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Zusammenfassung

Eswird einrelativistischesPotentialk onzeptfur die Besdireibungder Nukleon-
Nukleon (NN) Wedselwirkung und Streuungim Energietereid 0 < Ty g < 3
GeV verfolgt. Paradigmatisdy, NN Potentiale der Kernphysik bewahren sich
fur nukleare Vielteilchen Probleme wenn die experimertellen NN Daten damit
bestensbesdtirieben werden. Mittelenergetisdhe NN Streuung sielt, neben den
nukleonisdien Freiheitgradender mittel und lang reichweitigen Wedselwirkung,
die Quark-Gluon Freiheitsgrade(QCD) in Verbindungmit Mesonpraduktion und
Hadron Anregungen. Die genaueZuweisungund Parametrisierungder Wedsel-
wirkungen, zur jeweils dominierendenradial abhangigenDynamik, ist dasThema
dieserDissertation. Es werden,um der Poincare Invarianz Redinung zu tragen,
zwei geloppelte Dirac Gleichungendurch Instant Form Dynamics eingeshrankt.
Eine austihrliche Zusamenenstellungler theoretisthen und mathematisthen Mit-
tel, wesetlich basierendauf den Arb eiten von Crater und Van Alstine, umfat
einengro en Teil der Arbeit. Die Vereinfadwung der geloppelten Dirac Gleichun-
genin eine Art stationare Sdredinger Gleichungenwird ausgetihrt. Als Ergeb-
nis dieserReduktion erhalt man einenSatz geloppelter radialer Screodinger Gle-
ichungenmit explizite energieablangigenPotertialen. Die Potertiale entsprechen
Ausdrucken von komplexenFunktionen und deren Ableitungen. Es wurde eine
umfangreitie Numerik ertwickelt um die neuestenNeutron-Proton und Proton-
Proton Phasewerstdiebungen, GWU/SAID-2003, nach Partialwellen ertwickelt,
fur Energien zwisthen 0 und 3 GeV zu parametrisierenund beretinen. Dazu
zahlt auch das Deuteron. Das Wedselwirkungsmalell wird durch ; ; ! and

Austaust geleitet und deren Kopplungskonstarten werden angepat. Dies
liefert im ersten Sdritt einenguten Fit der Arndtschen Phasenzwisten O und
300 MeV. Es zeigendie Potentiale, unabhangig vom Drehimpuls, ein repulsives
Core-Potertial mit Eigensbaften, das von Teilchenmasserund der relativistis-
chen Behandlung des Problems bestimnt wird. Durch ein optisches Potertial
(OMP) erweitert, werden die Redinungen von 300 MeV bis 3 GeV fortgesetzt.
Damit wird die QCD dominierte kurzreichweitige Zone, mit innerer Nukleon-
Anregung und Meson-Praluktion, durch ein komplexesPotential im Ortsraum
bestirieben. Das optische Potential, als innere Fortsetzungzum Dirac Potertial
desMesonaustaudgeswo r > 0:5fm, liefert fur die Partialwellensehreinfac eine
Anpassungvon Theorie und Daten. Die optischen Potentiale subsummierendie
komplexe kurzlebige QCD Anregungstruktur in glatte Energieablangigkeiten.
Es zeigt sich ein konsistertes Bild wenn die Nukleonen, als separate Cluster,
Anregungenund Meson-Praluktion durchlaufen und die Bildung eineseinzigen
Dibaryon Clusters nicht dominiert. Fur zukenftige Arbeiten wird vorgestilagen
den Teil desphanomenologiseen OMP durch ein mikroskopisthhesOMP zu erset-
zenund Doppelanregungervon (3 ;3) und anderenPaarenexplizite zu koppeln.






Abstract

The relativistic potential conceptis fosteredfor the descriptionof nucleon-rucleon
(NN) interactions and scattering for energief0< T, 3 GeV. It provesuseful
to con rm and predict nuclear properties and reactionswith the implicit knowl-

edgehaving the best possibleagreemen with experimertal NN data. Medium
energyNN scattering, asis acceptedfor low energynuclear physicsin general,is
determinedfrom proton, nucleonand mesondegreesof freedomin the long range
soft interaction sector,the quark gluon degreesof freedomgovern the short dis-
tance hard processes.The identi cation and parameterization, of the conmbined
long and short range NN domains, is the topic of this thesis. The formalism for
two coupledDirac equations,within constrairt instant form dynamics,is usedto

study the NN interaction. The comprehensie review, of the important theoreti-
cal tools and assaiated mathematics, restsessetially on the work of Crater and
Van Alstine. The reduction of the coupledDirac equationsinto Scredingertype
equationsis given. Explicitly energydependen coupled channel potentials, for
usein partial wave Scredinger like equations,with nonlinear and complicated
derivative terms, result. We deweloped the necessarynumericsand study np and
pp scattering phaseshifts for energies0 to 3 GeV and the deuteronbound state.
The interactions are inspired by mesonexdiangeof ; ; ; ! and mesonsfor
which we adjust coupling constarts. This yields, in the rst instant, high quality
ts to the Arndt phaseshifts 0 to 300MeV. Secondthe potentials showv a univer-
sal,independert from angularmomerium, corepotential which is generatedwith

the relativistic mesonexdange dynamics. Extrapolations towards higher ener-
gies,upto T 4 equal3 GeV, allow to separatea QCD dominatedshort rangezone
aswell asinelastic nucleonexcitation medanism cortributing to mesonproduc-
tion. A local or nonlocal optical model, in addition to the mesonexctangeDirac
potertial, producesagreemen between theoretical and phaseshifts data. The
optical model potertials re ect a short lived complexmulti hadronic intermedi-
ate structure formation of which the optical model parametersgive a consistei
picture. For future work, the here preserted phenomenologicakccessencour-
agesa more microscopicand detailed useof QCD, including explicit (3 ;3) pair
formation and someobviously predominart other pair medanism.
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Chapter 1

In tro duction

One of the fundamertal problemsin nucleartheory is to descrilke the properties
of atomic nuclei in terms of interactions between individual particles, sud as
quarks, gluons, mesons,baryons, bosonsand nucleons. Quarks were initially
introduced as constituernt particles so asto introduce a senblance of order into
the particle zao [273 361. Mesonsare in this picture made up of a quark and
an antiguark and baryons of three quarks. The mesonexctangetheory may be
viewed asan e ectiv e represetation of the strong nuclear interaction at low and
intermediate energiesthe typical energiesfor nuclear physicsin the range of
MeV. It isreasonabldo expectthe quark degreef freedomto becomemportant
only at very short distancesand high energies GeV. The hadronscanthen be
tted into multiplets and their spectrum understood. In this way new particles
were even predicted [273.

Nucleonsare composite objects with a rich excitation structure, whosescales
are in GeV, which can be attributed to constituent quarks, these are e ective
particles with a typical scaleof 300MeV interacting strongly by gluon exchange.
It isaparadigmthat quarntum chromodynamics(QCD) is the fundamertal theory
for the strong interaction and that the interaction betweennucleonsis sampling
the strong interactions. Moreover, QCD at the scaleof 1 GeV becomesvery
complicated, and henceit is rather dicult to sa in this casea priori what
kind of physics emerges. In this energy region characteristics of QCD become
important sud as the con nemert of quarks and gluons and the spontaneous
breaking of chiral symmetry. In principle, it should be determineddirectly from
QCD. Howewer, we do not yet have a good understanding of how sud objects
can emergefrom QCD [564.

At low and intermediate energiesQCD coupling constaris are generallylarge
and prohibitive in order to use perturbative approates. The existing models,
basedon QCD, only accoun for a part of the hadron propertiesand oneis still far
from describingthe NN interaction in termsof QCD. This is essetial beforefacing
more complexmany nucleonsystemssud asnuclei and it is necessaryo assume
simpli ed models. Only nite sizeparticle degreesof freedomare assumedo be
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relevant. The quarks are con ned inside the hadronsby the strong interactions
and outside the NN interaction arisesfrom exdangeof various mesons.

The interaction description for the nuclear few and many body systemsuses
potential theory successfully Hamiltonian medanics recovers potentials as in-
teraction description. With this badground knowledgein mind, it is of interest
to review cornerstonesof nuclear physics which have a direct relation to NN
interactions.

The rst theoretical calculationsfor nuclear matter was made by Heiserberg
and his studert Euler in 1937 [219. They calculated its properties to second
order in perturbation theory assuminga two body interaction of Gaussiantype
for the nucleons. The work of Yukawa in 1937[584 establishedthe eld theoret-
ical fundamertal mesonexdange approad whoseroots are still valid. Nuclear
physics and its fundamertal approades becomethe forefront topic in physics
for seweral decadeg585, 191, 135 151]. The NN interaction as well as nuclear
marny body problemsdeterminedthe scene.When the strong short rangerepul-
sionin the NN interaction was identi ed, it becameapparert that cornvertional
perturbation methods were inadequate for calculation of nuclear systemswith
an in nitely strong hard core sincetwo body potential matrix elemens diverge.
Bruedkner [10]], Bethe [7(0] and Goldstone [290] (BBG) dewloped the famous
perturbation method basedon g-matrix elemeits and eliminated thus divergen-
cies. An alternative approad to handle hard corewassuggestedy Jastrow [33§.
He introduceda variational approad by the useof trial wave functions to treat
the two nucleoncorrelations. In addition to this, the recen approat was made
by Pandharipande[44§.

In the 1960'sBruedkner theory brought substartial advancesn nuclearphysics
study [10]]. The rst high precision NN potential was found by Hamada and
Johnsonin 1963[316]. They useda hard core potertial with a radiusr. 05
fm. This potertial accourted well for all data of this time between T, 0-300
MeV. The in nite coreremainedquestionableand incompatible up to this date.
Soon after Hamada Johnson, Reid [474] found another high precision potential
with a soft core. With thesepotentials nuclear physics made great quartitativ e
progressin nuclear structure and nuclear reactions[233].

Despite the e orts, high precisionNN potertials do not accoun for the sat-
uration properties of nuclear matter, and do not agreewith experimert. The
binding dependson the potential and the saturation points lie along a band, the
CoesterBand [132,134, which doesnot cortain the empirical values. The cause
of this failure was linked to lack of relativity in the theory.

A relativistic approad to nuclearstructure wasdeweloped by Miller and Green
[419]. Using a Dirac-Hartree [322, 323 approad they were able to reproduce
the binding energiesand root mean squae radii of nuclei and the spin orbit
splitting of nuclear shell model orbits. A relativistic approat was applied to
proton-nucleusscattering by Clark and others[127]. In the late 1980'srelativistic
calculations for nuclear matter were performed using realistic potentials [92].
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CHAPTER 1. INTRODUCTION

Here, the term realistic refers to nuclear potertials which reproduce the two
nucleon phaseshift data accurately ? 1. Represemtive examplesare the
Nijmegen[523, Paris NN potertial [372]and the modelsdeweloped by the Bonn
group [394 and quartum inversiondeweloped in Hamburg [277, 489.

All existing potential models are to somedegreebasedon mesonexdange.
They all include the onepion excdhangecortribution which essenally determines
the long range part of the interaction. The intermediate range has been well
descriked by inclusion of two pion exchange processes, -exdiange and nucleon
resonances,(3 ;3), may be excited in intermediate states[394.

The NN interaction at large distancescannot be described perturbatively. In
the region wherethe two bagsof the nucleonsare not overlapping only colorless
objects should be exchanged. In this region we descrike the NN interaction by
mesonexdiange. To guarartee asymptotic freedom,the mesonsshould interact
with the quarksin the nucleonsonly at their surface. In order to include quark
degreesof freedomin the NN interaction we must clearly considertwo di erent
regions. The rst onecorrespndsto the regionin which the two nucleoncores
(quark bags) overlap. In this region quarks can be exdhangedbetweenthe two
quark bagsand the two nucleonsinteract through the one gluon exchangemed:-
anism (Fig. 1.1a). The additional quark interchangeis a necessaryingrediert in
this basic medanism sincethe nucleonsare color singlets while the gluon is a
color triplet. Whatever color is transferred by the interchangedgluon it is bal-
ancedby the additional quark exdiange. This kind of interaction leadsto hard
core NN phaseshifts [439 217. When the two bagsseparate,nucleonsare rep-
reserted as color singletsand they interact via forcesarising from the exdange
of color singlet objects which are identi ed with physical mesons(Fig. 1.1b).

¥y
—= — T
I = op o, ..
|
—> —> '
N")

a b

[E=]

Figure 1.1: Diagrams which descrile the NN interaction within the dierent
radii. a) Overlappingtwo nucleons(short distances): quark gluon exchange,b)
Non-overlapping two nucleons(longe distances): mesonexdange.
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All the above models, theories and equations, sud as Bonn-CD potertial
[394], Bethe-Salpeter equations[71], Blankerbecler-Suger[79] and Gross equa-
tion [304 309 are normally formulated with a kernel, which may be motivated
by eld theory, are phenomenologicabnd weakly relativistic or nonrelativistic.
They are simple enoughto be solved accurately for realistic low energynuclear
physics. Nonrelativistic quartum medanics, with phenomenologicaNN inter-
actions, provide theorieswhich are valid for energy momertum transfers below
pion production [357. Relativity must be included for higher energymomerium
transfers. For many problemsof current interest in nuclear physicsthesemodels
must be consistem with the principle of special relativity. Relativity is needed
to model reactionswhere particles are produced, reactionsinvolving energyand
momertum transfers that are comparableto the mass scalesof the problem,
bound systemswhere the binding energiesare comparableto the masseof the
constituert particles, and coordinate systemindependert treatments of problems
in lepton hadron scattering [352].

If we want to descrile the NN interaction simultaneously at large and short
distances, we need a comprehensie theory, certainly it must be relativistic.
Chapt. 2 is dewted to a discussionof the constrairt Hamiltonian forms of the
relativistic dynamics.

S-matrix elemem, bound state mass, magnetic momen, and or any other
physical obsenable must be invariant under Poincare transformations. The chal-
lenge of practical calculations,in the framework of Hamiltonian dynamics,is to
produceinvariant results for obsenables. An important application of Hamilto-
nian dynamicsis nuclear physics. Traditionally, nonrelativistic model Hamilto-
nians were usedin this eld, but sincethe advernt of powerful acceleratorsand
technological needto far exceedingenergiesof involved masses,it has become
clear that the implemenation of a relativistic framework is unavoidable. In ad-
dition, the commonpractice of leaningon eld theory, to construct the so called
realistic nuclear forces,made it clear that alsoin nuclear physics one needsto
take the requiremens of special relativity into accoun.

Wigner [572]analyzedthe mathematical formulation of the physical require-
mert of special relativity in quantum medanics. He shaved that a necessary
and su cien t condition for quartum medanical probabilities to have valuesthat
are independen of the choice of inertial coordinate system,is the existenceof a
unitary ray represetation of the inhomogeneous.orentz group (Poincare group)
on the quantum medanical Hilbert space. Note that the Sdredinger equation
and the existenceof a Hamiltonian are consequencesf applying Wignersanalysis
to obtain invariance under time translations.

First, Dirac formulated the problem of including interactions in relativistic
classicalmedanics[190]. This wasdonein Hamiltonian form, which hasa natu-
ral canonicalquartization. In the Hamiltonian formulation of classicalmedan-
ics, the goal is to construct a represetation of the Poincare group as a group
of canonicaltransformations on phasespace.Dirac analyzedtheserequiremerts
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CHAPTER 1. INTRODUCTION

in nitesimally , and showved that the problem is equivalent to the construction
of a represetation of the Lie algebraof the Poincare group in terms of Poisson
brackets that includesinteractions in a consiste way. He gave three di erent
typesof solutionsto this problem calledthe point, light front and instant forms of
dynamics. Bakamjian and Thomas|[27] constructedthe rst relativistic quartum
medanical model of two interacting particles in Dirac instant form dynamics.
Foldy [239] recognizedthe importance of macroscopiclocality as an additional
constrairt on thesemodels. Coester[133 extendedthe work of Bakamjian and
Thomas to systemsof three particles, Sololov [515 provided the general con-
struction for N particles with a scattering operator consistem with the principle
of macroscopiclocality. An extensive overview of the whole subject is given in
Ref. [352.

In the usualinstant form, with the equaltime hypersurfacex, = const, trans-
lations and rotations transform quantum statesin a very simple manner, because
they do not change the quartization surface. These kinds of static Poincare
generatorsare calledkinematical . The other generators,which changethe quan-
tization surface,are calleddynamial. For example,the Lorentz boost mixestime
and spacecoordinatesand thus changeshe hypersurface.The Hamiltonian itself,
of course,is a dynamical operator. Therefore,an eigenstatein a rest frame is no
longer an eigenstatein the boosted frame. Even though we know eigenstatesin
the rest frame, an attempt to nd aneweigenstatein the boostedframe requires,
in principle, requiresasmuch e ort as solving the entire problem.

Thinking of applications for nuclear physics one considersinteracting elds
of nucleonsand mesons. To arrive at generatorswhich act in the spaceof a
xed number of N nucleonsonehasto eliminate the mesonicdegreesof freedom
as well as the onesfor antiparticles. A way to do this has been proposedin
[285] and worked out in lowest order in the coupling constart for a eld the-
ory of scalar nucleonsinteracting with a scalar meson eld. Relativistic direct
interaction theories of particle lie betweenlocal eld theory and nonrelativistic
guantum medanics[353. When a quantum medanics of interacting relativis-
tic particles exists, the correspndenceprinciple suggestsin turn the existence
of a classicalrelativistic medanics that would reproduce the quantum version
by canonicalquartization [153. A rst study by Currie, Jordan and Sudardan
[169] concludesin what is known asthe non interaction theorem, that the com-
bined requiremernts of the Poincare algebraand the world line condition for two
particles cannot be satis ed simultaneously unlessthere is no direct interaction
betweenthem. Speci cally, they shoved that this combined set of commnutation
relations is unitarily equivalert to the commutation relations for operators of
non-interacting particles.

The traditional treatment of interacting pairs of spinning particles beganwith
Breit's suggestionfor the spin dependen forcesgiven in his 1929 paper [8§].
Breit formed a single e ective Hamiltonian by adding together two free Dirac
Hamiltonians plus an interaction patterned after that in the Darwin Lagrangian
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for two spinlessparticles [171]. In the mid 1970'sse\eral investigatorsfound a
relativistic constraint mechanics[191, 192, 194,542 543 342 545 364 to the
problem of interacting particles. Someauthors use a singular Lagrangian [342
533,196]asa starting point. Other bypassthe Lagrangianand directly work with
constrained Hamiltonian systems[19Q 27, 239, 366, 542]. Constraint dynamics
canbe consideredasa relativistic extensionof classicalmedanics problemswith
holonomicconstrairts. Rather than reducethe problemimmediately to one with
the minimum number of degree®f freedom,the problemis castwith extra degrees
of freedom, plus additional constraint equations.

A physically natural way of de ning a constraineddynamical systemin classi-
cal medanicsis through a limiting procedurewherea strong attractiv e potential
forcesthe systemat any xed energyto live closerand closerto the constraint sur-
face. The e ectiv e classicaldynamicsobtained in this limit turns out to depend
only on the intrinsic properties of the constraint surface(e.g. the curvature) and
not on the details of the constraining potertial chosenon the enbedding space.
We usein Sec.2.5an analogousprocedurein quartum medanics and consider
the quartization of a constrainedclassicalsystemasthe limit of quartizations of
classicalsystems,with extra poterntials away from the surfaceof constrairt.

When the equationsare written down in covariant form it is clear that the
outcomewill satisfy relativistic invarianceand we referto suc methods as man-
ifestly covariant. Covariant interactions are discussedin Chapt. 5. The Dirac
equation [188 for a singlespin 1/2 particle utilizes a matrix algebrato construct
a linear operator relationship betweenthe energy and the momerium. Sud a
linear dispersion relationship is particularly useful for constructing manifestly
cluster decommsablenon perturbative scattering formalisms. Expectation val-
uesof the matricescan be related to physical uxes, but the matricesthemselhes
commute with spacetime translation generators.The two body Dirac equations
of constrairnt dynamics successfullyextend this onebody minimal coupling form
to the interacting two body system.

Crater van Alstine, et al. dewloped Dirac's constraint medanicsusing super-
symmetry for two interacting spinning particles by external potentials [153-[167.
By conbining constraint dynamicswith particle supersymmetries,they extended
thoseworks to pairs of spin onehalf particlesto obtain two body quartum bound
state equationsthat correctnot only defectsin the Breit equationbut thosein the
ladder approximation to the Bethe-Salgeter equation as well [546, 157. These
two body dirac equations(seeSec.5.1.1) of constraint dynamicspossess number
of important featureswhich provide an alternative formulation of fundamenal
eld theoretic results, yielding standard perturbativ e spectra and correct defects
in phenomenologicahpplications that result from patchwork introduction of in-
teractionsin particular [167],

provide a three dimensional but covariant rearrangemenh of the Bethe-
Salpeter equation,



CHAPTER 1. INTRODUCTION

yield simple three dimensional Sdredinger like forms similar to their non-
relativistic courterparts,

implemert spin dependenceswhich are determined naturally by their in-
corporation of Dirac's one body structures,

implemert well de ned strong potertial structuresthat passthe necessary
test that they reproducecorrect QED perturbativ e resultswhensolved non
perturbatively,

in phenomenologicahpplicationsmake unnecessaryhe ad hoc introduction
of cuto parametersgenerallyusedto avoid singular potertials and

have relativistic potertials which may be related directly to the interac-
tions of perturbative quantum eld theory (for QCD) or may beintroduced
semiphenomenologically

These equations provide a non perturbative or strong potential framework for
extrapolating perturbative eld theoreticresultsinto the highly relativistic regime
of bound light particles in a quantum medanically well de ned way.

Constrained systemsare widely investigatedin modern physics. Gauge eld
theories, quartum gravity and supergravity, string and superstring theoriesare
examplesof systemswith constraints. Only few models are exactly sohable,
realistic physical theoriesrequire approximate methods. A perturbation theory
is one of sud techniques, it is usually applied to constrained eld systemssud
as gaugetheories.

In Chapt. 6, we discussedhree NN interaction models, well distinguished by
radial regimes,the long range mesonexdangemodel (OBEP, OPEP) [393 401],
the short rangeE ectiv e eld theory (EFT) [561 351]and Optical model (OMP)
[275,278,489. We did not useEFT in this work, but it is an alternative method
to descrike interacting particles. A very brief introduction to the main EFT ideas
is preserted in Chapt. 3.1. We know, that the particle dynamicson the level of
relativistic quantum medanics stands betweenrelativistic quartum eld theory
and nonrelativistic quartum medanics. This means,EFT exploits the existence
of scalesin interacting systems.

EFT [56], 567 is a theoretical prescription for constructing theoriesspanning
multiple energyscales. The physics of a systemmay appear radically di erent
at various energy scales,due to low energyrestrictions on available degreesof
freedomand symmetries. When trying to construct a theory which spansenergy
scales,traditional methods of physics can be dicult to apply. Rather than
stumbling on this obstacle,howewer, EFT providesa method to usethe physical
di erence betweenenergyregimesto its advantage.

How to implement EFT in nuclear physicswas originally proposedby Wein-
berg [564 and employed by Lepagein Ref. [379]. It allows to think straightfor-
ward about the connectionof EFT and potential models. As discussedn Sec.3.1,
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the focusis on power courting at the level of the Hamiltonian in the NN piece
of the hadronic Hilbert space. The e ective Lagrangian consistsof NN cortact
interactions together with the standard heavy baryon chiral perturbation theory
Lagrangian

L=Lug + Lnn:

To connectthe two energyscalesthe consensu®f the majority of the nuclear
physics commnunity holds that in nuclei

nucleonsare nonrelativistic,

they interact via essetally two body forces,with small cortributions from
many body forces,

the two nucleon interaction generally possesses high degreeof isospin
symmetry,

external probesusually interact with mainly onenucleonat a time.
By cortrast, in QCD
the u and d quarks are relativistic,

the interaction is manifestly multi body, involving exdange of multiple
gluons,

there is no obvious isospinsymmetry,
external probescan and often do interact with many quarks at once.

It should not be surprising that some new ideas are required to merge these
two extraordinarily di erent bodies of theory. Of course,we expect that QCD
encompassethe physicsof hadronic interactions. The root of the problem must
thereforelie in the di erence of energyscales.

In fact, constructing a QCD-basedtheory of the hadronic phaseis a problem
which involvesthree separateenergyscalesspanningthree ordersof magnitude.
The rst is the typical energyscaleof QCD,

MQCD 1GeV: (11)

The massef all hadrons, exceptthe pion, fall within this scale! and the scale
of chiral symmetry breakingis thought to beM =4 f |, wheref ' 93 MeV is
the pion deca constart. The secondscale,

M 100MeV; (1.2)

IWe useunits where~= c= 1.
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represets the typical momertum of nucleonsin a nucleus: the inverseroot mean
squae charge radius of light nuclei, or the Fermi momernium of equilibrium nu-
clear matter. It cortains alsothe pion deca constart itself, the massdi erence
betweenthe delta isobar and the nucleon, and the massof the pion. The nal
energyscaleis the typical energyscaleof a nucleus,

M. 10 MeV: (1.3)

QCD

The binding energyper nucleonof a nucleusis typically a few MeV. For example,
the binding energyof “He is 28.296MeV, and the binding energyper nucleon of
in nite nuclear matter is 16 MeV or the binding energy of the deuteron (we
calculatein Sec. 7.4) is  2:2249M eV. Sincethe goalis to construct a theory
valid over an energyrange of three ordersof magnitude, and spanningregimesin
which the physicsis quite disparate, the problem is somewhatdaunting.

We needcoordinates, correspnding to the quartum zeropoint energyclimb-
ing to arbitrarily high valuesask! 1 orr < r.. If asingular potential itself is
not su cient to determinethe scattering problem, onemight be tempted to clas-
sify the singular potentials as nonrenormalizableand abandonall hope. In the
modern versionof the renormalization paradigm a low energysystemwith a clear
cut separationof scalescan be descriked by an EFT involving explicitly only the
long wavelength degreesof freedom,and organizedas an expansionin powers of
momerta [350]. The short rangedynamicscan always be treated asa set of local
operators. In the presen cortext, the Dirac potential represets the long distance
part of the potential. Local operatorsin momerium spacecorrespnd to OMP
interactionsin coordinate space.The essetial point of EFT isthat the details of
the short distancephysicsare not of importanceto low energyscattering. Hence
one can simulate the delta function in an in nite  number of ways. The simplest
choice of a smeared out delta function is a simple surfaceGaussiansquarewell or
Woods-Saxonshape. With a single potential, represeting a given long distance
force and a surface Gaussianrepreseting unknown short distance physics, an
interesting questionis whether one can obtain an EFT with well de ned low en-
ergy scattering obsenable, which areto a speci ed degreeof accuracyinsensitive
to the short distance physics encaled by the Gaussian. It is the purposeof the
optical model (Chapt. 6) to explore this issue. Note that we did not attempt
to renormalizethe coupling strength of the potential itself [107]. In the physical
problemsof interest, the coupling strength is completely determinedby the long
distance physicssothere is no freedomto renormalizethis parameter.

In the Sec. 6.3, two existing global medium energy NN phenomenological
optical model potertials (OMP) sud as vector and scalar are descriked and
comparedwith experimert and with ead other. By an optical potertial we also
mean a potential that represeis the interaction betweena nucleonor group of
nucleonsand a nucleus. When insertedinto the Sdredingerequationit givesthe
di erential crosssectionand polarization for elastic scattering the rection cross

9



sectionand someother lessimportant obsenable quartities [275. Theseoptical

potertial canbe obtainedin seweral ways. Most fundamertally, they canbe calcu-
lated from the NN interaction, this is di cult and hasonly recerily beenbrought

to the stage of quartitativ e success.Alternativ ely, these optical potential may

be found phenomenologicaby postulation a form of potential and adjusting its

parametersto optimize the t to the experimertal data. Suc phenomenological
analysesmay be put on a rmer physical basisby using additional information

from nuclear models.

Optical potertials may also be classi ed by the range of experimertal data
they are designedto t. Global potentials give good overall ts to the scattering
from many nuclei over a range of energies. More precise ts can be obtained
for particular interactions either by incorporating nuclear structure and nuclear
reaction information into the calculation of the potential to t particular setsof
data.

There are many ambiguities in optical model potentials. Theseare familiar
in phenomenologicabknalyses,whereit is often found that se\eral potentials t
the samedata equally well. It is usually thought that one of theseis the physial
potertial, namely the one that is given by a microscopiccalculation. It is im-
portant to idertify the physial potertial, that can be usedwith more con dence
in situations di erent form thosefrom which it was obtained. It should howewer
by noticed that the physi@al potential may have a form that is signi cantly dif-
ferert from any of the phenomenologicapotentials. Furthermore, a potential is
of its nature a theoretical construct, so careis necessarto descrite it as physi-
cal. It is possiblethat even amongmicroscopicpotertials might be ambiguities
in the sensethat di erent typesof calculations could conceiably give di erent
potentials that newerthelessgive equally good ts to the data [32§.

By a microscopicoptical potential we mean a potential calculated from the
NN interaction and some nuclear properties, usually the density distribution.
Sud potentials are distinguished from phenomenologicalpotentials which are
obtained by direct tting to experimertal elastic scattering data.

The Dirac equation is usedin the mean eld appraximation by which the
nucleon (meson) elds are replacedby their expectation values. Proton nucleon
(np) scatteringis then descriled using isoscalarscalarand isoscalarvector mean
elds. Heretheseare taken, respectively, as a optical Gaussiantype scalar po-
tential correspnding to the ( ctitious)  meson eld and optical Gaussiantype
vector potential (timelik e vector) correspnding to the meson! meson eld, to-
getherwith a Coulomb and full relativistic Dirac (including relativistic kinemat-
ics) potertial. The determination of the energyrange, energy dependence,and
isospindependenceare discussedn the last chapter.

The experimertal badkground and motivation for analysis using an optical
model and full relativistic Dirac equationsis given in Chapt. 7. The Arndt
[18] group has beensuppliesthe experimenrtal analysisof elastic NN scattering
phaseshift data to 3 GeV in the laboratory of kinetic energy The necessary
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numericsfor studying np and pp scattering phaseshifts for energie0{3 GeV and
the deuteron bound state are deweloped in Chapt. 7.

The interactions are inspired by mesonexdiangeof ; ; ;! and mesons
for which we adjust coupling constarts. This yields, in the rst instant, high
quality ts to the Arndt [18 phaseshifts 0{300 MeV. Second,the potertials
shaw a universal,independert from angular momertum, core potertial of which
is generatedfrom the relativistic mesonexctangedynamics. Extrap olations to-
wards higher energies,up to T o, = 3GeV, allow to separatea QCD dominated
short rangezoneaswell asinelastic nucleonexcitation medanismcortributing to
mesonproduction. A local and/or nonlocal optical model, in addition to the me-
son exdiangeDirac potertial, producesagreemeh betweentheoretical and data
phaseshifts. The result of our calculation of the Dirac equationsare givenin Sec.
7.3. The optical potertials are complex and short ranged, typically of nucleon
size,that is known from analysisof electronscatteringo a nucleon. This implies
that the production processesrelocalizedat and within the con nemernt surface
of a nucleon. In Sec. 7.6 we display a geometry of the pro le function, known
from high energydi raction scattering, which remainsvalid at lower energiesand
in the resonancedominated region. It is this result that lead us to expect that
mesonproduction is a unique QCD aspect applicable from (300 MeV) threshold
up to highestenergies.

The coupledtwo body Dirac equations,conbined with the mesonexdange
model, yield the appearanceof a repulsive practically hard core potential inde-
pendert of partial wave. The universalcoreradius hasavaluer. = 0:5 0:025fm.
This coreradius is independen of a nucleon substructure. It dependsonly on
masses,in particular of the exdhanged mesons,and the full relativistic treat-
mert of the NN system [28(0. The mesonexdange Dirac potential, which is
descrited by the NN Dirac instant form dynamics, should ultimately be lim-
itedtor r. 05 fmin its e ect. This constrairt eliminates the need for
regularization of the short range Dirac potential and boundary conditions are
automatically generatedby the (r r.) NN $ BB transition potentials [280.
The role of the higher partial wavesdeseresspecial attention, in particular when
the hard coreradius is sizeable[280.
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Chapter 2

The Relativistic Particle
Problems

A conceptof relativistic many body Hamiltonian dynamicsis notoriously di cult.
All relativistic classicaltwo body problemsfacethe essetial problem of separat-
ing certer of momertium (CM) and relative motion. They do lead to uncoupled
systemsof quasi particles, of reducedmassand conbined mass.

Dirac's famouspaper of 1949and there after [190,191, 193, and the work of
Bakamijian and Thomas [27] are remarkable solutions to the relativistic dynam-
ical problem for classicaland quartum medanical systems. Poincare invariance
determinesthe relativistic Hamiltonian dynamics. Dirac descriked three di er-
ent forms of Hamiltonian dynamicsinstant form, front form (light front form)
and point form. Two other forms, suggestedby Leutwyler and Stern [382, did
not bring any signi cant extensionwhen comparedwith the three generalDirac
forms.

The front form has already beenusedin various elds including both quan-
tum medanics and quartum eld theory. It has been successfulespecially in
deepinelastic scattering, where the kinematic variablesof phenomenologicahp-
proades coincide with the speci c variables of the front form. Although also
the point form wasat rst consideredfor an application in quartum eld theory,
it was put asideafter peoplerealizedthat its quartization surface(a spacetime
hyperboloid) ertails di culties. However, for a quartum medanical treatmert,
the point form yields advantages.

The Bakamjian Thomas construction provides for any of the di erent forms
a simpleway how to include interactionsin the Poincare generatorsby imposing
only linear conditions on the potential. In the point form, all interactions are
put into the four momerium operator, whereasthe Lorentz generatorsremain
free of interactions and are kinematical. As a result, the point form is manifestly
Lorentz covariant. The dynamical equations,replacingthe Sdredingerequation,
are then in generalthe eigervalue equationsfor the four componerts of the four
momertum operator. Within the Bakamjian-Thomasframework the problem is
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reducedto one eigervalue equation for the invariant massoperator.

2.1 The Poincar e Transformation

From a group theoretical point of view, the transformations of the system of
referenceinclude translation, rotations and the Lorentz transformations which
are forming the Poincare group. Under the in nitesimal transformation g of the
coordinate system,with the translation a andwith the four dimensionalrotation

x I xX°=x +a+" x; (2.1)

with

The state vector is transformed as follows

I %= U(g); (2.2)

where )
U(g)=1+iP a + Ié\] " (2.3)
J = J: (2.4)

Herewe de ne the metric tensorg = (1; 1, 1; 1): Oncethe setof in nites-
imal generatorsare known, ewery nite elemen of the group can be expressed
in terms of generatorsby exponertiation. In principle, the choice of a set of
generatorsis not unique, since any linear conmbination of generatorsis again a
generatorso that one can replacesomeof them in favor of others. A standard
choice, accordingto the parametersspeci ed above, by setting K/ = J9 | is

P generatorof spacetime translations,
K generatorof Lorentz boosts,
JI generatorof spacerotations.

Here, = 0;1;2;3andj = 1;2;3: The generatorssatisfy a set of comnutation
relations which is called the Lie algebraof the correspnding Lie group. Every
setof generatorsforms a Lie algebrawith di erent structure constarts. Standard
commutation relations are [352

[07;34 =i 743, KKK =i M Ol KK =i KK,
[P ;P ]1=0; [KI;PK =i kPO [30;PX =i IKP!,
[K);P%= iPl; [J;P°=0; (2.5)

where ¥ and 7% are the Levi-Civita and Kronedker symbols, respectively. The
commnutation relation for the componerts of the four momerium are already
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CHAPTER 2. THE RELATIVISTIC PARTICLE PROBLEMS

written in a covariant way. This can alsobe donefor the rest of the relations, if
onerealizesthat undera Lorentz transformation the K1 and J! transform like the
six independernt componerts of an antisymmetric tensor of rank 2. By setting
JO = KJ; and Jik = K3l " onearrives at the covariant set of commutation
relations of the generatorsof the Poincare group

P:P] = 0
i—l[P;J]=gP g P
i—l[J;J]:gJ gJ +gJ g J: (2.6)

An important obsenation hereis that now the metric g providesthe structure
constarts of the Lie-Algebra.

2.1.1 Casimir Operators of the Poincar e Group

Having the generatorsand their comnutation relations onecanstart to construct
operatorsasfunctions of the generators.We have already mertioned that any lin-
ear combination of group generatorsis again a generatorof the group. Another
interesting issueis to construct the Casimir operators of the group [14Q 141].
Theseare generator polynomials that commnute with all of the generators. The
Casimir operatorsare alsoimportant, becauseheir eigervaluesprovide quantum
numbers to label the represetation in use. In generalfor physical systemsone
wants to have a set of comnuting self-adjoirt operators, whoseeigervalueschar-
acterize the state of the system. In this sensewe want to determine the mass
and spin of our systemof interest and construct the correspnding massand spin
operators.

The Mass Operator : In analogyto the massm of a particle in classical
relativistic medanics,onede nesthe squareof the massoperator M asthe scalar
product of the four momenum operator P with itself

1 2
M2=P P =H? P (2.7)
M2 commutes with all of the Poincare generators,soit is a Casimir operator of
the Poincare group. If M ? satis es the spectral condition, i.e. M2  0; then one
can de ne its squareroot and write
q —F
M= H2 P2 (2.8)

|
with theserelations one can now expressthe Hamiltonian in terms of P and M

P°=H= M2+ P2 (2.9)



2.1. THE POINCARE TRANSFORMATION

The Pauli-Lubanski Spin Operator : The secondCasimir operator is con-
structed from the Pauli-Lubanski pseudwector

W = % PJ : (2.10)

The squareof W is proportional to the squareof the total intrinsic spin
|
W W = M?S?2 (2.11)

Having in mind that W W comnutes with all of the generatorsof the group,
onestill hasto derive the comnutation relations for the componerts of W with
the generatorsand with themseles. For that purposeit is usefulto write down
the componerts of W explicitly

| | | | | |
We="pP and W=HJ P K: (2.12)

|
we also note that W° and W are self adjoint. The comnutation relations now
are

[0, WO =0 PhwA=ilkwh K wo = iw

[KI; WK = i1kwO [P ;W ]=0: (2.13)
If we comparethesecommutation relationsfor W to thosefor the componerts of
P , we seethat they arethe same,meaningthat W transformslike a four vector

under Lorentz transformations. Similar to the angular momenium operator, the
componerts of the Pauli-Lubanski operator do not commute

W ;W ]=i WP:

|
A casewhereP = (M;0), the Pauli-Lubanski vector W = (W?% W); is given
by

1 .
Wo=o0;w = SM W= MS;: (2.14)
and M 2 = 0: Then since
PP =WW =WP =0 (2.15)

W and P must be proportional to ead other,

W = hP ;
wherethe helicity h is given by
!
h= E|—J (2.16)
JP]
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The Newton-Wigner Position Operator : Bakamjian and Thomas con-
structed another operator, namely the so called Newton-Wigner position opera-
tor. The construction of this operator is the result of the needto have a hermitian
position operator in relativistic quantum medanics. Newton and Wigner have
constructedthis operator from the hermiticity requiremen [432. The de nition
of the operator in the instant form of relativistic dynamicsmakesit alsopossible
to write the operator of total angular momertum, asthe L|Jsual sum of orbital an-
gular momertum de ned by the crossproduct of X . and P and intrinsic angular
momertum (spin). The operator readsexplicitly for the caseof canonicalspin

P (HI P k)_
MH(H + M)

1-
Hl

L1
Xo= S[TiK, (2.17)

The state vector Eq. (2.2) 7 (p) correspnding to a systemwith de nite four
momertum p , massM, total angular momertum J and its projection to the
z-axis, the following systemholds

P "M =p ’

P> Y (p) = M? 7 (p);
7P = M2JU+1) Y (p);
Ss Y = M 7 (p: (2.18)

A particular dynamical systemis determined by the explicit form of these
generators,i.e., by a particular solution of the comnutation relations Eq. (2.6).
If thesegeneratorsare expressedn terms of the particle coordinates, we get a
version of relativistic quarntum medanicswith xed number of particles. If the
generatorsare expressedthrough the quantum elds, we obtain a form of the
guantum eld theory. As soon as the generatorsare xed the state vector is
determined by Eqg. (2.18). For an interacting systemsomePoincare generators
cortain the interaction. Namely the generatorschanging the position of the
surface,wherethe state vectoris de ned, cortain the interaction. The generators,
which do not changethe position of the surface,do not cortain the interaction
and coincide with the generatorsof free system. Using this property, one can
classifydi erent forms of dynamics.

In Sec.2.4we considerthe three Dirac forms of the relativistic dynamicsand
introduce the question how to add interactions to the operators that descrike
the system of interest. Before we usetheseforms in our approad , we review
highlights of the constrairt formalism and it's quartization.
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2.2. DIRAC'S HAMIL TONIAN APPROACH WITH CONSTRAINTS

2.2 Dirac's Hamiltonian Approac h with Con-
strain ts

2.2.1 Classical Nonrelativistic Lagrangian Formalism

Here, we only consider closed systemswhose dynamics derive from an action
principle. We shall assumethat the correspnding action is given as an integral
over time of a local function of the degreesf freedom,known asthe Lagrangian
function. By time, we mean a variable parameterising time ewlution of the
system,and not necessarilythe time asmeasuredby and obsener. We shall rst

considerthe caseof a systemwith a nite number of degreesof freedom, given
as N functions g,(t); n = 1;2::;;N of the time variable t. With the restrictions
speci ed above, we thus assumethat the dynamicsof the systemis descriked by
an action functional of the form

t2
A= dtL (on; ¢y;t): (2.19)
t1
Here,L(0; q;t) is a Lagrangefunction depending on generalizedcoordinates g,
and generalizedvelocities g, = 5 ¢, and time t.

The time ewlution of the classicalsystemis then obtained from the Euler-
Lagrangeequationsof motion. These equationsfollow from action by the vari-
ational principle, which statesthat the classicaltrajectories g,(t) of the system
are those for which the action is a stationary point of A. A necessarycondition
for their existenceis the vanishing of the rst variation of the action, A = 0,
and we have for t; < t < t,;

‘e @ da

_ d @ :
ALY e de YTaae® T #
which leadsto the Euler-Lagrangeequations
da @ _ .
or explicitly
@L @L Q

@@ @en® @ (2.22)

Hence time ewlution of the systemis descrikedby asetof N linearly independert
secondorder di erential equations,provided the Hessianof the Lagrangefunction
has non vanishing determinart

Det% 6 0.

The Lagrangianis called singular if the Hessianvanishes,and regular otherwise.
In the caseof a regular system,the generalsolution of Eq. (2.22) is givenin
terms of (2N) integration constarts for the N functions ¢, (t):
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2.2.2 Classical Nonrelativistic Hamiltonian Mec hanics

In addition to the Lagrangeformulation of classicalmedanics there exists a
formulation due to Hamilton, the Hamiltonian formalism correspnding to the
Lagrangian[423 296 526,527. We will recapitulate this brie y in orderto point
out wherethe peculiarities of constraint dynamicsarise. Considerthe di erential
of the Lagrangefunction

@ @ @ @ @
dL=dgy—+dgy—=dg,—+d ¢q— gd — ; (2.23)
@ @ @h @y @y
leadingto the relation
@ @ @
d — L = dg—+d — 2.24
b a 43 b a (2.24)
Thus, de ning the generalisedmomerium p, conjugateto ¢, as
@
P = — (2.25)
@
and the canonicalHamiltonian H by
H:=qp, L (2.26)
the relation Eq. (2.24) takesthe form
@
dH = dg,— + q,dp,; 2.27
hg, M (2.27)
or by using the Euler-Lagrangeequationsof motion Eq. 2.21
dH = dog.p, + g dp.: (2.28)

The result Eq. (2.27) shaws that, although the canonicalHamiltonian is a priori
a function of (g,;q,), it actually depends on these variables only through the
phasespacevariablesq, and p,. Therefore,H is actually a function of ¢, and p,,
wherep, in turn dependson ¢, and ¢,. Note that this result appliesto regular
aswell assingular systems.

Howe\er, only in the caseof a regular systemis the map from velocity spaceto
momertum spaceinvertible. Indeed, sud a one-to-onecorrespndencerequires

@,
@,

Hence,only for sud systemscanthe dependencep, (¢,; ¢,) beinverted uniquely
as ¢, (th; pn), in which casethe de nition EqQ. (2.26) correspndsto a Legendre

Det 6 0O
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transform of the Lagrangefunction L(q,; ¢,): From Eq. (2.28), we then read o
the Hamiltonian equationsof motion
@ @

@ 27 @ (2.29)

These are (2N) coupled rst order (in time) dierential equations, whose
general solution is determined in terms of (2N) integration constaris. These
integration constarts can be speci ed in terms of (2N) boundary conditions in-
volving g, (t) and p,(t), but hereagain, appropriate and consistem choicesare to
be made depending on the systemand possibly other physical considerations.

From the Hamiltonian equationsof motion Eq. (2.29), we have the following
equation of motion for any function of phasespacef (g,; pn;t), with a possible
explicit time dependence

d_0@ 0a Q@dad

qj_

— 2.30
i@ &e @ o (239
De ning the Poissonbracket of two functions f and g on phasespaceby
@@ © .
ff;gg:= — 2.31
B @@ @ on &3
Eq. (2.30) takesthe form
@
f=—+ff;Hg 2.32
@ g (2.32)

In this notation, the Hamiltonian equation of motion are

& =foHO; p=fp;Hy: (2.33)

Although at this point, it seemsthat these Poissonbradckets simply provide a
conveniert notation, they actually play a fundamertal role in classicalaswell as
guantum medanics.

From the de nition Eq. (2.31), it is easyto establishthe following properties
of Poissonbradkets (f ; g and h are functions of phasespace,and ¢;; ¢, and c are
constarts) [289]

antisymmetry: ff;gg= f g;fg;
linearity: fc,f + ¢,g;hg= c,ff;hg+ cfg;hg,
existenceof null elemens: fc;fg= 0;
the Jacoly identity: ff;fg;hgg+ fg;fh;fgg+ fh;ff;ggg= 0;
the product rule: ff g;hg= ffg;hg+ ff;hgg:
Finally, we have the fundamertal Poissonbradkets
foh,: 6, 0= 0 Fpn,;Pn, 9= 0 G Pn 9= nimes (2.34)

from which any Poissonbracket can be obtained using the properties above.
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2.2.3 Nonrelativistic  Constrain t Hamiltonian Dynamics

Let us now considera dynamical systemwith N degreesof freedomand with a
LagrangianL (qu; ;5O G G i On ) = L(g; ). The Lagrangianis singular if

@L
@@
It meansthat, whenthe Lagrangian equationsof motion are written in suitable
coordinates,the coe cien t of at leastoneeis zero. Also Eqg. (2.35) meansthat the
equationsgiven by Eq. (2.25) cannot be solved uniquely for eat of the velocities
g in terms of g; p. The N dimensionalcon guration spacewith coordinates g
leads automatically to two 2N dimensional spaces,one is the tangert bundle
of Lagrangian coordinates and velocities ¢; g, and the other is the cotangen
bundle of phasespaceof coordinatesand momena ¢ ; p;. If the p's involve only
N M independer functions of the ds, therewill be M independern constraining
relations

Det =0 (2.35)

m(@p) Om=1;2:;M: (2.36)
The special weak equality sign is a reminderthat theserelations are, of course,
not valid over the ertire 2N dimensionalphasespacebut the solution pair (g; p)
[191,194 294 283. The relations Eq. (2.36) are called primary constraints of
the Hamiltonian formalism [525, 527, 526]. Now, we considerthe quartity of
e L.
If we make variations for p,g, L; in the variablesqand g, in the coordinates
and the velocities, then variations will causevariations to occurin the momertum
variablesp. This meansthat

@ @
n L = n n — —
(@ L) Ph G+ G P @h% @h%
_ Q @
@]
= N — Oy 2.37
& P @hCh (2.37)

the variation is not independen of the velocities. Howewer, we may add to it any
linear combination of the 's Eq. 2.36,which are zero. The Hamiltonian, we may
changeto an other Hamiltonian

H=H+ 5 m; (2.38)

wherethe |, are any functions of the g's and p's.
Eq. (2.37) now gives

@A @y Q
- h = n — . 239
@htw@np G P @h% (2.39)
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for variations ¢,; p,. It follows that

G = 4 + @
@ "o
@ _ @, @n
@ @ "’
and o
By @ " @ (2.40)

From de nition Eq. (2.31), one can rewrite the equationsof motion. For any
function g(q; p), we have

g = fggHg=fgH+ , ,g=fgHg+fg; » ng
= fgHg+ nfg; ng+fQ ng n
= fgHg+ ,fg, nQ: (2.41)

We have the constrains Eq. (2.36), but must not use one of these constrairts
beforeworking out a Poissonbracdket.
An important consequencef thesede nitions Eq. (2.36) is the following

the constraint Eq. (2.36) is trivially satised 0= 0,

the constrain Eq. (2.36) is independent of ,, f n; ng O, determine
new constraint  (¢,; p,) = 0 so called secondaryconstrairt,

the constraint Eq. (2.36) de nes an equationto be satis ed by the function

m -

This de nes a linear vector space(due to the linearity of the Poissonbrackets)
and so any linear conbination of constrairts is again a constrairt.

