracting atoms
[wave function (d), energy Ey = 3/2 hw} If we increase the scattering length as from zero to
400, the wave function continuously transforms into the wave function (f) via (e). These wave
functions belong to repulsively interacting atoms. At a; = 400 these repulsively interacting
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Figure 5.13: One “°K and one 8"Rb atom at a single site of an optical lattice. The atoms have
different masses mg/mpgp =~ 0.46 and they feel different lattice depths Vi /Vrp ~ 0.86. We are
interested in the ground-state properties of the system. Around the minimum, each lattice site
is well approximated by a harmonic oscillator potential. To achieve higher accuracy, we include
anharmonic corrections up to eighth order.

atoms acquire a positive “binding energy” of +1 Aw. The limit |as| = oo is often referred to as the
unitary limit. In this limit, ¢ and 1y become independent of as since then 1/(as = o0) = 0
and the parameter a, is absent in Eq. (5.50).

Now we move into the opposite direction from (d) via (c) to the state (b) by lowering the scattering
length a from zero to —oo. These wave functions belong to attractively interacting atoms. Again,
in the unitary limit at a; = —oo, the atoms acquire a negative “binding energy” of —1 fw.

Now we jump from as = —o0 to as = +0oo and arrive at the lowest branch of the energy spec-
trum which belongs to the molecule. Note, that neither the wave function nor the energy change
discontinuously when a¢ jumps from —oo to +00. This is clear if we remember the definition of
the scattering length: a, is the intersection of the tangent of ;e at 7 = 0 with the r-axis. Thus,
the abrupt change of a; is due to an infinitesimal change of x/,,(0) from 0+ to 0—. Note further,
that this change can be achieved by an infinitesimal change of the depth of a realistic interaction
potential [Figs. and middle)] or by a small change of the magnetic field B in the vicinity
of a Feshbach resonance |Figs. right) and .

We follow the energy of the lower branch by decreasing the scattering length from a; = +o0 to
as = 0+. At as = +0.31, we arrive at the wave function (a) of Fig. As discussed in
Sec. for small as, the energy of the molecule tends to —oo according to Er; = —h?%/(2ua?)

[see Eq. ti and the size of the molecule decreases proportionally to as/2 [see Eq. 1i .

Two interacting atoms at a single site of an optical lattice: We now turn to the description of
two ultracold atoms at a single site of an optical lattice. We consider the situation of Fig. The
two atoms (“°K and 8’Rb) have different masses and they experience different lattice potentials,
1.e., the two atomic species feel different lattice depths. The Schrédinger equation of our system
is given by

K2 R 2rh?as ., O oL oL
) <_2m'Ai+Viattice,i(7‘i)> T §(F)oor | (71, 7) = Bp(7, 7). (5.52)
i=1,2 v

The lattice was formed by three retroreflected laser beams. The resulting effective lattice potential
is a superposition of three orthogonal one-dimensional lattices [[106]

Wattice,i (7) = Vi [Sin2(k$) + sin2(ky) + sin2(kz)] . (5.53)

Here, V; is the depth of the lattice felt by atom ¢, and & = 27/ is the wave number (X is the
wavelength). The experiment has been performed in the Mott insulator regime. Thus, we can



102 CHAPTER 5. ULTRACOLD HETERONUCLEAR FESHBACH MOLECULES

neglect tunneling and we can restrict to the description of one atom pair at a single lattice site.
In order to make use of the known solution of two interacting atoms in a harmonic oscillator, we
perform a taylor expansion of the sin? function around the origin:

k 2k°
2 2.2 4 6
k) = k222 — i 6
sin”(kx) x 3% + T
By inserting this expansion into Eq. (5.53) we obtain
22 K oa o oy 26 6 6
Viatice, = Vi |[Fr" = == (2 + 9" +27) + = (" 497+ 2%) — (5.54)

with 72 = 22 + y? + 22. The first term of Eq. (5.54) gives rise to the harmonic approximation
through w; = /2V;k?/m;, and the remainder gives rise to the anharmonic corrections Veor.. By

inserting Eq. (5.54) into Eq. (5.52)) we obtain

W 1 o2nhla, 9
2 (_MA" g ) B S Vo (74, 73) (7, 72) = B (7 )

where Vo, contains the higher-order terms of (Viagice,1 + Viattice,2)- Again, we introduce center-
of-mass and relative coordinates and transform the above Schrédinger equation according to

h? 1 h? 1 2rh?as ., 0O
|:—2]\4_Acm + §Mw3mR2 - @Arel + iﬂwriﬂ"? + 85(7‘)57"
+uAWH - B+ Veor (R, f)] W(R,7) = Ey(R,7) (5.55)
where we have defined the frequencies
2 2 2 2
Wern, = w’ Wl = w, and Aw=/w?—wd. (556)
mi + ms mi + ms
In the previous case both particles felt the same trap frequency w = w; = wo and thus

Wem, = Wrel = w and Aw = 0. In this case, however, both atoms feel different trap frequencies
w1 # wo and thus wem, # wre and Aw # 0. Therefore, the first effect of the different trap fre-
quencies w; # we is that not only the length scales lc . = /A/(Mwem,) and ) = v/ 1/ (iwrer)
but also the energy scales hAw. . and hwye of the center-of-mass and the relative motion are dif-
ferent. The second effect of the different trap frequencies w; # wo is that the center-of-mass and
the relative motion are coupled through pAw?7 - R. Moreover, the center-of-mass and the rela-
tive motion are coupled due to the anharmonic corrections Vcorr,(ﬁ 7). Since the problem is no
longer separable, there exists no exact analytical solution of Eq. (5.53). Therefore, we perform a
numerically exact diagonalization of the Hamiltonian /' = Hcm. + Hrel + Heouple of Eq. (5.55) by
using the energetically lowest eigenfunctions of the decoupled problem Hy = H¢m. + Hpel. We
expect convergence with rather small matrices since the main contribution to the total energy of
the lowest states (especially the strong interaction) is already included in the diagonal part of H.

Exact diagonalization of the Hamiltonian— The basis functions of the diagonalization are given
by the eigenfunctions of the decoupled problem Hy = H.p, + Hiel [see Egs. 1! |D and

(5.51); note that the interaction is already included in H g]
mu(as,n) (7") ifl=0

R, 7|N,L,M,n,l,m;as) = Ryr(R) Y1 (O, P
(7] ) = P B)Yo ){mnxrmm(e,qb) i1 0.
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The non-integer index v(as, n) is constructed as follows: Look at the energy spectrum of Fig.
We assign the index n = 0 to the ground state, the index n = 1 to the first excited state and so on. If
as > 0 and n = 0, we relate the index v to the energy of the molecule. The energy of the molecule
Eiei(as) is determined numerically from Eq. . MATHEMATICA needs three numbers to find
the solution: FEpin, Fgare and Epax. We conclude from Fig. that for the molecule one set of
possible numbers is given by (Emin, Estart, Fmax) = (—00, —10,0.5) [for FEgart Wwe can choose any
value of the interval (—oo, 0.5)]. From the relative energy Ei the index v is calculated through
v = E/2 — 3/4. Let me visualize the functional relation v(as > 0,n = 0):

(as >0,n = 0) - (EminaEstarta Emax) = (—OO, —10, 05) — Bl — V.

In the other cases, as; > 0andn = 1,2,3, ..., a possible set of numbers is given by

1 1
(Eminy Egtart, Emax) = <2n - 5, 2n,2n + 2>

so that the functional relation v(as > 0,n = 1,2, 3,...) is given by

1
(as >0,n=1,23,.. ) - (EminaEstartaEmax) = (2n -5

1
2,2n,2n+2> — B — v

Now we turn to the left side of the energy spectrum, as < 0. For all indices n = 0,1,2,..., the
functional relation v(as < 0,n = 0,1,2,...) is given by

1 3
(as <0,n=0,1,2,.. ) - (Emin7Estart7Emax) = (2n + 57277/ +1,2n + 2) — L] — V.

As basis we have chosen the states |N, L, M, n,l, m;as) with lowest principal quantum
numbers I[I = 2N + L+ 2n +1 = 0,1, ..., [, where N, L, M and n, [, m are the quantum
numbers of the eigenfunctions of the rotationally symmetric harmonic oscillator of center-of-mass
and relative motion, respectively. We typically used II,,x = 7 leading to a total number of 258
basis states. We have found that adding another level of the uncoupled problem to the basis set
leads to additional changes in the energy smaller than ~ 1073 Aiw. Furthermore, we exploited
the fact that the total angular momentum L, = h(M + m) of the low-energy eigenfunctions is
approximately conserved despite the cubic symmetry of the optical lattice. Again, we found that
including L. # 0 basis states lowers the energy by only =~ 3 x 1073 Awyel.

The matrix of the decoupled Hamiltonian Hy = H, 1, + H, is diagonal and the diagonal elements
are given by

5 % +3/2  ifl=0
| Hgli) = ( 2N + L + — c.m./Wrel) +
(i|Holi) ( 2) (wen. /wrel) {2n+l+3/2 if1£0.

