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Zusammenfassung

Eswird ein relativistischesPotentialkonzeptf•ur dieBeschreibungderNukleon-
Nukleon (NN) Wechselwirkung und Streuung im Energiebereich 0 < TLab < 3
GeV verfolgt. Paradigmatisch, NN Potentiale der Kernphysik bew•ahren sich
f•ur nukleare Vielteilchen Probleme wenn die experimentellen NN Daten damit
bestensbeschrieben werden. Mittelenergetische NN Streuung sieht, neben den
nukleonischen Freiheitgradender mittel und lang reichweitigen Wechselwirkung,
die Quark-Gluon Freiheitsgrade(QCD) in Verbindungmit Mesonproduktion und
Hadron Anregungen. Die genaueZuweisungund Parametrisierungder Wechsel-
wirkungen, zur jeweilsdominierendenradial abh•angigenDynamik, ist dasThema
dieserDissertation. Es werden,um der Poincar�e Invarianz Rechnung zu tragen,
zwei gekoppelte Dirac Gleichungendurch Instant Form Dynamicseingeschr•ankt.
Eine ausf•uhrlicheZusamenenstellungder theoretischenund mathematischenMit-
tel, wesentlich basierendauf den Arbeiten von Crater und Van Alstine, umfa�t
einengro�en Teil der Arbeit. Die Vereinfachung der gekoppelten Dirac Gleichun-
gen in eineArt station•are Schr•odinger Gleichungenwird ausgef•uhrt. Als Ergeb-
nis dieserReduktion erh•alt man einenSatzgekoppelter radialer Schr•odingerGle-
ichungenmit explizite energieabh•angigenPotentialen. Die Potentiale entsprechen
Ausdr•ucken von komplexenFunktionen und deren Ableitungen. Es wurde eine
umfangreiche Numerik entwickelt um die neuestenNeutron-Proton und Proton-
Proton Phasenverschiebungen,GWU/SAID-2003, nach Partialwellen entwickelt,
f•ur Energien zwischen 0 und 3 GeV zu parametrisierenund berechnen. Dazu
z•ahlt auch das Deuteron. Das Wechselwirkungsmodell wird durch � ; �; ! and
� Austausch geleitet und deren Kopplungskonstanten werden angepa�t. Dies
liefert im erstenSchritt einenguten Fit der Arndtschen Phasenzwischen 0 und
300 MeV. Es zeigendie Potentiale, unabh•angig vom Drehimpuls, ein repulsives
Core-Potential mit Eigenschaften, das von Teilchenmassenund der relativistis-
chen Behandlung des Problems bestimmt wird. Durch ein optisches Potential
(OMP) erweitert, werden die Rechnungen von 300 MeV bis 3 GeV fortgesetzt.
Damit wird die QCD dominierte kurzreichweitige Zone, mit innerer Nukleon-
Anregung und Meson-Produktion, durch ein komplexesPotential im Ortsraum
beschrieben. Das optische Potential, als innere Fortsetzungzum Dirac Potential
desMesonaustauscheswo r > 0:5fm, liefert f•ur die Partialwellensehreinfach eine
Anpassungvon Theorie und Daten. Die optischen Potentiale subsummierendie
komplexe kurzlebige QCD Anregungstruktur in glatte Energieabh•angigkeiten.
Es zeigt sich ein konsistentes Bild wenn die Nukleonen, als separateCluster,
Anregungenund Meson-Produktion durchlaufen und die Bildung eineseinzigen
Dibaryon Clusters nicht dominiert. F•ur zuk•unftige Arbeiten wird vorgeschlagen
denTeil desph•anomenologischenOMP durch ein mikroskopischesOMP zu erset-
zenund Doppelanregungenvon �(3 ; 3) und anderenPaarenexplizite zu koppeln.
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Abstract

The relativistic potential conceptis fosteredfor the descriptionof nucleon-nucleon
(NN) interactions and scattering for energies0 < TLab � 3 GeV. It provesuseful
to con�rm and predict nuclear properties and reactionswith the implicit knowl-
edgehaving the best possibleagreement with experimental NN data. Medium
energyNN scattering, as is acceptedfor low energynuclear physicsin general,is
determinedfrom proton, nucleonand mesondegreesof freedomin the long range
soft interaction sector, the quark gluon degreesof freedomgovern the short dis-
tance hard processes.The identi�cation and parameterization,of the combined
long and short rangeNN domains, is the topic of this thesis. The formalism for
two coupledDirac equations,within constraint instant form dynamics,is usedto
study the NN interaction. The comprehensive review, of the important theoreti-
cal tools and associated mathematics,restsessentially on the work of Crater and
Van Alstine. The reduction of the coupledDirac equationsinto Schr•odingertype
equationsis given. Explicitly energydependent coupled channel potentials, for
use in partial wave Schr•odinger like equations,with nonlinear and complicated
derivative terms, result. We developed the necessarynumericsand study np and
pp scattering phaseshifts for energies0 to 3 GeV and the deuteronbound state.
The interactions are inspired by mesonexchangeof � ; � ; �; ! and � mesonsfor
which we adjust coupling constants. This yields, in the �rst instant, high quality
�ts to the Arndt phaseshifts 0 to 300MeV. Second,the potentials show a univer-
sal, independent from angularmomentum, corepotential which is generatedwith
the relativistic mesonexchangedynamics. Extrapolations towards higher ener-
gies,up to TLab equal3 GeV, allow to separatea QCD dominatedshort rangezone
aswell as inelastic nucleonexcitation mechanism contributing to mesonproduc-
tion. A local or nonlocal optical model, in addition to the mesonexchangeDirac
potential, producesagreement between theoretical and phaseshifts data. The
optical model potentials re
ect a short lived complexmulti hadronic intermedi-
ate structure formation of which the optical model parametersgive a consistent
picture. For future work, the here presented phenomenologicalaccessencour-
agesa more microscopicand detailed useof QCD, including explicit �(3 ; 3) pair
formation and someobviously predominant other pair mechanism.
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Chapter 1