It is of greatimportance for our purposesthe distinction between rst class
and second classconstrairts. The rst are de ned asthe constrairts which com-
mute (i.e. have vanishing Poissonbradkets) with all the other constrairnts. The
secondoneshave at least one non vanishing bracket with someother constrairt.
It may happen that we can take linear conbinations of second classconstrairts
and obtain some rst classconstrairts. Dirac shaved the profound di erence be-
tweenthis two classesn Ref. [194]. Any quartit y, which is weakly equalto zero
is necessarilystrongly equalto a linear conmbination of the constrairts, provided
the latter are regular constrairns.

2.3 Relativistic Kinematics

Particle physics utilizes relativistic kinematicsin many ways: to relate energies,
momeria and scattering anglesin di erent frames of reference,to deducethe
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CHAPTER 2. THE RELATIVISTIC PARTICLE PROBLEMS

masse®f unstable particles from measuremets on their decg products, to work
out threshold energiesfor production of new particles, and in a variety of other
applications [409. The problem we want to discusshereis what happenswhen
we replace Galilean spacetimewith Minkowski spacetime. All obsenablescan
be expressedn terms of invariants. The most exhaustive treatment of the sub-
ject of relativistic kinematic, is given in Ref. [104 315, considerableinterest
in experimertal high energyphysics. While the force between particles are only
imperfectly known, and are certainly for from classical,so long as the particles
involved in a reaction are outside the region of mutual interaction their mean
motion can be descriled by classicalmedanics. Further, the main principle in-
volved in the transformations conseration of the four vector of momertum is
valid in both classicaland quartum medanics.

word point

word line

present

LIT{‘.‘

Figure 2.1: The light cone.

1. Let us consliderthe linvariant of the four dimensionalline elemen between
two ewvents ‘x ; and ‘X , with componerts

ds? = cdf  d'x 2 (2.42)

where cdt timelike interval and Cartesian coordinates d'x = f dx; dy; dzg.
It hasbecomeusualto talk about three di erent typesof intervals

ds> 0; (spacelile)
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ds> O; (timelike)
ds? 0 (lightlike).

A spacetimediagram shown in Fig. 2.1, often called a Minkowski diagram,
is a geometricrepresetation of motions in spacetime[512]. The vertical
axisis usually plotted asthe time axis. For timelike intervals we canfurther
distinguish

s> 0 (future)
s<(; (past)

s=0: (presen or elsewhere)

The future conerepresets those areaswhere s is positive and ct is also
positive. The past cone comprisesspacetimepoints with s positive and
with ct negative. Those volumesoutside the two conesrepreseh what is
sometimescalled elsewheresincethey are everts for which the metric s is
imaginary.

Depending upon the situation one sometimesplots a single spatial dimen-
sion, or two spatial dimensions. Any point in spacetimeis called a world
point, and a seriesof world points represeting the motion of someobject
is called a world line Fig. 2.1.

2. We have the following Lorentz transformation betweenthe coordinatesin
the two systems

o1 0 10 1
ct % 00 ct
X0 v 00 X
%yoﬁ - y§; (2.43)
20 0 0O 01 z

4-\ ector
The prototype four vector is the position vector in spacetime,represeting

an ewert 0 1
ct

by

s= ;
y
z
contravariant, with componerts x , and
s=( ctxyz);

covariant with componens x .
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We are rewriting the invariant squaredlength Eq. (2.42)
0o 1
cdt
ds? = ( cdtdx dydz) %g§§ = (cdf)?+ dx®+ dy?+ dZ2= g dx dX ;
dz

whereg are tensor secondrank with componerts

0 1
1 000
RO 1 0 OF.
g—%oc)l X (2.44)
0O 001

say metric tensorde ned asthe matrix inverseof the spacetimemetricg
soit hascomponerts g sothat

g9 =
Along timelike directions the invariant Fig. 2.1
d?= ds?’=¢=dt? (dx®+ dy?+ dz?)=¢ (2.45)

is positive. Its squareroot is the elemen of proper time (chosenpositive in
the future pointing direction). For neighboring everts on a timelike curve
coincideswith the time di er ential dt that is measuredby a clock traveling
on that curve Fig. 2.1. The proper time di erential d and the coordinate
time di erential dt are related by

— = (v); (2.46)

wherev is the speedof the clock as measuredby an obsener using coordi-
nates(ct; x; y; z).

3. The world line of a particle is a curve x = x () , parametrized by the
proper time . The four velocity of the particle is the four vector

I dx
U= — 2.47
. (2.47)
The squareof any four vector is an invariant and so
iz=v v = & (2.48)

in any frame in rest frame T (c;0).
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Asscaiated with any particle is aqtllartlty m, called |ts rest mass. The four

momertum of a massiwe particleis P = mo'u where'u is the four velocity.
So

P =mo (V(c;V) = (me;'v); (2.49)
where'v is usual three velocity,
m=(v)mg; and P =mv; (2.50)

are the relativistic inertial massand relativistic momertum of the particle.
The relativistic massm equalsthe rest massmg for a particle at rest and
increaseswith speedvandm! 1 forv! c

The energyof a particle is de ned as
E = mp (V)& = mc*: (2.51)

A particle at rest hasrest energyE, = moc?, somassand energyare really
equivalert! The kinetic energyof a particle is its energydue to motion,

W=E Eg=( (V) 1)myc (2.52)
The squareof the four momertum is invariant,
P2=P P = mic; (2.53)
and we can write the componerts of the four momerium also as

P = (E=cp) and E2?2 'p22= mac: (2.54)

4. In the sameway that we had a transformation between spacetimecoordi-
nates, there is another Lorentz transformation betweenmomentum eneigy
coordinates, as indicated below

1

0
%0 c 8 8 %
p § _ % v %px

%pé 5 0O 1 Py (2.55)
P O 0 01 p

We shall achieve both simultaneously and shall adopt from now on~= c= 1:

2.3.1 Invariant Variables in the Center of Momen tum

Center of Momen tum (CM)
Let us rst considertwo particle kinematics with four momerta p, and p, and
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with massesn; and m; in a Lorentz system[315]. It is possibleto give the CM
in terms of the three invariants

pE=mipe=ms;  pp or (o p)* (2.56)
The CM energyE is in the CM system
pp+p="f + 500 and E = .+ 3 (2.57)

Hence
E?=(,+ )%= (p+ m)% (2.58)

since(p, + p.)? is invariant. Now we can de ne the total massM of the system
by squareof its total four momertum,

P2:= (p+ p)2=M2=E 2= (1+ 5)? (pi+'p2)? (259

or
|
P=M CM CM E=M CM ; (260)
where |
P !pl + !pz
= —_—= —=; 2.61
M= (261)
is the velocity of the CM in laboratory systemand the correspnding is
— E .
CM — M .

From last invariant in Eq. (2.56), we write for the Lab-system
PiP2= 1 2= My 2! (2.62)

Hence
2 = Eoi; (2.63)

whereE 1, is the energyof the particle 2 it in the rest systemof 1 and momertum

o _ (Pip2)  mim3,

d
I'P 21 m? ; (2.64)
and the relative velocity is
A2 2m2
J'P 21 (P1p2) mMim3
V3, = = ; 2.65
2 EZ (P1p2)? ( )
Using explicitly
P=p+ p2; (2.66)
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and
1 1
PPz = Sl(pr + p)? P2 pil= E(M2 mi m3); (2.67)

we obtain almostimmediately the following expressions

_MZ+(mi md)

1 M (2.68a)
_ M?+(mf mj)
2= M ; (2.68Db)
2t 1= M (2.68¢c)
d 0 0 o 0 .o MY 2MZ2(mZ+ md) + (M? m3)?
iz = .2 = j'o,2 = (m1 - 22) (mi mj) . (2.68d)
. .2
v2= 1P1 . (2.68€)

|
where ; and v, are energyand velocity, respectively, of particle i, as seenfrom
their commonCM system.
Now we shall proceedto a more complicatedproblem of relativistic dynamics.
It would seemthat only in the relativistic kinematics there are no direct experi-
mertal comparisonof physical quartities for two systemsmoving relative to eah
other, but in the relativistic dynamics ewerything is in order accordingto rela-
tivist logic the acceleratorsare operating. Let ustry to clear up the dynamical
concepts,even becausethe relativistic dynamics,restsupon a completely untrue
relativistic kinematics.

2.4 Forms of Relativistic Dynamics

2.4.1 Including Interactions to a Hamiltonian

In relativistic classicalmedanics, a problem is usually formulated in terms of
a di erential equation whose solution has to satisfy certain initial conditions.
Causality requiresonly that these initial conditions have to be posedon any
spacelike (or light like) hypersurfaceof Minkowski space(Sec. 2.3). In nonrel-
ativistic medanicsinitial conditions are given at a particular time t = to. The
time ewlution of the systemthen takesplace orthogonal to the initial hypersur-
facechosen. In quantum medanicsthe situation is similar, but one has a wave
function, a solution of the dynamical equation describingthe systemof interest.
In this case,the quartization conditions are formulated on the hypersurfacecho-
sen. In both casesarethe transformation propertiesof the hypersurfaceunderthe
elemerts of the Poincare group of certral importance. Dirac [190]discussedhree
casesof subgroupsof the Poincare group that leave hypersurfacesof Mink owski
spaceinvariant, whereasthe rest of the Poincare group doesnot. For ead sub-
group he outlines a form of relativistic dynamics. The respective subgroupis
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then also called the stability group of the correspnding form of dynamics. The
generatorsspanningthe stability group are called kinematical, while the others
are calleddynamial and arereferredto asthe Hamiltonians of the system. When
constructing a represemation of the Poincare algebrafor a systemof interacting
particles the kinematical generatorsare free of interaction terms, whereasthe
dynamical generatorscortain explicitly interactions. From this point of view the
dimension of the stability group also correspnds to the number of interaction
independert generators. Dirac also asked the question how interactions could
be introduced in a system of free particles. He sav that the interaction terms
in the Hamiltonians have to satisfy nonlinear conditions to guarartee that the
interacting systemis still descrilted by a represetation of the Poincare algebra.

It is not clear from the beginning, how to add interactions to the operators.
In order to descrike a relativistic quantum medanical system, one has found a
set of generatorsof the Poincare group that satis es the correct commutation
relations given in Egs. (2.6). The problem can be seenbestin the commnutation
relation

[P, KX =i TkH:

If interactions are addedto the Hamiltonian, that meansto the right hand side
of this equation, then they also have to appear in one or the other part of the
left hand side. This problem was noticed by Dirac [190]. In general,one can try
to add interactions to H and all the other generators,even di erent terms for
eat generator,provided that the Poincare algebrais still satis ed. Sud a con-
struction is somewhatarbitrary and not straightforward at all. Dirac restricted
the examination to his three forms of dynamics, included potertials in the dy-
namical generatorsonly and arrived at nonlinear conditions for the potertials,
which guarartee Poincare invariance. The di erences betweenthe three forms
of dynamics are the following: including interactions only in the K% leadsto
the instant form, including the potertial in someof the P% and someof the K%
yields the front form, and including interactions only in the P% givesthe point
form.

Sowhat onerather wants are only linear conditions on the potertials and a
straightforward way to include giveninteractionsin the Poincare generators.Sud
a prescription was deweloped by Bakamjian and Thomas [27]. The Bakamjian-
Thomas Construction provides a meanto add interactions to a noninteracting
few body theory in a way that automatically guararteesthat the resulting gen-
erators of the Poincare group satisfy the correct commnutation relations. This
can be accomplishedn the di erent forms of relativistic dynamicsdependingon
the initial choice of the set of Poincare generators. From ead initial set, some
di erent auxiliary operatorsare constructed (including the massoperator, which
commutes with all generators). After the interaction potential is addedto the
massoperator, one gets somequite usual constrairts on the potential, which en-
sure the validity of the comnutation relations of the original generators. These
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2.4. FORMS OF RELATIVISTIC DYNAMICS

can then be reconstructedfrom the auxiliary operators and descrike the inter-
acting theory in a Poincare invariant manner. This yields linear constrains for
the potential terms in ead form of dynamicsand a straightforward way for the
construction of the interacting Poincare generators.

It is quite possibleto construct the Poincare generatorsfor one free particle.
This construction can be generalizedto yield operator represetations for a sys-
tem of two free particles. In this casethe operators are constructed as a tensor
product of single particle Hilbert spaces.The Poincare generatorsare then sums
of generatorsfor eat particle

Po =P, Lo+1; P, (2.69)

wherethe subscripts1 and 2 denotethe operatorsreferring to the Hilbert spaces
of particles 1 and 2, respectively. The subscript O indicates that the operator
descrikesa systemof free particles. The correspnding single particle statesare
combinedto two particle statesby Clebst-Gordancoe cien ts (SeeAppendix.B).
This construction can be donein any of the three forms of dynamics, howe\er,
the respective Clebsd-Gordan coe cien ts will depend on the particular form of
dynamics.

The procedureto build interactions into the generatorsis now the following:

1. Construct the set of free two particle generatorsaccordingto Egs. (2.69)
and (2.70). This set satis es the Poincare algebra.

2. Construct a set of auxiliary operators (dependingon the form of dynamics)
from the free generatorswith commnutation relations related to the onesof
the original set of generators.One of theseauxiliary operatorsis the mass
operator.

3. Add the interaction only to the massoperator without a ecting the other
(auxiliary) operators. This implies only linear constraints on the poten-
tial. The constrairts in this casehave to guarartee that the algebraof the
auxiliary operatorsdoesnot change.

4. Reconstruct the original set of generatorsfrom the auxiliary operators.
The interaction now erters the generatorsvia the massoperator and the
Poincare algebrais still satis ed, sincethe comnutation relations of the
auxiliary operatorswere not changed.

In the following subsectionswve will discussDirac's three forms of relativistic
dynamicsin somedetail.
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2.4.2 Instant Form

The laboratory obsener studies the physical processesn the four dimensional
spacetime cortinuum descriked by the coordinatesx = (t; #). The three dimen-
sional spacet is a hyperplane given by the equationt = const An obsener
studies the ewlution of his physical systemfrom one planet = const to other
one. The wave function (r;t) of a quantum system,for a givent, is de ned on
this hyperplane.

This descriptionin four dimensionalspace from one xed time planeto other
one, correspnding to the dierent time instants is called the instant form of
dynamics.

The time translations of the three dimensionalplane are determined by the
Hamiltonian H = Py. The interaction enters also into three operators of the
Lorentz transformation Jig, i = 1;2;3. Indeed, two simultaneous events in one
systemof referenceare not simultaneousonesin a moving system. Therefore,the
Lorentz transformations do not leave the planet = const invariant, they change
the orientation of this planerelative to the time axis. This is the reason,why the
correspnding generatorscortain the interaction.

The other six generators,the translations and rotations inside the three di-
mensionalspace,namely P and J; = «J1¥ coincidewith the generatorsof the
free systemand are kinematical.

2.4.3 Point Form

In principle, one can de ne the wave function on any hyperplanein spacetime.
Any two points of this surfacecannot be connectedby a light signaland, hence,
an ewen in one of thesepoints cannot be causedof the other one. A cornveniert
choice is the surface of hyperboloid, t> #2 = const It is invariant under
Lorentz transformations. With the state vector de ned on the family of these
hyperboloids, we obtain the point form of dynamics.

In the point form the rotations and the Lorentz transformationsdo not change
the hyperboloid t? 2 = const Therefore all the six generatorsJ  do not
cortain the interaction. Whereas,the translations are much more complicated,
and all the generatorsP cortain the interaction. This meansthat the total
momertum of a systemis not the sum of the particle momerta. This complicates
the situation inspite of the simpli cation of the Lorentz boosts.

244 Front Form

The obsener moving with the velocity v along z-axis descrikesa physical process
in his coordinates (t% x% y% z%, which are related to the laboratory onesby the
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Lorentz transformations:

01 O 10 1
t0 0 0 +v t
xiﬁ _ % 0 10 O § x§_
%y = 0 01 o : (2.71)
20 v 00 ya
where 1

According to Eq. (2.71), the planet®= constin the moving systemcorresmpnds
to
(t + zv) = const;

in the laboratory coordinates. The ewlutions are consideredfrom one plane
t + zv = const to other one. Sincethe value of const is not yet speci ed, the
factor can be absorked by it. For the null planewe put t°/ t+ zv = 0. In
the limiting case,whenv ! ¢, we get the plane determined by the equation
t°/ z. = t+ z = 0. The wave function is de ned on this plane. This equation
coincideswith the equationfor the light front z = t, moving along z. This is
the reason,why the description in these coordinates is called the front form of
dynamics, or the light front dynamics!?

For an arbitrary four vector a we perform the following transformation to
front form coordinates

(a%al;a%a’)! (a";a';a%a );

wherewe have de ned

P

a* = (&+ a3)=p 2a = (& a)= 2

We alsousethe transversevector part of a as
a, = (a';a?):

In front form dynamics only three generatorsP ;J; ;J, do not leave the
light front plane invariant and cortain the interaction. Other seen generators
PPy Py Jd10:d +: 31+ and J,, arethe freeones.

Note alsothat, for a free particle, the relation betweenthe energyand mo-
mertum

p5= p>+ m% (2.72)

can be rewritten in the light front coordinatesas
2p.p P2 = m%or2p.p = P2+ m? (2.73)

IWe useunits with c= 1
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with p, = (p1;p2). So,the light front energyp of a free particle is expressedy

_ B +m?
p = o (2.74)
where p_
p =@ p)= 2 (2.75)

are the front form energy(-) and the longitudinal momertum (+). Unlike the
usual instant form dispersion

E = P p?Z + m2?; (2.76)

the front form dispersionrelation hasa rational structure. This expressiondoes
not cortain any squareroot, in cortrast to the instant form.

The main di cult y of quantum eld theory is the very complicatedstructure
of the state vector describingthe particles and even the state without any parti-
cles,the vacuumstate. The state vector is usually described asa superposition of
the bare quana, correspnding to the non-interacting elds. If we switcho the
interaction betweenthe elds, the number of particles is consered. As scon as
we take into accoun the interaction, the state vector is a superposition of states
with di erent number of particles.

If interaction is a weak, like in the caseof the quantum electrodynamics, it
doesnot changethe state vector too much. Therefore,the dressd electrondi ers
from the bare one only by small admixtures of photons.

The situation is drastically di erent when the interaction is strong. In this
case,the structure of the real particle is extremely complicated. For example,
the proton consistsof three quarks, but these quarks are not the samequarks
that appearin the initial Lagrangianof QCD. They are so called the constituernt
guarks which consistof bare quarks and gluons. The state vector of the proton
is a complicated superposition of the bare elds. It hasnot yet beencalculated
from rst principles of QCD.
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Figure 2.2: A comparisonof the three dynamical forms [29].

One should emphasizethat not only the proton state, but also the state
without physical particles the vacuum state of the laboratory obsener, is a com-
plicated superposition of the bare patrticles, or, in other words, of uctuations
of the bare elds. At the sametime, this description of emptinessin terms of a
complicatedconglomerateof particles, seemaunnatural. 1t would be much better
to work in the approad in which the vacuum is indeed nothing but emptiness.
Simplifying the vacuumwave function, we simplify not only it but alsothe wave
function of the proton and of other particles, eliminating from them, like in the
vacuumwave function, the uctuations of elds. After that on canstudy the real
physical structure of particles.
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In Fig. 2.2, we shown of the three forms. Which of the three dynamical forms
should be preferred? The questionis dicult to answer, in fact it is ill-p osed.
In principle, all three forms should yield the samephysical results since physics
should not depend on how one parameterizesthe spacetime. It is dependen in
it, onehasmadea mistake. But usually oneadjustsparametersto t the physical
problemany simplify the amourt of practical work. Sinceoneknows little on the
typical solutionsof a eld theory, it might well be worth the e ort to admit also
other than the cornvertional instant form. Howere, the purpose of the presen
work is to introduce a framework for deweloping NN interaction models within
the context of the instant form of relativistic dynamics.

2.5 Quantization

We study here the canonical quartization of nonrelativistic Hamiltonian me-
chanics. As was discussedin Sec. 2.2.2, the basic structures that determine
the Hamiltonian description of the systemare the Poissonbradket structure on
phasespace,its valuesfor the fundamenal degreesof freedomand the classical
Hamiltonian H [191].

There exist a number of di erent quartization schemeswhich have beenpro-
posedover the decadesgad with its own merits and drawbads.

1. The canonical quartization method [193,513]: At the level of QED, the
canonicalquartization method is not too di cult, but the canonicalquan-
tization of more complicatedtheories,sud asnon-Abelian theories,is often
prohibitiv ely tedious.

2. The Gupta-Bleuler[307,80] or covariant quartization method: Contrary to
canonicalquartization, it maintains full Lorentz symmetry, which is a great
advantage. The disadwantage of this approad is that ghostsor unphysical
states of negative norm are allowed to propagatein the theory.

3. The path integral [234,235] method: This is perhapsthe most elegan and
powerful of all quartization programs. One advantage is that onecaneasily
go bad and forth betweenmany of the other quartization programsto see
the relationshipsbetweenthem. The disadwantage of the path integral ap-
proad is that functional integration is a mathematically delicate operation
that may not even exist in Minkowski space(Sec. 2.3). A method to incor-
porate constrairts in the notion of Feynman path integrals was formulated
by Faddeev[216].

4. The Becdi-Rouet-Stora-Tyupin(BRST) [49,50,51, 52]quartization method:
This is one of the most conveniert and practical covariant approathesused
for gaugetheories. Like the covariant quartization program, negative norm
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states or ghostsare allowed to propagate and are eliminated by applying
the BRST condition onto the state vectors.

All the information is cortained in a singleoperator, making this a very attractiv e
formalism. We will especially discussthe canonicalquartization method.

2.5.1 Canonical Quantization

On of the rst methodsto quartize a nite regular systemis the socalled canoni-
cal quartization [193,294. Corresponding to the fundamenal degreesf freedom
that de ne phasespace,and functions on this space,we have at the quarntum
level linear operators acting on Hilb ert space[529. Being operators, thesequan-
tities generallydo not commute amongone another, sothat most often ordering
prescriptionsare necessaryn orderto de ne quantum composite operators. Note
alsothat quartization of a classicalsystemalways introducesa new fundamenal
constart, namely ~, which hasthe dimensionsof [masslength? time 1] [294.

The quantum Hilbert spacecarries an algebraic structure assaiated with
commutation relations, in a sensethat it providesa linear represetation of this
algebraof quartum operators. This howewer is not enoughat the quantum level.
An additional structure must be introduced on Hilbert space,namely an inner
product, which will be denoted by Dirac's bradket notation < j > [193. This
inner product hasto satisfy two main requiremens.

The Hermiticity properties of the quartum operators
¢=qp=7p

In particular, the quartum Hamiltonian operator H corresmnding to the
classicalHamiltonian H must be de ned with a choice of ordering sud
that ¥ is Hermitian, selfadjoint. Thesedi erent orderingsmay leadto not
equivalert quartum theories.

The inner product must be a Hermitian inner product. This correspnds
to the following property under complexconjugation

< j o> =< ] >

where and arearbitrary quanum states.

The commnutation relations of the fundamenal quartum degreesof freedom
are simply given by the result of the assaiated Poissonbracket, multiplied by i~
(SeeChapt. 4) its meansthat

fA;Bg ! i~[A B (2.77)

where[A; B] = AB BA; isthe comnutator of the operatorsA; B. This prescrip-
tion is in this simple form howewer too naive and only works for special Hamilton
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operators and special obsenables. The precisemeaningo (2.77) was analyzedby
Ashtekar [25].

For example, asseiated with the fundameral brackets givenin Eq. (2.34),
we have the Heiserbberg commnutation relations

[q11; Q12] = O; [pnl; pnz] = O; [QM; pnz] =i~ nl;nz; (278)

where§,; pn are the fundamertal quartum operators correspnding to the phase
spacedegreesf freedom[296].

The canonical quartization rules could be ewertually applied in a smaller
Hilb ert space,which is the courterpart of the reducedphasespaceR. Howewer
there remains a problem becausethe knowledge of R is not sucient. Wave
functions depend on con guration spacevariables,but R although symplecticis
not necessarilythe cotangen spaceof somecon guration space.And even more
sewere,in most casesan explicit represetation of R is not available and oneonly
knows it implicitly .

2.5.2 Quantization of Constrained Systems

The canonicalquartization prescription hassered us well in de ning a straight-
forward and unambiguous way of quartizing a classicalsystemin at space.
Howeer, it immediately runs into problems where constrained dynamicsis in-
volved. It is easyenoughto restrict the potertial term to the constraint surface
the dicult y arisesin treating the operator ordering ambiguities in quartizing
the kinetic terms.

Noticing the point that the Dirac bradkets for the constrainedsystemplay the
role of the Poissonbradkets for the unconstrainedsystem, we can quartize the
classicalconstrained system. The Dirac bradkets are to be replaced,in quarti-
zation, by the commutators ( 1=i}). Along this canonicalquartization method,
therefore, it is important that we descrite the systemin the languageof the
Hamiltonian and not of Lagrangianformalism.

In caseof vanishing matrix elemeits of constrairts, it isto x the multipliers
in the classicalHamiltonian by one way or another and solve the Sdredinger
equation with the correspnding Hamilton operator. Use the substitution rule
Eq. (2.77) asthere wereno constrairts. Sinceby this we work in a Hilb ert space
which is too big, de ne statesto belongto the physical Hilbert space , if they
ful ll

< 3&j >=0 (2.79)

whereC, arethe quartum analogiesof all constrairts in the classicaltheory [527.
In caseof constrairnts as conditions on states, which occur for a rst class
theory with
H=Ho+ i
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Again solwe the Sdiredinger equation for certain xed valuesof the multipliers
and ignore the constrairts. Then imposeas conditions on the states

j >=0: (2.80)

This requiremen meansthat the statej > isinvariant underthe action of gauge
transformations generatedby constrairts. A subspacede ned by sud equations
(called physical subspace)is actual the Hilbert spaceof a theory. This implies
Eq. (2.79) for those constrains C, which are rst class. For consistencyof Eq.
(2.80) also

[5') >=0

hasto hold. Howeer, the quantum analogiesof Poissonbracket relations
fl.ilg=0;

do not necessarilybecome o )
[N = f"l‘l N (2.81)

becausen generalthe structure coe cien ts are operatorstoo and someof them
may occurson the right of the '. This order problem might be preverted by

"% >=o0

In the classicaltheory, the constrains do not only de ne constraint hyper-
surfacesbut they also generate gauge transformations. Therefore one should
expect that in the quartum theory they do not restrict the full Hilb ert spacebut
also generateequivalenceclassef states. De ne the in nitesimal changeof an
operator

B= AN (2.82)

and calculate the matrix elemen
< 3Aj >= < 987 > < 9 > (2.83)

The rst term on the right hand side vanishesdue to Eg. (2.80), the second
would vanishin caseof hermitian constrains [527.

If constrairts iderti es asan operator, than we useDirac quartization rules.
The dicult y arising from the nonvanishing comnutator of two constraints on
the physical state, the presenceof secondclassconstrairts ; are even more se-
vere.If 'j >= 0; there will be some

%l >6 0 (2.84)

sincealready classically
Detf i; ;06 O (2.85)
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such that ¢ >= 0 must lead to cortradictions unlessone assumesthat the
constrairts themsehesvanish as operator €, = 0, [191, 194 527.

So, we can quartize any singular systemusing Eq. (2.77), but there is no
singlerule for quartization of constrainedsystems.

In non relativistic theory all dynamical variablesare bosonicand represeted
by ordinary comnuting numbers. On the other hand, in theory of particles oneis
tempted, that all really fundamenal particles, fermion and bosonsare composite.

As it was suggestedoy Sdwinger [507], the matrix determining the Poisson
bradckets and the canonicalcommutation relations, must be skew Hermitian, then
the consisten classicaland quartum dynamics may be constructed on the basis
of the variation principle. Remarlkably, not only a real and skewsymmetricl
matrix, but also an imaginary symmetrical one is possible. Howewer, in the
secondcasethe canonical variables should be anticommuting. The analysisin
a spaceof anticommuting variables (in the Grassmannalgebra) as exhaustively
dewelopedby [483. The importanceof usingGrassmannalgebraswasessetial for
the discovery of supersymmetriesand the recen introduction of the superspace
formalism.

In order to de ne the assaiated manipulations, one must introduce the no-
tions of integration and derivation of Grassmannvariables,and extendthe notion
Poissonbradkets to Grassmannodd phasespacedegreesof freedom. We discuss
it in the next section.

2.6 Grassmann Anticomm uting Variables

The introduction of newvariablesin mathematicsand other sciencesasplayed
a signi cant role in the dewlopmen of mathematics and science. This phe-
nomenoncan be seenclearly in theoretical physics. Beginning from ordinary
classicalmedanics using ordinary real number, complex variables have helped
the birth of quantum theory in which they are basic ingrediert. Besidetheir
use as a mathematical tool, new variables may lead to more profound physical
consequencesThe aim of this chapter is to shav other new variables which we
could usein constraint dynamicswith spin one half particle.

The analysis of Grassmannalgebrasis known to mathematicians and has
beenusedfor a long time, but its application in physics beganalong with the
formulation of quartum eld theory [41Q 64]. The formulation of bosonic eld
operators by using commutation relations in quantum eld theory led directly
to the introduction of anticommuting relations for fermionic eld operators by
Dirac [193,

faja¥lg=1, fajag= fa’;a’g= 0: (2.86)
The form of theserelationsis idertical to the anticommutation relations between
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Grassmanniancoordinates ' and their derivatives@ @@,

fs@=1; f'lg=f@@y=0 (2.87)
which leadsoneto conjecture the existenceof fundamertal anticommuting co-
ordinates. Sincethen, Grassmannvariables have taken an important placein
theoretical physics. In particular, Grassmannvariableshave beenplaying a cen-
tral role in areassud as secondquartization, non Abelian gaugetheories, and
supersymmetry We shall introduce a brief theory of supersymmetry

Although the useof anticommuting variablesareindispensablefrom almostall
theoretical physicsworks, there hasbeennot much attention to their useasakind
of coordinate appendedto our usual spacetime dimension. The introduction of
extra Grassmanncoordinates stemsfrom the vast amourt of researb on uni ed
modelsof elemenary particlesand their interaction forces,basedon the extension
to Minkowski space time.

The rst attempt to unify gravitation and electromagneticinteractions was
exploredby addingonebosonicextra coordinate to the the four dimensionalspace
time in Kaluza-Klein theory [344,358. Comnuting variable coordinatesare also
usedin bosonicstring theory [299 502. The introduction of extra Grassmannian
coordinates hasits roots in superspaceformulations [181]. Supersymmetry [222
and supergravity [435]are thosethat usethe superspaceconceptby introducing
spinorial Grassmannvariable coordinates in their e orts to unify bosonsand
fermions. Theseformulations are essetial in the construction of ten dimensional
superstring theories, generalizedversion of string theories[299 507.

2.6.1 Grassmann Algebra

De nition

f i, ;09=0fori;j =1,::5;n (2.88)

wherefA;Bg AB + BA for arbitrary A and B. Thesegeneratorswill de ne
a Grassmannalgeba G, with n geneators. In particular, ( {)>= 0. If n! 1,
the correspnding algebrawill be denotedby G; . We will limit our discussion
to nite dimensionalGrassmannalgebra. The generalizationto the in nite case
is straightforward.

Thesegeneratorswill de ne a linear vector space,in which all possiblepoly-
nomials of ; will form a basis

Loog ity 20 120 tIomoans fiNo1iiload

This basiswill generatea 2"-dimensionalvector spaceover the complexnumbers,
whoseelemetts are calledsugernumters. The monomials ;, ::: ;, will bereferred
to asa monomial of degree p.
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Functions of Grassmann Variables

Any function of ;, f ( j), can be written asa conmbination of monomials:

f()=a+ e
p=1

(2.89)

We can choosewithout loss of generality the coe cients ¢'*#r to be totally an-
tisymmetric in their indices. These coe cients usually are ordinary complex
numbers, and f () is called a supernumber. A supernumber is an elemen of
the algebraG,. In this case,c is called the body (which is an ordinary complex
number), and the rest is called the soul of the supernumber f ( ). In general,
every supernumber canbe expressedasa sum of the body g and the soul s,

= Bt s!
The inverseof a supernumber can be derived easily Writing
= B (1 + B ! S);

then
X

= gMd+ gte) t= gt (gt (2.90)
n=0
where a Taylor expansionis usedin the last step. Then it is obvious that a
supernumber hasan inverseif and only if its body is not vanishing.
We can also extend any analytic function on complex numbers to a super-
number valued function on G,,, using the usual Taylor expansion:

X q

f(e) &
oo P

f()=

Here f P( ) is the p-th derivative of f at the point g, provided g is not
singular.

Another useful classi cation of supernumber is worked out by separatingits
odd and ewen parts:

p=1

an 1

0= Cil:::i2p+1

i1:lizpa ;
p=0
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for evenn, or
(nx1)=2
e= Bt Cll:::mp il:::izp;
p=1
(nxl):2
0o~ Cll:::lszrl i1:izp+1 ;
p=0
for odd n.

Odd supernumbers anticommute amongthemselhes, and even supernumbers
commnute with ewverything. The setof even supernumberswill generatea commnu-
tativ e superalgebraof G,, G . The setof odd supernumbers,Gﬁ ). do not form
an algebra. The product of an even and an odd supernumber will give an odd
supernumber. The product of two even supernumbers or two odd supernumbers

is an even supernumber. Finally, the squareof an odd supernumber vanishes.

Deriv ativ es

Now, we de ne the derivative of the elemerns of GrassmannalgebraG,, in term
of its baseelemerts

Q@ _

@il:::ip = ilin:::ip i2q i1 i3:::ip
q

SRR () LT R S ST (2.91)
This derivative will be denoted as left derivative. Its right partner is de ned
similarly

@ _

i1"'ip—@ = ipq i1 -+ ip 1 ip 19 i1 -+ ip 2 ip
q

+i+ (P g, (2.92)

ip-
Both derivativesare linear operatorsin GrassmannalgebraG,. To avoid ambi-
guity, from now on we will only usethe left derivative, unlessindicated explicitly.
The derivative operators satisfy anticommutation relation amongthemselhes:

@ @
= =Zqg=0: 2.93
@ @ g (2.93)
Also it is easyto verify from previousresult that
@
fii—g= i: 2.94
@, g j ( )

Sinceany function on supernumbers can be written as superposition of the
baseelemerts, the derivative of any function on Grassmanrvariablescanbe easily
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calculated using theseresults. Other properties can be derived easily from the
de nition of the derivatives. For example,let u 2 G, v2 Gl andw 2 G,,
then

Q(UW) = (QU)W+ U(@@W); (2.95)
Q(VW) = (Q_V)W V(Q_W): (2.96)

Also,
D 2w= 2%y (2.97)

The superanalyticity is de ned in the sameway as analyticity for ordinary
functions. If f(v) 2 G,;v 2 G\, is superanalytic, then it is simply a linear
function of v

f(v) = a+ by (2.98)

wherea and bare constarts elemeits of G,, and dependon the nature of f (v). For
instance,if f (v) is takento be even supernumber, then a is an even supernumber
and bis an odd supernumber. Let us consideran in nitesimal displacemen dv in
G\’ space.Assumingf (v) is superanalytic, then dv will induce an in nitesimal

displacemen of f (v), d (v), in G,, space.For an arbitrary dv

d
d (v) = dv d—vf () ; (2.99)
from which we get the generalsolution above.

Integration

Integration over Grassmannvariablesis de ned as[18]]
d i = 0; d =1 (2100)

The rst relation follows from the requiremen of invariance under any nite
translation a for commuting variables
dxf (x) = dxf (x + a);
1 1
which is extendedto anticommuting variables. The secondrelation xes the nor-
malization corvertion. It canbe shown that d ; will alsosatisfy anticommutation
relation amongthemsehesand with

0, fori;j=1;:::;n
0: (2.101)

fd i;djg
fdi; j9
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It is clear from their de nitions that di erentiation and integration over an
anticommuting variable are essetially idertical,

dvf (v) = di\/f (v)=b; v2G{) (2.102)
and the integral of the derivative over anticommuting variablesvanishes
d d?
e = =0 ()
dv dvf (V) dVZf VW=0 v2¢G,": (2.103)

The extensiontozmultiple integration is de ned by iteration of singleintegral.

ilz::: ipd p:::d 1= "il:::ip;
1,
f( )d p:::d 1 - a il:::ipcll... p;

where";, i, is the Levi-Civita tensor.
For future use we still de ne here a Grassmannvariant of the Dirac
f unction by 7

f() ()d =1(0); (2.104)
sothat Z Z
()=0 ()d =1 and ()d =0
In casen > 1 Grassmannvariables 1: 2:::: " are encounered, we de ne

n(): (n)(nl):::(l): nnl:::l;
with all the obvious properties.
Conjugation

Complex conjugation (involution) is de ned as one-to-onemapping of the al-
gebraonto itself f () ! f( ), sud that,

FO) = 10n
GO+ () = O+ F0);
FO0R0) = 070

forall f;f,;f,2 G,. A supernumber is saidto bereal if =
Until now, we have assumedthat the n generators ;::: , arereal,
= i=Ln
[Note that the baseelemens of the algebra neednot to be real in this case.]
A complex Grassmannvariable, , can be written as summation of its real and
imaginary parts = g+ i, and the real and imaginary parts can be replaced
by and asindependen generatorsof Grassmannalgebra.
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Quantization of the Grassmann Variables

Quartization sendsthe Grassmannalgebrainto a Cli ord algebra. The key step
is to corvert the dynamical variables of the classicaltheory into operators by
meansof the prescription

fA;Bg! (i~ YA B] ; (2.105)

where the plus sign denotesan anticommutator (to be usedwhen A and B are
odd) and the minus sign correspndsto a comnutator (to be usedwhen at least
A and B is even). Applying this prescriptionto f '; 'g =i I we obtain

N5 =~ (2.106)

from which we concludethat we have a Cliord algebra. In this represetation

we have
_1=2
N

i = 5 i
2
wherethe ; arethe Pauli matrices.

(2.107)

2.7 Supersymmetry and Supereld

Sypersymmetry (susy), i.e., fermi-bosesymmetry is on of the most peculiar dis-
coveriesin the history of physics.

We can also generalizethe conceptof supernumber to that of super eld [485
227]. A supereld is de ned similarly to a supernumber except that now the
coe cients are elds instead of simply numbers. In most casesin physicsthey
are elds over spacetimeF (x), wherex = (x%x). Then asupereld F(x; ; )
can be written as

X
F(X, ’ )= FO(X)+ Fia lp(x) ig it ipe (2108)
p=1

The super eld is thereforeequivalert to a nite number of ordinary elds, which
is a multiplet of elds. The transformation properties of super elds imply trans-
formation properties for the multiplet componerts.

The method of constructing supersymmetry Hamiltonians is basedon an ex-
tension of the normal spacedueto the introduction of additional fermion coordi-
nateswhich form, togetherwith the normal coordinates,the socalledsuperspace.
In the superspacethe superalgebra(The algebrawith the Grassmannvariables)
can be realizedlinearly. Moreover, the bosonand fermion elds are conbined in
a single super eld.

Sincewe want to construct supersymmetric quartum eld theories, and to
nd represemations of the susy algebraon elds. A corveniert and compact
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way to do this is to introduce superspaceand super eld, i.e. elds de ned on
superspace. This is particularly simple for unextendedsusy so we will restrict
hereto N = 1 superspaceand super elds. Then we have two extra two susy
generatorsQ and Q, as well as four generatorsP of spacetime translations.
The ideathen is to enlargespacetime labeled by the coordinatesx by adding
two plus two anticommuting Grassmannvariables and . Thus coordinateson
superspaceare (X ; ; ):

2.7.1 Spinors and the Poincar e Group

We begin with a review of the Lorenz and Poincare groupsand spinorsin four

dimensional Minkowski space. The signature is takento be +; ; ; sothat
p> = +m? and ; ;:: always are spacetime indices,while i; j; ::: are only space
indices. then the metric g is diagonalwith gy = 1,0; = 1
The Lorenz group has six generators, three rotations J; and three boosts
Ki;i = 1;2; 3 with commnutation relations
[Ji;Jj]: [ iijk; [Ki;Kj]Z [ ijk\]k; [Ji;Kj]= i iijj: (2109)

To identify the mathematical structure and to construct represetations of this
algebraoneintroducesthe linear conbinations

1 .
Jj = E(JJ IKJ'); (2110)
in terms of which the algebraseparatesnto two comnuting SU(2) algebras:

i 1=0 (2.111)
Thesegeneratorsare not hermitian howere, and we seethat the Lorentz group is
a complexi ed versionof SU(2) SU(2): this groupis SL(2;C) [74]. To seethat
this group is really SL(2; C) is easy:introducethe four 2 2 matrices  where

o is the identity matrix and ;i = 1;2;3 are the three Pauli matrices. Then
for every four vector x the 2 2 matrix x is hermitian and has determinart
equal to x x which is a Lorentz invariant. Hencea Lorentz transformation
presenesthe determinart and the hermiticity of this matrix, and thus must act
as x I Ax  AY with jdetAj = 1. We seethat up to an irrelevant phase,A
isacomplex2 2 matrix of unit determinart, i.e. an elemen of SL(2;C): This
establishesghe mapping betweenan elemen of the Lorentz group and the group
SL(2;C):

The Poincare group cortains, in addition to the Lorentz transformations, also
the translations. More preciselyit is a semidirect product of the Lorentz group
and the group of translation in spacetime. The generatorsof the translations are
usually denotedP : In addition to the comnutators of the Lorentz generatorsJ;
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(rotation) and K; (boosts) onehasthe following commutation relations involving
the P :
[P:;P1=0 [Ji;P]=1jkPx; [Ji;Po] =0
[Ki;Pl= iPo; [Ki;Pol= iPj; (2.112)
which state that translations comnute amongthemsehes,that the P; area vector
and Py a scalarunder spacerotations and how P; and Py mix under a boost. One

de nesthe Lorentz generatorsM = M asMg = K;j andMj = «Jk: Then
the full Poincare algebrareads

[P:P]1=0;
M ;M J=ig M ig M g M +ig M ; (2.113)
M ;P]= ig P +ig P:
There are various equivalert ways to introduce spinors. Here we de ne spinors

as the objects carrying the basic represetation of SL(2;C): Sinceelemers of
SL(2;C) arecomplex2 2 matrices, a spinor is a two componert object ~ *

transforming under an elemen M = 2 SL(2;C) as

1 9=M (2.114)

with ; = 1;2 labeling the componerts. Now, unlike for SU(2), for SL(2;C)
a represemation and its complexconjugateare not equivalet. M and M give
inequivalert represetations. A two componert object transforming as

I 9%=M - (2.115)

is calleda dotted spinor, while the above is calledan undotted one. Comparing
the complexconjugateof Eq. (2.114)with Eq. (2.115)we seethat we canidertify
_with () :
The represemation carried by the is called (%; 0) (matrices M ) and the
onecarried by the s called (0; 3) (matricesM ). They are both irreducible.
Now, any SL(2;C) matrix can be written as

M =exp(a j+ib ;); (2.116)

M =expa ; i ;) (2.117)
This explicitly displays the generatorsas the spin  represetation of the com-
plexi ed SU(2); in accordancewith (2.110). One introducesthe Dirac matrices
in the Weyl represetation as

0 . 5 i 01 2 3_ 1 0 (2118)
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A four componert Dirac spinor is made from a two componert undotted and
a two componert dotted spinoras . Clearly it transforms as the reducible

(3;0) (0;1) represetation of Lorentz group. Then , and ° are chiral
Dirac (or Weyl) spinors. A Majorana spinor (seeAppendix.A.1) is a Dirac spinor
with , l.e. it is of the form

The Lorentz generatorsare

i 1 1 0
T2 = 5 )= 3 0
(2.119)
We seethat indeedthe undotted and dotted spinorstransform separately the
generatorsbeingi for andi for - with
1
()=5 _ - ($);
1
( )::Z - (% ) (2.120)
Note that e.g. ?= 2= '5 . sothat the rotation generatorM, =

M1%is 2 , asexpected.

2.7.2 The Supersymmetry Algebra

The symmetry we are looking for must connectbosonand fermions. In other
words, the generatorsQ of this symmetry must turn a bosonic state into a
fermionic one, and vice versa. We want to enlargethe Poincare algebraby gen-
erators that transform either as undotted spinors Q' or as dotted spinors Q'
under the Lorentz group and that comnute with the translations. The extra
index | = 1;:::N labelsthe di erent spinorial generatorsin casethere are more
than one pair. This meansthat accordingto Eq. (2.120)

P;Q'1=0 [P;Q]=0;
M ;Q'1=i( ) Q' (2.121)
M Q=i )Q'~
In particular, M1,  Jz and thus [J3; Qi1 = Q) and [J5; Q5] = 1Q): Since
Q= (@) ad Q%= (Q
onesimilarly has
D3 (@)1= 5@ and [5(Q)]1= Q"
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We concludethat Q) and (Q.)Y rise the z-componert of the spin by half a unit,
while Q) and (Q!})Y lower it by half a unit.

Sincethe Q' transform in the (%; 0) represetation and the Q' in the (0; 3);
the anticommutator of Q' and Q'_ must transform as(%; %); i.e. asa four vector.
The obvious candidateis P sothat we arrive at

fQ';Q%g=2 P ' (2.122)

The 'Y canalways be achieved by diagonalisingan a priori arbitrary symmetric
matrix and by rescalingthe Q and Q: furthermore, sinceQ is the adjoint of Q,
positivity of the Hilbert spaceexcludeszero eigervaluesof this matrix. Finally

fQ';Qg= z"; fQ';Q'g=2 (z"): (2.123)

The z'J = 77" arecertral chargeswhich meansthey commute with all gener-
ators of the full algebra. The simplestalgebrahasN = 1, i.e. they areno indices
I;J and there is no possibility of certral charges. this is the unextendedsusy
algebra. In the simplest extendedcase,N = 2, there is just one certral charge
zZ 7=

As over said, we restrict hereto N = 1. The odd superspacecoordinates

and _ just behave as constart (x independen) spinors. Recall that as all
spinorsthey anticommute amongthemsehes,i.e. Eq. (2.88), and idem for the

Hencean arbitrary (scalar) function Eq. (2.108) on superspace,.e. a super-
eld, can always be expandedas

FOG )=+ )+ )+ mx)+ n(x)

+ v (X) + (x) + (x) + d(x): (2.124)

Heir we have usedthe idertities in (4.43). If F carriesextra vector indicesthen
so do the componert eld f; ;::: Now, we want to realize the susy generators
Q and their hermitian conjugatesQ = (Q )Y asdierential operators on su-
perspace’

Wewant that i Q generatorsatranslation in by a constant in nitesimal
spinor  plus sometranslation in x : The latter spacetime translation is deter-
mined by the susyalgebrasincethe comnutator of two sut susytransformations
is a translation in spacetime. Thus we want

(L+iQ)F(x; ; )=FXx+ x5 + ;) (2.125)
20n this space,the Q operators becomedi erential operators Q ! @@ +i @ in
mach the sameway that the P and M  operators are realized by P ! i@; M !

ix@ x @+ @@):
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where,we arrive

Q = i @Q ic( )@ ; (2.126)
and the hermitian conjugateis
Q=i 2 i )@ (2.127)

and they satisfy the susyalgebra,in particular

fQ;Qg=2 P = 2 @; (2.128)

if c= 1, we can now give the action on the super eld F and determine x:
(I+IQ+iQF(x; ; )=FKx 1 +1 ; + 5 7+ 7
and the susyvariation of a super eld is of coursede ned as
F=(Q +i QF: (2.129)

We nd covariant derivativesD and D _that anticommute with the susy
generatorsQ and Q: Then (D F)=D ( F)andidemfor D : It followsthat

DF=0 o DF=0Q0

are susyinvariant constrains one may imposeto reducethe number of compo-
nerts in a super eld. On nds

D = i @; (2.130)
whereD = (D )Y and
fD ;D g= 2 _@; fD ;D g=fD ;D g=0;

fD ;Qg=fD ;Qg=fD ;Qg=fD ;Qg=0: (2.131)

The covariant derivative plays animportant role in the super eld theory. Two
commerts arein order here. First, any linear combination of super elds is again,
asuper eld. Secondthe product of two super elds is alsoa super eld. If the rst
assertionis absolutely obvious, the second,perhaps, requiressomeexplanation.
It is instructive to ched it explicitly, componert by componert.
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2.7.3 Chiral Super elds

Here, we encourter a new type of super eld (chiral) and a new realization of
susyin the superspace.The chiral super elds depend explicitly only on or only
on .