Here, |i) = |N, L, M,n,l,m;as) and (i|Ho|i) is given in units of fiwr. The matrix elements of
the dipole Hamiltonian Hgipole = uAw?7 - R are given by

(t| Haipole|7) = Cdipole(<i|xXU> + (ilyY|j) + <i’ZZ|J'>>

I note that we neglect many low-energy basis states N, L,0,0,0,0) with 2N 4+ L > Il when the scattering
length is small and positive as 2 0. These molecule states with highly excited center-of-mass energy have never-
theless low total energy since the energy of the relative motion is large and negative. We have included the states
|N, L,0,0,0,0) with 2N + L < TIma to allow for the flattening of the center-of-mass wave function due to the an-
harmonicity of the lattice site potential. But we have neglected the states with 2N + L > Iln.x since they are only
weakly coupled to the states |0, 0, 0,0, 0,0) (molecule) and |0,0,0,n = 1,0, 0) (repulsively interacting atoms of the
decoupled problem).
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where the coupling constant Cgipole is calculated according to
2 27 2 2 _ AT2T
C’dipole = MAW letlem, = Aw e, /ulrelwrel = Aw lem, fwre

with l~c.m. = lem. /lrel and Aw = Aw /wrel- The integrals (|2 X|j), . .. are calculated further below.

Let me first calculate the energy and length scales for a typical set of experimental pa-
rameters: A typical lattice depth, felt by the 87Rb atoms, was chosen to be Vg, = 40.5 E, ro
where E.py, = h%k%/(2mpp) = h?/(2mppA?) is the 8"Rb recoil energy. For A = 1.03 um
we obtain E,r, ~ 2.16 hkHz and Vgp, ~ 86.6 hkHz (see appendix @ for the masses of 8'Rb
and %°K). The lattice depth of 40K was a little bit shallower, Vk = 0.86 Vg, ~ 74.8 hkHz.
In the harmonic approximation of one lattice well, the angular trap frequencies are given by
wrb = v/ 2VRok?/mpp = 47 /40.5 E;rp/h &~ 21 x 27.4kHz and wg ~ /87/40 - 0.86 wrp =~
1.37wrp =~ 27w x 37.5kHz. A comparison of these frequencies with the accordant lattice depths
Vio/ (Awrp) = 86.6/27.4 ~ 3.2 and Vi /(hwk) = 74.8/37.5 ~ 2 shows that, for the 8"Rb atom,
the lattice depth is larger than the energy of the first excited state, while, for the “°K atom, the lat-
tice depth is larger than the ground-state energy of the harmonic oscillator. According to Eq. (5.56)
the angular frequencies of the relative and the center-of-mass motion are given by

- 37.52 4+ 40 - 27.42
wre1%27r><\/87 87:5° +40- 27 kHz ~ 27 x 34.6kHz

40 + 87

and

kHz ~ 0.89 wye .

o \/87 -27.4% + 40 - 37.52

The frequency difference Aw is given by

Aw ~ /1.372 — 1(27.4/34.6) wyet ~ 0.74 wye .

The oscillator lengths of the relative and the center-of-mass motion are given by
h \/ 1.055 - 10-34(40 + 87)
le] = | —— =~ ~ 103
T\ o V40 87-1.66- 1027 - 27 - 346 103 m

Z 87 - 40
lem. = ) lret = 0.49 lrey .
™\ Mwem \/(87+4O)2~O.89 ° °

The dipole coupling constant is therefore given by

and

Clipole = 0.74% - 0.49 ey = 0.27 hivyel -

Now we turn to the calculation of the integrals (i|xX|j),... . The dimensionless dipole
integrals (i|zX|j), ... have been calculated in spherical coordinates

(i|lzX|j) = (N, L|R|N', L'Y{L, M| sin © cos ®|L’, M) x
(n,l;aslr|n’, s as) (I, m| sin @ cos ¢|I’, m')
with similar expressions for (i|yY[j) and (i|2Z|j) (spherical coordinates: z = rsinf cos ¢, y =

rsindsin ¢ and z = r cos ). The integrals (N, L|R|N', L'}, (L, M|sin © cos ®|L', M), (n,l #
0;as|rin’,l" # 0;as) and (I,m|sin 6 cos @|l’, m’) have been calculated analytically by means
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Figure 5.14: Energy eigenvalues of “°K and 37Rb as a function of the scattering length without
(black dashed line) and with coupling terms (blue solid line) due to the anharmonicity and the
unequal trap frequencies of the lattice for parameters: Vg, = 40.5 E.gp, Vk = 0.86 Vrp and
A = 1030 nm. The deviation between the idealized model and the full solution is substantial in
particular for the upper branch.

of the “Integrate” function of MATHEMATICA. Only the integrals (n,l = 0;as|r|n/,I" # 0;as)
or (n,l # 0;as|r|n’,I' = 0;as) have been calculated numerically by means of the “NIntegrate”
function of MATHEMATICA. Analytic formulas for the radial integrals are given in Ref. [98]. We did
not care about further simplifications since the calculation of the comparatively small Hamiltonian
matrix was sufficiently fast anyway. However, it turns out that the dipole Hamiltonian Hgipole does
not contribute to the diagonal elements of . Therefore, the energy shift, caused by Hgjpole, Was
comparatively small in the deep optical lattice with Vgp = 40.5 E;. gy

Now we consider the calculation of the matrix elements of the anharmonic corrections (7| Vo |7)-

Since 1 = X + ax and 9 = X — bz with a = mo /M and b = my /M, the z-dependent part of

. . X
the anharmonic corrections VCE)H) transforms to

4
_g(
—2(Via® 4+ VabH)k*a? X2 —

i+ 4(Via — Vab)

Vizt + Voxg) + ... = 3 kx4 — 3 ke x3

4(Via® — vzb?’)k%gX ~ Viat 4 Vpb!
3 3

V) =
kAt +....

Corresponding expressions are obtained for the y- and z-direction, %E)yrz and Vc(ozrz The transfor-
mation of the anharmonic corrections into center-of-mass and relative coordinates has been done
automatically by means of the algebraic-formula-manipulation functions “Expand” and “Collect”
of MATHEMATICA. Again, the calculation of the matrix elements of the anharmonic corrections
has been performed in spherical coordinates. In the numerical implementation, we have tested
for convergence with terms up to eighth order. We found that including eighth-order corrections
improve the accuracy of the calculation by only ~ 3 x 1073 Aiwg.



106 CHAPTER 5. ULTRACOLD HETERONUCLEAR FESHBACH MOLECULES

5 T
4t repulsively interacting
. attractively interacting = 2OMS
atoms
/_E\) S
SRR S
S
@ o} harmonic trap
. and Aw = 0
lattice site molecule
921
and Aw £ 0
—3 , . . . . | |

as (lrel>

Figure 5.15: Low-energy spectrum of the states with a center-of-mass energy 3/2 Awe.m, for SLi
and 133Cs and the lattice parameters Vi; = Vs = 10A2k%/2p and A = 1 um. The energy is
much more lowered compared to the case of “°K and 87Rb since the mass of the °Li atom is much
smaller than the mass of the 33Cs atom.

Once the Hamiltonian matrix has been calculated, we diagonalize it numerically by means of the
function “Eigensystem” of MATHEMATICA. The resulting eigenvectors (0(070707070,0), .. ) are the
coefficients of the expansion

W}> = Z C(N7LaM,”7l»m)‘N7L?Mvnalvm;as>
N,L,Mn,l,m

and the corresponding eigenvalues £, are the desired eigenenergies of the interacting atoms at
a single lattice site. The wave function |t)y) with the lowest energy Ej belongs to the molecule if
as > 0 and to the attractively interacting atoms if a; < 0, respectively. For as 2> 0, there are many

molecular wave functions with a highly excited center-of-mass energy. To determine the wave
function of the repulsively interacting atoms, we search for the state with }0(0707071,070){ = 0.5.

Energy spectrum— Fig. shows the resulting energy spectrum (blue solid line) compared to
the uncoupled solution (black dashed line), calculated for “°K and 87Rb with the experimental
parameters of Ref. [72]: Vg, = 40.5 E,rp, Vk = 0.86 VRp, and A = 1030nm. In the case of
heteronuclear atom pairs it is useful to express the lattice depth in units of E,..; = h?k?/2pu,
which is the kinetic energy given to a particle with reduced mass p by a photon of momentum hk.
Then, Vrp = 40.5 E.rp = 12.6 E; 1. As can be seen from the figure, the deviation between the
idealized model, where the coupling term has been neglected, and the full solution is substantial.
The difference is most pronounced in the repulsively interacting pair branch (0.34 Aw,e) ~ 20%
of the level spacing) and becomes smaller as we enter the attractively-interacting-atom part of the
spectrum. The molecular branch is relatively unaffected by the coupling term Hcouple. This is
natural because as we approach a — +0, the role of the external confinement decreases since the
molecule becomes smaller.

The influence of the coupling term Hqypie is even stronger if we consider molecules with large
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atom pair ‘ Ey ‘ A FEgipole ‘ AFEcor. ‘ AFE ‘
40K and 8"Rb | 3.74 | -0.12 (29%) | -0.27 (71%) | -0.39
OLi and '33Cs | 2.88 | -0.35 (62%) | -0.22 (38%) | -0.57
6Liand ®Rb | 2.99 | -0.36 (61%) | -0.22 (39%) | -0.58
6Liand 'K | 3.24 | -0.31 (58%) | -0.24 (42%) | -0.55
6Li and "Li 3.92 [ -0.01 (2%) | -0.29 (98%) | -0.30

Table 5.1: Influence of the individual coupling terms H ipole and Veor, On the total energy of several
atom pairs. The energies are given in units of fuw. All values are calculated at ag; = 4l for
lattice depths of Vi = Vo = 10 E). ; and a wavelength of A = 1 um. Ey = Ecm, + Ere is the
energy of the uncoupled Hamiltonian. Including Hgjpole into the Hamiltonian reduces the energy
by AFEgipole and including Hgipole + Veorr. reduces the energy further by AF,y.. The value in
brackets is the percentage contribution of the individual coupling terms to the total change of the
energy AFE.

mass ratios as in the case of °Li and '33Cs, see Fig. We have chosen the lattice parameters
Wi = Vog = 10E, ;) and A = 1 um. Here, the energy of the repulsively interacting atoms is
lowered by up to ~ 0.6 hwy.

Table @ shows the effect of the individual coupling terms Hgipole and Veorr. On the energy of
several atom pairs. The energies have been calculated for repulsively interacting atoms at as; =
41, which is the largest scattering length shown in Figs. and All the energies of
Table are given in units of the level spacing of the relative motion /hwr.. Adding the coupling
term Hgipole contributes up to 62% to the total change AE for °Li and '33Cs. The strong influence
of Hgipole Stems from the large mass ratio which results in extremely different trap frequencies wy ;
and wc,. By contrast, the energy of 5Li and “Li atoms is nearly not affected by Higipole since the
trap frequencies are almost equal.

5.7 Experimental vs. theoretical spectrum. Resonance position

Next, we compare the calculated energy spectrum of Fig. to the measured binding energy
of Ref. [72]. From rf spectra as in Fig. [5.11] the separation between the single atom and the
two-particle (“molecular”) peak has been determined with high precision (typical uncertainty of
250Hz). From the separation of the two peaks the binding energy has been extracted up to a
constant offset due to nonzero background scattering lengths. At the same time, the atomic peak
was used for a precise magnetic field calibration as described in Sec.[5.5] Spectra as in Fig. [5.11]
have been recorded for magnetic field values across the whole resonance and yield the energy
spectrum as a function of magnetic field.

Fig.[5.16|shows the measured energy shift across the resonance at a lattice depth of 40.5 E.rp as a
function of magnetic field. The energy shift is obtained from Fig. [5.14]by subtracting the motional
energy of the initial 8"Rb|1, 1) ®1°K|9/2, —7/2) state: Egqin = E — E(a_7j = —175ap).[7]
In addition, Figs. and are connected through Eq. (5.43). One branch of the spectrum
is characterized by the presence of a positive “binding energy”, the repulsively interacting pair
branch. In Fig. we have seen that this branch continuously transforms into attractively in-

'SFor the scattering length in the initial 3’Rb|1, 1) ®*°K|9/2, —7/2) state in the considered magnetic field range
544G < B < 549 G we take the value —175ap [107].
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Figure 5.16: Experimentally observed energy spectrum of K-Rb at a lattice depth of 40.5 E. rp
together with theory without free parameters (black dashed line) and a least squares fit for the
resonance parameters By and AB (red solid line).

teracting atoms as a function of as. As a function of magnetic field, however, and as a result of
Eq. (5.45)), we observe this transition as a jump from the left-hand side of Fig. [5.16] where the
interaction is weak and repulsive, to the right-hand side of Fig. where the interaction is weak
and attractive. Here, we find attractively interacting atoms which decay into free atom pairs if the
external confinement of the optical lattice is removed.

Whereas in Fig. the attractively interacting atoms branch and the molecule branch are only
asymptotically equal in the limit |as| — oo, the singularity on resonance in Eq. transforms
this into a continuous crossover across the center of the resonance position as a function of mag-
netic field and as seen in Fig.[5.16] These molecules are stable even in the absence of the optical
lattice potential.

In order to compare the numerically calculated energy spectrum F/(as) (blue solid line of Fig.
to the experimental data E(B) of Fig. we transform the scattering length a into the mag-
netic field strength B via Eq. . By using parameters from the literature: ape = —185ap,
AB = —3G [108] and By = 546.8 G [104], we obtain the black dashed curve in Fig.[5.16] As
can be seen, the difference between the theoretical prediction and the experimental data can be
overcome by a shift of the black dashed curve along the magnetic field axis. We attribute this shift
to an insufficient knowledge of the resonance center position By.

We therefore fit our theoretical calculations to the experimental data in order to improve the es-
timate for the resonance center position By. As independent fit parameters we choose By and
AB, while ay, is fixed. The latter parameter cannot be determined independently from the mea-
surements due to its strong correlations with AB. This is due to the fact that in the vicinity of
the resonance center position By the first term of Eq. is negligible so that only the product
apg AB can be determined precisely from the fit. We therefore set a,, = —185 ap [108] and use
AB and By as free fit parameters, with the caveat that only the value obtained for By is to be con-
sidered precise. In Fig.[5.16] the result of the least squares fit is displayed as a red solid line. Note
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that the reliability of the fitting procedure sensitively depends on an accurate calculation of the
energy spectrum E'(as) which includes an exact treatment of the anharmonicity and the different
trap frequencies of the two atoms.

The least squares fit results in the following values of the resonance parameters AB = —2.92G
and By = 546.669 G. The fit results in an uncertainty of 2 mG on By. The value of By sensitively
depends on the scattering length of the initial state a_7/3. Assuming an uncertainty of a_r /5 of
10% results in an uncertainty on By of 20 mG. Another possible source of systematic uncertainties
may be the lattice depth calibration. The lattice depth has been calibrated by parametric excita-
tion from the first to the third band of the lattice and is estimated to have an uncertainty of 5%.
Repeating the fit procedure with £5% variations on the lattice depth calibration, we obtain a corre-
sponding systematic uncertainty on By of 7mG. A third source of systematic uncertainties finally
stems from the finite basis and an imprecise approximation of the lattice site potential. Here, we
included corrections up to eighth order and generated basis states of the lowest eight energy levels
of the uncoupled Hamiltonian. This improved the value of By by 2 mG compared to a calcula-
tion with up to sixth order corrections and basis states of lowest seven energy levels. Adding the
systematic uncertainty of the magnetic field calibration of 12 mG (see Sec.[5.5)), we finally obtain

By = 546.669(24)syst (2)stat G

under the assumption that the pseudopotential treatment is valid in the present experimental situa-

tion.

5.8 Efficiency of radio-frequency (rf) association

Not only the binding energy but also the two-atom (molecule) wave function changes dramati-
cally in the vicinity of a Feshbach resonance; see Figs. [5.10/and [5.12] This change of the wave
function is, e. g., reflected in the efficiency of the rf association process, i.e., the ratio Ny /N
where NN; and Ny are the number of atoms in the initial 3’Rb|1, 1) ®1°K|9/2, —7/2) and final
87Rb|1, 1) ®19K|9/2, —9/2) states respectively. In the vicinity of the Feshbach resonance a strong
dependency of the transfer efficiency N;/N; on the magnetic field strength B has been observed

as can be seen in Fig.

Let me recapitulate the rf association process (see Sec.[5.5]and inset of Fig.[5.T1)): In the beginning
the two atoms are in state 1;(71,72)|1,1) ® |9/2, —7/2) where 1); is the initial motional wave
function. In this state the atoms interact only weakly via the small negative scattering length
a_7/3 = —175ap (= —0.1l ) leading to a small deformation of the two-atom wave function
compared to the noninteracting case. An rf pulse with a frequency of w ~ 27 x 80 MHz and an
amplitude of wyf max = 27 x 1250 Hz [[73] switches the spin of the “°K atom from [9/2, —7/2)
to [9/2,—-9/2). In the final state ¥ ¢ (7, 7%)|1,1) ® |9/2, —9/2) the atoms interact strongly via
as(B) leading to a large deformation of the final motional wave function ;.

*We expect the pseudopotential model to be fairly accurate for the experimental parameters of Ref. [72]. In-
deed, even for large scattering lengths, this model is expected to become exact in the zero-range limit [[102], that
is when 1/kyp > max(Ss, [r2]). Here, kip is the typical wave number of the relative motion of the two atoms,
Be = (Z,uC’e,/h2)1/4 is the van der Waals length scale and rd = 7h2/(pabgABaEres/aB), OFEys/0B being the
magnetic moment of the closed channel with respect to the two-atom open channel. For K-Rb in their ground state,
Bs = 7.6nm [109]. Using OFEres/0B = kp144 uK/G [107]], we get rg = —4.6nm. It remains to estimate k. In the
molecule regime, we have 1/kyp, ~ as > 47 nm. In the other regimes (attractively and repulsively interacting atoms),
we have 1/kyp ~ lw1. In the harmonic approximation for the experimental lattice depth, Irei = 103 nm. Thus, the above
inequality is fairly well satisfied.
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Figure 5.17: Transfer efficiency of rf association as observed in the experiment and estimated from
a Rabi model, both for (a) attractively interacting atoms and molecules, and for (b) repulsively
interacting pairs. The experimental data contain a global factor which has been chosen such that
the value of the outermost right (a) [left (b)] data point is one (see text).