A chiral supereld is de ned by the condition

D =20 (left chiral) (2.132)
and an anti-chiral one by
D =0: (right chiral) (2.133)
This easily solved by observingthat
D =D =Dy =Dy =0
y =x +i ;Y =X ; (2.134)

Hence dependsonly on andy and onlyon andy. Concenrating on
we have componert expansion

Wi)=zy)+ 2 ) ) (2.135)

or Taylor expandingin terms of x, and :
p_
(y; )=z(x)+ 2 (x) f(x)

+i @z(x) |9|—E @ (x) % @z(x): (2.136)

Physically, sud a chiral super eld describesone complexscalarz and one Weyl
fermion : The eld f will turn out to be an auxiliary eld. For we similarly
have

v )=20+"2 (0 f00
i @z(x)+p|—§ @ (¥ % @2(x): (2.137)

Finally, let us nd the explicit susy variations of the componert elds as
it results form Eq. (2.129): First, for chiral super elds it is useful to change
variablesfromx ; ; toy; ; : Then

Q = |@— , Q_= i@—_‘l‘ 2 _@; (2.138)
sothat
Vi) (Q+iQ) ()= @—@+2i @Q v ) =
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P_ . P_
2 2 f+2i (@z+ 2 @ ) (2.139)
P~ P~ P P P~
= 2 + 2( 2f+ 2 @2 (12 @):
Thus we read the susytransformations of the componert eld:

z= 2 ; (boson! fermion)
= péi @z IOéf; (f ermion ! boson) (2.140)
f= 2 @ : (f! totalderivative)

2.7.4 Susy Invariant Action

To construct the eld theoretical model we used Hamilton's method becauseit
was not clearto usthen how to formulate Lagrange'sapproad consistetly with
our invariance principle. On the cortrary Hamilton's approad appearedto be
very simple becausethe Hamiltonian of the systemwas amongthe generatorsof
the basicalgebra. It becamevery simpleto build a represetation of the algebra
in terms of free eld operators. Starting with this we can dewelop a method to
determinethe form of interaction [293. At this point it wasfound that the basic
invariance principle had to be completedwith a special locality principle. Only
after that did we obtain a nonlinear set of equationsfor the possibleinteraction
terms.

The simplest nonsupersymmetric quartum medanical problem is that of
onedegreeof freedom (t); the correspnding action hasthe form

VA 2

1 d

= L(t);L==- — V(); 2.141
S dib()iL =35 & () ( )
whereV ( ) is the potertial energy Now, instead of the variable (t), we intro-
ducea supervariable F (x; ; ) Eg. (2.108). Analogousto the fact that the space

time (time in this case)linearly realizesthe action of the translation generator,
t! ot+

the superspaceallows oneto realizelinearly all susygenerators.Under the susy
transformations,

oo+ b+t t+ i

: (2.142)

where and arethe Grassmannparametersof the supertranslations.

Now all of our preparatory work hasbeencompleted,and we can nally turn
to a discussionof a regular method of building supersymmetric theories. By
de nition, we want the action to be invariant under susytransformations:

Z

d*xL (x) = 0: (2.143)
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this is satis ed if L itself transformsinto a total derivative. We start from the
expressionEq. (2.141) for the action in ordinary quantum medanics and can
thus write the action S as

Squsy = dtd d %D D W() ; (2.144)

where W( ) is an arbitrary function of , the called superpotertial. This W
may dependon sewral di erent : Usingthey and variablesoneeasily Taylor
expands

1ew
2@ @;

av

W( )= W(z(y)) + pE@i

@av
i(Y) ——fi(y) + i(y) i(y) ;
|
(2.145)
whereit is understood that % and g—"é are evaluated at z(y). The important
obsenation is that any Lagrangianof the form
Z

d?dFx )+ W)+ W) (2.146)

is automatically susyinvariant, i.e. it transformsat most by a total derivative in
spacetime.

The susyvariation of any super eld is given by Eq. (2.129) and, sincethe
and areconstart spinorandthe Q and Q aredi erential operatorsin superspac,
it is again a total derivative in all of superspace:

@ @ @

F=— F)+ —( -F)+ —

al Prgl Py

If now F is a chiral supereld like or W( ) onechangesvariablesto andy
and one has

=@—@( ; ))+@—@_( )+

[ i( )FI: (2.147)

@
@

The analogousresult holds for an anti chiral supereld W( ) = [W( ))Y. This
proves the susy of the action resulting from the spacetime integral of the La-
grangianEq. (& 146).

The terms d? W( ) + h:c:in the Lagrangigh have the form of a potertial.
The kinetic terms must be provided by the term  d? d®> F. The simplestchoice
isF = Y . This is neither chiral nor anti chiral but real. To compute Y one

[ i( ) (v )] (2.148)

must rst expandthe y in termsof x . We only needthe terms , called
the D-term:
y o _ = i@z i@zz+lerez+f¥+i@ @001 @
= @2@z+ (@ @ )+ f¥f + total derivative:
(2.149)
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Then
Z Z
S=  d'%d? d® ) i+ dd® W( )+ hc (2.150)
yields
VA h i
A — av 1 @W
S=  d*% j@zj*> i i + M ——fi+hc 2 .+ he:
j@z) @ @; 2@ '
(2.151)

More generally onecanreplace ! ; by a (real) Kahler potential K ( {; ;). This
leadsto the nonlinear -model. In any casethe f; have no kinetic term and hence
are auxiliary elds. They should be eliminated by substituting their algebraic
equationsof motion

av
fr= - ; 2.152
| @i ( )
into the action, leadingto
or axiour 1 @ @7 1ew 1 @w v i
1&2] I ! @ @@ '’ 2 @ S
(2.153)

We seethat the scalarpotential V is determinedin terms of the superpotential
W as

X @Vz_

V = —_—
@;

(2.154)

To illustrate this model, considerthe simplestcaseof a singlechiral super eld
and a cubic superpotertial W( )= 3 #+ £ 3 Then % =m + g ?andthe
action becomes

R, O
Swz = d* j@z* i @ mizr F( o+ )

i (2.155)
mg(2’z* + (2)%2) ¢fzj*+ 9z + 2 ;

Note that the Yukawa interactions appear with a coupling constart g that is
related by susyto the bosoniccoupling constarts mg and g2.
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2.7.5 Vector Superelds

The N = 1 supermultiplet of next higher spin is the vector multiplet. The
correspnding super eld V(x; ; ) is real and hasthe expansion

V(X ;) = CH+i T+ v
+ L (M+iN) 1 (M iN)
o __+i§—@ i IE @ (2.156)
+ 3 D 3@C;

whereall componert elds only depend on x . There are 8 bosoniccomponerts
(C;D;M;N;v ) and 8 fermionic componerts (; ). Thesearetoo marny com-
poners to descrike a single supermultiplet. We want to reducetheir number
by making use of the supersymmetric generalizationof a gaugetransformation.
Note that the transformation

VI V+ + Y; (2.157)
with  a chiral super eld, implies the componen transformation
v ! v +@Q2Imz); (2.158)

which is an Abelian gaugetransformation. We concludethat (2.157)is its desired
supersymmetric generalization. If this transformation (2.157)is a symmetry (ac-
tually a gaugesymmetry, aswe just saw) of the theory then, by an appropriate
choice of , one can transform away the componerts ; C;M;N and one com-
ponert of v . This choiceis called the Wess-Zuminogauge,and it reducesthe
vector super eld to

Vwz= VvX+i X i (xX)+ % - D(X): (2.159)

Sinceead term cortains at leastone , the only nonvanishing power of V7 is

_ _ 1
V2, = VvV = 2 VV (2.160)
andVy, = 0,n 3.
To construct kinetic termifor the vector eld v onemust act on V with the
covariant derivativesD and D. De ne

W = %ﬁav LW = %DDE_V: (2.161)

(This is appropriate for Abel lan gaugetheoriesand will be slightly generalized
in the non-Abelian case.) SinceD® = D° = 0, W is chiral and W _ antichiral.
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Furthermoreit is clearthat they behave asanticommuting Lorentz spinors. Note
that they are invariant under the transformation (2.157) since

w ! W iDDD ( + ¥)=W +3iDDD

(2.162)

DTD ;Dg =W +1 _@5" =W ;

= W + 5

N

sinceD = D Y= 0. It isthen easiestto usethe WZ-gaugeto computeW . To

facilitate things further, changevariablestoy ; ; ~sothat
@ .. --O = @
D =—+2 — , D = —; 2.163
@ - @ T @- ( )
and write
_ R — 1 — :

Vwz = vV(y)ti (y) i +5 (D) i@v(y): (2164)
Then,using = g =2 it is straightforward to nd (all argumers are
y) ~ - .

D VWw; = ( ) v + 2 [ + D
_ _ _ - 2.165
fA( ) Tevt (@) (2.169)
and then, usingDD = 4,
W= i (W+ D+i( )f M+ ( @) ; (2.166)
with
f =@v @v; (2.167)

being the Abelian eld strength assgjated with v .

SinceW is a chiral supereld, d> W W will be a susyinvariant La-
grangian. To obtain its componert expansionwe needthe -term (F-term) of
W W :

WW = 2 @ +D? %( Yy () f f (2.168)

whereweused( ) =tr 0. Furthermore,

1 i _
5(9 g g g) > ; (2.169)

) C)

(with 9123 = +1) sothat
z 1 i
> W w = Ef i 2 @ + D2+21 ffo: (2.170)
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Note that the rst three terms are real while the last oneis purely imaginary.

A supersymmetric particle model consistsof a collection of particle supermul-
tiplets and a set of potertials that descrite the interactions betweenthe particles.
The three potertials relevant to supersymmetry are: the superpotential W, the
Keahler potertial K, and the potential V for the scalar elds in the theory, derived
from W and K. For N = 1 supersymmetry in four spacetimedimensions,the
two possibletypesof supersymmetricparticle multiplets are: the chiral multiplet,
with a complex scalar eld f with spin 0 and a chiral (that is, either right or
left handed) fermiony with spin % and the vector multiplet, composedof a real
(nonchiral) fermion | with spin % and a vector eld A with spin 1. Soin the
end, in a model with se\eral generationsof chiral multiplets (fi;y;), the action
with superpotential lookslike (2.151).

In quantum eld theory the phenomenonof spontaneousbreakdavn of chiral
symmetry manifestitself by the noninvarianceof the vacuumunder the action of
the correspnding axial charge, while the equationsof motion remain invariant
underthe chiral transformations, exceptfor the massterms. In quantum medan-
ics we do not have an explicit equivalert state of the eld theory vacuum, and
therefore the noninvariance of the wave equationsthemselhes. Howewer, one has
alsoto guararteethat the matrix elemens of the axial vector currert divergences
are still proportional to the massesf the constituernt particles.

In the next chapter we want briey to discusssomeuseful methods for parti-
cle physicssocalled e ective eld theory (EFT). EFT is a very powerful tool to
analyzephysicsat low energieswithout having to solwe the details of dynamics
at higher energyscales.One doesnot needto know whether there are supersym-
metric particles in the 1 TeV regionin order to understand the interactions of
electronsand photons at energiesof the order of me.
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Chapter 3

E ectiv e Field Theory

The particle dynamicson the level of relativistic quantum medanics stands be-
tweenrelativistic quartum eld theory and nonrelativistic quartum medanics.
In a previous chapters we extended nonrelativistic to relativistic quarntum me-
chanics. The problemsis to derive nuclear structure from quartum eld theory.
If we do, we beliewe that we completely understandthe nuclear structure.

The goal of this chapter is to demonstratehow to usee ective eld theory
in NN interactions.We do not usethis theory but phenomenologicaimodels of
nuclear physics, we give a brief review of alternative models, which descrike the
short rangepotential modelsfrom low energyquantum eld theory, becauseEFT
is useful for systemswith a clear separationof scales.lts aim is to nally arrive
at the complete EFT that faithfully reproducesQCD in the low energyregime
relevant for nuclear physics.

What is E ectiv e Field Theory? In brief it's a low energyapproximation to
arbitrary high energyphysicsasthe nucleonenergiesare typically well below the
complex spectrum of hadronsthat exist with masses 1 GeV.

We do not know what happensin the limits k! 1 orr ! 0. We have a
theory for the sort distancedetails, but the resulting systemis too complicated
to handle. Sowe encale the short distance high energy physics. This yields a
Sdiredingerequationwith a regularizedpotential, of which advocatesclaim that
its better physicsand ts parametersto obsenableslike the NN phaseshift.

In particular, Weinberg[561,562]employed power courting to the irreducible
NN interaction and obtained a leading order result by iterating sud type of po-
tential in a Lippmann-Sawinger equation. This type of summation is necessary
to dealwith the weakly bound state (or large S-wave scattering lengths) presen
in the two nucleonsystem[414. This is in cortrast to corvertional chiral per-
turbation theory in the mesonand mesonnucleonsectors,whereall interactions
can be treated perturbatively. Meiner [413 studied Weinberg's approad at
next-to-next-to leading order (NNLO), whoseresults are givenin Ref. [446].

A novel power courting sthemewas proposedby Kaplan, Savage and Wise
(KSW) [351]. They encaled the short distance NN interaction in a derivative
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of the high order expansionsof local operators. This is in cortrast with the
various models of extended NN potertials with free parameterschosento t

scattering data. Oller [442 had establisheda new convergent schemeto treat
analytical NN interactions from a chiral e ective eld theory. KSW amplitudes
are resumedto fulll the unitarity or right hand cut to all orders belowv pion
production threshold. This is achieved by matching order by order in the KSW
power courting the generalexpressionof a partial wave with resumedunitarity
cut, with the inversesof the KSW amplitudes. A similar power courting with
perturbativ e pions has beensuggestediy Lutz [392].

The use of E ectiv e Field Theoriesin nuclear physics has grown out of at-
tempts to link the successfuphenomenologyof nonrelativistic potertials to the
underlying theory of strong interactions QCD. Beaneand Savage[58] considered
the NN potential in quendied and partially quented QCD.

As we have discussedhe CD-Bonn [393,401] and Argonne potential interac-
tion usesthe OBEP at large distances,and the phenomenologicalnteraction at
intermediate and small distances. One can also follow the standard ideology of
the quantum eld theory, and model the secondpieceby the exchangee ects for
heavier mesons.Larger mesonmassesneanshorter distancesof the interaction,
this we can understandadding more mesonsand usingthe correspnding Yukawa
interactions.

At presemn, we are probably not at all able to say what happens with the
nucleonswhen they are put near to one another. Howewer, we do not really
needsud a complete knowledgewhen describinglow energyNN scattering and
structure of nuclei. All what we needis somekind of parameterizationof the short
range, high energye ects whenwe look at their in uence on the long range, low
energyobsenables. Sud separationof scaless at the heart of the EFT. Recetly,
ideasof the EFT for the NN scattering were pushedfurther, by also adding to

Lagrangian density |

D =@+ 2i!t (!z D );

terms which cortain six quark elds, and calculating the full energydependence
of phaseshifts and mixing parametersin all partial waves[21]]. The resulting
e ective Lagrangian density has many adjustable parameters, but the number
of these parametersis comparableto that usedin the parameterization of La-
grangian by exdanges. Also the description of the NN scattering data is of a
comparablequality.

This shavsthat the ideasof the EFT really work, namely; it is not important
which physical medanismis usedto model the short rangee ects a purely phe-
nomenologicalmedanism is equally good. Our knowledge of these short range
e ects can be summarizedin a form of optical potential model that we shall
discussbelow.

Another point of e ective eld theory is that it can easily incorporate chiral
symmetry, and canbe naturally extendedto discusssystemswith strangequarks,
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sud as hypernuclei [49]] and kaon condensation[349, 458].

3.1 Nucleon Nucleon Interactions From EFT

EFT canbeusedin seweral di erent ways in nuclearphysics. Historically, the rst
onewas to setthe separationscale aroundthe -mesonmassand keepas low
energydegree®f freedomthe pionsand the nucleons(and possiblythe isobar),
aswell asphotonsand leptons[561, 562 445,446 362,363. This approad builds
on and extendsthe succes®f Chiral Perturbation Theory (ChPT) in the mesonic
and one baryon sectors. It shareswith nuclear potential models the fact that
it descrikes nonrelativistic nucleonsinteracting through a potertial, but it also
brings a number of ingredierts of its own, sud as a small expansionparameter,
consistencywith the chiral symmetry of QCD, and systematicand rigorousways
of including relativistic correctionsand mesonexdangecurrens.

Another way of applying EFT ideasin nuclear physicsis made possibleby
the existenceof shallov bound states, that is, binding energiesmuch belowv any
reasonableQCD scale[59, 364 365 119. We canthen set around the pion
massand keepaslow energydegreesf freedomonly the nucleons(and photons,
leptons). At leastin the caseof two and three body systemsthe bound states
will be within the range of validity of this simpler theory. This pionlesse ec-
tive theory can be consideredas a formalization and extensionof the old e ective
rangetheory (ERT) [69]and the work on model independentresultsin three body
physics [209]. The new features, besidesthe existenceof a small parameter on
which to expand,appearin a number of newshort distancecortributions describ-
ing exdhangecurrents and three body forces,aswell asin relativistic corrections.

3.1.1 Power Counting

A necessarilyingrediert for EFT is a power courting sthemethat dictates which
graphsto computein order to determinean obsenable to a desiredorder in the
expansion.We wish to expandthe e ective potertial in terms of increasingorder
in and m , solet us count powers of thesequatrtities.

The main complication in the th'eory of nucleonsand pionsis the fact that a
nucleon propagator S(q) = i=(¢p 'q2=2M) scaleslike 1=Q if g, scaleslike m
or an external three momertum, whife S(q) M =@ if qp scaledlike an external
kinetic energy Similarly, in loops dg can scalelike Q or Q?=M, depending
on which poleis picked up. To distinguish betweenthesetwo scaling properties
it is corvenient to de ne generalizedem n-nucleon potertials V(™ comprised
of those parts of connectedFeynman diagrams with 2n external nucleon lines
that have no powersof M in their scaling(exceptfrom relativistic corrections).
Sincethere is no nucleon-arinucleon pair creation in the e ective theory sud
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a diagram always has exactly n nucleonlines running through it. V(™ includes
diagrams which are n-nucleon irreducible and parts of diagrams which are 1-
nucleonirreducible. To computethe latter cortribution to V(™ oneiderti es all
conbinations of two or more internal nucleon lines that can be simufaneously
on shel, and excludetheir pole cortributions when performing the dqg, loop
integrations. An exampleof the 2-pion exdiange cortributions to V@ is shown
in Fig. 3.1. A generaln-nucleonFeynmandiagramin the EFT canbe constructed

- K - T
1\ AN
1\ v/
—_ N _—
T ,I T
~ - 7
N 4
4 \ N 1 1
I 1 PRS 1 1
N
\ / d I PS I
7

Figure 3.1: 2-pionexcdhangeFeynmangraphsconributing to the 2-nucleonpoten-

tial V@. The rst four are 2-nucleonirreducible; the last diagram is 2-nucleon

feducible, and the polesfrom the slashedpropagatorsare not included in the
dg loop integration.

by cortracting thegynucleonlegsof V() potertials with r - n. Treating the V('s
like vertices,the dg loop integrations pick up the polesof all the connecting
nucleonlines. The reasonfor this construction is that within the V(") potentials,
all nucleonpropagatorsareo shel and scalelike1=¢ 1=Q. In cortrast, when
one picks up the pole cortribution from one of the nucleonlines connectingthe
V() vertices other nucleonlines will be almost on shel, and scalelike M=Q?. A
cortribution to the r-nucleonpotertial V() with * loops, |, nucleonpropagators,
| pion propagators,and V, verticesinvolving n; nucleonlinesand d; derivatives,
scaledlike Q , where

X
= 4 1, 2 + Vidi
X
= lp+ | Vi+1l
1 X
I,+r = > Vin, (3.1)

In this power courting we take m Q and treat factors of the u and d quark
massesat the verticesasorder Q2. Combining theserelations leadsto the scaling
law for the r-nucleonpotertial V() (r  2):

X 1
= 2+2 r+ Vi(di+§ni 2) (3.2)
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Since chiral symmetry implies that the pion is derivatively coupled, it follows
that (d; + %ni 2) 0, which implies that for a 2-nucleonpotertial, 0, and
that = Ocorrespndsto tree diagrams. It is straight forward to nd the scaling
property for a generalFeynmanamplitude, by repeating the analysisthat leads
Eg. (3.2) treating the V() potertials as r-nucleon vertices with derivatives,

given by Eq. (3.2). While Eq. (3.2) was derived assumingthat dg Q
and nucleon propagatorsscaledlike  1=Q, for theseloop graphsthey scalelike
Q?=M and M =@ respectively. A general Feynman diagram is constructed by
stringing together r -nucleonpotertials V(.

3.1.2 Two Nucleon Scattering

We start by writing the Lagrangianinvolving only two nucleons. A systemwith
two nucleonswith zero angular momertum L = O can exist in a spin singlet
(1Sp) or spin triplet (3S;) state so there are two independert interactions with
no derivatives,

~ 2

L = NY(i@+ 2rﬂ+ )N Co(NYPN)?  Cos(NYPsN)2 + &3 3 (3.3)
where
. 1 .
Pl = p_§ 2 ' 2
A 1 A
Ps' = 97—3 2 2 (3.4)

are the projectors in the triplet and singlet spin isospin states ( 's act on spin
space, 's on isospinspace),M is the nucleonmassand N the nucleon eld.
The scatteringmatrix, S = exp(2i ), isrelatedto the NN scatteringamplitude

T by
Mk_
S= 1+|2—T.

Sdawinger [505] has showvn that the phaseshift in the triplet np scattering is
related to the wave number k by the relation

kcot = + %( 24 k2)r0+ O(k4r(3));

where is related to the deuteronbinding energy We can write the T-matrix in
terms of the phaseshift

7o 4 1.4 1
- M 2k  Mkcot ik
4 1
COM O EaiekZen ik (3.5)
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It can be shavn that for potertials of range R (R 1=m in this case),
kcot is an analytic function around k = 0 and that it has a cut starting at
k2  1=R?, soit is well appraximated by a power seriesas showvn in the last
line of Eq. (3.5). The parameteras (rqs) is called the singlet scattering length
(singlet e ective range). For notational simplicity we specializefor now on the
spin singlet channel.

The e ective potertial to order in the derivative expansioncanbe expressed
in the form [561, 562 444

X . n
vogep= 5 B0 T (356)

n=0

where the sum hereis over all possibleterms extracted from (3.3) and is the
scaleof the physicsintegrated out, takento be m in the presen context. EQ.
(3.6) is intended to be synbolic; (p;pY indicatesthat either of these quartities
may appearin the expansion,in any conmbination consistem with symmetry, with
only their total power constrained. For instance,at n = 4 we have the structures
p* + p% and p?p® with coe cients ¢, and cJ, respectively. It is assumedhat the
coe cien ts ¢, are natural; that is, of order unity. The fundamertal assumption
underlying e ective eld theory for the NN interaction is that this expansionin
the potertial, or equivalertly that in the Lagrangian, may be sensiblytruncated
at some nite order

The physical scattering amplitude is obtained by iterating the potertial Eq.

(3.6) using the Lippmann-Sdwinger equation
T(P2pE) = V(p° )+|\/|Z Sl
p ) p’ - p ) p (2 )3

which generatesthe T-matrix. This procedureis illustrated in Fig. 3.2. By
assumption, truncating the expansionEq. (3.6) and retaining only its rst few
terms will be valid only for nucleon momeria well belov . It is clear that
a method of regularizing the otherwise divergen integrals which occur when
potentials sud asEq. (3.6) are inserted into the LS equation must be speci ed.

The graphs contributing to NN scattering generatedby the Lagrangian in
Eqg. (3.3) are showvn in Fig. 3.2. The L-loop graph factorizesinto a power,

V(|00,0|)E,vI T(GpE); (3.7)

F+ i

L loopgraph (c  ik)-; (3.8)

eat one cortaining a linearly divergent piece and the unitarity cut ik (in the
center of masssystemwith total energyk?=M). The loop integral is linearly
divergert andthe coe cient cis depender onthe particular form of the regulator
used,that is, the particular form the high momentummodesare separatedfrom
the low momentumones. Using a sharp momertum cuto, for instance,we have
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c = 2=, using dimensionalregularization (DR), c = 0. The sum of all graphsin
Fig. 3.2is a geometricalsum giving

4 1 _
M 4+ ¢ ik’

M Cos

T =

(3.9)

We seethen that terms shown explicitly in Eq. (3.3) reproducethe rst term of
the e ective range expansion. The addition of terms with more derivatives will
reproduce further termsin the e ective range expansion.

OO

Figure 3.2: Graphs cortributing to the LO NN scattering amplitude.

Let us considertwo separatesituations.

Natural case For a genericpotential with rangeR, the e ective rangeparam-
eters have typically similar sizea ro, R. Using DR, Cy can be chosento be
Co = 4 a=M (this choiceis called minimal subtraction). The e ective theory is
valid for k < 1=R and, in this range, T can be expandedas

4 : 2
T= a+ ika®+ %+a3 K2+ 00 (3.10)

SinceCy 4, there is a one-to-onecorrespndencebetweenthe order in the ka
expansion,the number of Cyg verticesand the number of loopsin a graph. The
leading order (LO) is given by onetree level diagram, the next-to-leading order
(NLO) by the one-loop diagram, next-to-next-to-leading order (N?LO) by the
two-loop diagram involving Cy and onetree level diagram with a two derivative
vertex (not shovn in Eg. (3.3)), and similarly for higher orders. We have then a
perturbative expansion,even though the microscopicpoterntial can be arbitrarily
strong. If oneusesa cuto regulator the situation is slightly more complicated.
Choosing 1=R 1=awe note that the most diverger pieceof the multi loop
graphsis aslarge asthe tree levelgraph and must be resumedto all orders,while
the energydependert part cortaining powers of ik Cqy is suppressed.The pieces
that needto be resumedat leading order merely renormalizethe constart C,.
The one-to-onecorrespndencebetweenthe order in the ka expansionand the
number of loopsis lost in any but the DR with minimal subtraction renormaliza-
tion/regularization sheme. The technical advantagesarising from the useof DR
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and renormalization theory in this perturbative setting was usedin the study of
dilute gaseswith short rangeinteractionsin Ref. [85].

Unnatural case In the nuclear casethe scattering lengths of the two S-wave
channelsare much largerthan the rangeof the potertial. The physicscorrespnd-
ing to the large scatteringlengthsoccursat the QCD scaleMqocp 1 GeV, what
makesthe discrepancybetweennuclearand QCD scaleseven morestartling. The
origin of the netuned cancellationsleadingto the disparity betweenthe under-
lying scaleand the S-wave scattering lengths (and deuteron binding energy) is
presenly unknown. It doesnot appearin any known limit of QCD like the chiral
limit (mg ! 0) or large number of colors(N:! 1 ). We will just assumethat
this cancellation happens, track the dependenceof obsenableson the new soft
scale1l=a;; and perform our low energy expansionin powers of kR 1 while
keepingthe full dependenceon kas: 1. The singlet NN scattering amplitude,
for instance,will be expandedas

4 & k2aZr os 1 .
M 1+ ikag 2 (1+ikag)?2
It is a little challengingto reproduce an expansionof this form in the EFT. If
one usesa momerium cuto, for instance,the constart Cys hasto be chosento
be Cos = (4 =M )(1=as + c). The one loop graph is then suppresseccompared
to the tree level oneby afactor MKCys k= and onewould naively imagine
that the leading order cortribution is given solely by the tree level graph. But
there are cancellationsbetweenthe graphsin Fig. 3.2 and all thesegraphsneed
to be takeninto accour to reproducethe expansionof T above [364,369. In the
N N scattering caseconsideredhereit is not di cult to seewhich graphshave to
be included at eat order, but in more complexsituations this can be extremely
tricky. A more cornveniert way to proceedis to usea renormalization prescription
that shifts cortributions from high momerium modesto the LECs in sud a way
as to eliminate this accidental cancellationsbetween di erent diagrams. One
candeterminewhich diagramscortribute at ead order on a diagram-by-diagram
basis (manifest power courting). One way to do that is to useDR with a power
divergene subtraction (PDS) [351]1 In this scheme,we add and subtract to the
denominator of the bubble sumin Eg. (3.9) an amourt M =4 , where is an
arbitrary scale,and absorbthe subtracted term in a rede nition of the constan
Cos( ), that now is a function of . We have for the LO amplitude

4 1

T= ——7 , : (3.12)
M MCOS( ) + Ik *

T= (3.11)

The constaris Cys( ) is now chosento be

Cos( ) = %il ; (3.13)

as

1Other schemesalso solve this problem [413.

66



CHAPTER 3. EFFECTIVE FIELD THEORY

in order to reproducethe LO pieceof the expansionin Eg. (3.11).

One can easily go to higher ordersand include terms with derivativesin the
Lagrangian. For instance, denoting by C,, the coe cient of operators with 2n
derivatives,

CZS = —— 1 ; (314)

4 ot 1 k1,
M 4 I 2 I !

as as

C4s = (3 . 15)

wherer 5 is the coe cient of the third term of the e ective range expansionthe
shaye parameter.
The -function describingthe ewlution of the dimensionlesoupling is

S )= Cos( )L G )i With o M C o4 (3.16)
The 3S; NN amplitude is parameterizedas
4 1
M &40

where 2=M is the deuteronbinding energyand the e ective rangeparameter.

In the caseof photons, someof theseterms are just those required by gauge
invariance and are determined by minimally coupling the photon to the nucleon
Lagrangian. Their coe cien ts are thus xed by NN scattering data and gauge
invariance.

Consider sometwo nucleon operator of the form X = CXNYNY y @"NN,
where x is sometensorin spinisospin space.lts matrix elemen on two nucleon
statesis given by the diagramsinvolving the operator X sandwichd betweentwo
nucleon scattering amplitudes and by one-lmp one body diagramsthat do not
involve X .

We have to make a distinction now between the caseswhere the operator
X connectstwo S-wave states, two non-S-wave states, or one S-wave and one
non-S-wave state. In the rst caserenormalization group invariance of the two
nucleonmatrix elemem of X implies

—@CX( ) T 2:O' (3.18)

@ Co( ) ' '
where T is the LO NN scattering matrix, which is independen. From that
it follows that CX,( ) scalesas (  1=a) 2. Similarly, for the casewhere X
connectsone S-wave or no S-wave states CX ( ) scalesas ( 1=a) ! and
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( 1=a)°, respectively. Using dimensionalanalysisto x the powersof we
then have

1 1
M (1:a ) 2n+1 !

Con( ) (3.19)

where is the number of S-wave statesthe operator X can connect(either 0; 1
or 2).

In a nutshell, the power courting rules valid for the two nucleonsystemare
[364,365,351,413]:

fermionline ! M=Q?
Q5
| ! —_—
P T Im
@! Q
@ ! Q*=M;
4
Con ! W;
cX 4 : 3.20
on M T Qg (3.20)

where C,, is the coe cient of the two nucleoninteraction with 2n derivatives,
CX. is the coe cien t of a two nucleonoperator with external currernt X and 2n
derivatives,and is the high energyscale m .

Using this rule we can determine the cortributions to NN scattering at any
givenorder. At LO, for instance,we have the seriesof diagramsshowvn in Fig. 3.2,
with all the verticescortaining no derivative. That is the only non perturbative
resummation necessary At NLO we have the insertion of one C, operator in a
chain of C, operators. At N2LO we have two insertionsof C, and oneinsertion of
C,4, and soon. The resulting 3S; phaseshift, for example,is shovn in Fig. 3.3,and
comparedto the Nijmegenphaseshift analysis(PSA) [523. Analytic expressions
for the phaseshifts can be found in Ref. [119. They suggestcornvergencefor
momeria k . 100 MeV, asit is reasonablefor an EFT without explicit pions.
Electromagnetice ects in pp scattering were consideredin the EFT approad in
Ref. [36§.

So,we candivide the potertials into a short rangepart and a long range part
V=Vs+ W ; (3.21)

with Vs and V_ are the usual Gaussiantype function, whereR "' 0:5 0:00Z m
(wefoundit from the full relativistic equations,we will shaw later) is to be chosen

sud that the short range physicshas on the shallov bound state to lie down.
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Figure 3.3: 3S; NN phaseshift (in degrees)asfunction of the CM. The LO result
is the dashed(purple) line, the N?LO the dotted (red) line and N*LO the thick
(blue) solid curve. The dot-dashed(black) line is the Nijmegen PSA. From Ref.
[119], courtesyof M. Savage.

3.2 Quark Gluon Plasma from EFT

The systeminitially composedof individual baryonsand mesonswhosesubstruc-
ture can at lower energiesbe studied only indirectly transforms at an energy
density of roughly 1GeV=f m? into a plasmaof decon ned, though strongly inter-

acting, quarks and gluons. This transition is today at the focus of considerable
interest in the high energyand nuclear physics comnunity due to the fact that

qguark gluon plasma(QGP), the phaseof hot decon ned matter, is currertly be-
ing producedin ultra relativistic heavy ion collisionsat RHIC in Brookhaven. A

similar large scaleexperimert is alsobeing preparedat LHC in CERN.

The rapid progressin experimertal heavy ion physics has set an important
challengefor theorists. One needsto have a solid understandingof the processes
that take placein the nuclear collisionsand in particular obtain accuratenumer-
ical predictionsfor the di erent quartities measured.Whether or not the plasma
producedin the presem day experimerts has had time to thermalize and reach
an equilibrium state, it is clearthat one of the mostimportant and fundamenal
guartities describingthe decon ned phaseof QCD matter is the grand potential
of quark gluon plasma. Its value is of relevanceboth to the study of the ewlu-
tion of the heavy-ion collision products in terms of ideal hydrodynamics, and to
cosmology as the cooling rate of the very early universedependson the energy
and entropy densitiesof its cortent.

One of the fundamenal properties of QCD is its asymptotic freedom[302
457], which states that at large energiesthe gaugecoupling constart g of the
theory approadeszero. This can be seenmost easily from the running of the
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couplingasobtained from the leadingorder solution to the renormalizationgroup
equation

24 2 .
(1IN 2n0)In( = ocp)’

g’() = (3.22)
where is the renormalizationscaleand ocp 150MeV a free parametercor-
responding to the characteristic energyscaleof the theory. Asymptotic freedom
implies that at very small distancesthe behavior of QCD tendsto that of a free
eld theory making the useof perturbation theory feasiblein the description of
hard processesud as deepinelastic scattering. From the thermodynamic point
of view this meansthat at leastin the limit of asymptotically high temperatures
or chemical potentials onemight expect a perturbative approad to be fruitful in
the computation of the partition function.

EFT methods have proven to be very powerful in treating plasmasat ultra-
relativistic temperatures and densities. The EFT approad has recenly been
summarizedcompactly in the form of elegan e ective Lagrangian's. For many
applications, it would be useful to have a unied approad that works at all
temperatures and densities. One promising approad is to generalizethe EFT
that descrikesthe ultrarelativistic regime. The e ective Lagrangian'sfor ultra-
relativistic quark gluon systemwill be reviewed below. The plasmaproblem of
high temperature QCD was rst posedby Kalashnikov and Klimov in 1980[343
and by Gross, Pisarski, and Ya e in 1981[303. The problem was that a 1-loop
calculation of the gluon damping rate, which is proportional to the imaginary
part of the gluon self energy gives a gaugedependent answer. Over the next
10 years, there were about a dozen published attempts to calculate the gluon
damping rate, with almost as many di erent answers. In 1989, Pisarski pointed
out that a 1-loop calculation of the damping rate is simply incomplete [45G. A
consistem calculation to leading order in the QCD coupling constart gs must
include cortributions from all ordersin the loop expansion.He was able to carry
out the necessaryesummationexplicitly for the damping rate of a heavy quark.
The resummation consistedof replacingthe gluon propagatorin the 1-loop dia-
gram for the heavy quark selfenergyby an e ectiv e gluon propagator obtained by
summing up the hard thermal loop corrections(the terms proportional to g2T?)
to the gluon selfenely. This e ective propagatorwas rst calculatedby Klimov
and by Weldon [359 565], who usedit to study the propagation of gluonsand
the screeningof interactions in the high temperature limit of the QGP.

The problem of the gluon damping rate is a little more complicated. It is not
enoughto replacethe gluon propagatorsin the 1-loop gluon self enelgy diagrams
by e ective propagators, becausethere are also vertex correctionsthat are not
suppressedyy any powers of gs.

In particular, the three gluon vertex hashard thermal loop correctionspropor-
tional to g3T2 which cortribute at the sameorder asthe bare vertex of order gs.
Similarly, the four gluon vertex has hard thermal loop corrections proportional
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to g¢T?2, which cortribute at the sameorder asthe bare vertex of order g2. The
three gluon vertex, and the four gluon vertex are the complete set of diagrams
that needto be resumedin order to calculate the damping rate to leading order
in gs. The result of this resummationhasbeenprovento be gaugeinvariant, thus
solving the plasmonproblem.

The resummationrequired to solwe the plasmonproblem hasa simple inter-
pretation in terms of an e ective eld theory. The complete damping rate to
leading order in gs is given by the imaginary part of the 1-loop gluon self energy
diagrams,with the gluon propagatorsreplacedby e ectiv e propagatorsand with
the three gluon and four gluon verticesreplacedby e ectiv e vertices obtained by
adding the hard thermal loop correctionsto the bare vertices. This is equivalert
to calculating 1-loop diagramsin an EFT whosepropagatoris the e ective gluon
propagatorof Klimov and Weldonand whoseverticesarethe e ectiv e three gluon
and four gluon verticesthat Pisarskiand Braaten [84].

Thesepropagatorsand verticesare related by gaugeinvariance,just like their
courterparts in the QCD Lagrangian. The Lagrangiandensity which summarizes
the EFT for a QGP at ultrarelativistic temperature or density hasthe form

Lerr = I—QCD + I—gluon + I—quark: (3.23)
The rst term is the usual Lagrangiandensity for QCD:
1 X
I—QCD = EU‘G G +i D ; (324)
whereG = G? T2 is the gluon eld strength contracted with generatorsT?

that satisfytr (T2TP) = a=2: The sumis over n; avors of masslessgjuarks. The
secondterm in Eq. (3.23) is the thermal gluon term:

3 PP .
Lgluon = émgtrG hmleU ; (3.25)

where D is the gaugecovariant derivative in the adjoint represetation. The
angular brackets < f (P) > represen the averageover the spacialdirections p of
the lightlik e four vector P = (p;‘p): The coe cient mq is the thermal gluon mass
2 2
2_ 912 g 2, 3 5 .
==T+nn=—= T+ — 3.26

Mg= 31 " N1g 2 (3.26)
where Tis the temperature and is the quark chemical potential. The quark
term in Eq. (3.23)is

X P
wheremg is the thermal quark mass
2
2_ 9 2, L o .
mg = 5 T+ — : (3.28)
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Sincean EFT approad seemdo provide the most e cien t description of the
plasmaat ultrarelativistic temperaturesand densities, it would be desirableto
have an EFT that descritesthe plasmaat all temperaturesand densities. The
propagator of this EFT should reproduce accurately the dispersionrelations for
transverse photons, plasmons, and the charged particle modes of the plasma.
The dispersion relations should be real valued, so that damping e ects can be
treated asperturbations. The EFT should alsodescribe accuratelythe screening
e ects of the plasma. Finally, the Lagrangianfor this eld theory shouldbe gauge
invariant.
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Chapter 4

Relativistic One Body Wave
Problem

| beliewe that sud a reminder is not only useful in setting the stage for the
discussionof quartum theory, but more importantly, the purposeof this section
is to specify explicitly the generalapproad that will be used later on in the
guartization of constrainedsystems.Someof the points discussedelow are well
known and can be found in di erent places[76].

A correctquartum theory should satisfy the requiremen of relativity, laws of
motion valid in oneinertial systemmust be true in all inertial systems. Stated
mathematically, relativistic quartum theory must be formulated in a Lorentz
covariant forms. The theory of quartum medanicsis built upon the fundamertal
conceptsof wave functions and operators. Linear Hermitian operators act on
the wave function and correspnd to the physical obsenables, those dynamical
variableswhich can be measured,e.g. position, momerium and energy

We shall rst considerthe transition from nonrelativistic to relativistic quan-
tum medanics, we shall endeaor to retain the principles underlying the nonrel-
ativistic theory. We review them briey [76, 193

1. The wave function

(g sit) (4.1)

is a complexfunction of all the classicaldegreesof freedom,q;:::¢,, of the time t
and of any additional degreesof freedom,sud as spin s;, which are intrinsically
quartum medanics. The wave function has no direct physical interpretation;
howewer, j (u::th;si::sn;t)j>  Oisinterpreted asthe probability of the system
having values(ty:::th; S1:::Sp) at time t.

2. Every physical obsenable is represeted by a linear hermitian operator.
The operator corresppndencein a coordinate realization is

Ei! i~g and p! i~@: (4.2)
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3. A physical systemis in an eigenstateof the operator if
n="!n n (4.3)

where , isthe n'" eigenstatecorrespndingto the eigervalue! ,. For a hermitian
operator, ! , is real.

4. The expansionpostulate statesthat an arbitrary wave function, or state
function, for a physical systemcan be expandedin a complete orthonormal set
of eigenfunctions , of a completeset of comnuting operators( ,). We write,
then, X

= an n; (4.4)
n
wherethe statemert of orthonormality is
X Z
(dop:s) (aussint) m(assint) = om;
S

janj? recordsthe probability that the systemis in the n-th eigenstate.

5. The result of a measuremenof a physical obsenableis any oneof its eigen-
values. The averageof many measuremets of the obsenable on idertically
preparedsystemsis given by

< > = (daog:r) (quisysint)  (ouissit): (4.5)

6. The time dewlopmen of a physical systemis expressedy the Scredinger
equation

i~@T =H ; (4.6)

wherethe Hamiltonian H is a linear Hermitian operator. It hasno explicit time

dependencefor a closedphysical system,that is,

- =0
@ ,

in which caseits eigervaluesare the possiblestationary statesof the system,and
a superposition principle follows from the linearity of H.

4.1 The Klein-Gordon Equation

The simplestphysical systemis that of anisolatedfree particle of spin0. Let m
beit's massande it'sr: charge,and supposethat it is moving in the electromagnetic

potential A = ( ;A). To nd the wave equation we using the correspndence
principle Eq. (4.2). Putting p := (E;’p), this rule can be written more simply

p! i@;
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following this it is natural to take asthe Hamiltonian of relativistic free particle
=" e me
and to write for a relativistic quantum analogueof Sdredinger equations
@ P

i~— = ~2r 24+ m? 4.7)

@
We remove the squareroot operator in Eq. (4.7), writing
H?2= p?>+ m? (4.8)

Equivalertly, iterating Eq. (4.7) and using the fact that if [A;B] = 0,A =
B impliesA? = B? , we have

i~2% =( ~r?+m? : (4.9)
This is recognizedas the classicalwave equation
2+ O oo (4.10)
where @ @
2 = & & (4.11)

We have two di cult y
a) in squaringthe energyrelation we have introducedan extraneousnegative
energyroot

p___
H= & p2+m: (4.12)
b) If weinterpret (=) & - asprobability density . However, this

is impossible,sinceit is not a positive de nite expression.

We shall nd a rst order equation, it still proves impossibleto retain a
positive de nite probability density for a single particle while at the sametime
providing a physical interpretation of the negative energyroot of Eq. (4.8).

4.2 The Dirac Equation

Dirac formulated his relativistic wave equation under the assumption that
derivatives of both time and spacecoordinates should occur to rst order. It
turns out that sud an equation descrikes particles of spin % Sud an equation
might assumea form

+ m =H : (4.13)



4.2. THE DIRAC EQUATION

The wave function , in analogywith the spin wave function (Seebelow) of non-
relativistic quantum medanics,is writing asa columnmatric with N componerts

=( 1 N)T;

and the constart coe cients ; and areN N matrices. We now discussthe
correct energy momertum relation for a free particle. From Eqg. (4.13), eath
componert of must satisfy the Klein-Gordon secondorder equation, i.e we
require that

[E2 p> m?] =0 (4.14)
Iterating Eq. (4.13), we nd
x . ~ x3
~2%: 2 j I; 'J@@f@j+ ”:CS (. + i)%;, 2m? -
i =1 i=1
(4.15)

This wave equationand equationKlein-Gordon areidertical if the four operators
, | anticommute and if their squaresare equalto 1

it =25 (4.16a)
i Tt i = 0 (416b)
2= 2= 1 (4.16¢)

Sincethe trace is just the sum of eigervalues,the number of positive and negative
eigervalues 1 mustbeequal,andthe ; and mustthereforebeevwendimension
matrices. The matricesPauli hat N=2. Now we wish to include a massterm, and
therefore the smallestdimensionin which the and can be realizedis N=4.
In a particular explicit represetation the matricesare

o 55 . _ 1 0o
0 0 1

wherethe ; arethe 2 2 Pauli matricesand the ertries in  standfor 2 2 unit
matrices. From Eqg. (4.13), we make the iderti cation of probability density

= ; (4.17)

asa positive de nite.

It is necessarythat the Dirac equation and cortinuity equation upon which
its physical interpretation rest be covariant under Lorenz transformations. In
discussingcovarianceit is desirableto expressthe Dirac equationin a four di-
mensionalnotation which presenesthe symmetry betweenct and x'. To this end
we multiply Eg. (4.13)by =cand introducethe notation

o= ; = i=123
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This gives

i~ @Q m (x)=0: (4.18)

From this equation for the free electrop, we passto the Dirac equation for an
electronin the electromagnetic eld (; ‘A) by making the substitution

p! p eA: (4.19)

One obtains
f I@ eA) mg =0 (4.20)

It is known that the Dirac equation has two dynamical symmetries, spin and
pseudospirsymmetry. Both are appraximately realizedin nature: spin symmetry
in heavy light mesonsand pseudospinsymmetry in nuclei.

4.2.1 The Solutions of the Dirac Equation

Solving the Dirac equationis then equivalert to nding the eigensolutions of
the Hamiltonian H. The four generalform of a free particle solution is

"(x) = u'(p)e P x =) (4.21)

where u(p) is a four componert spinor independen of 'r . It is determined by
the eigervalue equation
Hu(p) = Eu(p); (4.22)

whereH is the following operator
H= p+ m: (4.23)

A simple calculation gives
H?= p?+ m% (4.24)

. . P—o0— .
The only possibleeigervaluesof H are thereforethe two values pZ+ m2, i.e

E="E, ("= 1) (4.25)
E, = P P2+ m2: (4.26)
The u'(p) satisfy the following relations
(P cmu(p)=0  uw()p m)=0 (4.27)
u(P)U(P) = o, (4.28)
X41 U (P (p) = (4.29)
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We may now superposethe plane wave solutions at our disposalto construct
localized padkets. Thesepadkets are still solutions of the free Dirac equation, as
required by the superposition principle, sincethe Dirac equationis linear. The

solution writing of free particle with positive negative energyfollowing form
r__
d3p m X ip x =~ +ip X =~
(x;t) = 297 E [6(p; s)u(p;s)e +d (p;s)v(p;s)e I:
S
(4.30)

We now look for the eigensolutionsof a Dirac particle in a static certral potertial
V(r). The Dirac Hamiltonian is then

H= p+ m+V(r): (4.31)
where )
p=r P+ :,_(1"' L) : (4.32)
We introducethe radial momertum
1@
pr = |r @r, (4.33)
and the radial velaity
= f= ()= (4.34)
From identity
( A B)Y=(A B)+i (A B); (4.35)
one obtains
( NC p=C) pP)=m+i L=rp+il+ L) (4.36)

Whencemultiplying on the left by ,=r and usingthe obvious property 2= 1,
the idertity

pi= . pr+:—(1+ L) : (4.37)

After someoperations, we are leadsto two coupleddi erential equation for
the radial functions F (r) and G(r), namely

J+ 3
£+ ( 2) G=(E m V)F (4.38)
dr r
d J+1
e ( r 2) F=(E+m V)G (4.39)
Theseequationshere play the role of equation Sdredingerin the nonrelativistic

theory.

We strive to maintain thesefamiliar principles as underpinningsof a full rel-
ativistic constrairt dynamicson the languageGrassmannalgebra. We shall then
brie y considerthe extensionof the approad to systemswith in nite number of
freedom, sudh as mesonexdiangetheories,and to systemswith anticommuting
or Grassmanndegreesof freedom.
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4.3 Spin One Half Particle in Grassmann Vari-
ables

4.3.1 Spin and Grassmannian Coordinates

The most obvious application area of anticommuting variablesis the descrip-
tion of spin. The spin operators comnmute with position and angular momenum
operators and this shows that spin is an intrinsic property which doesnot have
a direct relation to space time. In the caseof angular momenum, using Dirac's
quartum medanical formalism, we have angular momertum ketsjlmi and angu-
lar coordinatesketsj i, which are related by Fourier transformation. The well
known sphericalharmonicsfunctions are the transformation coe cien ts between
the two represemations. Now, extending this to half integer value of angular
momertum, we realize that spin is characterized by its double valuedness. At
this stage,becauseof their similarity, we will demandthe existenceof a parallel
analoguebetweenangular momertium and spin concepts.At this stage,the gen-
eralization of angular momertum kets to include half integer valueswill produce
kets for spinorswith | = 1=2. But whereis the analogueof angular coordinate
kets? Sincespin has nothing to do with spacetime, a suggestionvas made that
spin canbe descrited in an internal spacewhich is distinct from spacetime [17§.
Also, sincefermionsare anticommute amongthemseles, it is natural to introduce
anticommuting coordinatesto descrite this internal space.

Therefore, append two real anticommuting coordinates, * and 2, to space
time, then

(D?=(3?=f1% g=0 (4.40)

The wave functions () will have a terminating Taylor expansion

()=al+b?+c!?+qa: (4.41)
Introducing the antisymmetric metric tensor 1, = 21 = 1will giveasymplectic
invariant
()2::ii:iijj=212:
Notethat X = | X. The correspnding covariant coordinatesare de ned by
i =] j; ! ik = L (4.42)
o]
2. — 1.
1 - ’ 2 — y
() = =200
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One can then easily prove the following usefulidertities:

1
= 2 ; =5 ; (4.43a)
1
=2 ; = 3 ; (4.43b)
- 1 — l
=3 g ; = 3 (4.43c)

and construct the Grassmannianmomenum operators ;, which arethe displace-
mert operators on wave functions in internal Grassmannspace,the analogueof
momertum operatorsin spacetime,

@
= |~@; (4.44)
ijir=jig (4.45)
The analogueof the Heiserberg comnutation relations are
fl:lg=o0; (4.463a)
f i jg: 0; (446b)
fiojg=i~j: (4.46¢)

Now all the rest is just an imitation of the usual position and momerium op-
erators relations in spacetime, exceptthat we should apply anticommutation
rules for fermionic operators and comnutation rules for bosonicoperators. The
GrassmannianSp(2) rotation operators in the internal -spaceare de ned as
symmetric products of ; and |

j = j + j i (447)

and are bosonicoperators. Then the commutation relations for these operators
are

[ 115 22] = 4i~ 1 (4.48a)
[ 120 u] = +2i~ 1 (4.48b)
[ 120 22] = 2~ 2 (4.48c)

Comparing theseto the commnutation relations of angular momertum operators
J

[J+;3 ] = +2-~J3; (4.49a)
[s:J:] = +~Js; (4.49b)
Ds;d ] = ~J; (4.49¢)
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we canidertify spin generatorsS as

11= 2S¢, 22=2S; 1= 2iS3; (4.50)
or
St = (1 1% 2 272 (4.51a)
S = (11 2 272 (4.51b)
S = (1 2+ 2 1)=2: (4.51c)

There still remainsone antisymmetric product of and , i.e.

@
@;

which acts asa scaleoperator on spin wave functions of . Therefore

S (1, 5 )i (1@@2+ ,-2). (4.52)

S?=32( +1)=8 (4.53)

and applying this to a linear function of ,

()=hji=al+b? (4.54)
will give the correct result
§? = 3-*=4:
Since
1 — 1 1.
S; ¢t = +§~ : (4.55a)
1
S; 2 = 5" 2, (4.55b)

it is conrmed that we are truly dealingwith spin % and the wavefunction of a
particle with spin % canbe written asa linear conbination of the Grassmannian
coordinates * and 2. Here( *; ?) constitutes a spin-3 doublet.

The conjugation property of these Grassmanniancoordinates are de ned as

( i) = P = J jis (456)
(P = (H(H; (4.57)

from which the hermiticity of spin operators S is maintained, and the following

requiremen for normalization is satis ed,
Z

hji = hjidad?hji
Z
(@al+b?d2dial+b?

jaj® + jp* = 1 (4.58)
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Hencewe are e ectiv ely manipulating two degreesf freedomwhich are equivalert
to two real Grassmanniancoordinates.

The description of scalarpatrticle states(spin 0) is given by the combinations
of the two Sp(2) singlets,1 and * ?

()=hj i:pl—z(l 12y (4.59)
The normalization condition follows directly from conjugation properties
Z
hji = hijid?3d?hji
z 1
- é(l 1 2) d 2d 1(1 1 2)
= 1 (460)

One simple example of the application of this idea is Grassmannianformal-
ism of the electromagneticinteractions. Considera spin % particle of unit charge
placedin an electromagneticeld. The interaction canbe determinedby encoun-
tering the standard minimal substitution,

p ! p+A: (4.61)

In a uniform magnetic eld B, the vector potential can beidentied as

1
=B X 4.62
2° (4.62)

and the substitution yields the familiar Zeemancoupling:
p?! m+Af:&+BL+%@ x)?2: (4.63)

In order to accourt for the spin magnetic eld interaction, the anticommuting
coordinates areintroduced. The generalizationof the substitution rule is given

by

! +g ; (4.64)
where
=B ; (465)
is a Sp(2) spinor with componerts,
[ 1 .
1= §B3 1+ E(Bl"' B 2) 2, (466&)
[ 1 .
2 = §B3 2 E(Bl IBQ) 1- (466b)
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The analogueof Eq. ( 4.63)is

1 2 ! 1 2+%0( 1 2+ 2 )¥Q 12

1
= 1 2+ 9B S+ 19252 12 (4.67)

which is the cortribution of kinetic energyfrom the anticommuting coordinates
and correctly addsto the orbital interaction. The factor g introduced above is
a re ection of the fact that the Lande factor is not xed in a nonrelativistic
description. Let the direction of B de nes the z-axis, and substitute,

1 @ @ , @
+gB S! —-g-B — — + -~ ; 4.68
2t s 297 ‘e, ‘e, @@ (4.69)

then onereadily getsthe eigenfunctions,
1 1 1

() = 1 (§g~B + 19252 12); E= §9~B; (4.69a)

1 1 1
() = 2 ( §g~B + 19252 12, E-= ég‘*B; (4.69Db)

for spin up and down. Notice the occurrenceof a scalarpart with the same
eigernvaluesasthe spinors.

4.3.2 Nonrelativistic  Spin One Half Particle with Con-
strain ts

As a next simple examplewe outline the discussionof the nonrelativistic spin-
ning particles [111].
We considera nonrelativistic free particle with position coordinatesx'(t);i =
1;2;3. For the purposeof describingthe spin degreesof freedomwe assciate
with the particle three real anticommuting variables

=)

in addition to the position coordinates. We write the Lagrangian for the free
nonrelativistic spin one half particle as

1 [
L=Zmx’+ -_ : 4.70
S+ 5 (4.70)
To passto the Hamiltonian we de ne the conjugate momena
@
P = — = mX; (4.71)
@) [
K = — = = ks (472)
@k 2
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whosegeneralizedPoissonbrackets are
fx;pg= |; (4.73a)
f5ag= (4.73b)
all other being zero. We obtain the primary constrairts from Eq. (4.72)
[

K= k 5k 0; (4.74)

which are consequencesf the linearity of L, in . To ched whether there are
secondaryconstraints we write down the total Hamiltonian

Hr = He+ ! i=§—m+ R (4.75)

wherethe ' areanticommuting Lagrangemultipliers. The consistenceconditions

{=f Hig O (4.76)
leadto ' = O: Therefore we have secondaryconstrairts and the ; are second
class:

f i k9= i iK - (477)

It isnow possibleto introduceDirac brackets basedon the secondclassconstrains
k; after this is done one one may consider , = 0 as strong equationsthus
eliminating the | from the theory, which leavesthe ; asthe only Fermivariables,
with modi ed brackets
fllg=il; (4.78)
The equation of motion are obtained by extremizing the action under small
deformationsof the history of the system. The allowed deformationsmust obey
boundary conditions he number of which is equal to the number of integration
constarts in the generalsolution of the equationsof motion. Now, for the bose
variablesx;, we demandasusualthat x; be xed at the initial and nal times. It
is not possiblehowever to imposea similar requiremen on the 's, asthis would
imply two boundary conditions for a rst order di erential equation.
We write the action as
Z,, i
S= Ldt + > (t)  (t2); (4.79)

t1

and state that the solution of the equationsof motion are those histories which
yield no variation of S under the conditions

X(t1) = 0, Xx(t2) = 0 (4.80)
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(t)+ (t2)=0 (4.81)

The x-dependenceof the action is the usual one soit neednot concernus any
longer. The novelty is in the part.
If wevary (t) we nd

Z,, : ,
S= di- +l ) @ M Wyl M @ @ @
Z ., i
= dti — oL MW+ @1 1A @ (4.82)
where we abbreviated (t;) = (1), etc. The boundary term vanisheson ac-

court of condition Eg. (4.81) and extermination of S yields just
+= 0 (4.83)

Is needed.
Now, let us supposethat (1)+ (2) isgivenas2 , sa&. In that casethereis
a unique solution to Eg. (4.83) with that boundary condition, namely (t) =
for all t is ful lled.
The action can be rewritten in Hamiltonian from as
21 i p? 1
S= . dt x p+ 5— o + 5 Q@ () (4.84)

Having an action principle we can discussconsenration laws. The action Eq.
(4.79) is invariant under translations, rotations, and Galilean transformations.
Let us therefore analyzethe caseof rotations. Under that translation we write

xX'=1x;  p=1p; =0 (4.85)
with ! i = !ji:
The action Eq. (4.79) is clearly invariant under this transformation. On the

other hand, following Noether's procedure, we can rewrite the variation of the
action as

. [
S=x pitt® [ W+ @I [Q) (] (4.86)
+(term vanishingwhen the equationsof motion hold).

Now, the term in the above equation can be rewritten in this caseas

Wl @I Y@= @ W Kr (48)
If we now insert Eq. (4.87)into Eq. (4.86) and recall Eq. (4.85)we nd that

Jik = Lik + Si; (4.88)
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is a constrairnt of motion, where
I—ik = XjPk Xk i (489)

Sk =1« (4.90)

In terms of their Dirac bradkets L and Sy obey the customaryalgebra. For
example,if we de ne the spin vector

1

Si = > kSjk; (4.91)
we have

fSi ; Sj g= i K Sk: (492)
It is interesting to mertion here that had we neglectedthe surfageterm in Eq.
(4.79) and applied Noether's procedurenaively to the action S =  Ldt we would

have arrived at a de nition for the spin of opposite signto Eq. (4.90.)

4.3.3 Relativistic Spin One Half Particle

Let us start from the Dirac equation
(~ @+m) =0 (4.93)
which implies the Klein-Gordon equation
( 22+ m? =0 (4.94)

To formulate the dynamics, and additional constraint is necessaryand to take
this constraint explicitly invariant introduce a new Grassmannvariable s. The
constrairt is in quartum falls

(P)+ 5=0; (4.95)
and Klein-Gordon equation reads
PP +m’)=0 (4.96)
The comnutation relations for the quantum operators are
B;al-= i~g ; [ ; +=~9; [s sk =" (4.97)
while the primary constraints are corverted into conditions on the physical states
L=[@Y+ms] 0 H=(@E+m) O (4.98)
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which obey the relations

[L;L]=iH;
[L;H]=0; (4.99)
[H:H]= 0
where
"= (=25 5= (=2 s (4.100)
satisfy
[ v k= =0, [s =0 [s sk= =~ (4.101)

Generatorsof the Lorenz group J  are constructed along the convertional
lines

J =L +S: (4.102)
The quartum spin vector is then given by
4§ = 1‘ AN :i L :i: e (4.103)
i 2 jk j k 4 jk j k 2 i- .

To get the quantum operator as (anti)symmetrization is necessary
1
£ =Z@p+pa ap pa) (4.104)

i/\/\ N A __i~ .
S = 5( )= 5 ): (4.105)

Grassmanncoordinates schemeso er a natural framework for explaining the
occurrenceof particle generationsand the application of duality constrairts turns
out to be a powerful tool for pruning the overabundanceof states[179]. The na-
ture of the interaction betweendi erent elds is well determinedby the anticom-
muting properties and integration rules of Grassmannvariables. The assignmen
of the correct componert elds in the super elds and the construction of the
appropriate forms of the interaction betweensuper elds are the main problems
in this formulation as well as the choice of the super elds itself. The dimen-
sion of the Grassmannmanifold determineswholly the results that follow and
must therefore be chosencarefully. There is no explicit rule in determining the
number of Grassmanncoordinatesin one model of the theory, but the symmetry
of the model can o er guidanceas to how many anticommuting variables are
neededto incorporate the correspnding internal symmetry. In other word, the
internal spaceis the Grassmannianspace.The group structuresin the Grassman-
nian manifold arerepreseted by generatorson the Grassmanncoordinateswhich
restu e the monomials. This is in e ect similar to the reshuings of di erent
statesassaiated with eady monomials. The imposition of the duality constrains
will reducethe sizeof the residual group symmetry.
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Chapter 5

Relativistic Tw o Body Wave
Equations

To formulate the quartum theory of a particle, Dirac [189 usedthe Hamilto-
nian description of classicalmedanics. The standard rules for constructing the
momeria and the Hamiltonian function, howewer, cannot be applied when the
Lagrangianis singular. In sud a caseit is not possibleto extract the functional
dependenceof all the velocities on the momerta in order to obtain a Hamiltonian
function of coordinatesand momerta only. Dirac's method concernsthe study of
classicalsystemsusing the Hamiltonian method when the usual procedurefails
due to the singularity of the Lagrangian[194]. Dirac gave very generalrules to
construct the Hamiltonian and calculate sensiblebradkets that can be usedto
descrile the classicaland, by the canonicalquartization procedure,the quartum
dynamics, which we studied in Sec.2.2.3.

In this chapter, we are using techniques deweloped by Dirac to handle con-
straints in quantum medanicsand the method deweloped by Crater and Van Al-
stine. They derive the two body Dirac equationsfor eight nonderivative Lorentz
invariant interactions acting separately or together [158 38§. These include
world scalar, four vector and pseudoscalainteractions among others. We can
alsoreducethe two body Dirac equationsto coupled Sdredinger like equations
even with all theseinteractions acting together. Before we test this method in
nuclear physics, in the phaseshift analysisof the NN scattering problems, we
review the constraint formalism and the form of the two body Dirac equations.

5.1 Hamiltonian Formulation of the Two Body
Problem with Constrain t Dynamics

We know from Sec.2.2.3,that constrairts of the form
i(@p)  0j=1:uM; (5.1)
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5.1. HAMILTONIAN FORMULATION OF THE TWO BODY PROBLEM
WITH CONSTRAINT DYNAMICS

which must be satis ed weakly along the physical trajectory. The constraint Eq.

(5.1) s&y in e ect that we cannot roam over the full plane space(q; p), we are
con ned to a particular lower dimensionalhyper surfaceof the full space.First,

we can with impunity have beencarried out, needthe constrairts ;(q;p) = 0;

imposed[289 417, 534. The weakly sign  signal this hold procedure. In this

way we obtain M number of constraints which Dirac called primary becauseof
their direct derivation from the Lagrangian. Notice that a Hamiltonian is required
to be independen of the velocities. If we are not ableto erasethe q dependence,
then the straightforward application of the Hamiltonian method is impossible.To
solwe this problem we proceedas follows. We add to H all primary constrains

multiplied by arbitrary functions of time ; , to obtain the total Hamiltonian H.

The Hamiltonian is obtained by a Legendretransformation of the velcities

X
j=1

For consistency the constraints must not change under the temporal ewlution
of our systemestablishingthe consistencyequations

+=[:H] O j=1:;M: (5.3)

If theseequationsare consiste, three casesare possible,an equationcangive an
idertity, it cangive a linear equationfor the j, it cangive an equationcortaining
only p% and g%, in which caseit must be consideredas another constrairt. The
constrairts that arise from this procedurewill be called secondary, for obvious
reasons. Also we emphasizeagain that any linear combination of constrairts is
again a constrairt.

Todorov studied the relativistic N - particle dynamics as a problem with
constrairts of the type

2 (gp) =m? PP+ (gps); i= LunN; (5.4)

where (q; p;s) arePoincare invariant functions of the particles, coordinates, mo-
merta and spin componerts. We introducep; and position g of a particle, whose
Poissonbracket are satisfying the usually Poincare transformation. Howeer, the
Poissonbradkets are degenerateon the massshell for a relativistic particle

m? p?=0; (5.5)

Crater termed it relativistic Hamiltonian. Caveat, Crater and et al. usea metric
with the other signt. He extendedTodorov's ideafor four dimensionalspace-time
form in the two body system, he had two constrains

i(@p) O j=12 (5.6)
o= g = (L1
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For spinlessparticles he had takento be the generalizedmassshell constrairts of
the two particles [153,582, namely Eq. (5.4) rewriting

Hi=pi+mi+ 1(xpyp) O

Ho=p3+ m3+ (X pup) O (5.7)
whereH ;H, are covariant constrairts on the dynamical variablesfour momen-
tum p;; p. The interaction functions 1; , mustbeequal ;= , arelativistic

analogof Newton'sthird law with relative distancex = x; X,: The total Hamil-
tonian H from theseconstrairts aloneis

H = 1H1+ 2H2; (58)

with ; asLagrangemultipliers.
Thusthe quantum formsfor ead individual particle constrain becomeSdrodinger
type equations[497

Hij i =;0 for =12 (5.9
In order that ead of theseconstrairts be consered in time we must have
dH;

[HiHY =i

ji=0: (5.10)
The CM eigertime is used,sothat
[Hi; 1Hi+ oHo)j i =
f[Hi; 2JH4 T+ a[HisHa]j 1+ [Hi; 2]H2) i+ 2[Hij;HoJgp 1= 00 (5.11)
Using Eg. (5.9), the above equation leads to the compatibility condition
betweenthe two constrairts

[HyHolj i= o (5.12)

This condition guararteesthat, with the Dirac Hamiltonian H, the systemewlves
sud that the motion is constrainedto the surfaceson the massshellsdescriked
by the constrains H; and H, [582 155,151]. The interaction constrain becomes

2o+ 2+ f 4 29 O
As descriked most recertly in [582]this requiresthat

1= 2= ( X2;P1;P2); (5.13)
with the transversecoordinate de ned by
X 2 = X P P =P?); (5.14)
and total momertum
P=p+ pe: (5.15)

Using Todorov variables[156 539 543,
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Relative position, x;  Xj:

Relative momertum, p = 2P_1F2:

Total CM energy w = P P2
Total momertum, P = p; + pa:

(Consened) constituert CM energies,

24 m2 m2 2+m2 m2
_ wf+tm{ m3, _ w?+m$5 m%,

- 2w 27 2w :
(In terms of these,py = P +p, po= P p whereP = 2.

Relativistic reducedmassand energyof a ctitious particle of relative mo-

2 2 2
H — mim2 — W% m7 mj
tlona IIIW - w ! w = 2w

On-shellvalue of the relative momenium squared,
- 2 2 — 2 2 - 2 2 —

bzl(W)Al_ e 2mW2_ 12 ml _2 2 gng_

wz(W' 2wi(mg+ my) + (mp  m3)°).

CM momerium Eg. (5.15) and total energy
w2= P2

to de ne the relativistic momenum, we require that the di erence
Hi H>=0;

is independen of the interaction, , namely Eq. (5.13) forms the di erences of
constrairts into a purely kinematical constraint

Hi Ho=mi+pi+ 1 mj pj > 0)
2P p+ (2 JJw+mZ m3 O (5.16)
In CM frame
P p=0 (5.17)

|
P=( P%P =0)p= (0 !p) and the relative momerium hasa vanishingtime
like component

( wz;ip_l{JrZ!_pg)= P?, (5.18)
0
p=(+ 1'p) pi= i+ 'pl= md
2= (+ 5'p); Pi= i+ pi= m}
P=pi+p= (1+ 2= % 5 2:1,= w~ (5.19)
With S
p= Wpl szz 0; (5.20)
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the time-like componerts of the particle momerta in the CM systemare

Wt mz m3

'l - 2W ’
W2+ m2 m2
"y = 2\; L. (5.21)
Since
Hi='p? 2+mi+ |
Ho='p2 2+ m2+ ; (5.22)

the combination of the constraints give an explicit relativistic Scredinger equa-
tion for, onee ective particle of relative motion

H=(,Hi+ Hp)=w='p2 B+ O (5.23)

Thus quantum medanically,

PP (X)) F@AmEm) ji=0 (5.24)
where
PwimZm?) ="2 m?="2 m?
1
= g5 WHo2w¥(mi+ md)+ (mf mi)? (5.25)
This equationmaintains the exactrelativistic two body kinematics,i.e. classically
PP =0
would imply q q
w= p2+m?i+ pZ+ mi

Note that both of the constituert invariant CM energies'; and ", are positive
for positive total CM energyw greater than the squareroot of jm? m3j. This
is a direct consequencef the Eq. (5.17) which in turn dependson the \third
law"condition necessaryfor compatibility. |

In the CM system,p= p> = (0;'p), Xx» = (0;°r ) and the relative energyand
time are removed from the problem. The equationfor the relative motion is then

2+ (1) B ji=0 (5.26)

which has the form of a stationary non-relativistic Sdredinger equation, with
2mV | :2mEnr ! 2. Thusthe relativistic treatment of the two body prob-
lem for spinlessparticles gives a form that has the simplicity of the ordinary
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stationary nonrelativistic one body Sdredinger equation and yet maintains rel-
ativistic covariance. Spin and di erent typesof interactions can be includedin a
more completeframework [388 166 158 421 and will be reviewed later.

The potertial may have a complicated dependence,

= (r%4r p;P%p%P p): (5.27)

It is a generalfeature of relativistic medanicsthat the potentials do not appear
only asfunctions of the relative coordinatesx and relative momertum p. Ignoring
explicit dependence®f ontotal and relative momena, oneis still left with an
implicit dependenceupon P through the vectorr. It isonly in the CM framethat
r reducesto the momernium independer vector (0; x) The potential  can also
exhibit, an explicit dependenceon P2. This canariseeither from a dependenceof
the coupling constarts on P2, or from dimensionalrequiremerts. The dependence
of upon P p can be ignored altogether, sincethe latter can be eliminated of
the constraints Eq. (5.17)
P p=20:

Finally the dependencesiponr p and p? arisewhen nonlocal e ects are approx-
imated by local functions or from the tensor structure of the interaction. For
two spinlessparticles the potertial  is a function of r; p; and P.A  depen-
denceon the relative momertum p hasto be symmetrizedin sud a way that the
eigervaluesof p?> comeout to be real, if no other reasonforbids this result [544.

For a scalarinteraction the momerta p; and p, do not appear at the vertices
and thereforewe have

= (r%p):

For a vector interaction p; and p, appear linearly at the verticesand to lowest

order of the coupling constarts we have

=[PP, C (P (5.28)

whereC represets the relativistic instantaneousapproximation of a vector eld
propagator and satis es the properties

C np=C (rp=C ( rp:

To rst orderin C the term Eg. (5.28) could alsoarisefrom a minimal substitu-
tion in the free equationsof the type

pr [P C 1+
P2 [p;C 14 (5.29)

Pseudoscalatype interactions correspnd to potertials  which are propor-
tional to the matrices s s;

|01!|0(1)=|01 Ap
P! P =k A

= 5 SW(rzipz);
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wherethe s and 5 arethe Dirac matricesacting on the fermion and antifermion
spinor, W(r?; p?) is the Pauli-Lubanski operator. If Wys and W, are Pauli-
Lubanski spin operators of particles 1 and 2,

Wls = Z P ;
Wy = Z P ;
2 _\\2 — §~2 2.
Wls - WZS - 4 P ’
Ws = Wi + Wy, (total spin)
1 1
- Z[ ) ]1 - Z[ ) ]1

which commute with all longitudinal variablesand matrices. The pseudoscalar
interactions play, alsoan important role in the represetation of con ning inter-
actions and spontaneousbreakdavn of chiral symmetry [495].

An axial vector interaction is of the type

=~ WLA(r%p?) = é PWL WisA(r?; p?);

where~ = 5, W, is the relative orbital angular momertum. Sud potertials
cannot arise in the ladder approximation of parity conservinginteractions in
renormalizable eld theories. Howewer they can arisefrom a local appraximation
of fourth order irreducible diagramsin vector interactions in the Bethe-Salgeter
kernel [49§. They correspnd to the exdange between the fermion and the
boson of two vector particles. The vector particles couple to the fermion line
at two di erent verticeswith matrices and , respectively. Furthermore the
fermion propagator joining the two verticesis proportional to ( p? + m9) and
one nds, amongother terms, the product of three matrices which involve the
term i ~ p] . On the bosonline the verticesof the vector particle involve the
momerta p3 and pd°:

In Eq. (5.26) to relativistic kinematical and dynamical corrections are in-
cluded. The correctionsinclude dependenceson the CM energyw and on the
nature of the interaction. For spinlessparticles, interacting by way of a world
scalarinteraction S, one nds [151 153 159 160

= 2m,, S+ S? (5.30)
where
m,, = M. (5.31)
w

For timelik e vector interactions, descritedby A, one nds [151, 539 540,159,162

=2"wA A% (5.32)
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where

_ w2 mi mj
w = 2W .
For combined spacelile and timelike vector interactions, that reproducethe cor-
rect energyspectrum for scalar QED [154],

(5.33)

1 1
= 2m, S+ S?+ 2", A AZ+ o Zlog(1 2A=w)+ 21[r log(1 2A=w)]* (5.34)

The variablesm,, and ", have beenintroducedby Todorov in his quasipotertial
approad [539 54(. In the nonrelativistic limit, approates2 (S+ A); =
m;m,=(m1+ m;) for conbined interactions. In the relativistic case,the dynam-
ical correctionsinclude both quadratic additions to S and A and CM energy
dependenceshrough m,, and ",,: The two logarithm terms at the end of Eq.
(5.34) are due to the transverseor spacelile part of the potertial. Without those
terms, spectral resultswould not agreewith the standard spinlessBreit and Dar-
win approades.

Eq. (5.26) provides a usefulway to obtain the solution of the relativistic two
body problem for spinlessparticles with scalarand vector interactions. Below we
shall include spin.

Theseways of putting the invariant potertial functions, for scalarS and vector
A interactions, into  is usedby Crater and Van Alstine for the caseof two spin
onehalf particles. Theseforms are not unique but are motivated by classical eld
theory, Crater and Van Alstine, and in quantum eld theory, Sazdjian[162 334.

5.1.1 Constrain t Mechanics for Spinless Particles

Crater and Van Alstine used Dirac's constrain. medanics and supersymmetry
(seeSec. 2.7) to derive a pair of coupledbut compatible relativistic wave equa-
tions that generalizeDirac's equation for a single spin one half particle in an
external eld to a system of two spinning particles interacting through world
scalarand vector potertials.

To seehow oneintroducesrelativistic dynamicsthrough a constraint approad
[156,542 545 364, consider rst two spinlessparticle Klein-Gordon equations.
In constrain quantum medanics,theseequationsare treated as massshell con-
ditions on the wave function

Hiy >= (p2+ m2+ (X pup2))] >=0; (5.353)

Ho >= (p+ m3+ (X pup))j >=0 (5.35h)

One further nds that the interaction functions, referredto as quasipotentials,
must be equal

1= 2= w(Xo;p1p2): (5.36)
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This is a relativistic analogof Newton's third law. The invariant variable

q__
r= x3; (5.37)

is the spatial interparticle separation(only) in the CM system. The fact that
X may only appear as X, meansthat constrairt medanics cortrols the relative
time in a covariant way although the quasipotertial |, may depend on other
invariant conbinations of x» ; py; p2 i.e.

= (X2 p)3
where
@ b = K Pab:

The two quartum constrairts Eqg. (5.35b) can be reconbined in two linear inde-
pendert ways. The di erence yields a wave equation that controls the relative
energy

(Hy Hpj >=2P p >=0: (5.38)

The other independernt combination
H=(,Hi+ Hy)=w; (5.39)
leadsto the stationary Sdiredinger like form
Hi >=0! (PP+ wi >=PFw)j >=(§ mdi >: (5.40)

In the CM system,Eqs. (5.38) implies the relation

P >=p >=p? >
thus Eqgs. (5.40) has a three dimensional Sredinger like form. Howewer, EQs.
(5.40) is a fully covariant equation, with a CM energydependert potertial.

We imply that ead particle ; is constructed from constituert scalar and
vector potentials which are producedby other particle. We introducevector and
scalarinteractions through the minimal momertum and masssubstitutions

Ppp=p * 1Iﬁ L'pp AL =Gy(r;)p +E1(r;‘)|ﬁ =

= P+ P lp Ay= Gr)p +Er)P =, (541
my! my+ Sp = My(r;); (5.42a)
m! my+S,:= Mz(r; \); (542b)

HO = pf + m?
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These substitutions are straightforward two body extensionsof those generated
by standard covariant coupling of a single particle to vector or scalar external
elds. Thus the original free massshell forms

HY=pf+ m i

1,2 (5.43)

become
Hi= P+ M7 i=12 (5.44)

The proceduredeterminesthe ;, in Egs. (5.35b), in terms of constituert vector
and scalar potertials.

The decompsition of Egs. (5.41-5.42b)assaiates the invariant functions
G;; G, with spacelile vector potentials, E;; E, with timelike vector potentials,
and M; M, with scalarpotentials. Thesesix scalar functions are not indepen-
dert. In fact, the third law condition on scalar, timelike and spacelile vector
parts yield

s = 2S,
oa; timelike part (5.45)
on; Spacelile part:

1A

1A
It implies
MZ MZ=m? m3 E? E5= 2 3 andGi=G5=G%

There are only two invariant functions for the vector and one for the scalar
interaction. When vector interactions are generatedby couplingto QCD elds

there will be further relations amongthe potentials. In that case,both E; and
G; becomefunctions of an underlying generalizedCoulonbic potential A. With

this technique one allows for the presenceof a short distance electromagneticlile
or gaugevector cortaining both timelike and spacelile parts, and a long distance
timelike vector, by parameterizingE; in terms of two invariant functions A and
V, and G in terms of A alone. Thus

A= A ATV ), (5.46)

and
S

Si(S(r; ) Vv(r;)): (5.47)

5.1.2 Constrain t Mechanics for Spin One Half Particles

Crater and van Alstine [156]usedsupersymmetryto nd compatible Dirac oper-
ators for two spinning particles. The particles are interacting through a system
of relativistic scalarand vector interactions. For two spin one half particles, we
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start from two compatible free Dirac equations,in terms of Todorov variables,in
the forms

Lioj >=(1 pr+mys)j >=0 (5.48a)
Laoj >=(2 P2+ M2 s)] >=0 (5.48b)

using
p= P+pip= P p; (5.49)

yields
Lij >=(+ 1 p+ 11 P+myg)j >=0 (5.50a)
Laoj >=( 2 p+ 22 P+mzg)j >=0; (5.50b)

in the e ective onebody variablesof Todorov [539]. Crater and Van Alstine have
written the matrix coe cien ts of theseDirac equationsnot in terms of gamma
matrices but in terms of products of gammamatrices whosealgebraicproperties
permit moree cient calculation of the commutation relations appropriate to two
spinning bodies. Thesetheta matrices

r_

i = 5

r

NI N

5i; =0,1,23 i=12 (5.51)

5 = |
satisfy the fundamertal anticommutation relations

[i5 i) = ;

[ 5i; i]+ = 01
[si; sl, = L (5.52)
where[; ]+ is anticommutator. Projected theta matricesthen satisfy
h [
P Po=
h i 7
 Pin =0 (5.53)
where
,=i( +PP): (5.54)

The algebraic signi cance of the theta matrices, in the dynamical description
provided by Egs. (5.48), is that the Dirac operators Lo and L,y are exact
operator squareroots of the correspnding massshelf forms %(p{ + m?) and

%(p% + m3). Additional useof covariant CM projected versionsof the Dirac
and matricesare

= 1 P=2g,; B (5.55)
=2, P (5.56)
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and p_
= 5 =12 25 P oy

Crater and Van Alstine claim to have introduced the important but unfa-
miliar theta matrices in order to take advantage of their remarkable algebraic
properties to simplify the otherwise complicated consequencesf compatibility
([L1;L2] J >= 0) when interactions are presen. The fundamertal anticom-
mutation relations, Eqs. (5.53), of the theta matrices lead directly through a
pseudo-classil correspndencelimit, to a gradedsymplectic structure in which
the theta's becometwo commnuting setsof Grassmannvariables(SeeSec.2.6.1).
The spacepossessea graded Poissonbradket that takesthe di erential form of
Berezinand Marinov [65, 66]. When quartized, this bracket becomesa general-
ized quarntum bradket that is sometimesa commnutator, sometimesan anticom-
mutator depending on the nature of its operator argumeris.

In terms of this bracket, all necessarycomnutation relations involving the
guantum theta's can be carried out through operations that are isomorphic to
those involving the classicalbradkets. For dynamical variablesA and A that
have well de ned character (odd or even) with respectto eat spin or Grassmann
space,the generalizedquartum bracket takesthe form

AA] =AA A A ; (5.57)

where[152]
:( 1) 11t 2 2

The variable

0 if A isewnin spaceone(like p;X; s1; 1 Iﬂ)

5.58
1 if A isoddin spaceone (like 1 X, 512 P): ( )

Similarly, , keepstrack of parity in spacetwo. Note that the last variable is
then odd in both spacesdoubly odd. This sorts the variables into those that
are even in both spacespodd in both, even in spaceone while odd in spacetwo,
and odd in spaceone while even in spacetwo. In addition, there are additive
combinations that do not have well de ned character e.g.,

1 X+ X p; or 1 Xt 2 p:

For expressionghat cortain only onesetof spin variables,wheninsertedas pairs
of argumerts of the quartum bradket, for two ewen variables, or one odd and
one even, = 1 and the bracket is a commnutator. For two odd variables,

= +1 and the bradket is an anticommutator. The product quartum bracket,
sud that bracket of A A with A | is

A A AT
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This implies that within the Grassmannspaceof a single particle, the product
of an odd with an odd is an even, the product of an even with an odd is an odd,
and that the product of an evenwith an evenis an even. Using the de nition, in
Egs. (5.57), one nds that

A A A =A[A:A] + J[A:A] A: (5.59)

Next, useis madeof this bracket to construct pairs of compatible Dirac equa-
tions for interacting particles.

Considerwhat happenswhenwe attempt to introducescalarinteractionsinto
the two free particle equationskgs. (5.48). If we make the minimal substitutions
Egs. (5.41) of the spinlesscase,we do not obtain compatible two body Dirac
equations. That is, the bradckets Egs. (5.59),

Lyj >=(+ 1 p+ 11 P+Myg)j >=0; (5.60a)

sz >= ( 2 Pt 22 |5+ M 52)j >=0; (560b)
produce an operator that doesnot vanishonj >

[Li;Lo] ] >

[1 PsM2 5]+ [Mys2; 2 pl ] >
(@11 1520+t @2 25)] >60: (5.61)

Crater and Van Alstine usedsupersymmetry argumerts to extend the naive
L, and L, to forms that are compatible. The procedurehasfour steps.

(&) They found supersymmetry of the pseudo-classicalimit of an ordinary
free onebody Dirac equation.

(b) They introduced interactions for a single Dirac particle with external
potertials that presened these supersymmetries. For scalar interactions this
required the coordinate replacemen

5

! =Xt i——
X x X Im+S(x~)

Since the Grassmannvariables satisfy 2 = 0, this self referert relation has a
terminating Taylor expansion.

(c) They maintained the one body supersymmetries,for ead spinning parti-
cle, through the replacemen

X, = (X1 X2), I (61 %),

in the relativistic potentials S;, and thus obtained compatible classicalconstrains.
(d) Finally, they canonicallyquartized theseconstrairts to obtain compatible
two body Dirac equationsof the form

Lyj >=(+ 1 p+ 11 P+My s i@1 25 s)j >= 0,(5.62a)
Loj >=( 2 p+ 22 P+Mas+i@2 15 5)j >= 0(5.62b)
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Note, the requiremen of compatibility leadsto terms with a relatively simple
structure, like recoil terms which are functions of x, that add to the naive forms
of Egs. (5.60). The only additional nontrivial commutators neededto chedk
compatibility, [L1;L,] j >= 0, are

. ) 1
[ @1 2555 2 p =@, p+ E@Ll) 51 52,

. ) 1
[1 PI@2 1515 =( i@ p E@LZ) 52 51;

[ 1@1 25 55M25] =iM25:@1 2

M1 s0;+i@2 152 51] =M1 52@2  3;
[11Pi+i@2 1505 =[11 Pi+i@2 1l sis2= 1 1P @251 5= 0;
[ i@, 25152;22|“¢}]= [ i@ 2?22'5]+5152: i P @151 52= 0

The last two commutators vanishsincelL; = L;(x,) and P x, = 0: Note that we
have usedproduct rule Egs. (5.59) to determine whether to compute comnuta-
tors or anticommutators. Collecting coe cien ts of independen matrices,we nd

the simple di erential equations

@1 = M@.3; (5.63a)
@1, = M1@; (5.63b)
@@= @ (5.63c)

In the static limit @ ! 0, eah of our equationsreducesto the standard one
body equationfor interaction with an external scalarpotertial. If we solwe these,
while identifying the free particle rest massedM;(L = 0) = m;, we obtain

M. = mjcoshL + m,sinhlL; (5.64a)

M, = m,coshL + my sinhL: (5.64b)

The recoil terms at the end of Egs. (5.62) appearedas the quantum remnarts
of the classicalGrassmann-TBylor expansionof the masspotertial generatedby
its argumen, the supersymmetric position variable %, . Note that this solution
of the compatibility condition implies

M2 M2Z2=m? m3; (5.65)

the third law condition. As with the treatment of the scalarinteraction using
supersymmetries,sud methods reducethe problem of compatibility for spinning
particles to those conditionsthat are already neededfor compatibility of spinless
particles. Elsewhere[156],they have extendedtheir supersymmetric treatment

102



CHAPTER 5. RELATIVISTIC TWO BODY WAVE EQUATIONS

to the caseof timelike vector interactions. Just asin the scalar case,the naive
replacemen in Egs. (5.50)
i bOEi(r;);

doesnot lead to compatible two body Dirac equations. That is, when

Llj >= (+ 1 pt El 1 |§+ mq 51)j >= 0, (5663.)
Lj >=( , p+Ezp P+my ) >=0 (5.66b)
they found
[Li;La]j > = [1@E22 Pl +[E11 P, @) >

= (@1 12 P+ @, 11 IS)J >6 O

This enforcemen of supersymmetries,for ead spinning particle, leadsto the
recoil correctedforms

Lij >=(+ 1 p+E11 P+mys+i@; 2, P1 P)j >=0
(5.67a)

Loj >=( 2 p+Ezy P+mys i@, 11 P, P) >=0;
(5.67b)

The requiremen of compatibility, [Lq;L,] ] >= 0, then yields the simple dif-
ferertial equations

@1 = Ex@y; (5.68a)
@:>= E:@o>; (5.68b)
@; = @>: (5.68¢)
Note, the static limit @ ! 0, sothat ead of the equationsreducesto the

standard onebody equationfor a spinning particle in an external timelike vector
potential. Solution of theseequationswith identi cation of the usualfreeparticle
energiesEi(J = 0) = ; then gives

E.= icosh) + ,sinhJ; (5.69a)

E,= ,cosh] + ;sinhJ: (5.69b)

Just asfor the scalarinteraction, the recoilterms at the end of Egs. (5.67) ap-
pearin the supersymmetrictreatment asthe quartum remnarts of the Grassmann-
Taylor expansionof the energypotertial generatedby its argumer, the super-
symmetric position variable x, . Note, this solution of the compatibility condition
yields

Ef Ef= 1 %
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the third law condition for spinlessparticles interacting through a timelike vector
potertial.
Finally, a spacelile interaction, the naive choice

Lij >=(#G11 p+ 11 P+mys)j >=0; (5.70a)
Loj >=( Gaa p+ 22 P+mys)j >=0; (5.70b)

provesincompatible

[Ly;Lo]) > [Gi1p; G2 pl] >

(G@1 12 p Gi@; 21 p)j >60 (571

Howewer,

Ly >=(*+G11 pt+ 11 P+mysitio @i 1 »)] >=0

(5.72a)
Loj >=( Go2 p+ 22 P+mysy i1 @22 1) >=0
(5.72b)
are compatible provided that
G:@5; = G,@5x: (5.73)

Thus G; and G, di er by at mosta multiplicativ e constart. If the correspnding
Dirac equationsare to becomethe usual free particle Dirac equationswhen the
interaction vanishes,G; and G, must be unity in this limit. Hence,the constart
must be one,and

Gy =Gy =G (5.74)

When both, scalar and timelike four vector interactions, are presen [156, the
compatible two body Dirac Egs. (5.50) turn out to be
(+ 1 p+Ei1 P+Mi s

+i@ .1, P, P i@ ,s5s5) >=0 (5.75a)
Loj > = ( 2 p+Ezp P+ My s

i@ 1, P, P+i@ 15 5) >=0  (5.75h)
in which M1;M,;Eq;E,; L and J are related by Egs. (5.64) and (5.69). When

all three interactions are turned on at once,the solutions (5.63)-(5.64), (5.68)-
(5.69), and (5.73)-(5.74)yield the compatible two body Dirac Egs. (5.50).

—
e,
\%
I

Lij > =(+G 1 p+E11 P+My5+iG(2 @G 1»  »

+, @1 PP , @s=)i >=0 (5.76a)
Loj > =( G, p+Ez2 P+Mps, iG(1 @nG 1o 2

+, @1 PP 1 @) >=0 (5.76b)
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Note, the requirement of compatibility generatesthree spin-depgenden recoil
terms at the end of ead Dirac equation, which can be written compactly as

0 1
I— 51 52
, @3, P, PA (5.77a)
InG
1? 2? l
L 51 s2;
L, @ 3, P, PA; (5.77b)
ING 12 2

The physically important caseof electromagneticlike interactions, related time-
like and spacelilke componert interactions, deseresspecialmertion. In that case,
our compatible two body Dirac equationsreduceto

Lyj >=(+G 1 p+E; 1 P+myg+i, @ 2)j >=0
(5.78a)

Loj >=( G, p+Ezp P+mys, i:@ 1 2)j >=0;
(5.78b)

in which the compatibility restrictions of Egs. (5.69) and Egs. (5.74) lead to

G w
= — + —: .
E1 2( 1 2) G (5.79a)
G w
= — + —: )
E> 2( 2 1) G (5.79b)

In Eqgs. (5.78), the recoil terms are combined to yield the characteristic factor

1 2% 12 22 1|§2|§1

5.2 Covariant Interactions

So far, we have beenable to determine appropriate modi cations of free Dirac
equationsthat lead to compatible two body Dirac equationsin the presenceof
scalar,timelike, and spacelile vector interactions. The resulting dynamical forms
of the two body Dirac equations are identical to their one body courterparts
in correspnding external elds exceptfor the presenceof recoil terms (seeEqgs.
(5.77) that vanishwhen either of the particles becomesrery heary. But, how can
we determinethe correspnding correctionsneededfor the construction of com-
patible Dirac equationscortaining pseudoscalartimelike pseudwector, spacelile
pseudwector, and tensor interactions? The scalar and vector interactions em-
ployed alter classicalrelativistic properties, minimal massand they are four mo-
mertum substitutions which are not available for pseudwector and pseudoscalar
interactions.
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Howe\er, regardlessof the details of origin of the interaction terms, for eat
of the casestreated so far ( supersymmetry minimal substitution) they share
a common algebraic hyperbolic structure. In eat case,the interactions gen-
erated by hyperbolic functions of the potertial whosegradiert determinesthe
magnitude of the correspnding recoil term. As we saw in our derivation of EgQs.
(5.63)-(5.65)and Egs. (5.68)-(5.71), these structures arise from the solution of
the compatibility problem and enforce generalizedthird law conditions on the
interactions. As we shall see,if we usethe hyperbolic structure to rewrite our
solutions for L; for the three interactions introduced so far in a compact form,
we nd that sud hyperbolic structures can be readily generalizedto incorporate
their axial courterparts as well as the tensor interactions. The part presered
here and the next section are reviewing the pervious work done by Crater and
Van Alstine [158 79

5.2.1 Hyp erbolic Description of Potentials
Using Egs. (5.63)-(5.64),the scalarEgs. (5.62) can be written in the form

Lij >=(+ 1 p+ 11 P+ (micoshL + mpsinhL) &1 i 2 @ s2 51)] >
(5.80a)
Loj >=( 5, p+ 22 P+ (mpcoshL + mysinhL) s +i 1 @ 51 50)] > :
(5.80b)
Thesetwo Dirac equations,can be brought into a more generalform through the
matrix
O1 =251 525 (5.81)

which is a root of unity, O% = 1, and is odd in eac theta space.We then rewrite
Eq. (5.80) as

Lij >= (Lwo+ my(cosi2) 1) sa+ mesinh(2) so+i2 @ | >;

(5.82a)
Loj >= (Loo+ my(cosi2) 1) o+ mysinh(2) si+i s @ | >;
(5.82b)
where
= 0 ;L=2 (5.83)
If we rearrangetheseequations,we nd that the combinations
Sij >=(cosh() Ly sinh() Ly)j >=0; (5.84a)
S;j >=(cosh() L, sinh() Ly)j >=0; (5.84b)
take the generalforms
Sij >= (LypcosH) + Lysinh()) j >=0; (5.85a)
S;j >= (LycosH) + Ligsinh()) j >=0; (5.85b)
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after we have usedsimple hyperbolic idertities and brought the matrices on the
left of eath L; to the right. Sincethe new constraints Egs. (5.84) are nothing
but algebraicrearrangemets of linear conbinations of the old compatible con-
straints L; , they must themseles be compatible. Howewer, we shall verify the
compatibility explicitly. We already know that the constrains L, and L, are
compatible

[LiLo] j >=0

The comnutator [S;;S,] is a sum of four comnutators. The rst,

[cosi() Li; cosh() Lz] = cosH)(cosh()[ Li;L2] +
[Li;cosi()] La+ [cosH) ;L2] Li) O (5.86)

vanishesweakly (we needto usethe constrains L; 0:) Likewise,
[sinh() Ly;sinh() L] 0: (5.87)
We are left with

[cosH) Lg;sinh() L4] [sinh() Lj;cosh() Ly] =
(cosh()(sinh ()[ Li;La] + [Ly;sinh()]  Ly)
sinh()[cosh () ;L,] Ly)+ (1! 2) O (5.88)

Thus
[S1;S2] j > O

We now conjecture that the constrairts in the generalforms Egs. (5.85) are
the proper forms of the introduction of relativistic interactions in the sensethat
all interactions known appear simply as choicesfor the invariant form . In
orderto nd compatible constrairts of the external potential form L, and L, for
more general interactions from the S; and S, constrairts, we must rst show
that the new forms in Egs. (5.85) are compatible for arbitrary ( x,). Then,
the constraints L, and L, which we uncover from the S; and S, constrairts are
compatible, this is isomorphicto the proof givenin Eq. (5.86) but with the roles
of L; and S; interchanged.