As long as the initial and final wave functions are similar, the molecules are produced with nearly
100% efficiency, i.e., the final number of molecules equals the initial number of atom pairs. We
have seen in Fig. [5.12] that the wave function of the tightly bound molecules (and the strongly
repulsive atoms) is very dissimilar from the initial wave function of the nearly noninteracting
atoms. In that case the efficiency of the rf association rapidly drops down, i. e., the initial number
of atom pairs is much larger than the final number of molecules which have been produced by the
rf pulse. In the following I will show that the transfer efficieny depends on the overlap between
the initial and final motional two-atom wave functions (¢;(1¢).

We can describe the rf association process by a Rabi model (see appendix [C| for a detailed discus-
sion): The atoms are initially in state [1) = (¢;,0) and afterwards in state [2) = (0,1¢)"" In the
rotating frame, the spin Hamiltonian is given by (see the derivation of Eq.|[C.2)

oo _E +Aw  —wi(t)
spin — 2 _er(t) —Aw .

Here, Aw = w — wg — wghi is the detuning, wg o< By is proportional to the applied static magnetic
field and wqpify is proportional to the separation distance between the atomic and the molecular
peak Egirk = hwanire (see Fig. . The rf amplitude wy(¢) is time-dependent with Gaussian
shape. In the present experimental situation we can savely apply the rotating wave approximation
since |wif, max/w| < 1073 < 1; see Fig. By integrating out the spatial degrees of freedom,

= h — ; h .
(o), = ttglt) = [ afarws oy (2 00N () = Baw [ariare?,
! —_—

=1

= h Aw — h .
(tahy = [[afar oy (0 00N (D) = Luntt) [ afiaro,
(Wilgy)
o

= ()i = (a)ay = — (D)l

h
(Hyf)gy = —§Aw (analog)
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we obtain the effective Hamiltonian

A HAw —wrf<t><¢i|¢f>>
=5 <—wrf(t)<¢i|¢f> —Aw : (5.57)

As can be seen, the off-diagonal elements of Hamiltonian are not only proportional to the
rf amplitude wis(t), but also to the overlap integral (1/;|1¢). Therefore, the transfer probability
between states |1) and |2) corresponds to Rabi flopping with a Rabi frequency reduced by the
overlap integral of 1); and vy compared to the pure atomic transition.

Exactly on the molecular resonance, we have w = wy + wshift (— Aw = 0). The on-resonant
result for the transfer probability (efficiency) is thus given by [see Eq. 1i

o [1 !
Ny/N; = Pi_g = sin® [2<¢z|¢f>/ wrf(t')dt'] (5.58)
0
which is unity for a transfer between atomic states, where v; = 1, when setting the area under the
wif(t) curve to f(f wie(t')dt’ = 7. For transfer into the molecular state, the probability decreases
as a function of the wave function overlap integral since the molecular final orbital wave function
becomes more and more dissimilar from the initial two-body atomic wave function.

In the experiment, the molecules were associated using rf pulses designed to induce a 7 pulse for
the noninteracting atoms: fg wf(t') dt’ = 7. This 7 pulse has been kept fixed over the entire range
of magnetic field values investigated. The experimental association efficiency is determined from
the height of the molecular peak (see Fig. as a function of magnetic field for constant pulse
parameters and w = wp + wshie (— Aw = 0) as in the theory above.

Figs.[5.17(a) and[5.17(b) show a comparison between the conversion efficiency as extracted from
the experimental data and the theoretical estimate from equation (5.58). Theory and experiment
show the general trend of dropping association efficiency with increasing binding energy when
the initial and final wave functions become more and more dissimilar. In this context, we define
the experimental conversion efficiency as the ratio of the number of molecules created and the
initial lattice sites which are occupied by exactly one K and one Rb atom. Note that only on these
lattice sites molecules can be created. For the comparison of experimental and theoretical transfer
efficiency, the experimental data have been scaled by a global factor to reproduce a conversion
efficiency of 1 far off the Feshbach resonance where initial and final two-body wave function are
equal. This is necessary, because the initial lattice sites occupied by one K and one Rb atom have
not been determined experimentally.

While the experiments presented here were performed at constant rf pulse parameters, it should
be possible from the above arguments to increase either pulse power or duration or both of the rf
pulse to account for the reduced wave function overlap and thereby always obtain an efficiency of
1. In particular, it should be possible to drive Rabi oscillations between atoms and molecules in a
very similar way as recently demonstrated [110].

The comparison indicates that in the case of association efficiency a better quantitative agreement
might require a two-level Feshbach-resonance model like that of Sec. This is in contrast to
the analysis of binding energies and lifetimes (see below), where the good quantitiative agreement
shows that here the ¢ interaction approximation and the single-channel model of the Feshbach
resonance capture the essential physics. Testing the Rabi oscillation hypothesis for molecules
with rf might provide further insight.

"Using the superposition wave functions of Fig. instead would possibly give better results. However, for that
purpose I need to know the parameters Ae(B) and V. of the Hamiltonian matrix (5.44) as well as the scattering length
of the molecular wave function.
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Figure 5.18: Sketch of expected lattice occupation. The arrows illustrate tunneling of remain-
ing fermionic °K atoms to the “molecular” shell where they can undergo inelastic three-body
collisions with a “°K-87Rb molecule.

5.9 Lifetime

Molecule formation at atomic Feshbach resonances results in dimers which are very weakly bound.
These dimers can scatter inelastically with other molecules and atoms which limits their lifetimes.
As far as collisions between molecules are concerned, the fermionic character of the molecule
should become more evident the deeper the molecule is bound, thus resulting in suppression of
collisions. As far as collisions with residual atoms are concerned, we expect that inelastic colli-
sions with fermionic atoms in the same spin state as the fermionic component of the molecule, i. e.
in the |9/2, —9/2) state, are suppressed due to the Pauli exclusion principle close to the resonance,
when the atomic character of the molecule’s constituents is still significant [111}[112f]. For colli-
sions with bosonic atoms and fermionic atoms in a different internal state, we do not expect any
Pauli-blocking enhanced lifetime, since the residual atom can in principle come arbitrarily near to
the molecule’s constituents.

In our situation, where the molecules are created through rf association, residual fermionic atoms
remain in a different spin state, either in |9/2, —7/2) or |9/2, —5/2) (for the latter case, and for a
description of the experimental procedure, see Ref. [[72]). These residual fermionic atoms as well
as the remaining bosonic atoms may therefore limit the stability of the molecular sample.

Molecule creation in the optical lattice introduces a second aspect concerning the lifetime: lattice
occupation and tunneling probabilities. In Fig. [5.18] we have sketched the expected occupation
in the optical lattice. Prior to molecule creation, we expect slightly less than unity filling for the
fermionic component. As far as the bosons are concerned, we expect a central occupation number
between 3 and 35, surrounded by shells of decreasing occupation number. In the rf association
process, molecules are only created in the shell where we have one fermion and one boson per
lattice site. In the outermost region of the lattice, we have lattice sites with only one fermion
which are responsible for the “atomic” peak in the rf spectroscopy signal. After the rf association
process in the “molecular” shell, bosons from neighboring sites as well as fermions remaining in
a different spin state can tunnel to the “molecular” shell and provoke inelastic three-body loss. In
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Figure 5.19: Lifetime of heteronuclear “°K-87Rb molecules in the optical lattice. The Lifetime is
limited due to residual atoms which can tunnel to lattice sites with molecules and provoke inelastic
three-body loss. The theoretical prediction uses the pseudopotential wave function and contains a
global factor which was adjusted to the experimental data.

our experimental situation, this is more probable for the remaining fermionic atoms, since they
are lighter and have a smaller tunneling time (10 to 20 ms for the lattice depths discussed here).
For the highest binding energies observed in the experiment, we find a limiting lifetime of 10 to
20ms as seen in Fig. [5.19] which is consistent with the assumption that in this case, three-body
loss is highly probable once tunneling of a distinguishable residual fermion has occured. Still, for
the more weakly bound molecules and in particular for attractively interacting atoms, we observe
high lifetimes of 120 ms, raising the question of the magnetic field dependence of the lifetime.