The new forms Egs. (5.85) can be related to forms which were recerily pro-
posedby Sazdjian

Sij >= (Lot L2gW)j >; (5.89a)
S;j >=(L2o+ LgW)j > (5.89b)

If we idertify
j >= cosh() and W = tanh() ;

then they arein equivalernt forms. Note, in Sazdjianequations,for a given inter-
action sa vector, the potential W hasa simple matrix structure (i.e., ;1 2). On
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the other hand, when the equationsare written in this form with a  that has
the samematrix structure, the W may cortain additional matrix structure since
the hyperbolic tangert is a nonlinear function of . Theseadditional terms will
not appear for interactions whosematrix structures are roots of unity since,for
sud interactions (e.g., scalar, pseudoscalartimelike vector and pseudwector),
the matrix structuresof andtanh() arethe same.But, for thoseinteractions
whose 's are not multiples of root unity ( i.e., thosefor spacelile interactions),
the new equationsare not equivalert to Sazdjian's. Hence,in general,Sazdjian's
form of the two body Dirac equationsis a weak potertial version(small ) of
Egs. (5.85). Now, Sazdjian'sforms or the two body Dirac equations(and our
generalizedversion Egs. (5.89) are compatible for arbitrary W provided that
W = W(x>). We have slightly altered Sazdjian'sproof of compatibility of Eqgs.
(5.89). First, note that the relative energyconstrairts

P p >=0
follows from

(L1oS1  L2Sp)) >

(L%o Lgo)j >
1 )
= Spi+mi pp myj >
P p >=0 (5.90)

In orderto demonstratethe (weak) compatibility of the two constraints, onemust
calculate

[S1;S2)] > [LioiL2o] | > #[LiosL1oW] j >+

[L2oW;L2o] j > +[L2oW;L1oW] j >

= (L3 L3)Wj > L 1gWLig > L 1oWLpWj > +
LaoWLaoj > +LgWLioWj >=

P pW(x.)] > L 1oWL4j > +L WLy > (5.91)

Using Eqg. (5.89) and Eq. (5.90), and
P W) ] >=0;

one then nds that ead of the terms vanishes. Thus S; and S, are weakly
compatible. Next we showv that compatibility of Sazdjian'sconstrains

[S1;S2] ] >=0;
plus the constrains themsehesS;j >= 0 imply the compatibility of the forms
Egs. (5.85)

[Si;Se]l >= 0
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First, we obsene that
Sj >=Sicosi() j >=Sj >:

Therefore,

[S1;S2)] > (Sicosi) S; Sycosh() S1)j >
[Sicosh()] S;j > [SpcosH()] Sij >

cosi()[ S1;S,)) >=0: (5.92)

=+

Hence,above forms Egs. (5.85) of the two body Dirac equationsare compatible
for arbitrary ( X»).

Now, from Egs. (5.84), we seethat the new constrairts S; are related to the
original external potential onesby

L, >= (cosh() S;+ sinh() S,)j >; (5.93a)
Loj >= (cosh() S+ sinh() Sy)j >: (5.93b)

Even though we usedthe scalarinteraction to carry out the compatibility chedk
in Egs. (5.86)-(5.88), the proof that the external potential L; constrairts are
compatiblefor arbitrary ( X»); giventhe compatibility of the S; for arbitrary
is virtually idertical to Egs. (5.86)-(5.88). As we shall show, for eight invariant
forms for ( x,), the correspnding external potential form L; constrains can
actually be written in a form that looks like that of a onebody Dirac equation,
that is,

Ly > = (Lot Zi(X2:p)] >

= (1 p+ 11 P+m s1+ Zi(X25p))j >

= (H(X?) 1 p+ Li(x2))] >=0; (5.94a)
Laj > = (Laot Za(X2;p)j >

= ( 2 p+ 22 P+m, s2+ Za(X2,p))] >
( H(x?) 2 p+ La(x2))] >= 0 (5.94b)

Unlikethe S; or S; forms of the two body Dirac equation, theseexternal potential
forms have no grosskinetic terms dependingon ; p;i 6 j. This property
simpli es the reduction to a Sdredingerlike form. Even at this stage,we seethe
importance of the hyperbolic structure of the equations( which the reader will
recall emergedautomatically for the scalarin our supersymmetry approad) in
bringing Egs. (5.93) to the external potential form through the idertity

costf()  sink?() = 1L (5.95)

Recall alsothe importance of this structure in guararteeing a physical principle,
the third law.
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Sud properties of the hyperbolic structure are classicalin that they are nec-
essaryto guarartee consistencyewen at the relativistic classicallevel. But, the
hyperbolic structure has a relativistic quantum medanical consequenceas well.
In two resen papers, [496 498] Sazdjian has shovn how to construct scalar
products that accompan his form of the two body Dirac equationsgivenin Egs.
(5.89). The result he obtains is (rewritten herein the notation of Crater paper)

] I R
< poa pp>= @ PP P) P U0 1 W2 A2 g 08 ()
=2 )13 3P° P) wfall):

Note that (as pointed out by Sazdjian) this scalar product is of the samekind
potertial dependent evenif W is energyindependen. Howewer, using the trans-
formation Egs. (5.2.1) and a simple hyperbolic identity we nd that the scalar
product that accompanierater's form Egs. (5.85) of the two body Dirac equa-
tions is given by

| | R
< b pp>= (@ PHPT P) B Y 1 W2 A2 g0 00 ()
= (2 )3 3(P° P) afa('):

Note that for energyindependen potentials, this scalar product is of the same
potertial independer form asthat for the onebody Dirac equationwith energy
independern potentials. Perhaps,the hyperbolic structure of the two body Dirac
equationswill turn out to be a consequencef the requiremen that the scalar
product take the simple Y form for energyindependert potenrtials.

We now investigate the constrairts of external potential form S; generated
by eight choicesfor ( Xx»): In eat case,we rst construct the new general
hyperbolic constrains Eqgs. (5.85) and then passto the correspnding external
potential constrairts through Eq. (5.93).

For scalarinteractions, we shall verify that the choice

= 0 1L(x5)=2=  [L11oL(x>)=2]Oy;

where
O1= 251 525

leadsto the result givenin Egs. (5.62)-(5.64).
For timelike vector interactions, the choice

= 0J(X:)=2=[1 P 1 PJI(x,=2)]0q; (5.96)

where
02= 2 1 Iﬂ 2 |ﬁ,

will leadto the result Egs. (5.67)-(5.69).
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For spacelile vector interaction, the choice
= O3J (X'_;):Z: [( 1?2 22 J (X'_; )):2]01, (597)

where
O3=21> 2;

will leadto the result Egs. (5.72)-(5.74). The matricesO4, O, and O3 are doubly
odd (odd in eat spin space)and symmetric in the labels of the two spinning
particles. Here, O; and O; are roots of unity, O? = O3 = 1. Howe\er, since

O3= 121 2

and
(1 2°=3 21 o
one nds that
03 = 3E, + 2E,03;
where
E.=1 E=4sns1 P, P= 2

There exists a fourth doubly odd matrix combination
04 = EOg;

which, like O3 is not a root of unity (O7 = O3 6 1): So,we uncover a fourth odd
interaction, the covariant polar part of the full tensorinteraction

= F(X?)O4:2: [ 1 >F (X'_;):Z]Ol: (598)

We now construct the two external potertial constrairts L, and L , correspnding
to ead of thesefour interactions. In this construction, the theta conbinations of
the Dirac gammamatrices again prove useful. Their characters(even or odd) in
the generalbradkets Eq. (5.57)and Eq. (5.59) dictate whetheroneshouldemploy
commutators or anticommutators to obtain the external potential formsfrom Egs.
(5.93)and Egs. (5.85). First note that for ead of thesefour interactions, sinh()
is a double odd function of the doubly odd variable . Using Eq. (5.57) to guide
us to the proper bradket we obtain

Ly > = cosH) S;+sinh() S
= cosh() LigcosH) + cosh) Lsinh()
+ sinh() Lycosh() + sinh() Lipsinh()
= costf() Lo+ cosi{)[ Lio;cosh()]
+ cosh()[ Loo;sinh()] + + sinh()[ Lo; cosh()]
+ sinh()[ Lig;sinh()] +  sinh?() Lig; (5.99)
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with a similar expressionfor L,. Note how the plus signin conjunction with the
odd-odd nature of sinh() combine to give a negative coe cient for sinh?()
which in turn allows oneto usethe simple hyperbolic identity Eqg. (5.95) in the
construction of the external potential form Egs. (5.94). We needto computethe
four quantum bradkets [Lip;cosi()] and[Lio;sinh()] + fori = 1;2.

First, we isolate the derivative parts of the constrairts by using the product
rule Eq. (5.59) to decompmsethe following parts of thesefour quartum brackets

[1 p;cosh()] = 11 @) sinh() + [ ,;cosi()] p; (5.100a)
[ 2 p;cosh()] =i, @) sinh() [ ,;cosH()] p; (5.100Db)
[+ pisinh()] , = i1 @) cosi() +[;sinh()] ,p;  (5.100c)

[ 2 pisinh()] , =12 @) cosi)  [,;sinh()] , p:  (5.100d)

Thus the derivative parts of Eq. (5.99) are

cosh()( i1 @) sinh() +i, @cosh())
+ sinh()( i , @) sinh() i 1 @osh())
= i, @) i(cosh) ; ;] sinh()
[cosi() ; ;] cosH)  [sinh() ; ]+ sinh()
+ [sinh() ; ]+ cosi()) @() :

Note that the choice of comnutators versusanticommutators is dictated by
the factsthat 4 is odd in both particles theta matrices and that the hyperbolic
sineis an odd function (while the hyperbolic cosineis an even function). (Note
alsothat [@) ;] = 0) As aresult,

Lyj > = Liw+io @) i(lcosi() ; 4] sinh()  [cosi() ; ,] cosh()
[sinh() ; 2]+ sinh() + [sinh() ; 1]+ cosK()) @()
+cosh()([ y;cosh()] p +[11 P;cosh()] + [my si;cosh()]
[ 2;sinh()] +p +[2 2 P;sinh()] + + [m2 sz;sinh()] +)
+sinh()( [ ,;c08h()] p +[22 Picost()] + [M; s2;cosh()]
+ 4;sinh()] +p +[11 P:sinh()] + + [My s1;sinh()] +; (5.101)
along with a similar expressionfor L ».
In ead of the brackets of Eq. (5.101) which cortain ,, that matrix may be

replacedby i, sinceit is cortracted with either @f (x,) or p (which satis es
P p 0.

5.2.2 The Imp ortant Eight Interactions

Crater and van Alstine consideredfour polar and four axial interactions [158.
The four polar interactions (or tensorsof rank 0,1,2) are
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1.) scalar
L
L= Lsis= 501; O, := 51 52; (5.102)
2.) timelike vector
J J
3= J 1 IS 2 |§ = 02— = 1 2—01; (5103)
2 2
3.) spacelile vector
G G
c=G12 2 =03z= 12 2 =03 (5.104)
2 2
4.) tensor (polar)
F F
F=4F 1» 2 52511 P 2 P = Os== 1 2701 (5.105)

2 2

The four axial interactions, or pseudotensor®f rank 0,1,2,are
5.) pseudoscalar

c= % = El% = 51 52%01; (5.106)
6.) timelike pseudwector
h= 2H 1 P, Pgsi= E 2H§ = 1512 52%01; (5.107)
7.) spacelile pseudwector
1= 21 »ss2i= E 3% = 5117 52 22 Iéol; (5.108)
8.) and tensor(axial)
v= Y1 » 1 P, P:= E4%= 1 2%01: (5.109)

L,J,G F,C,H,I,Y areinvariant functions of x,: Too ead of the eight
relativistic interactions correspnd coupledcompatible Dirac equations.

1.) scalar: = ZO;L(X>).
Consequetly,
L : . L
cosh() = E cosh > ;sinh() = O ;sinh > X (5.110)

To construct the L, oneneedsto know the elememary brackets

[E; »] =[Es i Pl =[E; =] =0 (5.111)
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[O1; »]+ =[O i+ PL =0 (5.112)
[O1; 5]+ = 24167 (5.113)

Theseimply that
[cosh() ; ;,] =[cosi() ; i P] =[cos) ; 5] =0; (5.114)

[sinh() ; ;;]+ = [sinh() ; i Pl = [sinh() ; 5]+ = 2sinh() s
(5.115)
To perform the remaining multiplications, we use

O1 5= 52, O1 52 = 51,
alongwith hyperbolic idertities, to obtain
Ly > = (1 p+ 11 P+ mycosiLOy) &
m,sinh(LO4) 5o 1 > %Ol)j > (5.116a)
Loj > = (1 pt 22 P+ mycosiLOy) s
m; SINh(LO;) 51+ i 1 %Ol)j >: (5.116b)

Since O; is a root of unity, cosH{O;L) = cosHL); sinh(O;L) = sinh(L):
Thus theseequationsare just the scalarequationsEgs. (5.62)-(5.64)that
we originally derived through supersymmetric techniques?

2.') timelike four vector: = 30,J:
Consequetly,

cosi() = E;cosiJ=2); sinh() = O,sinh(J=2): (5.117)

Carrying out stepssimilar to those given above for the scalarinteraction,
we obtain

(1 p+ 1c0sHJ0O,) 1 P+ ,sinh(JO,) , P

—
e.
\
Il

+My 51+ 2 %Oz)j >, (5.118a)
Ly > = ( 2 p+ 2008HJ0y) 2 P+ ;sinh(JO,) 1 P
+ My 5o i 2 %Oz)j > (5118b)

Since O, is a root of unity, these equationsare just those generatedby
supersymmetric techniquesEqgs. (5.67)-(5.69).

2Seeon the Sec.2.7.
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(5.119)

3. ) spacelile vector: = 203J (x»):
This caseis more complex algebraically since O3 6 1. Howewer, we can
write
Os;= B(E 2R);
where

1 1
R = E(El 0O,) = 5(1"' 1 2);

is a root of unity R? = 1. Thus

cosh() cosh % RJ
J . J :
= cosh 0 cosiJ) R sinh > sinh(J)

1 . J :
+ éO45|nh 0 sinh(J );

J
- costt T
COS >

sinh()

. J
E, sinh El? RJ

: J J .
= E sinh 5 cosiJ ) R cosh 5 sinh(J)

. J 1 J .
E, sinh® > +503C03h > sinh(J ):

One needsto know the elemenary brackets
E; »] =22»E=2E ,;
[E; i Pl = [E; 5] = O
SinceE,0, = O3; onealsoneedsto know
[Os; ()= 2,16}
[0s; » Pl = [Os; 5] = 0

In addition, one must use

[04’ i?] = 2 i? O4+ [03, if_)]+
= 2,04 25,6
= 20y i?+2E2j?;i6j;
[ |5;O4] =[5;04 =0:
Consequetly,
[cosi() ; »] = sinh ‘% sinh(J )( ,04+ |, E)

sinh

% Sinh(J (04 1, + B> ;,);
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[cosi() ; i P] =[cosK) ; s] =0 (5.130)

while

[sinh() ; &> ]+ 2sink® JE »E cosh % sinh(d) |,

. J J .
2sinh® > E ., cosh > sinh(J) ;,:

[sinh() ; i Pl. = [sinh() ; 5] = O (5.131)
One then uses
0.4E; = 03; 0,03 = E,035 = 35, + 203,05 = 3+ 20y; (5.132)
along with the idertities

12 O3+ 17 E + 27 O4+ 27 = 0; (5133)
Os pt B+ 03 o+ 1, =0 (5.134)

to perform the remaining multiplications. After usingnumeroushyperbolic
idertities one nds

[cosH() ; 1,] sinh() [sinh() ; 4, ]+ coshk()

= 2sinh JE cosh JE 92 (5.135)

[cosi() ; ,,] cosh() + [sinh() ; ,,]+ sinh()

= 2sink? JE s (5.136)

cosl()[ ,,;cosi()] + sinh()[ ,,;sinh()] +

= 2sink? JE 12 (5.137)
cosi()[ ,,;sinh()] + sinh()[ ,,;cosh()]

= 2sinh JE cosh JE 12 (5.138)

sothat

J

L]_j >= (+e 1 Pt 11 |§+ M1 51 |eXFXJ) 2 %Og)j > (51393)

L2j >= ( e’ 2 Pt 22 |§+ My 52 |eXFXJ) 1 %03)1 > (5139b)

The external potertial forms Eqgs. (5.139) [with J = In(J )], are just the
constrairts Egs. (5.72)-(5.74)that we had derived earlier.
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4.) tensor (Polar): = 1O0,4F:
Now sinceO, = E; 2R, we nd that

cosi() = cosh % RF
F . F
= cosh > cosi(F) R sinh > sinh(F)
F 1 . F
= cosht 5 * §O4smh 5 sinh(F); (5.140)

sinh()

. F
sinh ElE RF
: F F
= sinh > cosi{(F) R cosh > sinh(F)

= sinh® FE +%O4cosh% sinh(F): (5.141)

In addition to the commutators given in Eq. (5.127) and Eq. (5.128) for
the spacelile vector, we needthe anticommutators

[Os; p]s = 2,B= E2 5 (5.142)
[04 i Pl =204 P;[O4 s]i = 20,50  (5.143)
With their aid, we nd that

[cosi() ; -] = sinh FE sinh(F)( {,04+ ;,E)

= sinh FE sinh(F)(O4 , + B ;,); (5.144)

[cost() ; i P] =[cosi =2); 5] =0; (5.145)
. _ _ .3 F F .
[sinh() ; ;»]+ = 2sinh 5 i cosh > sinh(F) ;, E
. F F .
= 2sinh® S i» Cosh o sinh(F)E ,;
(5.146)

[sinh() ;i PJl. = 2sinh() | B;[sinh() ; s]. = 2sinh() s: (5.147)

After using these brackets to ewaluate Eq. (5.101) and performing the
indicated multiplications by using Egs. (5.129)-(5.135) and

O3 10 * B 15+ 04 5o+ =0 (5.148)
1203+ nB+ 04+ 4, =0 (5.149)
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we obtain

[cosi() : 1] sinh()  [sinh() ; ;] cost()
FE FE

= 2sinh - cosh - o (5.150)
[cost() ; 5] cosh() + [sinh() ; ]+ sinh()
= 2sink? % . (5.151)
cost()[ 4,;cosH)]  + sinh()[ ,,;sinh()] +
= 2sink? % . (5.152)
cost()[ p;sinh()] + sinh()[ ,,;cosh()]
F E F E
= 2sinh —= cosh —= 19 (5.153)
2 2 '
We nd that for polar tensor interactions
Lij > = (exp(FE) 1 p+ 1cosHFO4) ; P
+ ,sinh(FO,) , P
+my coSi(F O4) 51+ mysinh(F Oy) s
+tiexpFE) » %Om > (5.154a)
Loj > = ( exp(FE) ; p+ 2cosHFO,) 1 P
+ 1sinh(FO,) 1 P
+m2003k(|: 04) 5o + mlsinh(F 04) 51
i exp(FE) 1 @%04)1' > (5.154b)

and the four pairs of Dirac equationsthat we shall derive belowv for axial
interactions are new forms which accompay the three pairs of Dirac equa-
tions that we had found previously through quartization of supersymmetric
pseudo-classicalorms.

The axial courterparts to the constrairts Egs. (5.93) in the caseof polar

interactions are
Ly >=cosh() Sy > sinh() Sy >; (5.155a)
Loj >=cosh() S, > sinh() S >: (5.155Db)

whereS; and S; arestill givenby Eqgs. (5.85). Just asfor polar Egs. (5.93),
the compatibility of thesetwo constrairts follows from that of the S;. Note
that the minus sign conbines with the fact is even-ewen for the axial
interactions to give a minus sign coe cient for sinh().
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We have chosena minus signin Egs. (5.155)becausesinh() isewenin the
number of theta matrices. Sincethis quartity will appearin commnutators
instead of anticommutators, we nd [in cortrast to Egs. (5.99) for polar
interactions] that

Ly > = cosif() Lo+ cosi()[ Lio;cosh()]
+ cosh()[ Lo; sinh()] sinh()[ L2o; cosh()]
sinh()[ L10;sinh()] sinh?() Lo (5.156)
Stepsanalogoudo thosebelow Egs. (5.99)(with commutators appearingin-
steadof anticommutators at appropriate places)show that the generalform

of the Dirac operator for the axial interaction analogousto Egs. (5.101)for
the polar is

Lij > = Lp+i @) i(fcosi() ; 4] sinh()  [cosh() ; ,] cosK()
+[sinh() ; ,] sinh()  [sinh() ; ;] cosKl)) @()
+cosh()([ y;cosh()] p +[11 P;cosh()] + [my si;cosh()]
[ 2;sinh()] p +[22 P;sinh()]  + [m2 sz;sinh()] )
+sinh()([ ,icosi)] p  [22 P;cosh()] [m2 s2; cosh()]
[ ;sinh()] p [11 P sinh()] [M1 s15sinh()] ; (5.157)

along with a similar expressionfor L ;:.

5. ) pseudoscalar: = 1C:
Consequetly,
cosi) = cosiC=2); sinh() = sinh(C=2): (5.158)
As a result,

[cosh() ; ,] =[cost() ;i P] =[cosi) ; 5] =0  (5.159)

[sinh() ; ,] =[sinh() ; | P] =[sinh() ; 5] =0  (5.160)

sothat
Lij >=(+ 1 p+ 11 P+myis+i, %)J>
Loj >=( 2 p+ 22 P+mas i %)J > (5.161)
6. ) timelike pseudaector: = 1EH:
Then
cosi() = coshi{(H); sinh() = E sinh(H): (5.162)
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Thus
[cosi() ; ,] =[cost() ; i P] =[cosi) ; &] =[sinh() ; ;] =0

[sinh() ; 1 P] = 2sinh() ; P; [sinh() ; s] = 2sinh() s:
(5.163)
In addition,

E; i PE; ] =0 [E Pl =25,P; [E 5] =25 5 (5.164)
implies that
[sinh() ; ;] =0;
[sinh() ; i P] = 2sinh() ; P; (5.165)
[sinh() ; 5] = 2sinh() 5:
When we substitute thesebradkets into Eq. (5.157),we nd

Lyj > = (1 p+ 1CosHHE) 1 P+ ,sinh(HOy) , P
+m; cosHHE,) 51+ mysinh(HE,) 52 i @%Ez)] >
(5.166a)
Loj > = ( 2 p+ 2c08HHE) , P+ ;sinh(HOy) ; P
+my coSHHE,) s, + mySinh(HE,) s, + i 4 %EZ)J >

(5.166h)

7. ) spacelile pseudoector: = %I (X2 )Es:
Using the identity
Es= 0:03= Oz(& 2R);
we nd that stepssimilar to thosegiven for the spacelile vector interaction
and the polar part of the tensor interaction given in case4.) yield

Lij > = (exp(O1l) 1 p+ 11 P+ mycosh(Es) s
+m,sinh(1B) s, iexp©Oil) » 2E)j >  (5.167a)
Loj > =( exp(Oil) » p+ 2, P+ mycosh(E) s
+msinh(1 B) 51+ iexp(O1l) 1 €E)j >: (5.167hb)
8.) tensor-axial: = 1Y (x,)E:
Using the identity
Es= 0,03 = O1(EL 2R);
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we nd that stepssimilar to thosegivenfor the spacelile vector interaction
and the polar part of the tensor interaction given in case4.) yield

Lij > = (exp(OzY) 1 p+ icosh(YE) 1 P+ ,sinh(YE) , P

+ My 51 ieXF(OzY) 2 %a)] >, (5168&)
Loj > = ( exp(O.Y) 2 p+ 2coshi{YEy) » P+ isin(YE) ; P
+ My s+ i exp(OY) 1 %a)j > (5.168b)

5.2.3 Combination of Interactions

In physical applications two or more of these eight interactions occur in com-
bination. We may use ead of the eight interaction in Eqgs. (5.85) and (5.93)
separatelyor asa sum

p= Lt ot et s (5.169)

to generatesets of two body Dirac equationswith correspnding interactions.
A particularly important combination occurs for electromagneticinteractions.
While time- and space-ike vector interactions are characterizedby the respective
matrices ; , and 1, ,,, apotertial proportionalto ; , would correspnd
to an electromagneticlike interaction and would requirethat J = G .

(O3 02)G(x7) 1 2G(x7)

= = Oq: 5.170
EM 2 2 1 ( )

Crater and Van Alstine found [164 that theseand their sum
a= c¢ct ut ot v, (5.171)

would be usedin Egs. (5.85) but with the sinh( ,) termsin Egs. (5.84) appearing
with a negative signinsteadof the plus signasis the casepolar interactions. There
is no sign changein Egs. (5.85) for ,:

For systemswith both polar and axial interactions [158, oneuses a to
replace in Egs. (5.84),and ,+ ,to replacethe in Egs. (5.85).

We examinethe caseof additive scalarand timelike vector interactions

= L+ 5= 5(00(0) OuL(x)): (5.172)

Sinceboth O; and O, are doubly odd matrices, the generalform given in Eq.
(5.99) for L4; L, constrairt is still valid. We useEqgs. (5.110), Egs. (5.117)and
0,0, = E to obtain

cosh() cosh( j)cosh( )+ sinh( j)sinh( )

cosh(%) cosr(%) E sinh(%) sinh(%); (5.173)
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sinh()

sinh( ;) cosh( )+ cosh( ;)sinh( )

0O, sinh(%) cosh(%) 0O, cosh(%) sinh(%): (5.174)

We then make useof Egs. (5.114)-(5.115)and similar relations for the timelike
vector interactions to obtain

[cost() ; ;] = 0=[sinh() ; ;,1+;
[cosi() ; i P] = 2sinh( ;)sinh( ) P;
[cosi() ; s] = 2sinh( ;)sinh( L) s;
[sinh() ; i Pl = 2sinh( ;)cosh( ) P;
[sinh() ; s] = 2cosh( ;)sinh( ) s:

Substitution of theseresultsinto Eq. (5.101) then yields

(1 p+ 1€0SHO2J) 1 P+ ,sinh(0,J) , P+ mycosi(OiL) 5

—
e
\%
1

M5 Sinh(O1) 5o+ 1 > %@(JOZ LO))] > (5.175a)
L,j > = ( » p+ cosh@yJ) » P+ ;sinh(02J) 1 B+ mycosiO;L) s,

mlsinh(Ol) 51 [ 1 E@(JOZ LO]_))J > (5175b)
When we usethe fact that O;'s are roots of unity in eat hyperbolic function,

we are similar results Egs. (5.75). Next, we treat the more complicated caseof
additive timelike and spacelile interaction for which

= 5+ 6= 5(0:0() + 056X, ) (5.176)

When we use

cosi{) = cosh( g)cosh( ;) + sinh( ) sinh( ;);
sinh() = sinh( ) cosh( ;) + cosH ¢)sinh( ;);

Egs. (5.114),(5.129)and (5.131),we nd that

[cost() ; 1] = [cosi( o); 1] cost( 5) [Sinh( @); 5l sinh( );
[sinh() ; i B] = sinh( Qfsinh( 1); i Pl.;

[sinh() ; sl = O,

[cosi() ; i P] = sinh( o)sinh( ,); i Pl.;

[cosi() ; 5] = O

[Sinh() : ,]s = [sinh( &); ,]- cos( 3) [cosH )i ,] sinh( ,);
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Sothat
Lij > = (exp(G) 1 p+ cosiOuJ) 1 1 P+ sinh(0xd) , , P
+my 51+ i exp(G) 2 S’D(GO3+ JOL)| > (5.177a)
L,j > = ( exp(G) » p+ cosHO2J) 2 » P+ sinh(0,J) ; , P
+m, 5, 1exp(G) 1 ?(GO3+ JOy)] >: (5.177b)

For electromagneticlike interactions the potentials are related through
J=G;
and the combination
= (GO3+J02)=2= (G 1 2)=Z
then

Lij > = (exp(G) 1 p+cosiOzJ) 11 P sinh(0xd) ., , P

+my 5.+ i exp(G) » ?(G 1 2D > (5.178a)
Lj > = (exp(G) ; p+ cosiOz)) 2 2 P sinh(0yd) 1 1 P
+m, 5, 1exp(G) 1 g@(G 1 2)] >: (5.178b)
If we idertify
G = exp(G);

we reproduce Egs. (5.78).

Next, we examinethe still more complex structure generatedby addition of
polar and axial interactions, sud asproducedby electromagneticsvhenthe Fierz
transformated annihilation channelis included® We will constructL; constrairts
from combinations of S; that yield the simple external potential forms. For the
polar interactions, is an odd-odd matrix and L; is is given by Eqg. (5.101),
there asfor the axial interactions, is an even-e\en interaction and L; is given
Eq. (5.157). We still start from generalconstraints Eqgs. (5.85) but with =

o+ g:= 4+ and = o e, taking
L, >=cosh( )S;j > +sinh( )S; >; (5.179a)
Loj >=cosiH )S;) > +sinh( )S; > (5.179b)

permit to usethe simple hyperbolic idertity Eq. (5.95). That is, the plus sign
coe cient of o andthe minussigncoe cient g in conjunction with the odd-
odd nature of o and sinh( g) for the polar interactions and the ewven-een

3SeeAppendix A.2.
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nature of g andsinh( g) for the axial interactions combine to give a minus sign
coe cient for sinh®( ), which, in turn, allow us to usethe simple hyperbolic
identity Eqg. (5.95) in the construction of the external potential form Eq. (5.94).
Note that Egs. (5.179) generalizeour two earlier forms Egs. (5.93) and Egs.
(5.155) reducing to them wheneither o = 0or ¢ = 0. The compatibility of
thesetwo constrairts follows from those of the S; just asdid that of Eq. (5.93).
Next, we considerhow to generalizeEqg. (5.101)and Eq. (5.157), the equations
for the external potertial forms of the constrairts. We begin with the identity

cosh( +) = cosH o)cosh( g) + sinh( o) sinh( g);
sinh( +) = sinh( o) cosh( g) + cosi( o) sinh( g):

The evenor odd character of the functions and their respective argumerts dictate
whether the L, form commutators or anticommutators as they passthrough
cosi( +) andsinh( ) in Egs. (5.85). To ewaluate it, we use

Ligcosi{ +)=cosH )L+

[L10; cosh( o) cosh( g)] + [Lig;sSinh( o)sinh( g)]+  (5.180)
Losinh( +)= sinh( )Ly +

[L 20;SINh( o) cosh( g)]+ + [Loo;cosi o)sinh( g)] : (5.181)

Lij > = costf( )L+ cosi )([Lio;cosi o)cosh( g)]
+[L1o;sinh( o) sinh(" g)]+ + [L2o; Sinh( o) cosh( g)]+
+[L 20; cosi o) sinh(' g)] )

+ sinh( )([L 20; cosh( o) cosh( g)]
+[Lao;sinh( o) sinh(" g)]+ + [L1o;sinh( o) cosh( g)]+
+[L10;cosi o) sinh( g)] sinf?( )L1o); (5.182)

accompaniedby a similar expressionfor L,. Just aswe did for polar and ax-
ial interactions alone, we isolate the derivative part of the interaction for this
combination. We nd

[ 1 p;cosh gcosh g] +[ 1 p;sinh gsinh g]s =
i 1@ +)sinh( +)+ [ ,;cosh gcosh g] p
+[ ;5;sinh osinh glip ; (5.183)

[ 2 p;sinh gcosh gl +[ 5 p;sinh gsinh g] =
+i 2@ +)cosi +) [ ,;sinh pcosh glip
[ »,;cosh osinh g] p; (5.184)
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[ 2 p;cosh ocosh g] +[2 p;sinh gsinh g], =
+i 2@ +)sinh( +) [ ,;cosh gsinh g] p
[ 55:8inh osinh glip ; (5.185)

[ 1 p;sinh gcosh g]+ +[ 1 p;cosh gsinh g] =
i 1@ +)sinh( +)+ [ ,;cosh gsinh g] p
+[ 5;sinh g cosh g]lip ; (5.186)

The derivative part of Eq. (5.182)is

cosh( )( i 1@ +)sinh( +)+i @ )cosh( +))+
sinh( )(i .@ +)sinh( +) i@ +)cosh( +))
=i,@ +) i(cosh gcosh g; ;,] sinh( )

[sinh ocosh g; ;,]«sinh( +)

[cosh o cosh g; ,,] cosH +)

+[sinh osinh g; 5,1+ cosi( +)

[sinh ocosh g; ,,] sinh( +)

+[sinh ocosh g; ,,] sinh( +)

+[sinh ocosh g; 5]+ cosi( )

[cosh osinh g 5] cosi{ .))@( .):

When we collect all terms, we nd

Lij > = Lig >+i@ +) i(f[cosi o)cosH g); ;,] sinh( )
[sinh( o) cosi( E); 5]+ sinh( )
[cosi{ o) cosi E); ] cost )
+[sinh( o)sinh( g); ]+ cosi( <)
[sinh( o) cosi( E); ,,] sinh( )
+[sinh( o) cosh( g); ,,] sinh( +)
+[sinh( o) cosh( g); 5]+ cosi +)
[cosi o) sinh( g); ] cosi +))@( +)
+cos( )([ 1,;cosh( o)cosh( )] p
+[ 155sinh( o) sinh( g)l+p
+ 11 Picosh( o)cosh( g)] +[11 P;sinh( o)sinh( g)l+
+[my s1;c0sh( o) cosi{ g)] + [M1 si;sinh( o) sinh( g)]+
[ 5 ;sinh( o) cosh( g)l«p
+[ p;cosi( o) sinh( g)] p
+[ 2 » P;sinh( o)cosh( g)]s + [2 2 P;cosh( o)sinh( g)]
+[my s2;SINh( o) cosh( g)]+ + [M2 s2; cosh( o) sinh( g)] )+
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+sinh( )([ 2 :cosh( o)sinh( g)] p

+[ 5, ;sinh( o) cosh( g)]l+p

+[ 2 2 P;cost( o)cosh( g)] +[22 P;sinh( o)cosh( g)l+

+[my sp;cosi( o) sinh( g)] + [m2 sz;sinh( o) cosh( g)]+

+ 4;sinh( o) cosh( e)]. p

+[ isinh( o) cosh( g)] p

+[ 11 P;sinh( o) cosh( g)ls + [ 11 P;isinh( o) cost( ¢)]

+[my s1;sinh( o) cosh( g)]«

+[mq s1;8inh( g) cosh( o0)] )j >; (5.187)

With a similar expressiorfor L,. This complicatedexpressiorsimpli es to either
Eq. (5.101)or Eq. (5.157)if either g or o vanishes.

We specializethis result to the additive scalarand pseudoscalaiinteraction

for which

L(X2)Ox1, - C(X?)E _ C(x2).

2 " FT 2 T2

This conmbination is important not only as part of the Fierz transformed

annihilation structure of electradynamicsbut alsofor phenomenologicastudiesof

the two nucleonproblem. This particular caseis esgecially simple sincevirtually

all of the comnutators and anticommutators in Eqg. (5.187) vanish with the

exceptionof the anticommutators that involve the m; factors. Theseconbine to

give

(5.188)

cosiH  )(2sinh( _)sinh( ¢)my 51 + 2sinh( ) cosH g)m; sp)
(2sinh( ) sinh( ¢)my 52+ 2sinh( ) cosi{ ¢c)my 51)
= (2sink?( )My 5 + 2sinh( () cosh( [)m, sp:

Thus, in this case,
Ly > = (1 p+ 11 P+ micosiLOy) &
m, sinh(LO;) s+ i » —fp(c LO1))j >; (5.189a)
Loj > = ( 1 p+ 22 P+ mycosiLO) s,

my Slnh(LOl) 51 [ 1 E@(C LO]_))J > (5189b)

We can now usethe above expressionEgs. (5.187) with its analogfor L, to
calculate the generalhyperbolic constrairt, L, and L, for all eight interactions
acting in concert,i.e., for the generalinvariant matrix,

=D, = ,+ 4 (5.190)
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where

a= ¢t nt 1+ v

The completehyperbolic two body Dirac equationsfor all eight interaction acting
together are

Llj >= feX[XG+ FE+ 10+ YOz)

[l p IEZ @LO]_ JOZ GO3 FO4 CE1+ HE2+IE3+YE4)]

+ ,c0sHJO,+ FO,+ HE, + YE) ; P
+ ,sinh(JO,+ FO,+ HE + YE,) », P
+mycosi LO;+ FO4+ HE+ IK) 5
+mysinh( LO;+ FO4+ HE + 1K) 59 >=0; (5.191a)

Ly >=f exp(G+ FE+10;+ YO,)

[, p '51 @LO;, JO, GO; FO, CE+HE+|E+YE)

+ 1sinh(JO,+ FO,+ HE, + YE) ; P
+ ,c0sHJO, + FO,+ HE; + YE) , P
+mysinh( LO;+ FO4+ HE + 1K) 5
+mycosi{ LO;+ FO4+ HE + 1K) 50 >= 0: (5.191b)

What is remarkable is that the above hyperbolic and exponertial structures ac-
court for all of the interferene terms between the various interactions. The
interactions acting separately or in subgroupingsare simple reductions of the
above. For example, in the caseof the combined scalar,timelike, spacelile and
pseudoscalatnteractions,

= 3t L+ ct C» (5192)
and the two body Dirac Egs. (5.191b)reduceto

Lyj >=(exp(G) 1 p+E11 P+ My
exp(G)

.
'3

2 @GO3 + JO, LO,+ CEl))J >= 0 (5193&)

Lo >=( exp(G) 2 p+Ezz P+ My s
exp(G)

'

1 @GO3 + JOQ LO]_ + CE]_))J >= 0 (5193b)
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where

M1 = mycosHL) + m;sinh(L); (5.194a)
M, = mycosHL) + my sinh(L); (5.194b)
E;= icosh(J)+ ;sinh(J); (5.195a)
E,= ,cosh(J)+ ;sinh(J); (5.195b)
G= €% (5.196)

The scalargeneratorproducesthe massor scalarpotential M; terms, the timelike
vector generator producesthe energy or timelike potertial E; terms, and the
spacelile vector generator producesthe transverse or spacelile momerium G
terms, while the pseudoscalargenerator producesonly spin dependen terms.
The vector and scalar interactions also have additional spin dependern recoil
terms essetial for compatibility.

The polar tensor interaction de ned by the function F (x,) likewise con-
tributes both to the masspotertial M; terms as well as the energyor timelike
potential E; terms. The spacelile vector generatorG; F producesspacelile vector
dependen potertial terms that are momertum dependen.

In the limit m; ! 1 (or my! 1 ), (when one of the particles become
in nitely massiwe), the extra terms @, @; @ and @ in Eqgs. (5.193) vanish,
and onerecoversthe onebody Dirac equationin an external potential.

5.3 Reduction of the Coupled Two Body Dirac
Equations

Now one can usethe complete hyperbolic constraint two body Dirac equations
Eqgs.(5.191),to derive the Scredinger like eigervalue equation for the conbined
interactions: L (X5 );J(X>);H(X7);C(X>); G(X2);F(X2);1(X2);Y(X>) [388]. We
only with the nal forms stationary Sdiredinger equations was include extra
optical potertials. The basic method we use here has somesimilarities to the
reduction of the single particle Dirac equation to a Sdredinger like form (the
Pauli reduction) and to related work by Sazdjian[498,421].

The state vectorj i appearingin the two body Dirac equations Eqg. (5.191b)
is a Dirac spinor written as

2
j s

j i:§! !22 (5.197)
J 13

j ia

where ead j i; is itself a four componert spinor. j i has a total of sixteen

componerts and the matrices O;'s, E's are all sixteenby sixteen.
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We usethe block forms of the gammamatrices given by in [38§

0 _ 1, O
270 ! -0 1,
— 5 0 _ 0 14
2T 0 5 ' > 14 0 '
_ 0 0 14
2 52 = 0 : 1, 0 ;
— 0 5 _ 0 5 _ 0
1 51 52 — 5 0 y 51 52 — 5 0 ’ 2 52 51 — 0
and
i = s 0o 1= L2 (5.198)

The ; arefour vector generalizationsof the Pauli matrices of particle one and
two. In the CM frame, the time componert is zero and the spatial componerts
are the usual Pauli matricesfor ead particle.

_ We rewrite Egs. (5.193) by multiplying the rst by P 2i 1 and the secondby
2i , yielding [388]

[Ti( 2 2)+Ui( 1 2) s182]] 1= (Ex+ My 1) 59 I (5.199)
[To( 1 2)+ Ua( 1 2) 51 82]] 1= (Ea+ M2 2) 59 1 (5.200)

in which the kinetic and recoil terms are

Ti(12=expG[ 1 p 1202 @ C+Gq12 1 2 (5.201)

I
2

T2 d=expGl 2 b s1o 1 @C*+Grza o (5202)
Ui+ D= exp(@ 512 2 @ 12 L) (5.203)
Ui 1 D= expl@ 512 1 @ 12 L) (5.204)

while the timelike and scalar potertials E;; M; are given above in Egs. (5.194)
and (5.195)

The nal result of the matrix multiplication in Egs. (5.200)is a set of eight
simultaneous equations for the Dirac spinorsj ;] iz i3;] i4. In an arbi-
trary frame, the result of the matrix calculation producesthe eight simultaneous
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equations( ;j i! ] i1234) [388].
Ti(+1)] 1 + Ur(+1)] 4i = (E1+ My)j si;
To( 1) 2 + Ur( 1) si = (BEa+ My)j 4i;
Ti( 1) ai + Ui( 1)) 2 = (Ex My)j ai;
Ti(+1)] 4 + Ur(+1)] 4 = (B2 My)j 2i;
To(+1)] 10 Ua(+1)] 4i = (E2+ Mp)j 2i;
To( 1) 2f Ux( 1)) 5 = (B2 My)j i
To( 1)) si Ua( 1) 2i = (BE2+ Mp)j 4i;
To(+1)] 4i Ux(+1)] 40 = (E2  My)j si:

(5.205)
(5.206)
(5.207)
(5.208)
(5.209)
(5.210)
(5.211)
(5.212)

We reducethe above set of eight equationsto a secondorder Scredingerlike
equation by a processof substitution and elimination using the conbination of

the four Dirac spinorsgiven below [38§:
RS IR IE
joi=goa sl
Eg. (5.205)+Eq. (5.208)yields
Di"j «i=Edq «i M4
Eqg. (5.209)+Eq. (5.212)yields
D;"j +i = Egj +i+ Mg i
Eq. (5.206)+Eq. (5.207)yields
D,"j +i=Eq +i Myj i
Eqg. (5.206)-Eq. (5.207)yields
D, j i= Eq i+ Myj.i;

in which the kinetic recoil terms appear through the conbinations

DY = T1(+1P1 + U1(+:!_) = i
expG 1 p+ I§ > @L+G(1 1 ) ;
DY = T2(+1f)1 + U2(+;) = i
expG , p+ IE 1 @L+G1 1 ) ;
D," = Ty 1h)+ Ui ( il):
expG 1 pt 52 @ L+G1l 1
Dy = T D) (1= i

i
expG p+§2 @L G1+ 1 )
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(5.215)

(5.216)

(5.217)

(5.218)

(5.219)
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Solwe Eq. (5.215)and Eq. (5.216)forj i andj i we obtain

. | .
] +1 = E(MzDI+ MiD3" )i +i; (5.223)
. 1 .
j i= B(EZDI" + E1DSY)j +i; (5.224)
(5.225)
in which
D := E;M, + EoMy: (5.226)

Solwe Eq. (5.217)and Eq. (5.218)forj .i
E:D,* + M;D, = B? ,; (5.227)
in which
BZ2:=E? M% (5.228)

We conmbined Eq. (5.223)and Eq. (5.224)in Eq. (5.227)that yieldsthe following
equation(simpli ed herefor electromagnetidike interactions(@ = %1 = @b)
and scalarinteractions alone)

1
E.D,” M,DI* M,DZ*
[E:iD, E1M2+E2M1( 2D} 1D;
1
+M4.D E,DI" + E;D)]j .i
1Y, E1M2+E2M1( 2l 1D+
= (E2 M))j .i: (5.229)

We display all the generalspin dependen structuresin ( r;p; 1; 2;w) explic-
itly, very similar to what appearsin nonrelativistic formalisms. We do this by
expressingit explicitly in terms of its matrix ( 1; ), and operator p struc-
ture in the CM system (P = (1;0) ). We are working in the CM frame (i.e.
X» = (r;0)), soll the interaction functions (L(x»);J(X»);C(X»);(x»)) are
functionsofr = = x2 = jrj, F = F(r)

We derive explicitly the reduction of the following equations[388

hEif 1 p 1 2 (d+k 1 2hF 1 p 0 2(z+k 1 2] +i (a)
+hMy[ 1 p 0 2(0+k 1 2)JhF3[ 1 p 1 2(z+k 1 2)]j «i (b)
hE 1 p 1 2(d+k 1 2)hF[ 2 p i1 1(z+k 1 2] +i (©

+hM1[ 1 P i 2(0+k 1 2)]hF4[ 2 P I l(Z+k 1 2)]] +i (d)
- BY Li: (5.230)
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in which
BZ = E12 M12 - E22 M22
= B(w)+ ( 2+ 2)sinh®(J) + 2 ; ,sinh(J) cosh()
(m? + m3)sinh?(L)  2mym, sinh(L) cosh(.): (5.231)
and
h = exp(G);
1
k := =r log(h);
1 log(h);
zZ:= }r( C+J L),
- 2 y
d:= %r (C+J+L);
1
=-r(C J L),
0:= 21 ( )
with
M
Fi:= 32;
M
F2 = Fli
E
Fs:= 62;
E
Fq = 31;
D= EsM>+ EsMq:

Eq. (5.230)is a secondorder Sdredinger like eigervalue equation for the newly
de ned wavefunctionj .i in the form.

(P53 + (r; 1 2W)j +i = BP(W)j 4i: (5.232)

Eq. (5.258)for B?, that provide uswith the primary spin independen part of ,
the quasipotential [539,543]. Note that in the CM systemp? = p2, = (0; ):
For future referencewe will refer to the four setsof terms on the left hand side
asthe Eq. (5.230) (a),(b),(c),(d) term.

Now we proceedwith a di erent derivation than Long and Crater's derivation
[388]. The aim is to producea Sdiredingerlike form like in Eqg. (5.232)involving
the Pauli matricesfor both particles.

Substitute d, h, F4, z, k's expressiondo (a) term of Eqg. (5.230), we obtain

(@) term = exp(G)Ef[ 1 p |§ , T (C+J+1L) iérG (141 1 2]
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O 1 p Lot (CHI L) G (i g (5:233)

working out the comnutation relation of ; p in above expressionwe can nd
(a) term= exp(G)E;

My, 2 i
fexp@45 P 5 2r(C+J L)(1p)

érG [(P+iC 2 p) (1 2p+ (2 p) i( 2 Pl
71 @HOI P 52T (CH) D G (a*ia I
Iz[ 2 T(C+I+L)+1G ( 1+ 4 z)]eXp(G)%[ 1 P
I§ ,r(C+J L) 'érG (1+i 1 g (5.234)

Likewisewe canthe nd (b),(c),(d) terms.
(b) term= exp(G)M
[

2
fexp(G)%[p 5 2 r¢ C+J L) 1 p)

IQrG [(P+iC 1 P) (1 2P+ (2 p) (2 Pl

+!} 1 @exp(G)%[ 1 P IE 2r(C+J L) iQrG Catia 2l
%[ 2 r(C J L)+r§ (1% 1 z)]exp(G)%[ 1 P
52r(C+d L) 26 (1+i1 g (5.235)

(c) term=  exp(G)E;

fexp@ S 2 P 1 P) 51 r( C+I L) 1 p)

Yo (1P (1 2P+ (2P +i( 2 P

2

+i}l@exp(6)%[2p Iélf(c"'J L) IQrG (2+i 2 9l
Ié[ o T(C+I+L)+1G ( 1+ 2)]exp(G)%[ 2 P
ié Cr(C+d L) iérG (241 2 2o (5.236)
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(d) term= exp(G)M,

fexp@=X( 2 PX 1 P) 5 27 (C+I L) 1 p)
[

érG (202 pP) (1 2p+ (2 pP)+i( 2 P

71 @HOGT 2 P

!
2
i

511 (C+I L) iérG (2+i 2 g (5.237)

iélr(C+J L) iErG (2+i 2

[27(C 3 D416 (a%i 1 JlexaO= o p

5.3.1 Pauli Reduction

The multiplication properties of a matrix form for the wave functions with the
Pauli matrices ; and , Eq. (5.232), instead of a spinor form, make them
a particularly suitable choice. For this reasonwe transform the four componert
spinor . into 2 2 matrix wave function composedof a scalarsphericalharmonic
part (spin zero)and a vector sphericalharmonicpart (spin one)by the rede nition

(in the CM system)

s y=o= 4

The above de nition includes a transpose and left multiplication by . This
leadsto the properties

1 + - , 2 + ' (5238)
This in turn leadsto
1 2 4] = 3 + : (5.239)

which shows the singlet and triplet nature of the two parts of the matrix wave
function. In general,sincean arbitrary function F( ; ;) canbe expandedinto
a form

F(1 2)=A+B 1 2 (5.240)
we have
F(1 2)+ = A+B 1 2+! [A B ]
= (A 3B) +(A+B)
= F( 3) +F(+1) (5.241)

In computing the four setsof terms on left hand side of Eq. (5.230), we usethe
idertities

L AL A=A + [A +iA

DAL A = A A A ]
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The calculation of Eq. (5.230) then proceedsby reducing the left hand side
toaformL + L in which [ 1] we call L the salar and L the vector term,
respectively. We de ne the left hand side of Eqg. (5.230)in theseterms as

=L = L+L :=left handside (5.230)
(5:230) + (5:23M) + (5:23@) + (5:230): (5.242)

Having de ned the left hand side in the terms L + L  we now proceedto
calculateL and L explicitly.
We write the left hand Eq. (5.230)
L+L = = 1+ o, + 3 + 4 (5.243)

and ; = (5:23Mm); », = (6:23M); 3 = (5:23@); 4 = (5:230): Notice
that eadr ; is a product of four matrix factors

i = [ iall 2l isll ial:
Explicitly ; is de ned
1 = ng}lilp [ 2{£d+kl 2)“’{‘5}1{1p [ 2{ZZ+k1 2)9

[ iall i2Il sl ial: (5.244)

Due to the properties Eq. (5.238), eat of the j terms acts on the matrix
wave function F to produce yet another matrix form

[ 4] =Zi=2Z+ 2
The multiplication of ead of the four ; terms cannow proceedas
[iadl i2ll ]l ia] = [ iadl i2ll is]Ni = [ ]l i2]Pi = [ a]Qi=Li=Li+L; ;

whereN; ;= N; + N; ; samefor P;; Q;. For ead of the four matrix multiplica-
tions ; ;i = 1;,2;3;4weobtain aterm oftheformL;+L; ;. Forthe complete
calculation of Eq. (5.243)

R=L;+L>+ |_3+ L,
R : L1+L2+L3+L4:

Inspection of Eqg. (5.230) revealsthat the matrix structures of the terms Eq.
(5.230a) and Eg. (5.230b) are the same. In fact Eq. (5.230a) becomesEg.
(5.230b) (and vice versa) if we make the variable exchanges

Ei, My Fi, Fsd, o (5.245)
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This simpli es the calculation of Eq. (5.243): we can calculate the rst term

1, Which is Eq. (5.230a),and then nd the secondterm ,, which is Eq.
(5.230b), by the variable exdhangesof Eq. (5.245). Inspection of Eq. (5.230)
revealsthat the matrix structures of the terms Eq. (5.230c)and Eq. (5.230d)
are the same. In fact Eq. (5.230c)becomesEq. (5.230d) (and vice versa)if we
make the variable exdhanges

Ei, My Fo, Fy bfd , O: (5246)

In light of the simpli cation producedby the variable exdhangesof relations
Eq. (5.245) and Eq. (5.245), we proceedto calculate Eq. (5.243): rst we
calculate ; =L;=L;+L;y ,thenuseitto nd , =L,=Ly+ L, ,
by the variable exthangeskq. (5.245),thenwecalculate 3 = Lz= Ls+ L3
anduseitto nd 4 =Ls=Ls+Ls by thevariable exthangeskq. (5.245).

CalculationL; =Ly + Lq

[ 22l 22l 23]l 24l =1 1all 22l 13IN1= [ 11l 12]P1

=[1u]Qi=Li=Li+ Ly ;
Starting with the right mostterm N, (it is understood that ; and , actin
accordancewith Eq. (5.238),

[14] =[1p 1 2(+k 1 2] =Ni:=Ni+N; (5.247)
whereN; and N4, are

Ni=[p+i(z+K)] ;
N.=[p+i(z 3k)] +i[p i(z+k)]
[ 13]N1: hF1N1= P, =P+ Py X

P, and P, are

Pl = hFlNl, Pl = hFlN 1, (5248)
nonumber [ 12]P1 = [ 1 P i 2 (d + k 1 2)]P1 = Ql = Q1+ Ql X
(5.249)

and Q; and Q, are

Qi=[p+i(d+ k)] Py
Qi=[p+i(d 3K)] Pi+i[p i(d+K)] Puy;
[ 1]Q1=hEQ:=L;:=L;+L;

where nally L, andL, are

L1 = hE;Qq; L1 = hE;Qq; (5.250)
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Combining the multiplicativ e factors, the salar part of L, is therefore

L= hEyp+i(d+ K)] hFy(p+i(z 3k)] +i[p i(z+ k)] ); (5.251)
while the vector part of L, is

Li= hEy(p+i(d 3K)] hFifp+i(z+ k)] +i[p i(d+ k)]

hF.(p+i(z 3k)] +i[p i@z+Kk)] )): (5.252)

Now, we repeat our previous results for other salar and vector parts of L;; i =
2;3;4andL;; i = 2;3;4, and conbining they are

Li = h[hEy(F1+ F2)+ hMy(F3  Fy)lp (p+i(z 3Kk))

+i(hE [h(F1 + F2)(d + k) 1 (h(F1+ F2))]
+hMi[h(Fs  Fi)(o+ k) 1 (h(Fs Fai))) (p
+i(z 3k))ih [hEy(F1 F2) + hMy(Fs+ F4)lp (p
i(z+ k)) (hEi[h(Fy F2)(d + k)
r (h(F1 F2))] + hMy[h(F3 + F4)(0 + k)
r (h(Fs F))D) (p i(z+k) (5.253)

for the scalarportion. We can simplify the vector portion belov

Li = h[hEi(F1+ F2)+ hM(Fs Fi)lp (p+ i(z+ Kk))

+i(hEy[h(Fy + F2)(d + 3k) r (h(F1+ Fp))]
+hMy[h(Fs  Fi)(o 3k) r (h(Fs Fa))))
(p+ i(z+ k) ih [NEy(F1  F2) + hMy(Fs + F4)]
p (p+i(z 3k)) + (hEy[h(F1+ F)(d + k)
+r (h(F1+ F2))] + hMy[h(F3  Fj)(0 + k)
+r (h(Fs Fa)) (p+i(z 3k))  hlhEy(Fy
F2) + hMy(Fz+ Fy)lp [(p i(z+ k) ]
+i(hEq[h(F1  Fo)(d+ k) + 1 (h(F1 F2))]
+hMy[h(Fs + Fi)(0+ k) + 1 (h(Fs+ Fu))])
(p i(z+ k) (5.254)
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Using the following vector idertities (A = Af),
2

p (P )=pP ) pP°;

ip (A ):Aoé’r‘(’r‘ Y+ iA p r+§;

rEe )=rE ) (5.255)
iA (p )=IiAipi IA p;
rpi=r(p )+L
leadsto a secondorder Screodinger like eigervalue equation for the four compo-
nert wave functionj i = i+ ] i, in the generalform
(p2+ (r;p; 1, 2W)j +i = BP(W)j +i: (5.256)

Simpli cation of the nal result by using idenrtities involving ; and , and
grouping by the p? term , Darwin term (f p), spin orbit angular momertum
termL ( 1+ ), spinorbit angular momertum dierence term L ( 2),
spinspinterm ( ; ), tensorterm ( ; f)( » f), additional spin dependen
termsL ( . Jdand( 1 M 2 p)+( 2 #)( 1 p) and spin independen
terms. Collecting all termsfor the (a) + (b) + (c) + (d) terms above Eq. (5.230),
we obtain

p2 i 2&
i3 L)
2

(3+L)° (¢ p)

EoM, + M1E4
D

(1M 2pP+(2 M1 P)
1E2|\/|2+|\/| E;

2

1 1 1E-M +|\/|E
+H( 1 2) ér 2G+§G& > 22 lGO(J+L)O

1 16 1 C+J L)°
Gl = Z
2 2r 2 r
LL (it 2 o 1E:M2+ MyE,
r 2 D
L (1 2)1E:M; MiE;

r 2 D
L (1 2 iME; MiE; 0
+ - J+L
r 2 D ( )
3

+( 1 (2 P) %rZ(C+J L) %rzG A c+J L) G@+§G°

GYJ +L)°

1 1
~r 2 _ - + + 0
5 G 46@ 4(c J DY c+J L)+

(J+1L)°

(3 +1L)°

1E,;M, + M1 E4

2 D
= o 26p2

G+L)YG C+J L) j.i

3
+-( C+J L)+
2r( )
j o+ (5.257)
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where
D:=E/Ms+ E>sMq;
B®= E;* Mi*=E® MJ%
= BP(w) + ( 2+ 2)sinh?(J) + 2 1 ,sinh(J) cosh();
(m? + m3)sinh?(L)  2m;ym, sinh(L) cosh(.): (5.258)

Ei;M;;C;J;L; G are all functions of the invariant r. We point out that Eq.
(5.257) di ers from the forms preserted in [38§. Whereasthe above equation
involve four componert spinorwave functions, the onesgivenin [388]are obtained
in terms of matrix wave functions involving one componert scalar and three
componert vector wave functions.

All of the above equationswhenreducedto radial form in next sectionhaving
alsoa rst derivativetermsfromthef pand( 1 #)( 2 p)+( 2 f)( 1 p)terms.
An advantage of the above for the relativistic caseis that they are Scredinger
like equationswhich we solve numerically.

5.3.2 Reduction to Radial Form

The generalform of the eigervalue equation givenin Eq. (5.257)is

0
[p2 igof‘ p+zg—rE ( 1+ 2) iho( 1P 2pt+t 2 f 1 p)
+k 1 2+n ¢ f 2 f+IC (2 2+ C (1 2) + mjj i
= B% % ,i: (5.259)

The m term is the spin independen part involving derivatives of the potentials.
For the equal masscase,two terms drop out (seeEq. (5.257)), and the above
equation becomeq75|

[p? iQO‘\F’ﬁL%’E(l"r 2) th{ 1 f2p+ 2 # 1 p)
+k 1 ,+n .t 5, f+m].i=B% % .i: (5.260)
We introduce the spin dependen scalechange
j +i exp(F+K 1 & 5, 8)j+i (A+B 1 o P)j +i: (5.261)
with F; K;A; B to be determined. We nd that
pj +i=(A+B 1 f o R)pj +i i(A°+B% 1 5 P L
i?[( 1 1 M) o R (2 2 M) g R L (5.262)
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and
q° . q° o
EL (2+ 2) +i=(A+B . # 29)§L (1t 2)] +i
0
+%B[21 , it g R SRR DH2AC( LR o pt o 1 p) 6 1 h o R i

We thus nd that

igh pj «i=(A+B 1 & , #)( ig® p)j +i+Cj i

and

iho(lf‘zp'*'zf‘lp)j.'.i

=(A+B 1 o ) h] 1 & 2 p+ 2 £ 1 p)j +i+Dj 4i
and nally

p%j +i=(A+B 1 f , #)p? i 2(A°+ B f , P pj i

. 2B o S
+IT[21’r‘2N‘p (1 f2p+ 2f 1 plj +1+Ej i
(5.263)
whereC and D and E do not involve p and are given by
C= gYA°+B? , ¢ , p); (5.264)

B
D= 2hY ¢ ,#A%BY 2h°?[L( 1+ )+2 1 L f+ 4 L] (5.265)

and
— 0 00 2 0 0 B .
E= (A%BY ¢ ,p) F(A+B D) 2r_2( 1 2 3 18 20): (5.266)
The generalform of the eigervalue equationthen becomesafter somedetail [75

(A+B | # , ®[p? g% p+%OL(1+ 2)
ih( 1 # 2 p+ 2 f 1 p)j +i

+(%OB[21 > dir ., P p

+2r( ¢ f o p+ 2 1 p) 61 P 5 AR

2i(A%+ BO | p , PR p+i?[21’r‘21"r‘p

(1 f2p+ 2% 1 p)
+t(k 1 2+n o f o A)A+B 1 £ 2 f)+ R+ mM)j i
= B’exp( 2G)(A+B 1 # , D) .i (5.267)
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in whichR=C+ D + E.
Now, to bring this equation to the desired Sdredinger like form with no
linear p term we multiply both sidesby

(A B 11t 2%
A2 B?

(A+B | # , f) 1= (5.268)

and nd, using the exponertial form above that appearsin Eq. (5.261), (and
somedetail [79])

(A+B 1 & 5 &) 2((A°+B°; & , Nf p
= 2(F°+ K%, ¢ , M) p; (5.269)

and

2B
(A+Bl’r‘2’r‘)llT[21’r‘sz (1 f2p+ 2% 1 p)]

_ 2i sinh(K') cosi(K)
r

2.f 0 p (18 2p+t 2f1p)]+G

where[75]
2sinh?(K)

G= >

L ( 1+ 2); (5.270)

and

0
(A+Blf\2’r‘)l%8[21 R N
+2r( 1 f 2 p+ 2 1 p) 61 F o F]

ig%sinh(K ) cosh
=g (22 «)[4I’1f\2’r‘1"p+2r(1f‘2p+2’f\1p)
2 4 ,+6 1 & , #]+H (5.271)
where[75]

2r

Note that G and H do not cortain linear p type of terms. Now collect the three
di erent linear p type of termsin Eq. (5.267):

L ( 1+ 2) 2 1% 2 #0+2 1 ,+4]

( 2F° g9t p; (5.272)
( 2i5i”h(K)rC°Sh«) in% ig%sinh(K ) coshK))( 1% 2 p+ 2% 1p): (5.273)
(4 SMNK) COSIK) o ik ) cosHK)G® 2K 9 5 £ , #F p: (5.274)

r
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If we setthe rst of the above equationsto 0, we obtain the expectedresult (for
the uncoupledportion of the equation)

Fo= g%2: (5.275)

If weseth®= KO%andusep = #(f:p) ™+ then the two expressions (5.273)
and (5.274) conbine to

,SInh(K) coshK) 1 f 2 A (1t )

( . g°sinh(K ) coshK)) - (5.276)
which contains no # p: Thus the matrix scalechange
j si=exp( g=2)exp( h 1 £ o P)] +i (5.277)

eliminatesthe linear p terms:
Further note that

A+B 1 2 #) (k1 2+#n 1 f , )A+B 1 £ 2 1)
=k 1 2%n 1 f , P);

(A+B 1 # 5, #)ICj +i= dUF°+ KO & 5 #)j .i; (5.278)

and (after somealgebraicdetail [75)])

(A+B 1 P 21\) 1DJ = ZhO(KO"'FOl'f\ Zf‘)J il

cosh{K) sinh(K o
2h° k()r ()[L(l"‘ 2)+ 2 T ST S T | I

+2h [ . P o fL ( 1+ 2)+3 A 1 2]] L (5279)

Sin?(K)
r
also
(A+B 1 # 5 #) Ej ;i= [F%F2+K®%+ 2FK+K% ; # , #]

coshK ) sinh(K)
r2

2
F[FO+K01f‘21‘]2 (1 2 311 21

sinh?(K)

+2 =

(2820 1 2 2 (5.280)

So conbining all terms and grouping by p? term , spin independen terms, spin-
orbit angularmomertum term L ( 1+ ), spin-spinterm ( , »), tensorterm
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( 1M( 2 ), additional spin independen term we have our Scredinger-like
equation

2, 2g’sink*(K) ,CosH(K ) sinh(K )

fp gF°% 2hXK° 4h

r r
FOO F@ K@ gFO 4S|nh2(K)
r r2
0 gsink?(K 2sinh? (K cosh(K ) sinh(K
+ L ( ]_+ 2)[Zg_r+ g r ( ) r2( ) 2h0 r-( )r ( )]

+ 1 f 2L (1t )
(2h°smhr(K) N 2smh(K)rgosr(K) N h? g smh(Kr) cosh«))

0 ' 0cinh? .
by okt Y Cosf(Kr) sinh(K) , 9 smrh (K) Zhocosr(K)rsmh(K)

SinP(K)  _coshK)sinh(K) _sink?*(K)
2 2 ]
r r2 r2
Bgocosr(Kr) sinh(K) gosir:h2 K gk

hom (2FK %+ K%

2h

+ 1 P 5 PN 2h9F°

2h%coshK sinhK
+ +

EKO
r

6

. . 2
N 6coshd(izsmh(K) N 2smr:z(K)

1+ mgj i = B% % i (5.281)

Comparing Eq. (5.260)with Eq. (5.257)we nd

1, 1o 1o on 1, 16 1( C+J L)
k = 5 G+ZG02 2GologD 2GOC 5T . ;
+
¢° = 26 EZMZDMlEl(J+L)°: 2G> log’D = 2F°
J L)
hO - ( = KO.
2 )
1 2 1 2 0 3
n = Zr’C+J L) Zr’G &Y Cc+J L)Y &+ =
2 2 2r
+ %( C+J L)°+%Iog°D(G cC+J L)
m = lreg lee }(C+J LY C+J L)%+ }GologoD
2 4 4 2 '

Eq. (5.281)andit's derivation is animportant part of this work which become
by Bin Liu and Crater. It will provide uswith a way to derive phaseshift equa-
tions usingwork by other authors who deweloped methods for the nonrelativistic
Sdiredinger equation. We using the radial form of the coordinate spaceform of
this equation (5.257).
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5.3.3 The Radial Eigenvalue Equations

The following are radial eigervalue equations correspnding to Eq. (5.257)
after getting rid of the rst derivative terms for singlet states 'Sy, P4, 'D,( a
generalsingletJ;), triplet states®P;( agenerallet 3J;), agenerals= 1;j = |+1
( 3Py,%S; states), andagenerals= 1;j = | + 1 (°D; state). 'Sy, P4, D, ( a
generalsinglet'J;) L ( 1+ 2)=0, 1 2= 3, 1 f = 1L

@ _iG+1, ¢ g%, ¢ . 2h°
f —+ + 2 +h®+ =+ 2 3k ho poo T4 = B2 26
dr2 r2 4 2 19 r mov v
(5.282)
3p,(ageneraltriplet 3J;)) L ( 1+ 2)= 2, 1 2=1, 1 # , f=01

& ji+1), 9% o, 9° 0, Koo _ p2 2G,,.
f 2zt Tz +Z+h +§+k+ n+ gh®+ h°% mgv = B v; (5.283)
s=1;j = I+ 1(3S; states) L ( l+IO )=2(G 1), 1 .=1, ¢ zfr\:sz+l

2 j@(+1
2j+1

(diagonalterm), and ; f , #= (o diagonalterm).
2 . . O . 2 . . 2
d N i@ 1)+ 3g°sinh“ h N 6hocoshh sinhh  6sinh“h

f _
dr2 r2 r r r2

0 . ) : @ 00 0
g’coshh sinhh 2hOsmh h N 2coshh sinhh L9 e, 9, 9

r r r2 4 2 r
0 O 2 . 2 .
rk+ 2 1)[g+ g sinh™h 2smh h N 2hOcoshh smhh]
2r r r2
- . 2 . 0 0 .
N 2q 1)[2hosmh h 2coshh sinhh N h_ .9 coshh smhh]
2 +1 r r2 r r
0 . 0 . 2 . . 2
. 1 [Bg coshhsinhh  g°sinh*h 2hocoshh sinhh N 6hosmh h
2 +1 r r r r
coshh sinhh N 2smh h + n+ gh%+ ho% Q]Jr mgu.
r2 r2 r
p TN 0 . 0 . 2 . . 2
N 2 ]' (G + 1)f 3g°coshhsinhh  g°sinh“h 2h°w N 6hosmh h
2 +1 r r r r
. . 2 O
coshhsinhh N 2smh h 1+ g0+ hos &
r2 r2 r

Jou = B2 y,;
(5.284)

+2(j DI

2h%inh?(h) 2 cosh(h) sinh(h) N h_o+ g°cosh(h) sinh(h)
r r2 r r
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s=1j=1 1(° Dystates)L ( 1+ 2) 5 20+2, 1 2=1,
1 P2 = 2111 (diagonalterm), and 1 £ , £ = 2 2} 9;1) (o diagonalterm).
2 H H Ocinl? . 2
o9, G+ + 2)+Sg sinhh N 6hocoshhsmhh 6sinh”h
dr2 r2 r r r2

g°coshh sinhh 2hOsinhzh N 2coshh sinhh g(2 L hCa g_00+ g

r r r2 4 2 r
2 k2 ;
rk+ 2( + 2)[ .9 SII:h h Zsmrr; h N 2hocoshhrsmhh]
2 . 0 0 .
N 2(1_ 1)[2hosmh h 2coshh sinhh N h* L9 coshh smhh]
2 +1 r r2 r r
0 . O . 2 . . 2
' 1 [39 coshhsinhh  g°sinh”h 2hOcoshh sinhh N 6hOsmh h
2 +1 r r r r
. . 2 0
coshrr125|nhh N Zsmrr; h +n+ gh%+ ho% ?H mgu

p i+ 1) 1) 3g°coshhsinhh  g%sinh?h 2hOcoshh sinhh

2 +1 r
2 . .12 0
+6hc,smrh h 6coshrr125|nhh N Zsmrf; h, n+ gh+ hoo 2n°
Ocinh?2 0
23 +2) 2h”sinh"(h) Zcosi‘(f;)zsmh(h) rr1 g cosr(hr) smh(h)] u = B2 2 -

(5.285)

Substituting for g% h% m; n; k we obtain the radial equationsand potentials
givenin the text.

s=0;j = I
J(J ) 0 g 1' 1 2 1 0 o
dr2 re B ar r 2 F Z,KOF Ujo +
P #
w(m;  my) j(g+1) _ .
N D(1) u* r Uy = B2( 3)uq: (5.286)
s=1;) =1
G+ d _Q
= are ' 7 + (S Q)oa+ 2~ r 2Q+ SQ° ujy+
p__ #
T

D(1)
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s=0j=1+1:

j & jG 1)
7 +1° B *

E +
dr2 r2

+

ES Q% ;L1 EQ 5+ 0@+ R

d
— 4+ -
dar 2 +1

)]

ESY(+1) ORYAT+ o =lr ZQ( G + e+

J(J 1)
2 +1
d? d j2 1

(E O) dar2 (21+1)a (2

2]+1

Oj)+ QYESYj + 1) ORY)] u_+

+

E(S Q° OR+ QI+ (E[2 1)Q+ S+ 1%
o2 )Q (i +DRP; (E+O) %Q+

QYOR°+ ESY u, = B3(1)u (5.288)

j+1 @ (+1(+2
+2j+1(O E) are r2 ¥

E(S Q°+ (E(Q S)°+ O(Q+ R)9)

d
dag 2j+1

2]+1

O(j?+ 4 + 3+

——r 2Q( jE+

oG + 1))+ QYES]  ORYj + 1) u. + ;f’ff’

d? j(j+2
€ 0 Sr@end WED

1
ES}(i + 1)+ ORYj + 1)+ 21 1

[E(S Q° OR+ Q)CTI&+(E[(3+J')Q Sj 1%
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wherewe have

Ol3+])Q+ iR (E+ O)r *Q+

QYOR%+ ESY u_= B*(1)us:

B?( 3) = B’(1)=B*=E{ M{=E; Mj=

D¥(

O cZmw >» A

BP(w) + ( 1+ 5)sh?(J)+ 21 »sh(J)ch(J)
(m2 + m2)sh?(L) + 2mymysh(L)ch(L);
= D? 1)= D?%1)= D?= E;M,+ E,M;
= (1mz+ omg)ch(J + L)+ (1my+ omy)sh(d + L);

BH+C+J L G 5F 3 3Y+ 2In(D(1));

gl2G+4F 2H)E.
D(1)’
2G+4F 2H In(D(1)) J+ L+ 3+ 3Y,;

H C+J L 3G 3F 3 3Y;
g2H 2F 1 Y+3 L).

J+L+1 Y,

e(2G 2H 4F)D( 1)
D( 3)’

e(2G+2H)D( 1)
D)’

1

S(H C+J L+G+1+Y)

1

§(3H+C+J L 5G+7F +1+Y)+In(D( 3));

1
§(3H+C+J L+3G F+1+Y)+In(D(1);

e( 2H+2F+L J+I+Y)D( 1)
D(1)

5.4 Numerical Pro cedures

The standard form of Eq. (5.257)for singlet and coupledchannelsis

A(r)f %% B(r)f %+ C(r)f = 0;

(5.289)

(5.290)

whereA(r); B(r); C(r) are matrix functions. For a normal form we multiply with

A 1viz.

f%% A YB(nf°+ A Y(r)C(n)f =0
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Sud equationhave beenthe subject for numerical analysisin the past. In partic-
ular nuclearphysicsproblemsthis wassolved by an iteration sdhemedeweloped by
Raynal, seeECIS [47]]. The singlet channel can most easily be solved by closed
form factorization, but in practical terms onedoesnot gain much in performance
when comparedwith the interactive scheme. To solve above equation, we can
usedi erent numerical methods.

We usednext notations, xo < X3 < = f (X)) = fi;f4x;) = £%f%x;) = £ %9
Starting with somearbitrary valuesx,, 0 n N; then with fo = 0, we rst
needto nd solutionsto the homogeneougquation, the above yields recursively

f2% D,fy = 0 (5.292)

whereD; = A }(r)C(r);andD,= A (r)B(r) arematrix functions. With the
solution f?
f2% Dif, = Dof 2= W, (5.293)
where W is the inhomogeneougerm. The existenceof a regular solution f , of
the above di erential equationsyields
f9?0+ D1f3 = D2f O;
ffl)O"' D1f4 sz O;

fr?01+ len 1= szr? 2;
It is clearthat theseequationsfor f %°areformally similar to thosewhich determine

the rst derivative f? | using any numerical method, after this we can solve the
equationsnumerical very well. One sud method is a Lagrangeinterpolation

X
fo = "M+ RY; (5.294)
k=0
where
f(N+1) (X) d
0 - 0 N RN ICE WY
oo X N (1) .
izoger T 1T 1) R’

= (N (ro< < rn);
n(r)=(r ro)(r ra)(r ry);
and 0(r) is its derivative. For four points Eq. (5.294)is
2 2
}f 3p° 6p+ 2f L+ 3p° 4p 1
h 6 2
2 2
T 5P Ry (5.299)

f0=f(ro+ ph) = fo
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Similarly, in Eq. (5.293) we apply Milne's method,

(0= 10+ D2, 10+ 2% O(h"); (5.296)

n

(00 = 19 1+ 213+ 40 19 + O(h%): (5.297)

and any other numerical di erentiation method [529.
Another powerful method is the Numerov algorithm [278], which we useonly
after elimination of the rst derivative terms. In this casewith the ansatz

f = gh;
in Eq. (5.291),we nd
g®h + gh®+ 2gh°+ A B(gh+ gh%+ A Cgh= 0: (5.298)
To eliminate the rst derivative terms h® we solve the di erential equation
20h°+ A Bgh®= (2¢°+ A Bg)h®= O (5.299)
for any h°6 0 and boundary condition
rI!ilm g(r) = 1= unit matrix:

The solution of this rst order di erential equation

1
= 2 ZB s} (5.300)
is readily found for singlet channel equation by using
Z r
g(r) = g(1 ) exp % A '(xX)B(x)dx ; (5.301)

1

or more generallynumerical integration of the di erential equation starting with
the boundary conditions

lim g(r) = 1

ril
Therewith emergesa modi ed di erential equation without rst derivatives for
h when the solution for g is inserted and new potertials are de ned. The new

equation for
h%= U(r)h; (5.302)

is readily solved with the Numerov algorithm [278],and matched asymptotically
to known free solutions and thus yields the S-matrix.
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5.4.1  Numero v Algorithm

The solution of radial Scdredinger equationsis certainly not new and generally
deseresno mertion. Here,we dwell upon the details sincewe found the speci ed
elemens to have a normal form of related problemsin other elds of physicsand
engineeringwhich were tested with parallel computing facilities. The Numerov
algorithm has been widely used for singlet and coupled channels Scdrodinger
equations since it gives su cient numerical accuracy with minimal operations
[472]. The standard form of linear homogeneou®r inhomogeneousSdredinger
equationswhich we have to sole is

X
fRr)y =V (nfj(r) + Wi(r); (5.303)
j

whereW;(r) = 0 for homogeneougquations.
In caseof Stredinger equationswhich include a rst derivative

X X
0= VPOHm+ PO, (5.309

we identify X
Wi(r) = VP (DFD; (5.305)

in which the derivative solution f Xr) is obtained iteratively. To determine the
scattering matrix S, we needto compute only the regular solution

fi(r) ! £i( ;r);

with the iteration courter = 1;0;1;:::;;N:
X 0
fR L= VOO L), (5.306)

with

fi( L,r)j o= 0:

fi(r)! fi( ;r);
with the iteration courter = 0;1;:::;N: We start the iteration with

X
o) = VOO

Wi(0;r) = 0
for a regular solution
fi(0;)jr 0= 0
Thus X
(0= VOO +W( ;) (5.307)
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with X
Wi = VPO L),

and the derivativesare computedby a three or v e point Lagrangeinterpolation
formula. The potential Vij(o)(r) and Vij(l)(r) are properly regularized near the
origin to guarartee a stable numerical solution and corvergenceof the iterative
stheme. This is well satis ed for our NN optical model. For singlet channelsthe
algorithm is

h2
fon =2f0 fn 2+ 1_2(Un+1 + 10up + Up 1); (5.308)
or
h? 10n? h?
1 1_2Vn+1 frer = 2+ 12 Vi fa 1 1_2Vn 1 fna

h2
+ 1—2(Wn+1 + lOWn + W, 1) . (5309)

Theseexpressiongeneralizefor coupledchannelsusing standard vector and ma-
trix algebra.
A signi cant reduction of operationsis found by using the substitution

h2
n= 1 1_2Vn fn; (5.310)
in Eq. (5.309). It gives
nt1 = 2 n n 1t Un; (5.311)
and the inhomogeneougquation
h2
n+l = 2 n n1t Un + 1_2(Wn+1 + 10\Nn + Wn 1); (5312)
with hay
Up= ———
1 5Va
Badk-transformationsfrom ;! f; useeither of the two possibilities
_ 1 . it 10+ 5 1
fi = ,+1—2U,, or f;= 12 : (5.313)

5.4.2 Calculation of Phase Shift

We ewaluate the equation Eq. (5.257) numerically for uncoupled and coupled
channelsusinga Numerov method (Sec. 5.4). The physical solutionsare matched
asymptotically, lim,;; to Riccati-Hankel functions
1
u® (r; k) o5 h (rk) + h" (rk)S (k) : (5.314)
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The irregular outgoing wave Jost solutions are
J*(r;k)  h*(rk); (5.315)
and the regular solutions are asymptotically

lim COk:gN- = j(rg) + h' *”(rk)gr( (k2 k; ) (5.316)

r!

to determinethe half o -shell t-matrix T¢ ®(k?;k; ) and the normalization N-.

SphericalRiccati functions are synmbolized by j-(x), h. (x) and h%(x) = n-(x).
The on-shellt-matrix givesthe S-matrix by the relation

S(k) = 1+ 2i T® (k2 k; K): (5.317)

To solwe for coupled channels3SD+; 3PF,; etc., two linear independen regular
solutions are calculated[256, 278].

The VPI/GWU solutions[11] are parameterizationsof the elasticchannelNN
S-matrix. They consider

Si= (L+ KA Ky 1 (5.318)
which inverts to give
Ki=i(l S)@A+Sy) *=ReK,u+ il mKy: (5.319)

The real part of this K-matrix is relatedto a unitary S-matrix (Sg) and therewith
phaseshifts and arede ned by

_ (1+iReKy) _ cos2" exp2i isin2"expi( + )
°T (1 iReK,)  isin2'expi( + %) cos2" exp2i *
(5.320)
The absorptionparameters and relateto the imaginary part of that K-matrix
by
tan? tan tan * cos

ImK, =
4 tan tan * cos tan? *

(5.321)

Theserelations simplify to K = tan + itan? for uncoupledchannels.
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Chapter 6

Application to NN Interactions

6.1 Boson Exchange Mo dels

All existing potertial modelsare to somedegreebasedon mesonexdange. They
all include the one pion exdiangecortribution which essenally determinesthe
long range part of the interaction. As sud), the mesonexhange model has
beenvery successfuin describingthe empirical featuresof the NN force. Both
the tensor and spin orbit forcesare easily accourted for in the mesonexdange
model [393,394].

The starting point for meson exdange theory is a phenomenologicalLa-
grangianwhich descrikesthe interaction betweenbaryonsand meson elds. For
the NN interaction at low and intermediate energiesthe three relevant meson
elds shov sysmmetiesof scalar (s),( ; ), pseudoscalarps), ( ; ) and vector
(v), (; !) elds.

The interaction Lagrangianthat couplesthese elds to the nucleonsin lowest
order are

Ls=g (6.1)
I fos —.
Los= igps ° ®; o Lp= 270> @ (6.2)
mps
o f,
Lv= 19y @ ﬁ @™ @ ; (6.3)
where M is the nucleonmassand is the nucleonDirac eld with its adjoint
dened by = 9 while ©; ®) and ™ arethe scalar, pseudoscalamand

vector meson elds respectively. Correspondingly, gs; gys and g, are the coupling
constarts. There is also a tensor coupling f,, between nucleonsand the vector
mesons.Actually, there are two alternative ways to couple pseudoscalarelds to
nucleons. The one given above is the pseudoscalarcoupling ps. The so called
gradiert couplingor pseudw@ector pv couplingis an e ectiv e couplingderived from
chiral symmetry [394 56(. The ps and the pv couplingsare equivalert for on-
shellnucleonswhenthe couplingconstarts arerelatedby f ;s = gps(mMps=2M): The
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6.1. BOSON EXCHANGE MODELS

coupling constarts are constrainedby NN scatteringdata. Empirical information
also constrainsthe ratio of g, to f,.

From the Lagrangian, the Hamiltonian can be derived, and using time de-
pendert perturbation theory the NN interaction can be visualized in terms of
Feynman diagramsinvolving mesonbaryon coupling. This eld theory was rst
deweloped for quartum electrodynamics. When electromagneticinteractions are
involved, it is necessaryto apply perturbation theory, which appearsquite rea-
sonablefor a coupling constart 1=137. Meson baryon coupling constarts
originate from the strong interaction and are generally large of the order 1-10,
thus, the perturbation expansionbecomesncreasinglydivergen at shorter dis-
tances. For intermediate and long rangesthe diagrammatic expansionis assumed
to corverge. Howewer, due to the quark structure and nite sizeof the nucleons
the mesonexdiange model for the NN interaction generatedlittle con dence at
short range. This problem has beennewer overcomeand a savzing argumert is
the strongly repulsive core which keepsthe nucleonsapart and hidesthe geruine
guark gluon processedetweenthe nucleons. Traditionally, the short range part
of the NN interaction is treated phenomenologicallyby introducing vertex form
factors, which are e ectively to the extendedby adjusting se\eral parametersin
ts to NN data. The form factorssuppresghe mesonexdiangeat small distances.
Usingthis short rangeregularization, the mesonexctangetheory yield quartativ e
results in the framework of time orderedperturbation theory [40] for NN ener-
gies T ap < 300MeV.Above 1 GeV and above, this mesonexdiange medanism
becomegelatively smallin comparisonwith the kinetic energyand the hard core
domain starts to display violertly the quark gluon dynamics. From the NN phase
shift for T, > 1GeV we get the impressionthat this violent core dynamicscan
beregularizedwith a few complexboundary conditionswhoseenergydependence
re ects our ignoranceabout low energyQCD dynamics. In summary, the lowest
order cortribution to the NN scattering establishesone boson excdange, which
comprisethe exdangeof the six nonstrangemesons

VOBE = s VOBE: (6.4)

The heary vector mesons and ! are important at short distanceswhere the
NN interaction becomesrepulsive, a feature which is enhancedby relativistic
kinematics. Newertheless, the intermediate distanceattraction is generatedby
mesonwhich accours for correlated pairs of pions with total spin J = 0 and
isospin T = 0 [327]. In the one boson approximation the cortribution from
these processess e ectively included by excdange of a ctitious scalar meson
usually denoted by sigma [394]. The long range part of the NN interaction is
well establishedboth theoretically and experimertally to arisefrom Coulomb and
one pion exdiange.

Most of the uncertainty in nuclear processesomesfrom the short distance
interactions (r < 0:75f m) betweentwo or more nucleons. Even when one is
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CHAPTER 6. APPLICATION TO NN INTERA CTIONS

interested only in low energy phenomena,the short distance cortributions are
important. In perturbation theory, for instance,the in uence of short distance
physics on low energy obsenable appearsin the existenceof ultraviolet diver-
gent integrals, that is, in the dominance of high momertium modes over the
small momenium ones. Sensitivity of large distance obsenables on short dis-
tance physicsis not an unusual situation in physics, it is in fact pervasive in
many elds. One way of dealing with it, aswe shall do, is to model the short
distance physics and solwe the problem within a semimicroscopicapproad. In
the caseof nuclear systemsthis would lead either to a calculation of nuclear pro-
cessedlirectly from QCD (which is currertly impossibleand would be, even if
possible,a highly ine cient way of approading the problem) or to the use of
mesonexdiange/quark/skyrmion/... models.

6.2 Instant Form Potentials

We rst considerhow to model G and L; correspnding to vector and scalar
interactions.

We may rewrite the external potential form of the covariant two body Dirac
equationsfor two relativistic spin one half particles interacting through scalar
and vector potentials as, seeEgs. (5.193)without the pseudoscalainteraction,

0; (6.5a)

Sy i 510 1 (P A+ myi+ §))j i

S i 520 2 (P2 A)+ M+ S)j i =0: (6.5b)

A, and S; introducethe interactions that the it" particle experiencedue to the
presenceof the other particle, both are spin dependent [546 152 156 153
154,155 157. In order to identify these potentials we use Egs. (5.193), and
(5.194,5.195). Thenwe nd that the momerium dependen vector potertials A;
are given in terms of three invariant functions [156,157]G, E; E,

G @

A= E) io, BB o [ n o 69

E,
M2 B) 15 T2 PP o L@ v 67
where
G = exp(Q): (6.8)

(with P2= 1,whereP  P=w) while the scalarpotertials S; aregivenin terms
of three invariant functions [152 156 157 G, M1; M,

(6.9)
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S=M, m, IEG 1 ?;l/llz:

In QCD, the scalar potertials S; are semiphenomenologicalong range inter-

actions. The vector potertials A, are semiphenomenologicain the long range

while in the short rangeare closelyrelated to perturbative quartum eld theory.

Of coursethis rewrite does not changethe fact that S; and S, still satisfy the
compatibility condition

(6.10)

[S1;S]] >=0 (6.11)

In order that Eq. (6.5a) and Eq. (6.5b) satisfy Eq. (6.11), it is necessarythat
the invariant functions G, E; E,; M; and M, depend on the relative separation,

X = X1 Xg;
only through the spacelile coordinate four vector
X, = X + |ﬁ (|ﬁ X);

perpendicularto the total four momenium P: For QCD and QED applications, G,
E.; E, arefunctions [153 157]of an invariant A. The explicit forms for functions
E E>; G are

Ei=G(1 A); (6.12)
E2=G(2 A); (6.13)
and
G?= _1_. (6.14)
@z .

The function A(r) is responsiblefor the covariant electromagneticlike A, . Even
though the dependenciesof E; E,; G on A is not unique, they are constrained
by the requiremen that they yield an e ective Hamiltonian with the correct
nonrelativistic and semirelativistic limits (classicaland quartum medanical [162
336]). For QCD and QED application, M; and M, are functions of two invariant
functions [152 157, A(r) and S(r)

M2(A;S) = m?+ G?(2m,,S + S?); (6.15a)

M2(A;S) = m3+ G?(2m,,S + S?): (6.15b)

The invariant function S(r) is responsible for the scalar potertial sinceS; = 0;
if S(r) = 0; while A(r) cortributes to the S; (if S(r) 6 0) aswell asto the
vector potertial A;: So, nally, the v e invariant functions G, E;;E,; M; and
M, (or G= J;L) depend on two independen invariant potential functions S
and A. (Comparealsothe spinindependen portions to Egs. (5.30,5.32)through
calculationof E2 M? %)
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ExpressingG, E;;E,; M1 and M, in terms of S and A is important for
semiphenomenologicahnd other applications that emphasizethe relationship of
the interactions to e ective external potentials of the two assaiated one body
problems. Howeer, the v e invariants G, E;E,; M; and M, can also be ex-
pressedn the hyperbolic represemation [158]in terms of the three invariants L;
J and G (seeEqgs. (5.194), (5.195) and (5.196)): L; J and G generatescalar,
timelike vector and spacelile vector interactions respectively and ernter into our
Dirac equationsviathesum |+ ;+ gwhereEgs. (5.102,5.103,5.104)e ne

Ly Jy» G-

We may use Eq. (5.93) to relate the matrix potertials  to a given eld
theoretical or semiphenomenologicafeynmanamplitude. As mertioned earlier,
a matrix amplitude proportional to ; . correspndingto an electromagnetic
like interaction would require [160 J = G . Matrix amplitude proportional to
either 111, or 4 P 2 P would correspnd to semiphenomenologicascalar or
timelike vector interactions. The two body Dirac equationsin the hyperbolic form
of Eg. (5.93) give a simple version [158]for the norm of the sixteen componert
Dirac spinor. The two body Dirac equationsin external potential form, EQ.
(6.5a) and Eq. (6.5b), (or more generally (5.193) are simpler to reduceto the
Sdiredingerlike form and are usefulfor numerical calculations(seeSazdjian[42]]
for a related reduction). We descrile the parameterization of the pseudoscalar
interaction C below in Eq. (6.17).

6.2.1 Mo deling the Invariant Interaction Functions

Bin Liu and Crater had usedthe following scalarinteractions in two body Dirac
equations(seeEgs. (6.9, 6.10), 6.15b)):

, € Magr , e meor

Ze m r
. (1 2%, —— G (6.16)

whereg?; gazoi gfzo are coupling constarts for the ; ag andf, mesonsand m ; my,
and m;, the correspnding masses( ; ) islor 3forisospintriplet or singlet
states.
Pseudoscalainteractions are assumedo erter into two body Dirac equations
in the form (seeEq. (5.257))
2AMmr 2o mr 2 m or
g°e g°e N goe

C= = + = : 6.17
(lzw r W T w o r ( )

wherew = |+ , isthe total energyof the two nucleonsystem. ¢?; g°; g% are
coupling constarts for mesons ; and °respectively andm ; m and m o the
correspnding masses.This form for C yields the correctlimit at low energy

Vector interactions ernter into two body Dirac equationsin the form (seeEgs.
(6.12) and (6.14))

S= g

m r My r mr
e v e

e
A= (1 20 r +q r + g — (6.18)
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where g?; g2; g? are coupling constarts for mesons; ! and andm ; m, and
m are the correspnding masses.

In the constraint equajions,A and S arerelativistic invariant functions of the
invariant separationr = E (seebelow for the distinction betweenA and A).
Sinceit is possiblethat A and S, asidenti ed from the nonrelativistic limit, can
take on large positive and negative values, it is necessaryo modify G, E;; Eo; My
and M, sothat the interaction functions remain real when A becomelarge and
repulsive [167. Thesemodi cations are not unique but must maintain correct
limits.

Mo del 1 Crater and van Alstine [167 usedthe Adler-Piran potertial in order
to compute mesonspectra

A=exp( 1)[Vap %]‘* %‘* ?;
S=Vp + ? A= (Vap %)(1 exp( 1)) (6.19)

ForE; = G(; A) to berealwe needonly ensurethat G be real which requires
that A w=2. This restriction on A is enoughto ensurethat

q
Mi=G m21 2A=w)+ 2m,S+ S?

be real aswell (solongasS 0). (As we shall shov below in our discussionon
the static limit, the caseof S < 0 doesnot require any further restrictions.) In
order that A satisfy this inequality, we must modify it and S sothat

S(r)+ A(r) = Vap(r) + e1&=r A+ S;

with A and S given by the right hand sidesof Eqg. (6.19) respectively. Then we
reidertify A and S sud that

A=A A O (6.20)
AAg

A=p——; A>0 6.21
YEY (6.21)

S=S+A A; (6.22)

where A; = w=2. This parameterization gives A and S that are cortinuous
through their rst derivatives. We next considerproblemsthat may arisein the
limit that oneof the massedecomesvery large. We must modify the M; sothat
they have the correct static limits (whensay m,! 1).

In the spinlesscase the potential formsEq. (6.19) aredeterminedby requiring
the desired nonrelativistic limit and compatibility of the covariant generalized
massshell constrairts for the constituert particles,

Hi=(p A)?+ (mi+S)* O
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in which constituert vector potertials are given by
Ai = ippt P

introduced by minimal substitutions. The classicalcompatibility condition on
the two constrairts,
fH 1;H2g O

implies that only two of the four scalars ;; ; and one of the two scalars S
are independen. Thesethree independen systemscalars,A;V and S; must be
functions of x, and are related to constituert potertials A, ; S by

M2 = (my+ Si(S;A))% = m?+ G(2m,S + S?); (6.23)
M2 = (my+ Sy(S;A))% = m3+ G(2m,S+ S?); S> O (6.24)

At rst sigh, Eqg. (6.23) doesappearto giveM;! m;+ S. (Note G! 1in
this heary masslimit). However, this limit is only true if m; + S 0.

We now take advantage of the hyperbolic parameterization given in EQs.
(5.194). Let us assumethat L is a monotonic function of S for S 0 given
> M M

10t Moo
exp(L) = T

in which Mo are de ned as the forms of M; given in Egs. (6.23). We choose
this form since only in the region where S is large and negative do we expect

problems. We desirea form for M; which goesover to m; + S when S becomes
large and negative and one of the constituert rest massess large. At the same
time we require an expressionthat hasthe correct weak potential behavior. The

original formsin Eq. (6.23) for M; do have the correct weak potential form. So,

for weak potentials, using Eq. (5.194) and Eqg. (6.23) we solwe for sinh(L) and

obtain

exp(Lo(S)); S O (6.25)

WS
wmy,

sinh(L) S 1+ (6.26)
w

We then need a modi cation of this, valid in regionsof large negative S that
at S = 0 is continuous through secondderivatives with that obtained above,
that yields correct strong coupling static limit spectral results, and yields correct
weak coupling equal massresults obtained non perturbatively (i.e. numerically).
Although theserestrictions are not su cient to uniquely de ne an extrapolated
sinh(L) they are seereenoughto narrow the choicessigni cantly. Forthe presen
treatment, we choose

: S S

sinh(L)= = 1+ p—n—— (6.27)
w w2 + S2m,,

This satis es the cortinuity condition and gives numerical results that satisfy

the other two restrictions. Consequetly, for S < 0 and large m, we obtain a
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spectrum (both ground and excited states)that for this extremecaseagreeswith
that of the exact solution obtained from the onebody Dirac equation

(1 pp+tm+3) =0 (6.28)

Furthermore, Van Alstine obtained a spectrum for equaland unequalmasscases
that agreeswith the standard perturbative results as given in [160].
Another choicethat works just aswell is
!

sinh(L) = % 1+ p >

6.29
” (wmy,= )%+ S?w ( )

while onethat satis es the corntinuity condition, works well numerically for the
extremelimit above, but fails the perturbative test
I
. S S
sinh(L) = = 1+ p—0_
w m2 + S?w

Sincethis applicationsin QCD conbine both scalarand electromagneticlike
vector interactions we must imposesimilar conditions for the caseof Eq. (6.23)
with A 6 0. Following the sameprocedure,conbining Egs. (5.194,6.23)for weak
S but arbitrary A, yields

s ., (s AS

sinh(L) e WD
w

: (6.30)

in which D = 1=G*> = 1 2A=w. We then test our assumption for the case
S=A= =r, as beforefor the extreme casesof unequal mass,large coupling
and equal mass,small coupling. We nd an extrapolation that works reasonably

well
14+ plw A)S
w2+ S2Dm,,

We note that theserequiremerts rule out the plausible choice
!

sinh(L) = % ; S< O (6.31)

sinh(L) = S 1+ = >
wD m,Dw=( , A))2+ S2

®

whoseA = 0 courterpart worked well above.

We emphasizethat a crucial feature of the sinh(L) extrapolations is that for
xed S, in the static limit (e.g. m, >> my) sinh(L) ! S=w which leadsto
M;! my+ S. Note that as opposedto what happens for scalar potentials,
strong A potertials have no problem in the static limit where the restriction
A <w=2! 1 onA isautomatically satis ed.
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Mo del 2 This model comesfrom the work of H. Sazdjian[336]. Using a spe-
cial techniques of amplitude summation, he is able to sum an in nite number
of Feynman diagrams (of the ladder and crossladder variety). For the vector
interactions, he obtained resultsthat correspnd to Eq. (5.32) to Eqg. (5.34) and
Eq. (6.12) to Eq. (6.14)(modied herein Eq. (6.21) for A 0). For scalar
interactions (L (S;A)) he obtained two results. One again agreeswith Eq. (5.30)
and Eg. (6.15b). As we have seenabove this must be modi ed (seeEq. (6.31))
for S 0. His secondresult is the one we use here for our secondmodel for
(L(S;A)): That replacesEq. (6.31)andEq. (6.23) with the model:

S+A>0;
then st A
+
S | p SFAW (6.32)
A4S+ A)Z2+ w?
while if
S+A<DO(;
we let
S ! A +S+A: (6.33)
In both casewe let
1 25+ A
sinhL = sinh( > In(1 M) G): (6.34)

6.3 The Nucleon Nucleon Optical Mo del

Von Geranb et al. [25 analyzedpartial wave amplitudes for NN scattering to
2.5GeV, in which resonanceand mesonproduction e ects are evidert for energies
above pion production threshold. This analyseswas basedupon bosonexctange
or quartum inversionpotentials. They alsoaddedshort rangeGaussianpotertials
to their real referencemodel potentials, Nijmegen or inversion potertials. The
energy dependencesof these Gaussianwas very smooth save for precisee ects
causedby the known and N? resonances.