We can understand this magnetic field dependence using the pseudopotential model by introducing
a product wave function for the combined wave function of the resonantly interacting atom pair
and a residual fermionic atom after tunneling to a molecular site. We write this three-body wave
function as

(7, R, 73) = Yol (7, R)1b3(73) (5.59)

where 1ol is the result of the pseudopotential calculation for the molecule and )5 is the ground-
state wave function of the residual atom at the same lattice site. Note that this treatment assumes
weak interactions between the residual atom and the molecule (the interaction between the residual
atom and the molecule’s constituents is on the order of the background scattering length). From
solution of the pseudopotential model, the dependence of the loss rate on the scattering
length can be obtained close to the resonance [[111} [112]: the loss rate I' is proportional to the
probability P of finding the three atoms within a small sphere of radius o, where they can undergo
three-body recombination. This probability is expected to become larger for more deeply bound
molecules, since two of the three atoms are already at a close distance. Up to a global factor, P
is independent of the value chosen for o, provided ¢ < I, and also ¢ < ag in the molecule
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regime. More quantitatively, we calculate this probability according to

[7Fl<e
|73 —R|<o

P= / A7 AR diy|thmor (7, B) | 103(75)] . (5.60)

The magnetic field dependence of the loss rate is given through I o< P, and the lifetime is propor-
tional to 1/T".

In the harmonic trap the molecular wave function separates into a relative and a center-of-mass

wave function ¥y (7, ]:f) = ¢c.m.(ﬁ)¢re1.(7?) and Eq. li becomes
P = dédfgwc,m,(é)y2|¢3(f3)12/H A7 [thret. (P)| (5.61)
r|<o

‘7737ﬁ‘<0'

=C

where C' is a constant which is independent of a,. The second integral is proportional to

7 B39 E 1 1
/ df‘@brel.(F)‘Q X / dr Xrel.(T)Q = AZ/ dr U? (— + - 4 2) e’
|71<o 0 0

11

E
~ A? 2
0U< +42

o) for o ~ 0 (5.62)

where A is a normalization constant. In order to calculate A2 we use the relation@]

/Oodz D%(z) = \/7?2—3/2\11(1/2 —v/2) —V(-v/2)
0 ’ ['(—v)

where W(z) = I''(x)/T'(x) is the digamma function. From the normalization condition we obtain

1= /Ooodr Xrel. (1) €39 AZ o~ E+1/2 /Ooodr DE,1/2(\/§T)2
V(3/4—E/2)—¥(1/4— E/2)

AT(1/2 - E)

— A297BH2

B ] r(1/2 - F)
oA B ) (/A= B 669

Now we calculate U%(—E/2 + 1/4;1/2;0). We obtain

U <—E SESES 0) 62 g-mrepz | (0) & 2P0 (R 0)

638 1 ofm ™.l E
= — N N 2
. (4 2> <4+2

639 2 T T T
—_— —_ _Ei
(i -2 s EEap

™

2(3/4—FE/2)
In the last step we have used sin(m/2+z) = cos(z) = cos(—x). It follows from Egs. (5.6 1H5.64):

.5 T(1/2—E) 1
P=C2® [2(3/4— E/2) U(3/4— E/2) — W(1/4— E/2)

(5.64)

8Entry 7.711.3 of Ref. [101] / Wolfram MathWorld.
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where C” is a constant. Since
[(22) = (2n) Y2225 120 (2)D(2 4 1/2)
we get
[(1/2— E) = (2r)" /22750 (1/4 — E/2)[(3/4 — E/2)
so that we finally obtain
I'(1/4— E/2) 1
I'3/4—FE/2) ¥(3/4—E/2)—¥(1/4—- E/2)

GA0 as
= ¢ U(3/4—E/2)—¥(1/4—E/2)

P — C//

(5.65)

Again, C” and C" are constants which are independent of as. Y] Eq. holds for the har-
monic approximation of one lattice site. However, we found no visible deviation from a numerical
integration of Eq. (5.60) using the eigenfunctions of the complete Hamiltonian (5.55)). This is in
agreement with the fact that local properties are insensitive to the geometry of the trap.

The lifetime obtained from the calculation is shown in Fig. as a red solid line, scaled by a
global factor to allow comparison to the experiment. As can be seen, the theoretical prediction
explains the magnetic field dependence of the lifetime rather well. From an experimental point
of view, we can therefore expect that removal of the remaining atoms using a resonant light pulse
will significantly increase the lifetime of the molecules in the optical lattice.

Entry 6.1.18 of Ref. [100] / Wolfram MathWorld.
Eq. (5.65) was derived by Félix Werner [113| [114].



Chapter 6

Conclusions and outlook

In the previous chapters I studied one-dimensional boson systems of ultracold atoms with special
emphasis on the Tonks-Girardeau limit of strong interactions and ultracold heteronuclear Feshbach
molecules.

In chapter [2] T explained in detail the exact-diagonalization approach for bosons with spin-
dependent contact interactions since this approach was used throughout this thesis and since this
method is relatively new in the field of ultracold atoms.

In chapter 3] I studied the interaction-driven evolution of a one-dimensional spin-polarized few
boson system from a Bose-Einstein condensate to a Tonks-Girardeau gas. I analyzed the transition
behavior of the particle density, the pair correlation function, the different contributions to the total
energy, the momentum and the occupation number distribution as well as the low-energy excitation
spectrum of these systems. I found an interesting behavior of the momentum distribution with
increasing interaction strength. The high zero-momentum peak of the momentum distribution was
traced back to the Bose symmetry of the many-particle wave function and the high-momentum
tails were related to the short-range correlations between the particles.

In particular I found that the width of the momentum distribution first decreases, reaches a mini-
mum value at U = 0.5 hw and increases above this value with increasing repulsion between the
bosons. The height of the zero-momentum peak by contrast first increases, reaches its maximum
value at U = 3 hw and decreases above this value with increasing interaction strength. The reason
for that behavior is in both cases an interplay between two effects, namely the broadening and
flattening of the overal wave function and the development of short-range correlations. I used the
above mentioned features of the momentum distribution to discriminate between three interaction
regimes, namely the BEC, an intermediate and the Tonks-Girardeau regime.

In chapter ] T analyzed the ground-state properties of a Tonks-Girardeau gas with spin degrees
of freedom. First we generalized Girardeau’s Fermi-Bose map for spinless bosons to arbitrary
particles (bosons of fermions) with arbitrary spin. A generalization to these important systems
was surprisingly not given elsewhere before. Our solution is not only valid for bosons with integer
spin or fermions with half-integer spin but also for isospin-1/2 bosons and thus it is also applicable
to Bose-Bose mixtures which have been recently discussed in Ref. [69]. Furthermore our solution
shows that one-dimensional bosons and fermions have the same energy spectra and spin densities
in the regime of an infinitely strong ¢ repulsion between the particles.

We used the exact limiting wave functions to approximate the wave functions of spin-1 bosons with
large but finite interactions and we discussed the energy structure of the ground-state multiplet. It
would be desirable to extend this approximative scheme to arbitrary particle numbers in a future
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project. Further, we found a closed formula for the spin densities of one-dimensional particles,
which is valid for arbitrary particle numbers and (spin-independent) trapping potentials. These
spin densities resemble a chain of localized spins.

Again, the momentum distribution of these systems showed an interesting behavior. I found that
its form strongly depends on the spin configuration of the one-dimensional system. For example
in some spin configurations the momentum distribution of a boson system exhibits clear fermionic
features. Unfortunately I was only able to calculate these momentum distributions numerically
for up to 5 spin-1 bosons. It would be desirable to develop other (numerical) methods which
allow for the calculation of the momentum distribution of larger systems — similar to the approach
of T. Papenbrock [89], who performed calculations of the momentum distribution for up to 160
spinless bosons.

I am sure that it will be possible in the future to precisely manipulate and prepare these quasi-one-
dimensional systems with strong interactions since the first steps into this direction have recently
been done [25)]. Our approach might be a useful complementation to other theoretical approaches
in order to develop a microscopic understanding of such systems. In a next step it would be
interesting to study the dynamics of one-dimensional spin systems with strong interactions based
on our approach.

In chapter [5|I studied the formation of heteronuclear molecules from two different atomic species
in a deep three-dimensional optical lattice by means of rf association in the vicinity of a magnetic
field Feshbach resonance. We developed an exact-diagonalization approach to account for the cou-
pling of center-of-mass and relative motion of the two-atom wave function due to the anharmonic
corrections of the lattice sites and the different masses of the two atoms. This method might also
be useful for other mixtures of different atomic species.

In particular we determined the location of the magnetic field Feshbach resonance, we developed a
model of the rf association process and we explained the magnetic field dependence of the lifetime
of the molecules. We compared our results to the experiment of C. Ospelkaus et al. [72] which was
an important key experiment towards the production of ultracold polar molecules in the internal
vibrational ground state which has been achieved only recently [115}[116[]. These polar molecules
might soon enable the realization of quantum gases with long-range interactions.



Appendix A

Particle densities

In this appendix, I will derive Eq. 1} for the probability density p(¥) (x) to find the ith particle
of the system, restricted to the standard sector Cjiq, at point

@)y — &
P () T
k=0

d [ (—)NI(N —k— 1)l oF
[ > (i— DN —k — )l k! mkdet[B(x) - M} ‘)\:0] ‘ A1)

The derivation of this formula has been given to me by Klaus Fredenhagen [93]]. The probability
density of the ith particle p(¥) (x) has been defined in Eq. ll according to

p(l)(x) :/dxl...de(S(:c—xi)‘<:v1,...,x]v|id>‘2.