Here we will analyzethe SP03,and SMOO partial wave amplitudes for NN
scattering to 3 GeV with complexshort range Gaussianpotertial on the radius
r  0:5f m, in addition to the real Dirac referencepotertial. Beforethat, we will
discussshortly the e ective Hamiltonian formalism of Festbach [233.

First, Feshbad in his work Ref. [232] usedthe generalizedoptical potertials
with projection operators. His approad, the total many body wave function
is partitioned into an open channelsegmen P, a part that is of interest for
particular phenomenonand a closa channelsegmety the remaining part of the
wave function Q

=P +Q : (6.35)
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P spaceis include all real longerangeinteractions, Q cortains NN reactions.
The componerts P and Q will in generalbe coupledby interactions. Let
i be the wave functions of the target in its di erent states,i = 0 will denotethe
ground state, i = 1;2;:::; the 15t, 2" ... excited states. For total system

ui(r) i(rorasssra); (6.36)
i=0
where (rq;rp; 5 ra) stand for positional as well as intrinsic coordinates of the
A particles in the target, while u;(r) are functions of the position and intrinsic
coordinatesr of the projectile. The projection operator P is sud that acting on
the function of Eq. (6.35)it projectsout a number of termsu; ; correspnding
to a given set of channelsof interest

X
P = Ui i, (637)
i=0
it meansthat include the openchannels. We de ne Q and P projection operators
that satisfy the relations

P+Q=1 PQ=0  P?=P; Q*=Q: (6.38)

It is a matter of convenienceto chooseQ to beorthogonalto P, asisinsured
by Eqg. (6.38).
By eliminating the Q channels, a Scredinger equation is obtained for the
P channels,and an e ective Hamiltonian can be derived, which in turn can be
usedto analyze various aspects of the nuclear many body problem [25G. The
resulting equationsdepend only on the existenceof an projection operator, not
on explicit realization thereof. To nd the e ective Hamiltonian, we are starting
with Sdredinger equation
(E H) =0 (6.39)

where is given by Eq. (6.35) sothat
(E H)P +Q) =0 (6.40)

Acting onthe left by P or Q and on the right by P and using Eq. (6.38), we get
the two equations

(E Hep)(P)
(E Hq)Q)

whereHpp = PHP, Hgoq = QHQ and similarly for Hgp and Hpq. Solving the
secondequation, with outgoing wave boundary conditions

1

Heo(Q) (6.41a)
Hor (P) ; (6.41b)
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Substitution into the rst equationyields
(E Hee)(P) =0 (6.43)

wherethe energydependert e ective Hamiltonian is

1
Heff = pr + HPQﬁHQP: (644)
QQ

From this Eq. (6.44), we seethat H¢s; is acomplexoperator, the rst term onthe
right sideis a divergen freeinteraction and the secondterm is singular, which de-
scribe a coupling betweenthe P and Q. The operator (E  Hqq + i ) * pro-
videsthen a propagationwithin the Q part only. This equation, the Lippman-
Sdwinger equation, is an integral equationfor ~ with a Green'sfunction kernel.
The operator Hog consistof a discrete

HQQ s= E
and a cortinuum spectrum
Hoo (E )=E(E );

where is an extra index which completesthe classi cation of the cortinuum
states[38(0. Finally, if we use

Zb Zb
lim ) _gu=p X

rot o X Xoti a X Xo

dx 1 f(Xo); (6.45)

we have

X . .
ReHy((E) = Hpp+ ipel o= ofor

E E
Z "Z L (E Ys< (E H
+P d ERILE  NPoP. (6.46)
E E
z
Im Het (E) = d Hpgj ( E; )>< (E; )jHgp: (6.47)

The optical model is highly nonlocal, but local equivalert potertials are com-
monly used. Substituting the secondinto the rst equation, we get the dispersion
type relation

: . Z
Hpo) s>< ¢Hop 1 Im Hesy

=p
E E E E

X
Re Het (E) = Hpp +

S

dE:  (6.48)

Von Geranb et al. for their optical potertial together with mesonexdange
model in Refs. [278 256], descriked the Q spacefunctions as doorway states,
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describingthe QCD ertrance sectorfrom nite sizenucleons,mesonsand possible
other particles.

Here,in the NN interaction towards higher energiesthe Dirac potential is the
badground real referencepotertial V,¢. For atwo body problemwith scalarand
vector interaction, a relativistic reducedmassand energyof a ctitious particle
of relative motion

_ MMz,
w = W ’
and
_w? mi mj
w = 2W ’
the invariants is then
2 'p2=m?: (6.49)
We can apply the techniquesalready deweloped for the no spin potertials to the
above Eq. (6.49) by the substitutions , 7! , A;andm, 7! m, + S: It yields
D24+ 2m S+ S2+2,A A2 2+mZ=0 (6.50)

The e ective single particle Eg. (6.50) is often referred to as a Sdredinger
equivalert equation sinceit hasthe sameradial form as Sdiredinger equation
with relativistic kinematics. Thus, given a Dirac optical potential, onecan useit
in a Sdredingeranalysis,with relativistic kinematicssimply by converting to the
secondorder form. This relation holds for pairs of particles in form of coupled
systems

f'p2(1) + 2m (US() + SEL)+ 2, (DA  (LAXL)
P+ Mg 1 2>= C1;2) 1 2>
'p2(2)+ 2m (2)S(2) + SX2)+ 2, (A (2AX2)
2(2)+ m2(2)gj 1 2>= C(L;2)j 1 2> :(6.51)
with product wave function and orthogonality of their intrinsic parts yields
< St PAL)+2m (DSL) + SAW) + 2, (DA (DAXL) (1) + mP()gi 1 2>
| = < CL;2)] 1> 2>= Vaij 2>
e a2 2 2 2 2 R
< qff |Fl££}+ Fm! (2)S(2) + S (2)& 2,(2A (2A (2; I (2) J{Zm! (Zggj 12>

V22 k3

= < 4jC1;2)] 2> 1>= Vig 1>

The right hand sidesde ne coupling matrix elemens betweenchannel 1 and 2.
Rewrite the two equationsas

(HY+ Vi ki)j 1>= Vi 2> (6.52)
(H2+ Vo, K9 2>=  Vaj 1> (6.53)
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with incoming ux restricted to channel 1, we invert formally and substitute the
secondequation

j 2>= (H2+ Voo k) "Vaij 1> (6.54)
into the rst one

(HY+ Vi KD)j 1>= Vip(HI+ Voo K3) Vaj 1> (6.55)

We may ewaluate the singular integral in terms of its principle value and pole
cortribution (outgoing waves)
Z
fV12(Hg + Voo k%) Wuj 1>g=P dE V12(Hg + Vo, k%) Woij 1>
Z
i (E2 K3 AE Vio(HY+ Vap  k3) Vaj 1> (6.56)

from which follows that the elimination of the secondchannel introducese ec-
tively a complexinteraction. The imaginary part comesfrom the lossof ux,
in casethe secondchannelis energeticallyopen. Coupling closedchannelsdoes
not generatean imaginary potertial. This is the casefor NN scattering belov
the mesonproduction threshold T,;, < 300MeV, or excitation of NA at very low
energy The optical potertial comprisesa complicated substructure of channel
coupling but in summary appearsto be quite simple and distinguished energy
dependert real and imaginary path

Voue(HE)Y+ITW,, . (r; E):

OMP

In the certer-of-momerium system,p = p, = (0;p), X» = (O;r) and the
relative energy and time are removed from the problem. The equation for the
relative motion is then

f!p2 + Vit + VOMP + iWOMP kZQJ >=0; (6_57)

whereV, ¢ is the Dirac referencepotential from Eq. (5.257).

The optical potential consideredhere may be taken as Woods-Saxon,surface
Gaussianor any linear combination of them, it consistsof two part. Consider
onepart is a potential S which transforms asa scalar

k2
.S (6.5
1+ exp(—2)
the other part , a potertial A, which transforms asa vector
Ao(k?
o(k%) (6.59)

1+ exp(mRe)’

The new OMP model is dependert onthe tting of data to determinethe param-
etersin the assumedpotential. The resulting Dirac equation (6.57) is suitable
for simultaneousanalysesof np and nn scattering data up to se\eral GeV.
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6.3.1 Rened Optical Mo del Potential

A fundamertal dicult y in an EFT description of nuclear forcesis that they are
necessarilynon perturbative, sothat anin nite seriesof Feynmandiagramsmust
be summed. Which diagrams must be summedmay be known, and summing
them is equivalert to solving a Scredinger equation. Howewer, an EFT yields
graphswhich requirerenormalization, giving riseto a Scredingerpotential which
is singular to solve corvertionally. In e ective eld theories, the potential will
in generalhave a singular behavior, suc as 1=r?; 1=r3; 3(r); and worse. Sud
potentials do not allow a convertional solution of the Scredinger equation, or
equivalertly, lead to divergen diagramsin the eld theory. In eld theory it is
well known how to dealwith divergencenemerelyregularizesthe integralsand
then renormalizethe coupling of the theory, absorbingterms that divergeasthe
cuto is removesthem into the de nition of the renormalizedcoupling. When
this is done,there is no cuto dependencen the theory.

OMP-1: In this model, we solwe the Sdredinger equation (6.57) for NN scat-
tering with a radial weight function applied to the Dirac potertial. In practical
terms, this reducesthe hard core Dirac potential with a Fermi distribution.

We assumethe interaction betweentwo nucleonsis descrited by a potential,
V = Vs + V_; consisting of a short and long range part. This separation is
justied by the weak and small long range interaction where changesare small
on the scaleof the nucleondiameter 1fm. The short rangeinteraction is strong
and its scaleis 0:1 fm. The short range interaction acts directly on quarks and
causegqjuark spin ip or quark exchange. Only the short rangeinteraction is able
to transform a nucleoninto a (3 ;3) or N and generatesdirectly or indirectly
mesons.We simplify things in this model by taking the long range potertial V,
to be V,¢r and a weighted V¢ asV, in the short range domain.

oM P

The real potential is identied with the Dirac potential

V .
ReV = Voirac + Voup = Vorae  Vory eD(r"""Ffo>=a); (6.60)

wherethe real optical potential is xed with

_ VDirac .
Vour = Vo3 ot Ror=)’ (6.61)

It vanishesrapidly outside the short rangedomainr > 0:5 fm. The imaginary
optical potertial is a short range surfacepeaked normalized Gaussian

(r_Rg?
ImV =W, = WeNge = ; (6.62)
whereNg is the normalization. The total potential V is

V = Voiract Ve + 1 Wy, 0; (6.63)

OMP?
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Eq. (6.57) yields
f'p2+ Vv K >=o0 (6.64)

As pointed out by Beaneet al. [57]and Lepage[379, EFT usesa similar model,
but speci es a high momertum cut-o asregularization. In EFT the cut-o has
a physical meaninglike in renormalizabletheories[379. In fact the strategy of
e ective eld theoriesis sud that one should not pick either too low a cut-o
or too high a cut-o : if one choosestoo low a cut-o , one risks the danger
of throwing away relevant degreesof freedomand hencecorrect physicswhile if
one choosestoo high a cut-o, oneintroducesirrelevant degreesof freedomand
hencemakesthe theory unnecessarilycomplicated. The astute in doing EFT is
in choosingthe proper cut-o . In subsection7.6.1are shovn numerical results of
Eq. (6.64).

OMP-2: The short range dynamics can always be treated as a set of local
operators. In this model, the Dirac potertial represets the long range part of
the potertial. Local operatorsin momenum spacecorrespnd to OMP interac-
tions in coordinate space.We assumethat the short range physicsis represeted
by the OMP plus the Dirac's referencepotertial.

The short range physicsis represetted by a real optical potential

Vo

Voue = A+ e Romay R0)=a); (6.65)
of Woods-Saxontype and the imaginary part
r 2
W, = WoNge "+ ; (6.66)

of a normalized Gaussiantype, whereNg is the normalization. The total poten-
tial V is given by

V= VDirac+ VOMP + iWOMP; (6-67)

with adjustable Vy, and W, asfunction of energyand partial wave, Ry and a are
xed. Eq. (6.57) yields

flp2+ v Kg >= o0 (6.68)

In subsection7.6.1 we show results for OMP-2 calculations. We expect results
which are qualitativ ely similar to OMP-1.

OMP-3: We now considerthe more interesting caseof an interaction with both
long and short range dynamicswell separated.
The long rangeinteraction is identi ed with the Dirac potential with a sharp
cut-o somewhatoutside the hard coreradiusr. = 0:5 fm, viz.
1

VL = Wbirae 1 (1+ elr Rs)z%) ; (669)
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with Rg = 0:514fm and a;=0.02 fm.

The short range interaction, Vs(r) forr < roorr r¢, is dominated by the
intrinsic dynamics of strongly overlapping (> 75%) two nucleons. The notion
of nucleons,as individual ertities, is not predominart for the dynamics of this
domain. The highly non perturbative quark gluon dynamics becomesrelevant
for the (strongly overlapping NN) six quark system. The nucleon spin looses
its immediate relevancein the interaction of quarksin favor of quark gluon a-
vors. At the end, from this complicated microscopicstructure remainsonly a
smaoth short rangescalarand vector potertial. We apply the techniquesalready
deweloped for the no spin potentials to

I
!2 .p2 = m!Z;
by the substitutions , 7! ,  A;andm, 7! m, + S: It yields
tlo2+om S+ S2+2,A A2 2+ mlg >=0: (6.70)

The e ective single particle Eqg. (6.70) is a Streodinger type equation with rela-
tivistic kinematics.

The combined interactions include both quadratic additions to S and A as
well as CM energydependenceghrough m,, and ",,: A recoil term must also be
added. This is an expressioncortaining logarithmic terms, Eq. (6.72f), which
are dueto the transverseor spacelile part of the potertial. Without thoseterms,
spectral results would have not agreedwith the standard (but more complex)
spinlessBreit and Darwin approades.

The OMP-3 model wave equationis

| . .
f.pz k2 + Vscalar + Vvector + Vrecoil + VOMP + |W0Mp + Vref aj >= 0; (6-71)

where .
Viet = Vbirac 1 (1+ elr Rs):as) , (672&)
Vecalar = 2My S + S%; (6.72b)
where
S=5(r) = Li%; (6.72¢)
QL+e=)
WVector = 2 wA A% (6.72d)
where A
A=A(r)= —2 (6.72¢)
(1+eas)
and 1 1
V; ecoil = Sr 2log(1 2A=w) + Z[r log(1 2A=w)]? (6.72f)
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with Rg = 0:514fm and a; = 0:02 fm. The potential strengths S and A, are
xed by the condition

2m, (k?)S+ S?+ 2, (KA  A? k% (6.729

which implies that the two interacting nucleonshave exhaustedand transferedall
NN kinetic energyof relative motion into intrinsic excitations of the multiquark
system. This condition is approximately satis ed with S; = 480 MeV and
Ao = 600MeV and the energydependenceof m, and ,; seeTodorov variables
in Sec.5.1. We usetheseparametersfor all energiesT, 5, andin all partial waves.
The surfaceOMP usesnormalized Gaussiansfor its

real ;

Vour = Vo(TLan)Ng € % (6.72h)
and imaginary i

W, e = Wo(TLan)NG € F (6.72i)

parts, whereRy = 0:514fm and a; = 0:01fm, Ng is the normalization coe cien t.
The OMP surfacepotential parametersVy and W, are adjusted freely for all the
partial wavesand at any energy This independen adjustmerts are justied as
it accours for low density of possibleintermediate states and in particular the
strong channel dependenceof (3 ;3) and other N? resonancesind excitations.

Let us recall a classicalnuclear physicsreaction, the *He + 3He induced reac-
tion with mesonproduction *He+3He! S3He+3He+ meson.In this example,the
smooth and long rangeion-ion potertial is unableto produce a meson. Rather,
we assaiate the mesonproduction with a pair of nucleons,onefrom ead ion, as
a hard process.

On the QCD level we expect, as predominart e ect, spin-ip and exctange
of one active valencequark in ead of the two nucleons. We supposea grinding
impact which is favored in the partial wave channels'D,; 3D,; PF,; 'F; and
3F;. This limitation is a consequencef QCD con nemert. Contrary to the 3He
example of complex nuclear scattering there are no quarks in the outer surface
and tail regionfor NN. This situation is descrited by the peaked Gaussianoptical
model with proper parametersin geometryand strengths Vo, and W,. We ervis-
agethe time dewelopmern in a shemeshown in Fig. 6.1. This view must rst be
supported by more numerical work and secondlyuseof the microscopictheory of
optical models. To de ne a g-matrix, ase ective medium and density dependert
guark-quark interaction, shall be an obvious goal for the future [6, 278]. Sud mi-
croscopicapproad would permit to calculatethe real and imaginary strengthsV,
and Wy without tting procedure. Beforewe read this goal a good understand-
ing of what is neededform QCD is required. Tables(7.7-7.12) cortain V, and
W, values. A comprehensie discussionand graphical represetation of potential
details to the OMP-3 are given in subsection(7.6.2).

169



6.3. THE NUCLEON NUCLEON OPTICAL MODEL

Figure 6.1: Quark exchange medanism and spin-ip. A reaction scheme for
p+p! p+p+2 %in which the mesonproduction is mediatedby two intermediate
s andtheir deca. The spin-ip or quark exdhangeis causedby cortact or short
range qg interactions in the overlapping/touching con nemernt zone of the two

nucleons.
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Chapter 7

Numerical Results

7.1 Implicit Kno wledge

The history of particles and constituerts of atomic nuclei is aslong as 13 billion
years. The standard character of this history arequarksand leptons. Immediately
following the big bang, thesecharacterswerethe ingredierts of a hot (10*°K) and
extremely denseparticle soup. Today the universehas cooled down considerably
and the sparkling stars, during a fright bright night, are living signsof all begin-
ning. As the universeagedand cooledthe matter within it wert through a variety
of phasesasit adaptedto the di erent conditions. One of the most signi cant of
thesephasesoccurred when the free decon ned quarks becamebound (con ned)
to form matter and wereno longerableto existin isolation. The processby which
guarks changedfrom a decon ned to a con ned state is not well understand. In
recen yearswe have gaineda great deal of insurgert into quarks con nemert,
howewer we still lack a full theoretical understanding derived from rst princi-
ples. To appreciatethe signi cance of con nemert and chiral symmetry breaking
(CSB), or dynamical chiral symmetry breaking(DCSB), it is important to under-
stand our current model of how all matter in the universe,from the galaxiesto
subatomic particles behave. The interaction of all matter that governsour daily
livescan be explainedin terms of fundamertal particles (quarks and leptons) and
the gaugeor interaction force particles (gravitons, photons, gluons,W and Z).

In orderto visualizehow theseparticles and their interactions t into our cur-
rent understandingof the universe,imagine that we are looking at the universe
through a magnifying glass. At a rst glance,we seegalaxies,the starsand plan-
ets. We can descrike the motion of theseobjects by the gravitational interaction
and classi@l mechanics. Gravitational interaction, from a submicroscopigpoint
of view, involves the excange of gravitons. These particles have not yet been
obsened.

As we look more closelyat a star, we seecharged particles like protons and
electrons. Charged particles obey the laws of the electromagneticinteraction, of
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which we descrile the visible phenomenan terms of classicalelectradynamicsand
make essetial useof the special theory of relativity. The interaction of charged
particles requires quartum theory and exdange of photons. Not satis ed, we
stare more closely into the atomic nuclei and discover protons, neutrons and
nucleonsas the smallest constituerts of matter. After a careful investigation,
we discover quarks which cannot esca from protons and neutrons. The force
betweenquarksis calledthe stronginteraction. It involvesthe exdangeof gluons
and it is responsiblefor keepingmatter together. Finally, we discover that some
particlesarenot stable,they cantransforminto other particles, they decg. These
decass are described by the weak interaction and involve the exchangeof W and
Z mesons.

The paradigmfor describingthe strong interaction is called quartum chromo-
dynamics (QCD). The basicingrediert of QCD are quarks and gluons. Quarks
carry a fractional electric charge and feel the electromagneticforce, but they
carry also another form of charge called color. QCD ewlved from this idea and
is closelymodeled on the theory of quartum electrodynamics (QED) which ex-
plains electromagneticinteractions betweenelectrically chargedparticlesthrough
the exdhangeof photons. Gluonstransmit the color force betweenonequark and
another, in the sameway the photonstransmit the electromagneticforce between
electrically charged particles. Howeer, there is one crucial di erence between
photons and gluons. Photons are electrically neutral, uncharged, sothey do not
interact with other photons. Gluons on the other hand have color charge and
they interact strongly with ead other aswell aswith quarks. Gluons are mass-
lessand appear to be free only within 1 fm which is also the typical size of
nucleonsand hadronsin general. Hadronsare strongly interacting particles and
every hadron is either a baryon (3 quarks state) or a meson(quark antiquark
pair). Gluons are con ned to a hadron, much as quarks are, gluons as well as
quarks make themsehesbehave as particles like only indirectly by generatingjets
of hadrons(baryon and meson)in high energycollisions.

The nature of the strong interaction between quarks and gluonsin QCD
dependson the relevant energyscale. Coupling constarts are energydependen.
Asymptotic freedomis the property that the coupling betweenquarksand gluons
decreasess the energyscaleincreaseghigh energyis the valuesof > 50 GeV).
At high energiesguarks are free and have a very small massin this high energy
weak coupling limit whereperturbative QCD calculationsare valid. Perturbative
QCD can be comparedwith experimertal results from high energyaccelerators.
Indeed, the succesof asymptotic freedomand perturbative QCD hasbeenpart
of the whole story of the standard model. Away from the high energy region
perturbativ e theory fails in many regards.

In the low energyinfrared (IR) region where quarks and gluonsare con ned
inside hadrons, the coupling is so large that the perturbative methods must be
replacedby new theoretical concepts. At this points it is appropriate to discuss
briey someof the primary conceptsud ascon nement and CSB. Con nemernt
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has proven to be dicult to understand quartitativ ely. When a high energy
proton is colliding with another proton, this may be visualized as a destructive
processafter which the quarks should steam apart. We do not seeindividual
guarks emerging,instead, the quarks regroup quark antiquark pairs are created
and ultimately hadron jets carry away momerium and energy conservingthe
overall electric charge. In the IR region, the strength of the quark and gluon
interaction becomesincreasinglylarge. This implies that the quarks bind more
tightly together giving riseto con nemert, for low energynuclear physicsgener-
ating individual nucleonsand mesons. The quark gluon cortent of the hadrons
disappear in favour of point like hadrons.

Onecanobtain anintuitiv e ideaabout the nature of con nemert by picturing
quarks as being bound by strings or ux tubesas rst proposedby Nambu [43Q
and which have recertly beenstudied on the lattice. When the quark antiquark
pair inside a mesonis closetogetherit exchangesgluonsand createsa very strong
color free eld that binds the quark together. At short distances,much smaller
than the sizeof a meson,the quarks move asif they werefree. When quarks are
further apart the color interaction becomesstronger through the interaction of
gluonswith one another. The color eld lines of force, betweenthe quarks and
antiquarks, are squeezednto atubelike region. The further the quarksare pulled
apart the higher the energiesthat must be addedto the system. Evertually a
limit is readhed whereit is energeticallycheaper for the color force eld to snap
into a new quark antiquark pair. Energy is consered in this processbecause
the energy of color force elds is corverted into the massof new quarks, the
color force eld canrelax badk to an unstretched state. Therefore,in QCD the
obsened hadronsare compositesof quarkswith a surfacewherequark antiquark
pairs asserble to mesons.

A complemetary picture of con nemernt was proposedby Wilson. The Wil-
son criteria for con nemert requiresthat the potertial betweentwo (in nitely)
heavy quarksriseslinearly with distance,exactly how the potential is de ned in
terms of Wilson loopsis as a technical point which is not relevant here. Newer-
theless,it is important to note that the strong coupling approximation of lattice
gaugetheory demonstratesthat quarks are indeed con ned. While we have a
qualitativ e description of how con nemert works, we do not have a quartitativ e
one.

The other low energyaspect of quark gluon systemsis chiral symmetry break-
ing (CSB) or dynamical chiral symmetry breaking (DCSB). We visualize CSB as
follows: At high energy wherethe interaction betweenquarksis weak and chiral
symmetry presened the quarks are free, are moving (speedof light) with almost
zeromass. If these quarks move apart the color interaction betweenthem be-
comesstronger and they start to slov down. At the point wherethe strength of
the interaction readesa critical limit, the quarksgain dynamic massby breaking
the chiral symmetry. This processis referredto as DCSB. How the structure of
the QCD vacuum generatesthis DCSB is one of the mysteries of strong inter-
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action physics. The processof DCSB generates98% of the massof the proton,
neutron, hadron in generaland thus 98% of the massof a human body and and
all other matter is generatedby this remarkable non perturbative phenomenon.

In low energy scattering the in-state comprisestwo well separatedprotons
(nucleons)ead cortaining three constituert quarks which are con ned. During
their approad they are marginally de ected by the long range Coulonb inter-
action r > 10 fm, somemore e ects are guararteed from and exdangefor
relative distancesl < r < 10 fm. For separationdistancesr < 1 fm we expect
ultimately an overlap of the con ned six quark system.

One of the clearestsignalsof the quark gluon degreesf freedomthat onemay
expect is a resonancewhoseproperties are related to those degreesof freedom
[387]. It is customarythat six quark resonance# two baryon reactionsare called
dibaryons. In terms of a bag model, the originally separatedbagsare fusing into
a singleintermediate bag with six quark cortent, forming a dibaryon. Dibaryon
formation, in slov motion, is the topic of medium energy proton-proton, more
generalNN scattering with a long list of questions:

How is the relative kinetic energyof the two nucleonstransformedinto two
nucleonsand one or more mesons?

Do metastabledibaryon systemsexist?
What is the livetime of metastabledibaryons?

How do constituent quarks behave during dibaryon formation and meson
nucleondeca?

What are the volume and surfaceQCD physical quartities?
What geometricchangesare due during dibaryonic fusion and ssion?

Theoretically, all the QCD models,including lattice QCD calculations,predict
that there should be quasistabledibaryon resonanceput in cortrast, experimen-
tally, no quasistabledibaryon has beenobsened, exceptthe moleculardeuteron
state [555]. The existing models are quite successfufor the mesonand baryon
sectors,but not enoughfor hadronicinteractions. Microscopicmodels,sud asdy-
namical quark model, bagmodels, Skyrmemodels,and QCD sumrules, relate the
internal baryon structure to the strong interaction of the con ned constituerts.

According to the quark model, mesonsare composedof a pair of quark and
antiquark, while baryonsare composedof three quarks. Both mesonsand baryons
are color singlets. Most of the experimertally obsened hadrons can be easily
accommalated in the quark model. Any state with quark cortent other than qq
or gqqq is beyond the quark model, which is termed as noncorvertional or exotic.
Howe\er, besidescornvertional mesonsand baryons, QCD itself doesnot exclude
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the existenceof noncorvertional statessud asglueballs(gg; ggg;. . . ), hybrid
mesons(gag), and other multiquark states (qqdd; qqqod; 9oooag; 9qgaqg; =::)-

In the early days of QCD, Ja e proposedthe H particle [333]with the MIT
bag model, which was a six quark state. Unfortunately, it was not found exper-
imentally. For two yearsthere has accunulated someexperimertal evidenceof
possibleexistenceof glueballsand hybrid mesonswith exotic quartum numbers
sud asJP¢ =1 * [314.

In the original bag model eat baryon is a cavity with quarks and gluons.
First, considera six quark systemwith three quarksin one baryon and three in
another baryon. The distribution of quarksin the two baryon system depends
upon the relative separationbetweenthe two baryons. When two bagsapproadt
eath other they can overlap and consequetty form a new bag which contains
six quarks. The shape and size of this bag depends on the con guration of
the six quark state. There are two individual bagsfor the long range part of
the interaction. If only quarks and gluons are consideredthere will not be any
interaction betweenthesetwo bagsand the quarks are con ned in two separate
regions. Soin the absenceof a new medanism the original bag model can not
descrile the long range interaction betweenbaryons. Sud a new medanism is
provided by chiral symmetry, i.e., by requiring the underlying dynamicsto be
chiral symmetric.

For nuclear studies, we needto comnbine the resulting short range quark pic-
ture and the well studied mesonexdangemedanismsto construct a model which
can quartativ ely descrite the NN data. Wang [554 552 and other have dewel-
oped someprogressie model to obtain the full NN interaction from QCD. Cahill
et al. [105] have deweloped EFT which takes spontaneous CSB into accour.
Constituent quarks and Goldstonebosonsappear hereasthe e ective degreesof
freedomfor low energyQCD physics. This model hasbeenapplied both to and

mesoninternal structures and to mesoninteractions, but not yet to NN inter-
actions[532]. Glozman, Riska and Brown [284,477 proposea phenomenological
model, with consistem quarks and Goldstone bosonsas the e ective degreesof
freedomfor describingbaryon spectroscoy anda ; quark coupling model has
beentried for NN interactions [52]]. Modelswith constituert quarks and e ec-
tive one gluon exdiange [54] have beendeweloped for the description of hadron
spectroscopy.

7.2 NN Potentials Using Dirac Constrain t In-

stant Form Dynamics
The formalism of coupledtwo body Dirac equations, within constrairt instant
form dynamics,is usedto study the NN interaction. This particular approad for

two spin 1/2 particles was deweloped by Crater, Van Alstine, Long and Liu [152
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156,388,167, 75. They de ne a Poincare invariant interaction in terms of eigh,
by their symmetriesclassi ed, interactions with the implication that they satisfy
certain compatibility conditions [388]. This approad yields in its nal form
explicitly energy dependent coupled channel potertials for usein partial wave
Sdiredinger like equations[75]. We rederived and followed their expressionaup
to a certain point and deweloped our own numericsto study np and pp scattering
phaseshifts, for 0 < T,y < 3GeV. The comparisonwith recern data makesuse
of GWU/VPI SAID phaseshift solutions SM0O0 and SP03[18].

The NN interaction is descrilked within the paradigm of exchangemedanism
involving ; ;! andother mesonsexdanges401]to make up what we call the
Dirac potential. A comparisonwith most recern experimertal data, GWU/VPI
SP03phaseshifts, requiresthe adjustmert of coupling constaris and a regular-
ization of the short range interaction domainr < 0:15fm. For energiesabove
pion production threshold 280< T,,, < 3000 MeV we added a phenomenolog-
ical complex optical model potertial to the short rangeregionr < 0:5 fm and
aroundr  0:5fm, downgradedthe Dirac potertial, which we treat asa reference
potertial, in the nomenclatureof previousapproades. This addition brings the
theoretical elastic channel S-matrix in perfect agreemen with the experimertal
data S-matrix from GWU/VPI and, more importantly, permits the iderti ca-
tion of the QCD predominart reaction domain along the relative distance of the
nucleons.

The coupledtwo body Dirac equations, combined with the mesonexdange
model, yield as rst newresult the appearanceof a repulsive, practically hard core
potential, independentof partial wave The universalcoreradius hasavaluer. =
0:5 0:025fm. This coreradius emergesndependerily of a nucleonsubstructure.
It dependsonly on massesjn particular of the exdhanged mesons,and the full
relativistic treatment of the NN system. This feature is not presen with equal
distinctnessin any of the current NN best t potentials of np and pp data [523
574, 401. For purposeof comparison,we showv results of the Argonne AV18
potential [574].

The tting processof couplingconstarts usesdata in the submesormproduction
domain, 0 < T_u < 280MeV, of np and pp partial wave phase shifts. For
TLan > 280MeV, singleand doubleintrinsic nucleonexcitations, (3 ;3) and other
low excited hadrons, as well as simple and complex reactive mesonproductions
contribute. This is well known and demandsbeyond NN a more complexcoupled
channels problem to solve. We curtail the problem to NN scattering using an
optical model potertial (OMP) in [256,278 addition to the Dirac NN reference
potertial. Despite of complicatedinelasticities, the rules of angular momerium,
isospinselectionand the complexenergydependencessomeof the partial waves
shaw that the real phaseshifts (T) are well reproduced (extrapolated) by the
Dirac potential alone. Most clearly, this is realizedin the *Sy,2Pq and 3P, channels
and T 5 < 1100MeV [256 279.

In Fig. 7.1 we showv an intuitive and guiding scheme which distinguishes
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interaction domains as function of separation betweenthe two nucleons. This
sthemeis in accordancewith coupledchannels.

NN-in

r> 10 fm Coulomb
l1<r<10fm OPEP

OBEP
0.5<r<1fm i“NﬁNh OBEP

: core

0.5<r<1fm excitations

QCD

dibaryonic fusion

multiple

production

Figure 7.1: NN scattering and reaction schemefor T 5, < 3GeV.

7.3 Dirac Potentials and Partial Wave Phase

Shifts
We usethe corvertion of [388 75 with the Coulomb parameter
| €
(k) = K
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for pp scattering which includesthe timelike Coulonb interaction. This energy
dependert (k) is to be comparedwith standard nonrelativistic Coulonb po-
tentials [574. Magnetic momen e ect are neglected. The model speci cation
for L(x»);J(x»); C(x-») and G(x- ) follows Liu and Crater model | [75] to specify:

scalar
e mr e Magl e Mgl
—_ 2 2 2 .
S= g— (1 25, d, ,
r r r
pseudoscalar
_ gZemr gZEmr gZGmor.
C=(1 )5——++ =
r ! r ! r
and vector
e mr e mir e mr
—_ 2 2 2 .
A=(1 29 + g +g ;

interactions (SeeSection.6.2.1).All Yukawa form factors are regularizedwith a
normalized Gaussian

Z

em’ 3€ " (¢ w2z
. ' Ng(a) dx —~ ¢ with a= 0:14142fm. (7.2)
This models ; ; ; !; and exdanges.Mesonmassesand coupling con-

stants are listed in Table.7.5. In Figs.7.6 - 7.11 are shavn Dirac potertials for
three values, Ty, = [0:1; 1; 2]GeV (red lines). In comparisonare shavn the re-
sults of the popular Argonne AV18 potertial (blue line) [574. The remarkable
feature of the Dirac potertials is their universal repulsive corewith r,  0:5fm.
The only exceptionis the 3P F; channelwherethe ansatzof repulsionturns, sur-
prisingly, to attraction. Sud attractions may occur alsoin other channelswhen
the tting of coupling constart is not properly limited. With the introduction of
the optical model, inparticular with OMP-3, this feature is eliminated in favour
of short range QCD dynamics.

In Figs.7.12- 7.17 are showvn the phaseshifts of SM0OO (green), SP03(blue)
and theoretical results, real Dirac potential solutions (red), real Dirac potentials
with adjusted complex OMP-1 and OMP-2 added are coinciding with the data
of SP03(blue lines).

The Dirac instant form dynamic yields partial wave spin, isospinand energy
( channel)dependert NN potentials VP (r; T) to which we add a local or nonlocal
optical model potential, versionlike OMP-1, OMP-2 and OMP-3 are used,whose
strengthsare tted to data.

Sincelocal/nonlocal potentials imply similar results, we restricted ourselhes
hereto the local optical potertial and referencethe more generaland nonlocal
case[25§.
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7.4 Calculation of the Deuteron W ave Functions

Using Dirac potertial, the resolution of the Sdredinger equationin the T = 0,

J = 1 np channel leadsto the bound state wave function. It is only loosely
bound, having a binding energy Eg much lessthan the averagevalue between
air of nucleonsin all the other stable nuclei. The tensor force requiresthat the

deuteron wave function be a mixture of *S; and 3D, componerts. Successful
NN potertials must have seeral basic characteristics in order to satisfactorily

descrilke the deuteronstatic propertiesand the NN scatteringdata. The deuteron

is a very unigue nucleusin many respects. We discusseceresomecharacteristics
of deuteron.

In momernium space,the deuteronwave function is given by
h [
d ()= oY (R + 20V (R) §;

where X
YV (R) = < J;MjL; m;S;ms > YM (K)jS;ms >;
mg Mg
are the normalized eigenfunctionsof the two nucleonorbital angular momerium
L, spin S, and total angular momerium J with projection M; ¥T denotes
the normalized eigenstatesof the total isospin T with projection M+ of the two
nucleons. The normalization is
yA 1
h Mj Mi= dkk?  2(k)+ 2(k) = 1:
0
The momertum spacewave functions be Fourier transformedinto the con g-
uration spacewave functions u and w by
uc (r) r 241
= S dkk(kn) (k)
0

with ug(r)  u(r), ux(r)  w(r), and j_ the spherical Besselfunctions. The
normalization is Z,
dr u?(r) + w(r) = 1L
0
The asymptotic behavior of the wave functions for large valuesof r are

u(r) Ase ';
3 3
w(r) Ape " 1+ —+ ;
(r) (r)
where As and Ap are known as the asymptotic S- and D -state normalizations,
respectively. In addition, onede nes the D =S-state ratio

Ap=Ag: (72)
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Other deuteron parametersof interest are the quadrupole momen

V4 1 hp . |
Qu= — drr2w(r) = 8u(r) w(r) ; (7.3)
20 ,
the root mean squae or matter radius
1 Z, 1=2
ra= 3 drr? u?(r) + wa(r) : (7.4)
0
andthe S and D -state probability
yA 1 yA 1
Ps = dru?(r); Pp = drw?(r): (7.5)
0 0

The magnetic momert of the deuteron is determined ertirely by the D state
probability Pp

d= s é s é Pp; (7-6)

where s= ,+ isthe isoscalarnucleonmagnetic momert.

Table 7.1: Parametersfor the deuteron properties

Parameter | Bonn-b | Argonne | Nijmegen-Il | Nijmegen-|
d(MeV) | 2.2245 | 2.2258 | 2.2259 2.22589
Pp (%) 4.85 5.759 5.652 5.677
Ap=As 0.0256 | 0.02215 | 0.02232 0.02242
(1/fm) 0.23153| 0.2316 | 0.2316 0.2315
Fuda Front | Fuda Instant | Dirac instant form | Experimert
2.225 2.224 2.2245 2.224575
4.64(5.05) | 4.41(4.99) 5.2621 |
0.0256 0.0257 0.02529 0.0256
0.2317 0.2315 0.2341 -
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Figure 7.2: Deuteron densitiesj °(x)j? and j *(x)j? which dependsupon the
projection of the total deuteronangular momerium M = O (left, therefore one
may regardasthe "static" state of the deuteron)and M = 1 (right, asa spinning
harmonicoscillator state), the sizeand shape of the deuteron. The gure hasbeen
adoptedfrom [261, 242

Deuteron S Wave Deuteron D Wave
w0 e 0 = |
= o e |
= -2 = 2
X 4 X 4
) o
S -6 3 6
— —

-8 8
O 2 4 6 8 10 0O 2 4 6 8 10
k[fm?] k[fm?!]

Figure 7.3: The S-and D-wave deuteronwave functions in the momertum space
calculatedfrom the Dirac potential (red) which in Table. 7.2 listed the numerical
data, Argonne AV18 (blue), Nijmegen-I (cobalt), Nijmegen-Il (yellow), Bonn-B
(dashedmagena), Fuda [252,253](dot-dashedmagena).
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Table 7.2: The valuesof deuteronwave from Dirac potertial.

R (fm) ks(fm 3) kp(fm 3)

0.0 12.19866 -0.01421
0.3 3.61446 -0.20387
0.6 1.11872 -0.21497
0.9 0.41844 -0.17809
1.2 0.16213 -0.13799
15 0.05454 -0.10417
1.8 0.00714 -0.07769
2.1 -0.01313 -0.05754
24 -0.02053 -0.04239
2.7 -0.02176 -0.03108
3.0 -0.02016 -0.02268
3.3 -0.01743 -0.01646
3.6 -0.01444  -0.01187
3.9 -0.01160 -0.00851
4.2 -0.00910 -0.00606
4.5 -0.00699 -0.00428
4.8 -0.00527 -0.00301
5.1 -0.00390 -0.00210
5.4 -0.00283 -0.00146
5.7 -0.00200 -0.00101
6.0 -0.00138 -0.00070
6.3 -0.00092 -0.00049
6.6 -0.00058 -0.00035
6.9 -0.00034 -0.00026
7.2 -0.00018 -0.00020
7.5 -0.00007 -0.00017
7.8 0.00000 -0.00014
8.1 0.00004 -0.00012
8.4 0.00007 -0.00011
8.7 0.00008 -0.00010
9.0 0.00008 -0.00009
9.3 0.00007 -0.00008
9.6 0.00007 -0.00007
9.9 0.00006 -0.00006
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7.5 The Nucleon Nucleon Optical Potential

The notion of an optical model is usefulin casesvhenthe S-matrix is not unitary
and ux disappearsinto openinelastic or reaction channels. The optical model is
often expressedn terms of a complexand energydependen local potertial where
the imaginary part e ectively descrikesthe lossof ux without speci cation of
the inelastic channels. A lesspopular alternative to a complex optical model
potertial is the introduction of pseudo channels. Here we follow the optical
potertial approad [256]with the underlying reaction schemeshown in Fig. 7.4.

The sourceof the BB channel (dibaryon formation), in the NN coredomain,
is mediated by a delta-function or a narrow Gaussianfunction. Intrinsic nucleon
excitations are alsomediated by a narrow Gaussian,alsoin the coredomain. In-
elasticities are either generatedby coupling BB (dibaryon) to asymptotic many
body nal states,composedof two nucleonsand mesons,or decgy of XY, com-
posedof one or two intrinsic nucleon excitations, into asymptotic many body
nal states. Within the inner coreregion,r < r¢; NN and XY wave function
componerts are strongly attenuated either by a real potential which leaves no
room for a remaining CM kinetic energy or a strong absorption.

The optical model, or coupled channel treatment, suggeststrongly a limita-
tion of the mesonexdange medanismto r > r.. The mesonexdange Dirac
potential, which is descriked by the NN Dirac instant form dynamics, should ul-
timately belimitedtor r. 0:5fmin its e ect. This constrairt eliminatesthe
needfor regularization of the short range Dirac potential and boundary condi-
tions are automatically generatedby the localized (r r.) NN $ BB transition
potertials. This proposalis demonstratedin Fig. 7.5. The strengthsand location
of -function interactions establish boundary conditions which are to be deter-
mined by BB and XY models. Herein lies the essetial point of our new model.
Dirac potertials play only the role of a weakly distorting shieldwhich preverts us
from seeingthe naked re nement surfaceof hadronic QCD dynamics-it recalls
the P-matrix formalism. A realization of the full coupledchannelsproblemwhich
replacesa particular optical model by explicitly treated (3 ;3) channels,is in
progress.

Without repeating the speci cation of details, the coupling sdheme has the
structure showvn in Fig. 7.4 Below pion production threshold, T,;o  280MeV,
the NN S-matrix is unitary for all practical purposes.Above this energy excita-
tion of (3,3), mostlikelytwo (3,3) resonancearethe predominart medanism.
It is obviouslypresent in the NN 'D,; 3F; and 3PF, channels. Isospin conser-
vation suppresses couplingto N in the np T = 0 channels. NN scattering,
for energiesbelonv 3 GeV in generalshov, comparedwith nucleon-rnucleusscat-
tering, a weak and smoothly energydependern coupling to inelastic channels. A
perturbative treatment of inelastic and reaction channelswith DWBA methods
is thus certainly justi ed.

A key issuefor all secondaryapplications, of NN scattering, is a high quality
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Hgg + + Vg Dibaryon

+ + + NN elastic

<X

+ Hyvy + Vxy N?N?deC@/:
Figure 7.4: Coupled channelsreaction scheme.

reproduction of the elastic NN scattering channel. Inverse scattering methods
are usefulfor this purpose. Thesemethods usethe experimertal data in form of
partial wave phaseshifts asinput and determinethe optical model poterntial asa
correctionto atheoretically de ned and numerically realizedreferencepotertials.
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Figure 7.5: Dirac potential (red), upper gure regularizednear origine and lower
gure, not regularized near origine, for the np Sy channel, T4, 0.1, 1 and 2
GeV, shawving a long range OPEP tail, an attractive pocket 0:75fm and a core
repulsionwith r, = 0:5 0:025fm (blue). The regularizedand not regularized
potentials shaw, in all channels,only small di erences. Regularization does not
a ect the conclusiondrawn about the core geometrybut helpsto keepnumbers
reasonablenear the origin. Also inserted are Gaussianform factors g(r  ro)
exp( (r ro)?=a) which are usedwith the optical model (blue line curve). In
this gure ro = r. = 0:5fm anda= 0:2fm.
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Table 7.3: The mesonparametersfor Fuda instant form potertial [251, 252,253.

Mesons I
Channel | 138.03| 548.8| 516.77(674.72)| 769 | 782.6| 983.0

| [ 13.83] 2.83 | 6.95(13.01) |0.88] 23.55] 3.10 |

Table 7.4: The mesonparametersfor CD-BONN potertial.

Mesons !
Channel | 138.03| 547.45 400- 768.5| 782.6| 983.0
1S, 13.6 - 3.96451(452) 0.84 | 20
3P, 13.6 - 7.866(560) | 0.84 | 20
3P, 13.6 - 2.346(424) | 0.84 | 20
p, 13.6 - 2.236(400) | 0.84 | 20
3F, 13.6 - 1.53(-) 0.84 | 20

Table 7.5: The mesonparametersfor Dirac potertial.