Using the definition of the wave function (x1, ..., 2 y|id), Eq. (4.4), we obtain

P (z) = NI /

2
0
dzy ...dxn 6(z — x;) [zblger)miongr'(xl, x9,. .. ,;UN)] .
r1<r2<..<TN

Note that the integration is restricted to the standard sector Cijg. We carry out the integration over
the 0 function and obtain the expression

p(z)(x) = N! / d:L'l PN daci_ldxiﬂ . de
1<..<T;—1<x<x;+1<...<TN
2
(0)
X |:1/}fermi0ngr.(x1’ sy Li—1, Ty Tt 1y - - - 7$N)
Now we extend the region of integration to the domain {z1,...,2,-1 < & < Tjt1,...,xNn}: We

use the fact that the square of the fermion ground state is totally symmetric and
{z1,.. ., 221 <z <®jg1,...,2N} =

U {%T‘.(l) <. < Tr(i—1) <z < T (i+1) <. < .I‘ﬂ./(N)}7

where 7 and 7’ run over all permutations on the sets {1,2,...,i —1}and {i + 1,i +2,..., N},
respectively. The number of different sets {z(1) < ... < Tr(i—1) < T < Tpr(ig1) < oo < mﬂ/(N)}
is (i — 1)!(IV — i)! and all of these sets have the same size. Thus, we have to devide the integral by
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the combinatorial factor (¢ — 1)!(N — 7)!, when we extend the region of integration to the domain
{:cl,... yLicl < T < Tjgl,-- .,xN}:

; N! z z 00 oo
p(l)(x) = (i—l)'(N—i)'/ d:l?l.../ dxi_l/ d:EH_l.../ drn

2
(0)
X[¢fermiongr.(m17"‘"r’i*l’x?xiJrl""’xN) .

The ground-state Slater determinant of noninteracting fermions is given by

0 1
wé:r)mion gr_(xl, ce,IN) = W Z sign(m 1_[77117r (@) (i) -

" meSy

Here, I denoted the IV energetically lowest states of the single-particle problem by 1,19, ..., V.
We obtain

p()(ﬂv):(i_l)!(N_i)!/_Oodxl.../_ooda:i1/36 dxi+1.../x dxn
x Y sign(m o )b (1) (1) (1) (1) - (i) () () (2) - ey (@8 () () -

T,

Now we introduce the integrals

Bij(x) = / ’ dx' i ()i (a") = iy — / h da' i (2" )y (2)

—00

and use the fact that () = 9;()1;(z). We obtain

i—1
p(z) = = Al Z sign(m o ') | [T Baiyer (i) (@)
j:

N

Briiyw @) | 11 [%(j)w'u)—5w<j)w'(j>($>]
j=it+1

In the next step we change the order of the summation: We define the permutation 7’ = 7/ o 7!

(= 7’ =" o) and sum over 7 and 7"

p(Z)(x) = (l _ 1 _1 ‘ ZSlgn // Hﬁﬂ' ) om( ]) )
N
X/B;r(i)ﬂ”ow(i)(‘r) H [57r(] Yl or (5 Brr(] V'l or (5 ( )j|
j=it1

Here we used sign(m o 7"/ o ) = sign(n”"). Now we exploit the fact that the order of the factors
within the first and the last product is irrelevant, by which means many terms of the sum over 7 are
equal. In order to unite these terms we replace the sum over 7 by the sum over all decompositions
of N = {1,..., N} into the three disjoint subsets I = {n(1),...,7(i — 1)}, J = {n(¢)} and
L=A{n(i+1),...,7(N)},i.e, we sum over I + J + L = N. Since the order, in which the
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elements within the sets I and L are listed, is irrelevant, we have to multiply with the combinatorial
factor (i — 1)!(N — 4)! and obtain

pO@) = S S sien() [T Biwrisy (@) [T B (@) T 9500~ B (@)] - (A2)

I+J+L=N =" jer jeJ jEL

In the next step we want to multiply out the last product. To this end we sum over all decomposi-
tions of L into the two disjoint subsets K = {j € L with 7”/(j) = j} and M = L\ K (i.e. K
is an arbitrary subset of all those elements of L which are mapped onto themselves by 7" ) The
result is given by

H[%“(j) —ﬁjw”u)(@} = (=D T COE T By (@) (A.3)

jeL M+K=L jeM

I discuss two examples to become more familiar with that equation. First example— L = {2,4}
and 7' (2) = 2, 7”(4) = 4. The left-hand side of Eq. (A.3) becomes

H [ ix ()~ B () (2 )} = [522—522(96)] [544—@4(33)} = 1—Po2(x)—faa(x)+ Pz (x) Baa(z) .

Je{2:4}
There are 4 possible decompositions of L (in all the 4 cases |L| = 2):

K=L M=0,|K|=2 = Istsummand = (—1)*(—1)?1 =

K = {4}, M = {2}, |K| =1 = 2nd summand = (~1)*(—1)" 522( ) = —B2(z)

K =1{2}, M = {4}, |K| =1 = 3rd summand = (—1)*(—1)' By () = —Bua(z)
K=0,M=L,|K|=0 = 4thsummand = (—1)*(=1)°B22(2) faa () = Baa()Bas() .

Second example— L = {2,4} and 7”(2) = 2, n”(4) = 5. The left-hand side of Eq. (A.3)
becomes

[T [55mr) = Bimriiy(@)] = 022 = Ba(@)| 045 = Bus(2)] = —Bus (@) + Baa(@) B (x).

je{24}
There are 2 possible decompositions of L (in all the 2 cases |L| = 2):

K ={2}, M = {4}, |[K| =1 = 1stsummand = (—1)*(=1)'845(z) = —Bus(z)
K = (Z), M = L, ’K‘ =0 = 2nd summand = (—1)2(—1)0ﬁ22($)ﬁ45($) = ﬁ22($>ﬁ45(x).

Thus, Eq. (A.3) seems to work properly. Upon combining Egs. (A.2) and (A.3)) and by noting that
|L| = N — i we obtain

P () = ()N Y 1) ZSlgn NV Biwriy @) T By @) 11 Bimriy (@)

I+J+M+K= N jel jed jeM
(A4)

Now we unite the sets [ and M into the set [ + M = P and we sum over all decompositions
of N into the three disjoint subsets P, J and K, i.e., we sum over P + J + K = N. Different
pairs of sets (11, M) and (I3, M>) can lead to the same set P. Example— P = {1,2,3,4,5} =
{1,2,3} + {4,5} = {1,2,4} + {3,5}. The number of different decompositions of P into two
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disjoint subsets I and M is given by the combinatorial factor | P|!/(|I|!|M|!). By using |I| = i—1,
M| =|L|—|K|=N —i—|K|and |P| = |I| 4+ |M|= N — |K| — 1 we obtain

W=y S i S siento) TT e ) [T iy @
= DN = K| =) im(d) in(3)

P+J+K=N TESN\K jeP jeJ

(A.5)
Note that we also replaced the inner sum over 7’/ € Sy in Eq - by a sum over T € Sy\ i in
Eq. (A.5) and thus sign(7") and sign(7) might differ from each other. But they are equal, since
we have excluded only those elements of N which are mapped onto themselves. Example—
N = {1,2,3,4,5} and (7"(1),7"(2),7"(3),7"(4),7"(5)) = (3,2,5,4,1). K might be
givenby K = 0 [7 = "], K = {2} [(z(1),7(3),7(4),7(5)) = (3,5,4,1)], {K = 4}
[(7(1),7(2),7(3),7(5)) = (3,2,5,1)] or K = {2,4} [(w(1),7(3),7(5)) = (3,5,1)]. Butin
all the four cases we obtain sign(7) = sign(n”). Next, we perform the sum over all decomposi-
tions of R = P + J with one-element sets J. Using Leibniz’ rule

5 T (o)~ | T o)

P+J=R jeP jedJ JER

we obtain from Eq. (A.3)

; d —)NH(N — |K| - 1)!
p“(w)del 2 ((i_)1)(( ||K||—z DY sign(m) T Bjxi) (@ ]

R+K=N r€SR JER

Now we successively sum up all the decompositions of R + K = N with |[K| = 0,1,...,
|L| = N —i (K is a subset of L)

. d [ = (—)NN — k—1)!
p()(x):d:r[kzzo((i—)l)!((N—k—i)? SOADY 2 sien(m) ]| Bimii) (@

R+K=N,|K|=k m€SR JER
(A.6)
From a comparison of Eq. with Eq. (A.T)) we see that it remains to show that
k ak
k(1) 3 S sign(n) [ Bjx) (@ det[ (z) — An} ’)\:0 . (A

R+K=N,|K|=k m€SRr JER

The determinant of the N x N matrix [B(xz) — A1] with elements [3;;(z) — Ad;;] is given by

det[B(z) ~ 1] = 3 sign(w)H[ﬂjw(j)(x)—mjﬂ(j)}. (A8)

WGSN JEE

We can apply formula (A.3) to the product

IT (i) (@) = 2520 | = (O TT [800) = Bty @)/

JEN JEN
= (=ONEDY DT D Biey @)/
R+K=N JER

= Y CVET] By (= (A.9)

R+K=N JER
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Here, K = {j € N with 7(j) = j}, R = N \ K and we used AV /Bl = \N /AN=IK| — )IK],
After inserting the result of Eq. into Eq. we obtain

det[B(z) — A1) = > sign(m) > (NI Bjr() (@)

TeESN R+K=N JER
= > NES sign(m) [ Bjx) (@)
R+K=N TESR JER

The kth partial derivative of this expression with respect to A gives the result
ok k K|~k
Wdet[B(:p) - An} = 3 (CDME] (K] - k4 D=0
R+K=N,|K|>k
x Y sign(m) [ [ Bjni) ()
TESR JER
At X\ = 0 only the summands with |K'| = k are nonzero and we obtain Eq. (A.7). Test [— As a test
we check, whether the sum of the particle densities equals the density of noninteracting fermions
> pt (%) = Prermion gr. (). We calculate

i:l d:v — :0 z—l N—k—z)!k! oAk A=0|
We change the order of the summation Zl 1 iv OZ — fCV:_Ol ZN * and compute the inner sum
N [ N-1 N-
: d 1 o )N ZN k—1)!
o= ] s sl ]
;” @) =% Z::k! et B@) ; 1—1 y—

(—D)N=16, N1
B d _(_1)N—1 8N—1
T dx | (N =1)! BAN—ldet[B(w) a /\ﬂ} ‘,\:0 '

Now we use Eq. (A.7) for k = N — 1 in order to perform the (N — 1)th partial derivative. In that
case

N-1
et Ba@) 1| = ==Y S S sien(m) [ B
R+K=N,|K|=N—-1 ©m€Sg JER
N
= (N =D (=D By5(x)
j=1
We finally obtain

an dx[zﬁ” ]—z_:lwf(x)

which is the ground-state density of /N noninteracting fermions. 7Test 2— As a second test we
check the normalization of p(¥) (), which is given by e dzp')(z) = 1. We calculate

/_O; dxaaxdet[ B(z) - )\1] = det[B(:E = 00) —)\]l] - det[B(a: = —00) =1

= (1= = (=N
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and
k
S0 = O] [ - 0 Y
— (_1)k(NZi!k)l (since k € {0,...,N —1})
Thus, we obtain from Eq. (A.))
N N—1
(N k—1)IN!
; kzzo z—1 )!k!(N—k)._l'

The last step can be checked easily with MATHEMATICA.



Appendix B

Weber’s differential equation

We want to construct two linearly independent solutions of the differential equation
X" = 12X + 2[E — Vhox|x = 0.

Firstly, I would like to note that the [ = 0 eigenfunctions of the three-dimensional isotropic har-
monic oscillator are solutions of this equation ﬂ That is not that surprising since the energy of the
particle is only shifted by a constant offset [Vbox =Vifr <R, Vhox =0ifr > R] compared to
the harmonic oscillator problem. The important differences are the two additional boundary condi-
tions at 7 = R. Since we expect that the solutions of the above equation show the same long-range
behavior as the eigenfunctions of the harmonic oscillator we perform the transformation

2
X(r) =: ¢(r)e™"/
and arrive at the differential equation
¢" —2r¢' + [2(E — Vhox) — 1] = 0. (B.1)

We introduce the abbreviation
a=2(E — Vpox) — 1 (B.2)
and assume that the solutions of Eq. (B.1)) are given by a power series

o0}

o(r) = car® (B.3)

n=0

(This ansatz implies ¢y # 0. Otherwise s has to be changed accordingly.) We insert the power
series (B.3)) into the differential equation (B.1)), multiply Eq. (B.1)) with r? and obtain

0= i{cn(s +n—1D(s+n)r" +c, [a —9(s +n)]rs+n+2}

n=0
= (s — Dscor® + s(s + L)err* ! + [ea(s + 1) (s +2) + cola — 28)|r* 2 + ...
—i—{cn(s +n—1)(s+n)+ch2f[a—2(s +n—2)] }r”" +.... (B.4)

!The construction of the eigenfunctions of the three-dimensional isotropic harmonic oscillator by means of a poly-
nomial ansatz is, e. g., given in Vol. 2 of Ref. [[7§].
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If (B.3) is a solution of (B.I)) then all the coefficients of (B.4) have to be zero. From the first term
we obtain

s(s—1)cg=0 = s=0ors=1 (sincecy#D0).
First case— Let us first choose s = 1. From the next term of (B.4]) we obtain

20 =0 = c1 =0.
From the following terms we obtain the recurrence relation
2(s+n—2)—a

(s+n—1)(s+n)
From ¢; = 0 and the recurrence formula it follows that all the odd-numbered coefficients are zero.
Therefore, the power series (B.3) is given by

Cn—2.

(s+n—1)(s+n)+cp2fa—2(s+n-2)]=0 = ¢,=

2(n—1) —
o(r) =r(co+ cor? 4+ eqrt + .. ) with ¢, = chz. (B.5)
We want to express Eq. (B.5]) by means of the confluent hypergeometric function of the first kind
! "(a' +1) 22 a...(d+n-1)z2"
Fi(dstis) =14 Lop i@ D= . B.6
1P (a0 2) +b’z+b’(b’+1)2+ +b’...(b’+n—1)n!+ ®.6)

We try the following ansatz

B(r) = r1Fy(a; 05 r%). (B.7)
In order to bring Eq. (B.7) into agreement with Eq. (B.5) we set ¢g = 1. Then, c; = (2—a)/3! and
cs=(2—a)(6—a)/5!. Since (2—a)(6—a) =4%(1/2 —a/4) (3/2 —a/4)and 5! = 2-3-4-5 =
23.3.5=2%.3/2.5/2 the coefficient c, may also be written as

(1/2—-a/4)(1/2 —a/4+1)

2.3/2-(3/2+1)

By comparing ¢4 with the third coefficient of we obtaina’ = 1/2—a/4 and b’ = 3/2. Using
(B.2) we obtain the first solution of

B1(r) = riF |~ (B~ Vhoo) +

33 o
9"
Second case— We now choose s = 0. Therefore, the second coefficient of is already zero
and we can choose an arbitrary value for c;. But since (c1r + 37> + c5r® + .. .) is proportional
to we can choose ¢; = 0. Again all the odd-numbered coefficients become zero and is
given by
2(n—2) —
o(r)=co+ cor? +eyrt + ... with ¢, = Mcn,g.
(n—1)n
We try the ansatz
o(r) = 1F1(a";0";r?).
We choose ¢g = 1. Then, co = —a/2 and ¢4 = (—a)(4 — a)/4!. Since (—a)(4 — a) =
42(—a/4)(1 —a/4)and 4! = 2-3-4 =23.3 =25.3/4 = 25.1/2-(1/2 + 1) the coeffi-
cient ¢4 may also be written as
_ (za/4)(=a/4+ 1)
2-1/2-(1/2+1)°
Thus, a” = —a/4 and b” = 1/2 so that the second solution of (B.1)) becomes
1 11 5

¢2(T):1F1 _i(E_Vi)ox)‘i‘Z;iar .




Appendix C

Rabi model

Hamiltonian matrix and Schrodinger equation: We consider a spin-1/2 in a static magnetic and
radio-frequency (rf) field (see Fig. [C.T))

é(t) = Byé, + By <eﬂ“’t + e_ﬁ‘”t) € -
The magnetic field B (t) couples to the spin S. The model Hamiltonian reads
H(t) = =M - B(t) = — (gupS/n) - B(t) = —%gmﬁ -B(1)
= —%QMB |:B()O'Z + Byt (eﬁ”t + efﬂwt> ax] )

Here, M = g,uBg /h is the magnetic moment of the spin S, g is the g-factor, up is Bohr’s
magneton, S = (h/2)d and ¢ = (0, 0y, o) are the Pauli matrices

/(01 (0 i /(1 0
9%2=\10/) %= \i o) =7 \o-1)"

We define the frequencies hwg = gup By and hwy = gup Bys. The Hamiltonian becomes

A _ _ iwt 4 —iwt
H(t)= B} (_wrf (eﬁw;di emiet) it (¢ w0 € )> )

The time-dependent Schrodinger equation is given by
. d
i (0)) = H(D) ()

where [1)(t)) = («(t), B(t)) is the wave function that describes the time evolution of the spin-1/2.