Mesons !
Channel 138.03| 547.45 280-780 768.5| 782.6
1SotDLtGytlg | 13.84| 3.00 9.95(577.44) - 0.93
3P, 13.84 | 3.00 1.4(500.00) - 20.0
3p, 13.84 | 3.00 2.72(437.00) - 7.93
3F3:3H; 13.84 | 3.00 2.48(500.00) - 6.73
Pt Fst Hs; 13.84 | 3.00 6.52(500.00) - -
3D,:3 G316 13.84 | 3.00 9.7(500.00) - 20.0
PF, 13.84 | 3.00 3.28(500.00) - 3.66
3FG, 13.84 - 1.4(500.00)26.6(780.00) - 14.28
SH Jg 13.84 | 3.00 6.66(550.00) - 14.63
3SD; 13.84 | 3.00 9.6(500.00) - -10.51
DGy 13.84 | 3.00 | 5.25(500.00)0.63(280.00)| -

3Gl 13.84 | 3.00 2.43(383.00) -
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Figure 7.6: Energy dependert Dirac potertials (red) for singletS = 0, T = 1
channelswith T 4 0.1, 1 and 2 GeV. The AV18 channel potential is shovn as
blue line.
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Figure 7.7: Energy dependernt Dirac potertials (red) for singletS = 0, T = 0
channelswith T 4 0.1, 1 and 2 GeV. The AV18 channel potential is shovn as
blue line.
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Figure 7.8: Energy dependen Dirac potentials (red) for triplet S =1, T = 1
uncoupledchannelswith T o, 0.1, 1 and 2 GeV. The AV18 channel potential is
showvn asblue line.
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Figure 7.9: Energy dependen Dirac potentials (red) for triplet S =1, T = 0
uncoupledchannelswith T o, 0.1, 1 and 2 GeV. The AV18 channel potential is
shavn asblue line. A comparisonof theseDirac potentials shavs surprisingly an
attractiv e peak outside the hard coreradius. This featureis not visible in AV18.
Its narrow geometryscaleis 0.2 fm, whencomparedwith the nucleonof 1 fm. We
suggestio assaiate it with a QCD medanismfor which the OMP-3 givesfurther
details, seeSubsec.7.6.2,and Fig. 7.27-7.28,but no completeunderstanding.
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Figure 7.10: Energy dependen Dirac potertials (red) for triplet S= 1, T = 1
coupled channelswith T 5, 0.1, 1 and 2 GeV. The AV18 channel potertial is
shavn asblue line. Thesechannelsshav a large variation in the Dirac potertials.
The pocket around the hard coreradius changesdramatically and in the partial
wave 3F, we get a short range attraction. The t to the *PF, data was notori-
ously di cult and not satisfying when comparedwith the other channel results.
Together with D, and 3F;, the PF, channel shavs the strongestand divers
e ect in the QCD transition surface. This featureis not a questionof adding and
tting heavier mesonsinto OBEP.
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Figure 7.11: Energy dependen Dirac potertials (red) for triplet S= 1, T = 0
coupled channelswith T o, 0.1, 1 and 2 GeV. The AV18 channel potential is

shawvn as blue line.
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Figure 7.12: Singlet channelsS = 0; T = 1, np [0,3]GeV, SMOO; cortinuous so-
lution (green), single energysolutions, open greencircles, with error bars, SP03
corntinuous solution (blue), single energy solutions, full blue circles, with error
bars; real phaseshift data (T) and theoretical results; real Dirac potential so-
lutions, full red line, real Dirac potentials are coinciding with the data of SP03
blue line.
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Figure 7.13: SingletchannelsS = 0; T = 0, np [0,1.2]GeV, SMOO; cortinuous so-
lution (green), single energysolutions, open greencircles, with error bars, SP03
continuous solution (blue), single energy solutions, full blue circles, with error
bars; real phaseshift data (T) and theoretical results; real Dirac potential so-
lutions, full red line, real Dirac potentials are coinciding with the data of SP03
blue line.
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Figure 7.14: Triplet channelsS = 1; T = 1, np [0,3]GeV, SMOO; cortinuous so-
lution (green), single energysolutions, open greencircles, with error bars, SP03
continuous solution (blue), single energy solutions, full blue circles, with error
bars; real phaseshift data (T) and theoretical results; real Dirac potential so-
lutions, full red line, real Dirac potentials are coinciding with the data of SP03
blue line.
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Figure 7.15: Triplet channelsS = 1; T = 1, np [0,1.2]GeV, SMOO; cortinuous so-
lution (green), single energysolutions, open greencircles, with error bars, SP03
cortinuous solution (blue), single energy solutions, full blue circles, with error
bars; real phaseshift data (T) and theoretical results; real Dirac potertial so-
lutions, full red line, real Dirac potertials are coinciding with the data of SP03
blue line.
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Figure 7.16: CoupledchannelsS = 1; T = 1, np [0,3]GeV, SMOO; cortin uous so-
lution (green), single energysolutions, open greencircles, with error bars, SP03
continuous solution (blue), single energy solutions, full blue circles, with error
bars; real phaseshift data (T) and theoretical results; real Dirac potential so-
lutions, full red line, real Dirac potentials are coinciding with the data of SP03
blue line.
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Figure 7.17: Coupled channelsS = 1; T = 1, np [0,1.2]GeV, SMOO; cortinu-
ous solution (green), single energysolutions, open greencircles, with error bars,
SPO03 continuous solution (blue), single energy solutions, full blue circles, with
error bars; real phaseshift data (T) and theoretical results; real Dirac potential
solutions, full red line, real Dirac potertials are coinciding with the data of SP03
blue line.
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Figure 7.18: Available absorptionphaseshifts (T). Dirac potertials generateno
absorptionand OMP-1, OMP-2 and OMP-3 parametersare adjustedto reproduce
the cortinuousenergysolutionsof (T). SMOO,cortinuoussolution (green)single
energysolutions(opengreencircleswith error bars) and SP03cortinuoussolution
(blue) single energysolutions (full blue circleswith error bars).
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Figure 7.19: Cortinuation of Fig. 7.18.
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Figure 7.20: Cortinuation of Fig. 7.18.
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7.5.1 1Sy %Py and 3P; Channels

NN phaseshift data, seeFigs.7.12-7.17and absorption 7.18, shav in almost all
channelsand for T 5, > 280MeV a complicated energy dependenceand devia-
tions from the Dirac potertial predictions. Exceptional casesarethe Sy; 3Py and
3P, channels,shavn in Figs.7.12,7.14. They show a practical perfect reproduction

by the Dirac potertial alone. Howeer, the absorption
pata 8 0; whereas piac=0 for 280< T, < 1100MeV. (7.8)

This demandsan optical potential V., ., + iW,, . that leaves the real phase
shifts (k) unchangedbut generatesan absorption (T) > 0 for 280< T g <
1100MeV. As optical model interaction, we usedOMP-1, OMP2 and OMP-3/or
a narrow normalized Gaussian,seeFig. 7.5,

Wo N (ro;ao) exp( (r ro)?=gj);

Wir = W (r ro);

(7.9)

with V,,, = 0. The following conclusionsaredrawn: The phaseshifts (T); (T)
for 280 < T4 < 1100MeV imply an optical potential at the surface of the
repulsive core for 1Sy; 3Py and 3P, partial waves. Intermediate dibaryons are
practically not formed, the BB channelis realizedby a dibaryon fusion/scission
picture as showvn in Fig.7.21. The BB dibaryon quark dynamic is reducedto
energy dependent complex boundary conditions at the core radius permitting
mesonproduction. The mesonexcthangemedanism Fig. 7.22is not valid inside
the coreradius. Caveat, at this stageof our work, we integrated from the origin
through the core region realizing a small real wave function at the core radius
[280]. In Fig.7.23,7.25are shovn the np OMP-1 strengths values. The crucial
certer of baryon NN and BB transition radiusis ro = 0:5 0:025fm. At higher
energiesT o, > 1:1GeV, the transition surfacebecomesmore and more faded,
washedout and translucent whenthe energyof dibaryon statesmatchesthe total
energyof the NN system. Intermediate short lived dibaryonsJ§; = 0°; 0 ; 1!
are formed, seeFig. 7.21.

We estimate, from the phasebehavior in thesethree channels,the total energy
(lowest mass) of a dibaryon systemmgg = 2400 150MeV and a width >
150MeV.

Coupling to dibaryons is realizedfor T, 5, > 1100MeV and the fusion/scission
picture may changegradually into a fusion/ ssion picture asshawvn in Fig. 7.21.
The hadronic pair excitation, howewer, is likely to dominate the dynamicsasalso
for higher energiesFig. 6.1.
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Figure 7.21: Left, causedby the Pauli exclusionprinciple for a six quark dibaryon
and T ap.n v < 1100MeV suggestsa futile ringing of the nucleonsand a suppres-
sion of dibaryon formation. One or half nucleonsmay experiencea transition,

N 7! (3 ;3) XY hadrons. It givesthe impressionof a fusion/scissionmeda-
nism. Right, the formation of dibaryons, at su cient high energy is governed
by medium to longer rangedquark gluon ux tubeswith fusioninto a six quark
hadron sizeddibaryon with sequetial decg. This inspiresa fusion/ ssion med-

anism.
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7.6 First Geometrical Interpretation

Oneimportant aspect of using e ective NN interactions is related to regulariza-
tion at short distances. It is known that the mesontheory breaksdown at short
range,(r 0:5) fm, dueto the intrinsic structure of the nucleons[394. For that
reason,in most mesonmodels,the onebosonexctangepotertials are usually reg-
ularized to remove the singularities at the origin by introducing a form factor in
a phenomenologicalway. Usually monopole, dipole, exponertial, Woods-Saxon
or other form factors [524 574 have beenusedaccouning for the nite size of
the nucleonsand pions. It has beenestablished[523] that the most important
feature is the principal range of the form factors, while their detailed analytical
structure doesnot have a large impact on NN processesnd the overall results
are insensitive to the details of how the form factors have beenchosen. The ef-
fective NN interactionsin the medium, which are usually parameterizedin terms
of mesonexchangeype propagatorsof Yukawa shape, are clearly missingmeson
nucleon vertex form factors. In folding calculationsfor optical model and tran-
sition potertials, an averaging over the intrinsic momerium distribution of the
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Figure 7.22: Mesonexdangemedanism.

target nucleusis carried out. In these conditions the use of on-shel mesonex-
changepropagatorsmight leadto spuriouse ects sincecortributions from large
o -shell momerta can be overestimated. Sud uncertainties are avoided by intro-
ducing nucleonicform factors depending on the o -shellnessof the nucleonand
suppressinglarge o -shell energiesand momena [304. Thus one may exclude
cortributions from small distanceswherethe composite structure of mesonsand
nucleonswould becomevisible. As phenomenologicalapproat we choosethe
folding model, seeEq. (6.57).

In the previoussection,we found a universal repulsive coreradius with r
0:5 fm for all channels. It meansthat the mesonexdangemedanism generates
potential energieswhich are small in comparisonwith nucleonmasses.Howe\er,
the repulsive corereadeswithin a fraction of the nucleonradius seweral GeV and
more. Sud coreformation implies hard momerium medanismwhich cannot be
taken from the nucleonas a whole but rather from its constituens.

This implies that the mesonexdange medanism should be limited to r >
ro where OBEP e ects remain small when comparedwith the nucleon massor
Kinetic energiesT o, > 300MeV. The repulsive core, hasfor T 5, < 300MeV, no
other e ect but to reducethe relative wave function to extremely small values.
This hasno sizeablee ect for low energynuclear phenomenaand high precision
NN potertials [278] which give excellen ts to phaseshifts data. Use of sud
potertials in few and many body nuclear physics produced no essetial worries.
This view has changedwith NN models[433,52Q 401].

In this sectionwe are studying the geometricalpicture of NN scatteringaround
the region 0.5 fm and the strengths and local OMP-3 in which the particle
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absorption processeare the relevant medanismswhere ultimately QCD e ects
dominate.

Our calculationis a solution of the energydependert full relativistic equations
in coordinate space.

7.6.1 Numerical Results of OMP-1 and OMP-2

In Sec. 6.3, we discussedhree di erent OMP models, which can give us perfect
ts to the experimertal phaseshift data. The results of OMP-1 and OMP-2
models are plotted in Figs. (7.23-7.26)with T 5, > 300 MeV and three values
of the cut-o radius Ro. The OMP-1 and OMP-2 models are very simple ap-
proachesto introducethe optical model. Its real part is proportional to the short
rangeDirac potertial, thusVy cortrols only the strength of the short rangeDirac
potentials. What part of radial rangeactsasshort rangeis cortrolled by Rq. The
imaginary OMP is a normalized Gaussian. It can be radially shifted by Rg, the
width cortrol parameteris a. The T = 0 P, channel data are limited within
0< TLap < 1:1 GeV, the rest curvesare madeby SAID. The potential strengths
Vo; Wy vary smaoothly and suggestthe couplingto (3 ;3) to be resonancdike
for TLap < 1 GeV. OMP-1 is highly qualitative and should not be usedto draw
seriousconclusion.
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Figure 7.23: The numerical resultsfrom OMP-1. Real optical potential strengths
Vo (left) in V,,,, = VoVoirac(1+ exp((r Ro)=a)) ~?=m for dierent Woods-
Saxonradii Ry = 0:5;0:6; 1 fm and diusenessa = 0:02. Imaginary potential
strengths Wy (right) W,_,,, = WoNgexp( (r Rp)?=a?); a= 0:2 of normalized
Gaussiantype.
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Figure 7.24: Continuation of Fig. 7.23
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7.6.2 Numerical Results of OMP-3

This model conbinesthe long rangepart of the Dirac potertial, OBEP forr > 0:5
fm, and the QCD relevant regionr 0.5 fm which we descrike with the OMP-3
of Subsec. 6.3.1. It is, no doubt, a phenomenologicaimodel. Its merits are a
consisten picture, expressedin terms of energy dependen V, and W,, for all
partial wavesof pp and np scattering. The Dirac potertial is cut-o within 0.514
fm. This choiceeliminatesall suddenattractions of the Dirac potertial forr  0:5
fm. The short range scalarand vector potertial was xed with Eq. 6.72g. The
real Gaussianpotential may be repulsive, Vy > 0, aswell as attractive, Vo < 0,
and the imaginary Gaussianstrengths are absorptive, Wy < 0.

Figs. 7.27 and 7.28 shawv the channel and energy dependenceof V, and Wy
for isospin T = 1, essehally pp data. In the low energyregion, T an < 300
MeV, we obsene often an attractive pocket with Vy < 0. Low partial waves
shaw a signi cantly stronger repulsion as high partial waves. We interpret it as
a consequencdor needof angular momernium transfer to the six quark modes.
Lack of NN orbital angular momerium yields repulsion. The obviously favored
1D, channelrespondswith attraction in the QCD domain.

The absorption Wy shows only a dramatic di erence in the D, channel.
Howewer, SM0O0 and SP03 shav unexpected large changesFigs. 7.12 and 7.18.
This suggest,another solution may bring Wy(!D,) again down. np channels,
T = 0, shovn in Figs. 7.29-7.32allow a similar interpretation, as given for
T = 1, but lack of absorption data classi esthem as preliminary.

An animation of the OMP-3 resultsis shovn in Figs. 7.33-7.50.The parame-
ters are listed in Table. 7.6. The tted potential strengthsfor GWU/VPI SAID
SPO3are listed in Tables. 7.7-7.12.

Table 7.6: The parametersfor OMP-3, obtained from Eq. (6.71).

Potertials | Potertial strength [MeV] | Radius[fm] | Di useness[fm]
Ve Eq. (5.257) (Figs. 7.6-7.11) 0.514 0.02
Vscalar -480 0.514 0.02
WVyector 600 0.514 0.02
Vomp Figs.7.27,7.29 0.514 0.01
Wowm p Figs.7.28,7.30 0.514 0.01
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Figure 7.27: The real potertial strengths OMP-3 V(T ap) Of the Gaussianfor
isospinT = 1 singlet and triplet channels
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Figure 7.28: The imaginary potertials strengthsOMP-3 W(T_4,) of the Gaussian
for isospinT = 1 singlet and triplet channels.
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Figure 7.29: The real potertial strengths OMP-3 V(T 4p) Of the Gaussianfor
isospinT = 0 singlet and triplet channels.
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Figure 7.30: The imaginary potentials strengthsOMP-3 W(T_a,) 0of the Gaussian

for isospinT = 0 singletchannels,the experimertal data do not existert for other
channels.
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Figure 7.31: The real (upper) and imagine (below) potertial strengths OMP-3
Vo(TLap) Of the Gaussianfor isospin T = 1 coupledchannels.
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T = 1. (Continuation of Fig. 7.33).
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Figure 7.35: Three dimensionalrepresemation of the potertial strengthsfor 1G,,
T = 1. (Continuation of Fig. 7.33).
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Figure 7.36: Three dimensionalrepresetation of the potertial strengthsfor 3Py,
T = 1. (Continuation of Fig. 7.33).
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Figure 7.37: Three dimensionalrepresetation of the potertial strengthsfor 3Py,
T = 1. (Continuation of Fig. 7.33).
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Figure 7.38: Three dimensionalrepresetation of the potertial strengthsfor chan-
nel 3f 3p, T = 1: (Continuation of Fig. 7.33).
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Figure 7.39: Three dimensionalrepresemation of the potential strengthsfor 3Hs,
T = 1. (Continuation of Fig. 7.33).
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Figure 7.40: Three dimensionalrepresetation of the potertial strengthsfor 1P,
T = 0: (Continuation of Fig. 7.33.
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Figure 7.41: Three dimensionalrepresetation of the potential strengthsfor 1Fj,

T = 0: (Continuation of Fig. 7.33).
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Figure 7.42: Three dimensionalrepresemation of the potential strengthsfor Hs,
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Figure 7.43: Three dimensionalrepresemation of the potential strengthsfor D,
T = 0: (Continuation of Fig. 7.33.
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Figure 7.44: Three dimensionalrepresetation of the potential strengthsfor 3G,,
T = 0: (Continuation of Fig. 7.33.
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Figure 7.45: Three dimensionalrepresetation of the potential strengthsfor 3S,,
T = 0: (Continuation of Fig. 7.33).
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Figure 7.46: Three dimensionalrepresemation of the potertial strengthsfor 3D,
T = 0: (Continuation of Fig. 7.33).
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T = 0: (Continuation of Fig. 7.33).

231



7.6.

Figure 7.48: Three dimensionalrepresetation of the potertial strengthsfor 3P,,
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a. Dirac referencepotential b. Saxon-Wood potential
c. Dirac+Saxon.W (a.+b.) d. OMP real potential
e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.49: Three dimensionalrepresetation of the potential strengthsfor 3F,,
T = 1: (Continuation of Fig. 7.33).

233



7.6. FIRST GEOMETRICAL INTERPRET ATION

a. Dirac referencepotential b. Saxon-Wood potential
c. Dirac+Saxon.W (a.+b.) d. OMP real potential
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Figure 7.50: Three dimensionalrepresetation of the potential strengthsfor »,
T = 1: (Continuation of Fig. 7.33).
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Table 7.7: Values of the OMP3 potertials strengths for the single channels
1S0; 1D2; 1G4 (T = 1) GWU/VPI SAID. The valuescalculatedin the Eq. (6.71).

lSO lD2 lG4

TLan(MeV) Vo Wo Vo Wo Vo Wo

200.0 -259.140 -0.290 -317.055 28.082 -4.369 -0.729
300.0 127.180 -0.463 -404.961 12.056 -46.016 0.399
400.0 476.603 -1.902 -431.259 -69.757 -86.119 0.655
500.0 789.076 -6.584 -412.549 -182.512 -122.769 -3.230
600.0 1065.215 -15.737 -363.114 -289.911 -154.600 -13.008
700.0 1306.225 -29.543 -295.055 -370.895 -180.736 -28.556
800.0 1513.827 -47.304 -218.423 -421.749 -200.741 -48.412
900.0 1690.179 -67.803 -141.352 -451.167 -214.566 -70.589
1000.0 1837.801 -89.677 -70.194 -473.266 -222.503 -93.313
1100.0 1959.499 -111.712 -9.650 -501.437 -225.129 -115.507
1200.0 2058.286 -133.023 37.092 -544.453 -223.258 -136.966
1300.0 2137.312 -153.105 68.231 -605.102 -217.891 -158.261
1400.0 2199.779 -171.792 83.212 -680.954 -210.162 -180.455
1500.0 2248.873 -189.152 82.598 -766.464 -201.288 -204.740
1600.0 2287.681 -205.371 67.932 -855.505 -192.523 -232.087
1700.0 2319.118 -220.635 41.608 -943.524 -185.100 -262.998
1800.0 2345.853 -235.070 6.735 -1028.744 -180.184 -297.391
1900.0 2370.228 -248.715 -32.994 -1112.155 -178.822 -334.631
2000.0 2394.182 -261.550 -73.441 -1196.403 -181.888 -373.680
2100.0 2419.180 -273.550 -110.149 -1283.983 -190.040 -413.279
2200.0 2446.131 -284.740 -138.480 -1375.396 -203.658 -452.127
2300.0 2475.314 -295.228 -153.749 -1467.978 -222.805 -488.935
2400.0 2506.301 -305.187 -151.352 -1555.986 -247.166 -522.361
2500.0 2537.883 -314.777 -126.906 -1632.124 -276.005 -550.819
2600.0 2567.989 -324.046 -76.379 -1689.926 -308.110 -572.307
2700.0 2593.616 -332.846 3.775 -1725.326 -341.741 -584.537
2800.0 2610.746 -340.930 116.487 -1734.120 -374.585 -585.842
2900.0 2614.275 -348.411 263.933 -1699.975 -403.697 -577.623
3000.0 2597.935 -356.920 447.405 -1564.955 -425.459 -569.398
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Table 7.8: Values of the OMP3 potertials strengths for the triplet channels
3Pg; °Py; 3F3 (T = 1) GWU/VPI SAID. The valuescalculatedin the Eq. (6.71).

3p0 3Pl 3F3

TLan(MeV) Vo Wo Vo Wo Vo Wo

200.0 -81.883 -0.961 407.409 1413 -120.689 12.218
300.0 162.446 3.971 679.522 1.759 -127.031 39.568
400.0 415.644 0.445 911.738 -0.523 -90.805 7.054
500.0 666.280 -20.046 1108.429 -3.735 -27.079 -84.406
600.0 905.344 -58.284 1273.705 -7.740 51.693 -209.847
700.0 1126.028 -108.415 1411.413 -14.284 135.477 -338.178
800.0 1323.515 -161.227 1525.135 -25.980 216.471 -443.642
900.0 1494.759 -207.597 1618.192 -44.990 288.919 -511.510
1000.0 1638.274 -241.052 1693.639 -72.032 348.919 -539.186
1100.0 1753.921 -258.996 1754.268 -105.970 394.237 -534.068
1200.0 1842.687 -262.651 1802.609 -144.030 424.114 -509.588
1300.0 1906.475 -256.019 1840.926 -182.502 439.084 -480.721
1400.0 1947.889 -244.334 1871.219 -217.700 440.778 -460.007
1500.0 1970.017 -232.467 1895.226 -246.938 431.739 -454.854
1600.0 1976.218 -223.703 1914.419 -269.262 415.235 -466.513
1700.0 1969.908 -219.144 1930.006 -285.773 395.065 -490.740
1800.0 1954.343 -217.837 1942.931 -299.418 375.373 -519.852
1900.0 1932.405 -217.542 1953.874 -314.259 360.462 -545.576
2000.0 1906.388 -215.871 1963.249 -334.311 354.600 -561.895
2100.0 1877.782 -211.451 1971.206 -362.165 361.834 -567.071
2200.0 1847.061 -204.655 1977.631 -397.665 385.802 -564.087
2300.0 1813.465 -197.575 1982.144 -437.005 429.542 -559.087
2400.0 1774.785 -193.031 1984.100 -472.611 495.304 -557.897
2500.0 1727.152 -192.779 1982.591 -494.152 584.362 -561.546
2600.0 1664.819 -195.601 1976.441 -490.959 696.826 -562.785
2700.0 1579.949 -196.696 1964.210 -455.963 831.449 -547.059
2800.0 1462.395 -190.733 1944.192 -391.034 985.444 -503.195
2900.0 1299.492 -182.210 1914.418 -313.315 1154.289 -451.311
3000.0 1075.837 -208.261 1872.649 -261.670 1331.546 -498.079
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Table 7.9: Values of the OMP3 potertials strengths for the coupled channels
3P,; °F,; 3P F, (T = 1) GWU/VPI SAID. The valuescalculatedin the Eq. (6.71).

=5 3F, PF,

TLan(MeV) Vo Wo Vo Wo Vo Wo

200.0 -154.526 -0.686 -782.756 0.104 -13.008 0.00
300.0 -123.450 1.010 -733.547 -0.095 -9.359 0.00
400.0 -102.523 0.998 -691.454 -0.097 -5.170 0.00
500.0 -88.884 -1.947 -655.228 -0.095 -0.991 0.00
600.0 -80.170 -7.612 -623.965 -0.362 2.744 0.00
700.0 -74.473 -15.277 -597.061 -1.007 5.719 0.00
800.0 -70.304 -24.138 -574.170 -1.964 7.714 0.00
900.0 -66.553 -33.449 -555.160 -3.078 8.613 0.00
1000.0 -62.445 -42.539 -540.072 -4.208 8.382 0.00
1100.0 -57.509 -50.803 -529.075 -5.290 7.071 0.00
1200.0 -51.528 -57.707 -522.425 -6.361 4.805 0.00
1300.0 -44 510 -62.822 -520.422 -7.531 1.770 0.00
1400.0 -36.639 -65.875 -523.367 -8.930 -1.785 0.00
1500.0 -28.243 -66.798 -531.518 -10.641 -5.567 0.00
1600.0 -19.751 -65.758 -545.051 -12.652 -9.235 0.00
1700.0 -11.652 -63.147 -564.011 -14.829 -12.416 0.00
1800.0 -4.460 -59.533 -588.275 -16.927 -14.710 0.00
1900.0 1.330 -55.566 -617.508 -18.630 -15.695 0.00
2000.0 5.280 -51.860 -651.117 -19.627 -14.940 0.00
2100.0 7.047 -48.880 -688.211 -19.688 -12.009 0.00
2200.0 6.425 -46.865 -727.558 -18.729 -6.471 0.00
2300.0 3.382 -45.804 -767.544 -16.853 2.096 0.00
2400.0 -1.899 -45.524 -806.125 -14.322 14.095 0.00
2500.0 -8.981 -45.854 -840.788 -11.485 29.900 0.00
2600.0 -17.132 -46.881 -868.510 -8.658 49.852 0.00
2700.0 -25.287 -49.203 -885.710 -5.988 74.250 0.00
2800.0 -32.010 -54.079 -888.210 -3.406 103.343 0.00
2900.0 -35.449 -63.252 -871.193 -0.774 137.323 0.00
3000.0 -33.303 -78.161 -829.155 1.563 176.316 0.00
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Table 7.10: Values of the OMP3 potertials strengths for the single channels
1Py; 1F3; Hs (T = 0) GWU/VPI SAID. The valuescalculatedin the Eq. (6.71).

1P1 1F3 lH4
Tiap(MeV) Vo Wo Vo Wo Vo Wo
200.0 460.453 0.156 -94.307 0.00 -284.79450 0.00
250.0 562.608 0.186 -69.417 0.00 -276.60664 0.00
300.0 649.552 -0.011 -45.964 0.00 -271.17457 0.00
350.0 726.158 -0.316 -23.057 0.00 -266.22250 0.00
400.0 796.110 -0.739 -0.064 0.00 -260.22159 0.00
450.0 862.039 -1.683 23.426 0.00 -252.28500 0.00
500.0 925.658 -4.103 47.635 0.00 -242.06290 0.00
550.0 087.892 -9.492 72.620 0.00 -229.63751 0.00
600.0 1049.021 -19.733 98.314 0.00 -215.41817 0.00
650.0 1108.809 -36.844 124.550 0.00 -200.03633 0.00
700.0 1166.638 -62.696 151.098 0.00 -184.24061 0.00
750.0 1221.650 -98.762 177.693 0.00 -168.79184 0.00
800.0 1272.873 -145.988 204.066 0.00 -154.35808 0.00
850.0 1319.363 -204.811 229.980 0.00 -141.40968 0.00
900.0 1360.334 -275.351 255.257 0.00 -130.11427 0.00
950.0 1395.296 -357.748 279.810 0.00 -120.23185 0.00
1000.0 1424.187 -452.544 303.677 0.00 -111.00980 0.00
1050.0 1447.512 -560.973 327.052 0.00 -101.07790 0.00
1100.0 1466.474 -684.896 350.312 0.00 -88.34341 0.00
1150.0 1483.109 -826.073 374.056 0.00 -69.88606 0.00
1200.0 1500.425 -984.323 399.130 0.00 -41.85311 0.00
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Table 7.11: Values of the OMP3 potertials strengths for the triplet channels
3D,; 3Gy; 3lg; (T = 0) GWU/VPI SAID. The valuescalculatedin the Eq. (6.71).

D, 3G, 36
TLan(MeV) Vo Wo Vo Wo Vo Wo
200.0 -766.39 0.00 -125.440 0.00 -211.320 0.00
250.0 -843.96 0.00 -185.387 0.00 -231.363 0.00
300.0 -878.06 0.00 -238.122 0.00 -249.697 0.00
350.0 -879.69 0.00 -283.196 0.00 -266.503 0.00
400.0 -857.93 0.00 -320.605 0.00 -281.899 0.00
450.0 -820.14 0.00 -350.717 0.00 -295.940 0.00
500.0 -772.13 0.00 -374.205 0.00 -308.641 0.00
550.0 -718.34 0.00 -391.972 0.00 -319.978 0.00
600.0 -662.00 0.00 -405.083 0.00 -329.904 0.00
650.0 -605.33 0.00 -414.693 0.00 -338.360 0.00
700.0 -549.65 0.00 -421.977 0.00 -345.283 0.00
750.0 -495.64 0.00 -428.055 0.00 -350.622 0.00
800.0 -443.43 0.00 -433.929 0.00 -354.342 0.00
850.0 -392.82 0.00 -440.404 0.00 -356.441 0.00
900.0 -343.46 0.00 -448.022 0.00 -356.958 0.00
950.0 -294.99 0.00 -456.990 0.00 -355.986 0.00
1000.0 -247.21 0.00 -467.107 0.00 -353.680 0.00
1050.0 -200.31 0.00 -477.697 0.00 -350.271 0.00
1100.0 -154.96 0.00 -487.535 0.00 -346.073 0.00
1150.0 -112.56 0.00 -494.777 0.00 -341.500 0.00
1200.0 -75.35 0.00 -496.889 0.00 -337.071 0.00
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Table 7.12: Values of the OMP3 potentials strengths for the coupled channels
3S,;3D4; 3SD; (T = 0) GWU/VPI SAID. The values calculated in the Eq.
(6.71).

3S, 3D, 3SD,

TLan(MeV) Vo Wo Vo Wo Vo Wy

200.0 -105.367 0.00 -556.062 -0.309 11.140 0.00
250.0 -93.988 0.00 -537.185 -0.385 14.701 0.00
300.0 -84.402 0.00 -520.524 0.098 18.824 0.00
350.0 -76.296 0.00 -505.798 0.475 23.584 0.00
400.0 -69.366 0.00 -493.000 0.283 28.969 0.00
450.0 -63.321 0.00 -482.318 -0.353 34.895 0.00
500.0 -57.890 0.00 -474.060 -0.966 41.218 0.00
550.0 -52.831 0.00 -468.570 -1.269 47.754 0.00
600.0 -47.935 0.00 -466.154 -1.573 54.289 0.00
650.0 -43.038 0.00 -467.000 -2.805 60.596 0.00
700.0 -38.022 0.00 -471.101 -6.128 66.451 0.00
750.0 -32.826 0.00 -478.175 -12.416 71.645 0.00
800.0 -27.452 0.00 -487.586 -22.018 76.000 0.00
850.0 -21.971 0.00 -498.270 -35.180 79.384 0.00
900.0 -16.533 0.00 -508.650 -53.112 81.727 0.00
950.0 -11.370 0.00 -516.565 -78.864 83.034 0.00
1000.0 -6.807 0.00 -519.184 -115.822 83.399 0.00
1050.0 -3.264 0.00 -512.935 -159.546 83.023 0.00
1100.0 -1.270 0.00 -493.422 -175.928 82.226 0.00
1150.0 -1.464 0.00 -455.345 -54.868 81.464 0.00
1200.0 -4.603 0.00 -392.430 475.971 81.341 0.00
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Conclusions

Medium energy NN scattering, as is acceptedfor low energynuclear physicsin
general, is determined from proton, nucleon and mesondegreesof freedomin
the long range soft interaction sector, the quark gluon degreesof freedomgov-
ern the short distance hard processes.The iderti cation and parameterization,
of the conbined long and short range NN domains, is the topic of this thesis.
The formalism for two coupled Dirac equations, within constrairt instant form
dynamics,is usedto study the NN interaction. Explicitly energydepender cou-
pled channel potentials, for usein partial wave Streodinger like equations, with
nonlinear and complicatedderivative terms, result. The interactions are inspired
by mesonexdangeof ; ; ; ! and mesonsfor which we adjust coupling con-
stants. This yields, in the rst instant, high quality ts to the Arndt phaseshifts
0 to 300 MeV. Second,the potertials shav a universal, independert from an-
gular momertum, core potertial which is generatedwith the relativistic meson
exdangedynamics. Extrapolations towards higher energies,up to T, 5 equal 3
GeV, allow to separatea QCD dominated short range zoneas well as inelastic
nucleonexcitation medanism cortributing to mesonproduction. A local optical
model, in addition to the mesonextange Dirac potential, producesagreemen
betweentheoretical and phaseshifts data. The optical model potertials re ect a
short lived complexmulti hadronic intermediate structure formation, r ~ 0:5 fm,
of which the optical model parametersgive a consistem picture. For future work,
the here presened phenomenologicabhccessencouragesa more microscopicand
detailed use of QCD.
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App endix A

Tools, De nitions and
Conventions

A.1 Ma jorana Representation

The four matrices have real elemens and satisfy

+ =29 ; (A.1)
with goo = 1
The sixteenbasicmatrices ; (i = 1;2;:::16)arel, s= ¢ 1 23 5 ;
( < ):Theyareallrealand 2= 1; I = 5; whereT denotesthe ordinary

transposedof a matrix. [566]
For any four by four matrix  de ne the adjoint

= o Ty (A.2)

then, for any two hermitian anticommuting spinors ; and ,;

1 2= 27 1 = O (A.3)
Now ~ = forl, 5 5 ;whie~= i for (< ): The 16 matrices
i have squaresequalto 1: Forany ;dene 'sothat ; '= +1: The following
rearrangemen formula is then valid
1X :
(1)2221r (102 ' (A.4)

where i1; , and are any three spinors. The minus sign comesfrom the anti-
commnutation property of the spinors.
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A.2. THE FIERZ TRANSFORMATION

A.2 The Fierz Transformation

Fierz transformation [23§ is a namegivento the expressionof a certain product
of nondiagonalmatrix elemets of Dirac -matrices asan expansioninto products
of diagonal matrix elemens, sud as

6
(a ib(b ja) = (@ ka)(b (b: (A.5)

k;l=1

Here ; standsfor oneof the 16 Dirac matricesfl; 5; ; 5 ; @ constituting
a linearly independen basisin the spaceof complex4 4 matrices. The matrix
elemens denoteproducts in Dirac-index spaceonly, i. e.,

(@i = a(r;t) i o(r;t): (A.6)

The Fierz transformation is useful for expressingexcdange matrix elemens in
terms of densities, currents, and other diagonal ones,which greatly easesheir
usein, for example,relativistic mean- eld theories.

In the context of nonlinear self-couplingof meson elds, higher-orderversions
of the Fierz transformation have becomeof interest. If we expressthe order as
the number of -matrices involved, the above Eq. (A.5) is of secondorder, and
third

6
(@ ib(b jo(c va) = Gmn (@ 1@)(b mb(c n0); (A7)
I)m;n=1
and fourth order:
.6
(@ B jo(c «d)(d 18)= Gonpa(@ ma)(b nB)(C pO(d qO):
m;n;p;q =1

(A.8)
In many applications, the wave function indiceswill all be summedover, sothat
it is su cient to dealwith an expressionsymmetrizedover the indices. Thus, on
the left-hand side of Eq. (A.5) in the second-ordercasewe can write
X 1 X
@ ib;a=7 (aibb;a+baa ;b ; (A.9)

ab ab

and the right-hand side of Eq. (A.5) will be symmetrized exactly in the same
way.

Using the notation (..., to referto the sum over all permutations of the
symbols a;b;c:::, we can reformulate the Fierz transformation problem for the
symmetrizedmatrix elemen as

X X X
(@ ib(b ja) = ci(@ «xa)b 1b; (A.10)
fabg fabg Kl
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wherethe factor % has beendropped on both sides.

It isimportant to realizethat becauseof the product structure, the right-hand
side is symmetric under an exdhangeof the  matricesaswell. It is thus useful
to introducea notation for symmetrizedterms,

X
K = (a xa)(b bh=(a va)b b+ (a a)b b; (A.11)
fabg

which can easily be generalizedto higher order, for example,in third order the
symmetrizedproblem becomes

X
(ai b(bj c)(cka) = Cmn I m (A.12)
fabay I m n
with X
m n = (a 1a)(b nb(c ,o); (A.13)
f abog

where symmetrization could equivalertly be carried out in the indices |;m;n
instead of a;b;c. Termsof fourth and higher ordersare de ned analogously

The second-ordefFierz transformation asde ned in Eg. (A.5) canbe viewed
as a system of equations obtained by comparing coe cients in the 4* = 16
dimensionalspacespannedby the spinors ., , a, and . The coe cients are
given by the componerts of the -matrices and thus canbe expressediscomplex
integers. The unknowns ¢, are 16 16 in number, sothat we have exactly the
right number of equations,and sincethe -matrices form a basisfor the 4 4
complex matrices, the decompsition (A.5) is always possible.

The solution of this systemof linear equationscan be carried out using the
standard Gauss elimination algorithm, provided that the coe cients are not
treated in oating point arithmetic, but asexact complexfractions.

For third-order Fierz transformations the dimension of the system of equa-
tions is 16° and it is 16* for fourth order, that is, the complexity in going from
secondorder to fourth orderis in the ratio 1:16:256.For the latter casepractical
solution would require substartial computing resourcesput fortunately in cases
of practical interest the number of terms in the expansioncan be reducedsub-
stantially by symmetry and invariancerequiremerts. In the symmetrizedcaseof
the preceedingsection, for example,the dimensionin fourth order is reducedby
the number of permutations 4!.

The expansioninto products of the diagonalmatrix elemetts of the -matrices
is always possible, but usually is not the most useful expressionof the Fierz
transformation. To seethis, let us look at an important special case: that of
identit y matrices on the left-hand side. The decompsition problem thusis

X
(ab(ba) =  gk(a ja)b «b); (A.14)
jk
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or, in symmetrizedform,
X X
(ab(ba) = ¢k « (A.15)
f abg ik

Since the left-hand side is a Dirac scalar, this meansthat the right-hand
side also can cortain only scalar combinations of -matrices. The only scalar
conbinations built out of products of two -matrices arel 1, 5 5, ,

5 5 ,and , assumingthe familiar index summation cornvertion.
The Fierz transformation problemin this casethus can be restated as (note that
here becauseof the complete symmetry of all terms, the symmetrization can be
omitted):

(ab(ba) = cy(aa)(bb)+ c(a sa)(b s+ cs(a a)b b (A.16)
t@as abs bD+c(a ab b

Note that symmetrization works slightly di erently in this case: the scalar
products sometimesmake certain index combinations appear repeatedly in the
expansion,but it is still sucient to include only oneordering of the matrices
in the symmetrizedterms.

Eq. (A.16) correspnds to 256 equations for the 5 unknown coe cien ts.
Clearly most equationswill be redundart; eliminating them from the statemen
of the problem, howeer, turns out to complicate the solution, but the high de-
gree of redundancy provides a welcomeched for completenessand consistency
of the assumeddecompsition.

The decompsition of the symmetrizedterm in secondorder is

(ab(ba) = z(aa)(bb)+ i(a sa)b sh+ (@ a)(b b (A17)
ias a(bs b+ia ab b
In third order the symmetrization is no longertrivial asit wasin the second-

order case. It may be surprising that terms with ¢ must be included; these
can be equivalertly formulated using the identit y

5 =3 : (A.18)

but retaining the matrix s makesthe space-reersalpropertiesof the terms more
readily apparent. Note that either way our basisstill consistsof only 16 linearly
independert matrices.
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App endix B

Technical Detalls

B.1 Clebsch-Gordan Coecien t

A mathematical symbol usedto integrate products of three Spherical Har-
monics. Clebst-Gordan coe cients commonly arise in applications involving
the addition of angular momertum in quantum medanics [78. If products of
morethan three SphericalHarmonicsare desired,then a generalizationknown as
Wigner 6j-Symbol or Wigner 9j-Symbol is used. The Clebst-Gordan coe cien ts
are written

anlmz = (J 1 2mimyjj 1j 2 M);

and are de ned by X

J .

JM — CMle M1M2»
M=Mi1+M

where J J; + J,. The Clebs&-Gordan coe cien ts are sometimesexpressed
using the related RacahV-Coe cien't

V(j 1] 2j ; mamom); (B.1)
or Wigner 3j-Synbol 0 1
@t 12 ia.
m; mp; m

Connectionsamongthe three are
0 1
* BT N P LI
(j1j 2Mimajj4jm) = ( 1) Jrtie ™7 91 + 1@ A -
m; mo m

. L R e T
(Ja2mimajjajajm) = ( 1Y™™ 2J + IV(j1j2j ;mimy;  m) (B.2)
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0 1
V(iaiof s mimom) = (1) i@t 12 A (B.3)
m, mp mp
They have the symmetry
(2 2mimajjajoi m) = ( 1Y+*12 T () impmiyjj2f 1 m); (B.4)

and obey the orthogonality relationships

X
(j 1) 2M1Majj 1j 2 M)(j 1) 2} Mjj 1j 2MIMY) = mim? mam9s
im
X - - -a - - - - - - -
(i 1j 2M1Majj 1 2 M)(j 1 25 MY 2Mim2) = jjo o
mia;mz

RacahW-Coe cient are written

p
(J132[0933)31; 3,33[3%) =~ (23°+ 1)(23%%+ 1) W (J1J23J3;I0%;

and

p
(J132[0933j3133[3%932) = (230+ 1)(239% 1) W (IDJ33,3%03J):

Wigner 3j-Sym bol

The Wigner 3j-symbols have the symmetries

0 1 0 1
@it Jz I A _ @lz 0 Q14
m; mp m mx; m m
0 1 0 1
- @) 1 )2 A= 1)j1+j2+j@12 IEEN AN
m m; m; mz mp m
1
= 1)jl+jz+j@jl e p
my m m;
0 1
= 1)J'1+jz+i@J l2 1 A
m mp m;
0
- (i@ 1t 12 oA (B.5)

m m, m

248



APPENDIX B. TECHNICAL DETAILS

The symbols obey the orthogonality relations

0 10 1
x i1 od2 Jp gl 2
(2 +1@ A@ " A= g mmg (B6)
iim m; my m m; m; m
0 10 1

X . . . . . -0
@Jl ]2 JA@Jl ]2 J A =

o jji® mmo; (B?)
mi;mo ml m2 m ml m2 m

where j is the Kroneder Delta.
Generalformulas are very complicated, but somespeci ¢ casesare
0 1
@'t 12 Jit )2 A _ ( 1y jermirme
m; mo m; my

(2 D'(2j2)! (i+jztmi+ m)l(js+jz mpg mp)
21+ 22+ 1)1+ my)! (G2 mp)l(jz2+ m)!(j2 my)!
0 1 (B.8)
@1 J.2 JA — ( 1) jitj2+m
Ji 1 m
@) jatjat ) (r+j2+m)(j m) 1=
(atije+ i+ DG e+ i)NGatriz N ja+jz m)l(j + m)
8 q (B.9)
(1)9 @9 Zn@g 2220 ) g!
0 1 % (2g+1)! (@ 10D j2)i(g j)!
j1 J2 ] if J =2
@11 J2 ) A = [ g (B.10)
0 00 § 0
if J =29+ 1;
ford ji+jo+ i
For SphericalHarmonicsYn( ; ),
Y|1m1( ; )lemz( , )
; 0 1 0 1
_X @i+ )@+ 12+ Dals lAYlm( ; )@ll [N
I;m 4 m; M m 0 0O

For valuesof |3 obeying the Triangle Condition ( I4l5l53),
Z

Y|1m1( ; )lemz( ; )Y|3m3( ; )Sin dd
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B.1. CLEBSCH-GORDAN COEFFICIENT

" 0 10 1
_ @1+ 1)@+ 1)@+ 1) @Il FRREIN @I1 o 13 5
4 0 0 O m; my, Mz
and
17 Ol | |12
5 Pulcos )Py (cos )P,(cos )sin d = @ = CA (B.11)
0 00

Wigner 6j-Sym bol

A generalization of Clebsd&-Gordan Coe cien ts and Wigner 3j-Symbol which
arisesin the coupling of three angular momerta. Let tensor operators T®) and
U® act, respectively, on subsystemsl and 2 of a system,with subsysteml char-
acterizedby angular momertum j; and subsystem2 by the angular momertum
j2. Then the matrix elemers of the scalarproduct of thesetwo tensor operators
in the coupledbasisJ = j; + j, are given by

(42 A2MITO UW] 4jy M)
8 9
oy Y 080T
= 30 mmo( 1YY T (TR ) SFUM Li2); (B.12)
“koja g2
8 9
SJ3Qg i . . y
where _is the Wigner 6j-symbol and ; and ; represen additional
"k oj1 g2

pertinent quartum numbers characterizing subsystemsl and 2. The analytic
forms of the 6j-synmbol are written for simple cases

8 9

Sabc _ (1

‘0 c b  (2b+ D@2c+ 1)

8 9
Sabc 2( 131X .
‘1 c b 202b+ 1)(2b+ 42)x(2c+ 1)(2c+ 2)
8 9
“abc _ 2( 1°[3X(X 1) 4bb+ 1)c(c+ 1)] _
lo ¢ b (20 1)2n2b+ 1)(2b+ 2)(2b+ 3)(2c 1)2c(2c+ 1)(2c+ 2)(2c + 3)’
where
S = a+ b+ (B.13)
X = bb+ 1)+ c(c+ 1) a(a+ 1): (B.14)
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Wigner 9j-Sym bol

A generalizationof Clebst-Gordan Coe cien ts and Wigner 3j-Symbol and Wigner
6j-Symbol which arisesin the coupling of four angular momena and can be writ-
ten in terms of the Wigner 3j-Symbol and Wigner 6j-Symbol. Let tensoroperators
T&k) and Uk2) act, respectively, on subsystemsl and 2. Then the reducedma-
trix elemen of the productT®)  UKk2) of thesetwo irreducible operatorsin the
coupled represeration is given in terms of the reducedmatrix elemeits of the
individual operatorsin the uncoupledrepresetation by

(°02 A299ime uEW4i g 5j,d)

8 9
0 X 210 j1 kB
= (23 + 1)(2I°%+ 1)(2k + 1) i j2 ko
00§
- J% 3 k¢
8 9( CAATV] ®aj)( CAAGUED] 5j0); (B.15)
%J? J1 k1§
wheregjg io k2§ is a Wigner 9j-symbol. The explicit formulas are
- J0 3 kv
8 9
a b C
% : 4§ ( 1)%( )
d e F_ = D72x+ 1
3 2
"G H I
8 98 98 9
Sa b CT<de F7<G H J7
'F J x» "bx H “x a d
8 9
%a b J3 g 9
g J— ( 1)b+c+J+K ab J—
C =P , .
§K ) Og "I+ DK+ D) d ¢ Ki
8 98 9 8 9
8 2 SS LJTSJ) LS <s J LT
S S 1 : . : : :
% - L Sgl’ L qJ 1 ( 1)S+L+J+1§J S 123
L L 2 = 8 9 8 9-:
L 1 1 L 1 1



B.2. OPERATORS FOR RADIAL FORM

The matrix elemerts of the tensor product of two operators are given by

| X
[Tin - 7010 = 7 (R RokojR;RoRks) THO T (B.16)
kika

and for the scalarproduct are

(TO y®y = ( 1)"IO 2k + 1T Y. (B.17)
Wigner-Edkart theorem:
0 1
J Jo
< IMJT)jaMO>= (1 M @ A < JjiTOjj3%> . (B.18)
M k MO

This relation is known asthe Wigner-Edkart theorem. The coe cient < JjjT()jjI°>
is called the reducedmatrix elemen of T() and is independen of the magnetic
quartum numbers M ; M °and k:

B.2 Operators for Radial Form

In orderto obtain the nal eigervalueradial equationsof the wave equationsEqgs.
(5.257), it is useful for numerical calculation of the coupled and the uncoupled
equationsin the variable r, we have usedthe following operators

1. p?
. (1 2) spin-spinterm
.L ( 1+ ) spin-orbit angular momenum term
L (1 2) Spin-orbit angular momenum di erence term
(1 M)( 2 ) tensorterm
.# p Darwin term
.L (1 ) additional spin dependeri terms
(182 p)+ (2 P 1 p)spinindependen terms.
We are listed the following expressiondor numerical calculation:

O ~NOUAWN

0 1
P—~_L k L
O, =< LjifjiL >= ( 1) Crk@ A (B.19)
000
q —
O, =< L§jCjiL >=  L(L+ 1)L Lo; (B.20)
O =<9Y jjs>= 6 (B.21)

O =< LQjjir ¢jjLO>=
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8

< - | L+1 @ L
if L=L+1! felsy @ (B.22)
if L=L 1! 94 L

teL 1) @ r
Now, one can usethe EqQ.(B.15), to drive a simple form of the operators

8 9
1=2 1=2 0
o 3 SE
O .=<Sils adiS>=6 RSS2 2 s 5 @2
1 1 k>
Op =< LYj[r  #ljiL >=
[ (]J[ JkJi 3 9
P —X <1 1 k-~
( DRER < LYifL >< LjfjiL > _ (B.24)
. - L Lo L
Finally, we becomes
1.
2 +
0 =<LsYj ¢ jisi»= e T LEED o @)
2.
a) O,,.=<L%Yjj( 1 L)jLSI>=25(S+1) 3 (B.26)
b O =< L%S9jj jLSJ >=
) 1 ob =< i1 gz)g
P < g0 3 | =< 12 122 g=
6( 1)-*S+s*I &of . o (B.27)
.Jso,.1:21:2 0
3.

Os =< LSYjj(C 9)jjLSI >= J(JI +1) L(L+1) S(S+1); (B.28)
4,

O, . =< LSUE (4 2ijLSI>

9
p_ p_—_—< LO SO J = < 1=2 SO 1=2 =
6( 1)S°+J+L+S ééo O i @ ( 1)50 S):
- S L 1 - S =2 1.,
q 8 98 9
— < 0 0 =< 1=2 0 1=2 =
_ LY s° J S
P8 SIS (L + 1)08S, T A (v,
- S L 1 S ¥ 1.
(B.29)
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5.
8 9
£1103
Olr 2f=< LOSOJ”( 1 1\)( 2 f\)”LSJ >= 1 1 O Ol 2b+
3 3
000"
8 9 8 9
£1103 2 L°s° 0%
15 110§p23+1 L SJ§01 ,0r #; (B.30)
220" T2 2 0
6.
Opp =< LBYjj(* p)jjLSI > 8 9
X <1107
= (DEESHIRZLE < LifjiL >< LOjjr ojLO> | .5 (B.31)
. L L L
7.
OL(1 2)=< LOSOJ”L (l 2)”LSJ>:
8 9
P L0 st g™
( 18+t f 00, ,; (B.32)
S L 1
8.
O, ,p=<LBYji(1 M2 p)+ (2 M) 1 piLSI >=
8 98 9
« £110331L°s8°J3%8
RS 110 L S J_ <Lyl pliL>< S%l[ 1 2kiiS> (1+(
’ 3 3 3 3
"k kO0TT k k O
8 98 9
« £110331L°s°J3%8
= 3RS 110 L S J_ 00, ,(1+( 1M: (B.33)
’ 3 3 3 3
"k kO0T7 k k O

Using above expressionsye canget their coupledand uncoupledradial eigen-
value equationsfrom Eqgs.(5.257).
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