Transformation into the rotating frame: It turns out further below that an accurate analytical
(approximate) solution of the above Hamiltonian is possible if we switch into the framework that
rotates with w around the z-axis. We perform the transformation

[$(t) = e 22 (1)) e (D) = R ()

with the rotation matrix )
iwto, /2 __ eHWt/Q 0
€ = 0 e—iwt/2
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By s
| A4S
, EI‘f(t)
wt y
v rotating
5 framework
Brf(t)

Figure C.1: A spin in a static magnetic and radio-frequency (rf) field. The electric field does not
couple to the spin.

so that the transformation is given by (a(t), 3(t)) = (eﬂwt/Qa(t), e_ﬁ“’t/QB(t)). Using

. d h iwto, /2|7, 3 d ~
the transformed Schrédinger equation reads

. < e]'lwt/Q&/ > B i ( + (w _ WO) eﬁwt/2 —wpf (eﬁwt/Q + eﬂSwt/?)) (a)

efﬂwt/QB/ D) — (61'13wt/2 + e—ﬁwt/2) — (w —wo) e—iwt/2 B

—iwt/2 and the lower equation with e**/2 and obtain

We multiply the upper equation with e

d (a\ & +Aw —wyr (14 e 120\ /@
m& (5) ) (—wrf (1 + et2t) —Aw ) (B) €D

where we have defined the frequency Aw = w — wy.
Rotating wave approximation: We neglect the — (hwr/2) €712+ terms of Eq. (C.1) and obtain

d [« h (+Aw —wg a

A— (<) == r ~ 1. C2

"t <ﬂ> 2 <—wrf —Aw) (5) €2
The resulting Hamiltonian matrix is completely time-independent. Thus we can easily solve

Eq. (C.2) by diagonalizing H. The approximation is good as long as |w,/w| < 1; see Fig.
Diagonalization of the time-independent Hamiltonian: We consider the Hamiltonian matrix

_ h 1 —wif/ Aw
H_zA“<—quw -1 )

[according to the above definition wy = gupBs/h is real but here I would like to discuss the
more general case of a Hermitian 2 x 2 matrix where wy is complex (and where Aw is real)] . For
convenience, we introduce the angles

||

tanOE—A— (0<f0<m) and ¢=arg(wy) (0<¢o<2m)
w

to simplify the further calculations. Using this new set of parameters the Hamiltonian reads

h 1 tan @ ¢
H = §Aw (tan@e‘w —1 > )
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transfer probability

0

time

Figure C.2: Validity of the rotating wave approximation— Shown is the probability of a spin flip
as a function of time for zero detuning (Aw = 0). The transfer probability was obtained from a
numerical solution of Eq. for wyf/w = 1/5 (green), wi/w = 1/20 (blue) and wy/w = 1/100
(red). In the rotating wave approximation (for the chosen rf amplitude wy,y = 7 Hz) the transfer
probability is given by P_ ( ) = sin?(nt/2) [see Eq. . The numerical solutions show fast
oscillations around the sin?(7¢/2) curve. The smaller the ratio w;¢/w the smaller the amplitude
and the larger the frequency of the oscillations around this curve [see Eq. li . As can be seen,
the deviation between the red and the sin?(r¢/2) curve is negligibly small.

The eigenenergies are determined by the equation

0=det(H —1F) = <2Aw — E> <—Aw — > Aw tan?
1

=FE?— h—QAwQ (1 + tan? 9) =E?— EAw }
4 2 cos b
1
cosf

h

The eigenvector ]JJF) is determined by the equation

1 tan 6 e!? N o
tanfe ¢ —1 By)  cosh \ By

~ 63 1 -

= a, +tanfe'?p, = ay
cosd

_ 1 o~

& ag < — 1> = tan @ e'?g,
cos 6

~ inf .~

o Gy = 07 g (C.3)

1—cosf
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and the normalization condition

~ ~ 0 2
1= la |*+|684 = [uiué) }|5+|2 (ﬁ/eoigﬂﬂﬂz

~ 1 0
& 67 = 5(1 — cos ) = sin? <2>
T (? 2 (0 e
= |4+ =sin 3 = [y =sin 5 )¢ g8, (C4)
The argument of B+ is still undetermined. By inserting ll into lb we obtain ary:

g, =m0 g (9 crareBe) — SO o [ pianeEe)
1—cos® 2 92 sin? (9) 2

. 9 B B
MCOS (5) eﬁ¢eﬁarg(ﬁ+) = oS <9> eﬁ¢eﬁarg(ﬁ+) )
2

2sinr(5

The resulting eigenvector |7Z+> is given by

[y) = et aran) [ cos (9> +) + sin (g) _>}

with |[+) = (1,0) and |—) = (0,1). I choose the global phase according to arg(B4) = 0 so that

we finally obtain
0
lihy) = e¢cos( ) |+) + sm( ) [-).

The second eigenvector Wl) is most conveniently calculated from the orthogonality condition

0= <1Z+]1:/1V_> = e cos (2) a_ + sin < > B
= a_ =sin (g) and E, = —¢ ¥ cos <Z>

5 =sin (5 ) 1) = e oo (5 ) 1).

Probability of a spin flip: The spin shall be initially in state |4+) and we want to calculate the
probability to find it later in state |—). First I note that

r<—|w<t>>12—<w<t>|—><—|w< )) = (B(t)]e *ﬂmz/ﬂ )~ |“wtf’z/2|¢< )
= (P(t)|=)(— e te=LE= T2 g (1)) = [(—|9(t))]?

since |—)(—| commutes with o,. The initial state is

[t = 0)) = [+) = [+ ) (D |+) + [P-) (h_|+) .

The time evolution of this state is given by

(1)) = e P ) Wy |4) + e TR (o |4)

so that we obtain
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We project this wave function on the |—) state

() = e M=) (| 4) + () ()

. 0 - 0 . ; 0 0
_ —iEyt/h v —i¢ Y\ _—iE_t/h, —i¢ v : v
(& S (2)6 COS (2) (& (& COS (2>Sln<2)

. 1 . . . Aw 1
= —ie Psing — [ e ME-t/h _ omiELt/R) — _5o-19 G fsin e t].
21 2 cosf

Thus, the probability to find the spin in state |—) is given by

P_(#) = |(—[d(t))[2 = sin? 0 sin <A°" ! t>.

2 cosf
Since ) )
sin? g — tan® 6 _ |wrf]
1+tan?60  Aw? + |w|?
and

1 1
cos’f=—— = =++/1+ tan246

1+ tan20 cos 6
1 |wrf|2 1
= =£4/1 =+—/Aw? 2
cos 0 * Aw? Aw W ol
we finally obtain
[ . Y £ W v 2¢ C.5
_()—WSIH 5 w—i“wrf‘ . ()

Time-dependent rf amplitude and zero detuning: So far we have assumed that the rf amplitude
wrs is time-independent. For zero detuning Aw = 0 the Schrodinger equation (C.2) becomes

. d [« hwe (0 1\ [«
in 'l (B) S <1 0) <§> | C6)

This equation can also be solved analytically if w(¢) is time-dependent [113]]. F_-I We perform the
transformation

a=(7+0)/V2, B=(7-9)/V2
and obtain from (C.6) the set of equations

wrf(t)
2

g

]-1(7 _1_51) _ _er(t) (

5 _S) and 1'1(7—5’):—

(7+9).
We sum up (subtract) both equations and obtain the decoupled equations

wrf(t) ~

.~ _wrf(t> ~
5 d.

iy = 5 7 and 16 =+

We solve both equations by separating variables. The solutions are given by

. ~ ~ . t
F(t) = 30! ®/2 and  §(t) = doe M B/2 with  Q(t) = / wee(t)dt.
0

!The calculation works only for a real rf amplitude.
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The time evolution of a spin is thus given by

(1)) = \2 (%em,f(w/z n goe—mrfu)/z) ) + \2 (%em,fa)/z _ goe—m,f(w/z) ).

The integration constants are determined by the initial condition |t (¢)) = |+). It follows, that

(+H3(t = 0)) = (Fo+00)/V2
(~[(t =0)) = (50— 0 )/ V2

The time evolution of the spin is now given by

1 0
0 0

} = Fy=0d9=1/V2.

- 1 t o 1 t
[9(t)) = cos [2/ wrf(t/)dt’} |[+) + isin [2/ wrf(t/)dt/:| |-).
0 0
Finally we obtain the probability of a spin flip
1 t
P_(t) = sin® {2 / wrf(t’)dt’] : (C.7)
0

Remark— If we neglect the imaginary part of the Hamiltonian matrix of Eq. (C.I)) the rf amplitude
is given by wif(t) = w1 + cos(2wt)| and we obtain the transfer probability

Wrf

P_(t) = sin® [2 (t + isin(zwt)ﬂ : (C.8)

Thus, we obtain additional oscillations around the sin? (wft/2) curve with an amplitude which
decreases o< 1/w and a frequency which increases o w similar to the observation of Fig.



Appendix D

Table of constants

Table D.1: Constants.

Planck’s constant h 6.62606896 x 103 Js

h=h/(27) | 1.05457163 x 10734 Js
atomic mass unit u 1.660538782 x 102" kg
mass of 5'Rb mRp 86.90918053 u
mass of 'K mg 39.96399848 u
Bohr’s magneton KB 9.27400915 x 10~24J/T
nuclear magneton tn 5.05078324 x 10727 J/T
electron g-factor Je 2.0023193043622
nuclear g-factor of 8’Rb n 0.0009951414
hyperfine constant Chs 3.41734130642 x 10° hHz
Bohr radius ap 0.52917720859 x 10~'Y'm
scattering lengths of spin-1 3"Rb ag 101.8ap

a9 100.4 a B

constants of Sec.
interaction constant Clint. 3.949099654 x 10~*
linear Zeeman energy constant C7iin 699.8123018 x 10°
quadratic Zeeman energy constant C7 quad 71.65471837
constants of Sec.
interaction constant Che 3.083118598 x 10~
linear Zeeman energy constant C7in. 699.8123018
quadratic Zeeman energy constant C%,quad 2.866188735 x 10~4
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