In tro duction

One of the fundamental problemsin nuclear theory is to describe the properties
of atomic nuclei in terms of interactions between individual particles, such as
quarks, gluons, mesons,baryons, bosonsand nucleons. Quarks were initially
introduced as constituent particles so as to introduce a semblance of order into
the particle zoo [273, 361]. Mesonsare in this picture made up of a quark and
an antiquark and baryons of three quarks. The mesonexchangetheory may be
viewed asan e�ective representation of the strong nuclear interaction at low and
intermediate energiesthe typical energiesfor nuclear physics in the range of �
MeV. It is reasonableto expect the quark degreesof freedomto becomeimportant
only at very short distancesand high energies� GeV. The hadronscan then be
�tted into multiplets and their spectrum understood. In this way new particles
were even predicted [272].

Nucleonsare composite objects with a rich excitation structure, whosescales
are in GeV, which can be attributed to constituent quarks, these are e�ective
particles with a typical scaleof 300MeV interacting strongly by gluon exchange.
It is a paradigmthat quantum chromodynamics(QCD) is the fundamental theory
for the strong interaction and that the interaction betweennucleonsis sampling
the strong interactions. Moreover, QCD at the scaleof 1 GeV becomesvery
complicated, and hence it is rather di�cult to say in this casea priori what
kind of physics emerges. In this energy region characteristics of QCD become
important such as the con�nement of quarks and gluons and the spontaneous
breaking of chiral symmetry. In principle, it should be determineddirectly from
QCD. However, we do not yet have a good understanding of how such objects
can emergefrom QCD [564].

At low and intermediateenergies,QCD couplingconstants aregenerallylarge
and prohibitiv e in order to use perturbative approaches. The existing models,
basedon QCD, only account for a part of the hadronpropertiesand oneis still far
from describingthe NN interaction in termsof QCD. This is essential beforefacing
more complexmany nucleonsystemssuch asnuclei and it is necessaryto assume
simpli�ed models. Only �nite sizeparticle degreesof freedomare assumedto be
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relevant. The quarks are con�ned inside the hadronsby the strong interactions
and outside the NN interaction arisesfrom exchangeof various mesons.

The interaction description for the nuclear few and many body systemsuses
potential theory successfully. Hamiltonian mechanics recovers potentials as in-
teraction description. With this background knowledgein mind, it is of interest
to review cornerstonesof nuclear physics which have a direct relation to NN
interactions.

The �rst theoretical calculationsfor nuclear matter was madeby Heisenberg
and his student Euler in 1937 [215]. They calculated its properties to second
order in perturbation theory assuminga two body interaction of Gaussiantype
for the nucleons.The work of Yukawa in 1937[584] establishedthe �eld theoret-
ical fundamental mesonexchangeapproach whoseroots are still valid. Nuclear
physics and its fundamental approaches becomethe forefront topic in physics
for several decades[585, 191, 135, 151]. The NN interaction as well as nuclear
many body problemsdeterminedthe scene.When the strong short rangerepul-
sion in the NN interaction was identi�ed, it becameapparent that conventional
perturbation methods were inadequate for calculation of nuclear systemswith
an in�nitely strong hard coresincetwo body potential matrix elements diverge.
Brueckner [101], Bethe [70] and Goldstone [290] (BBG) developed the famous
perturbation method basedon g-matrix elements and eliminated thus divergen-
cies. An alternativeapproach to handlehard corewassuggestedby Jastrow [338].
He introduceda variational approach by the useof trial wave functions to treat
the two nucleoncorrelations. In addition to this, the recent approach was made
by Pandharipande[448].

In the 1960'sBrueckner theory brought substantial advancesin nuclearphysics
study [101]. The �rst high precision NN potential was found by Hamada and
Johnsonin 1963[316]. They useda hard core potential with a radius r c � 0:5
fm. This potential accounted well for all data of this time between Tlab 0-300
MeV. The in�nite coreremainedquestionableand incompatible up to this date.
Soon after Hamada Johnson,Reid [474] found another high precisionpotential
with a soft core. With thesepotentials nuclear physicsmadegreat quantitativ e
progressin nuclear structure and nuclear reactions[233].

Despite the e�orts, high precisionNN potentials do not account for the sat-
uration properties of nuclear matter, and do not agreewith experiment. The
binding dependson the potential and the saturation points lie along a band, the
CoesterBand [132,134], which doesnot contain the empirical values. The cause
of this failure was linked to lack of relativit y in the theory.

A relativistic approach to nuclearstructure wasdevelopedby Miller andGreen
[419]. Using a Dirac-Hartree [322, 323] approach they were able to reproduce
the binding energiesand root mean square radii of nuclei and the spin orbit
splitting of nuclear shell model orbits. A relativistic approach was applied to
proton-nucleusscatteringby Clark and others[127]. In the late 1980'srelativistic
calculations for nuclear matter were performed using realistic potentials [92].
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CHAPTER 1. INTR ODUCTION

Here, the term realistic refers to nuclear potentials which reproduce the two
nucleon phaseshift data accurately � 2 � 1. Representativ e examplesare the
Nijmegen[523], Paris NN potential [372]and the modelsdeveloped by the Bonn
group [394] and quantum inversiondeveloped in Hamburg [277, 489].

All existing potential models are to somedegreebasedon mesonexchange.
They all include the onepion exchangecontribution which essentially determines
the long range part of the interaction. The intermediate range has been well
described by inclusion of two pion exchangeprocesses,� -exchangeand nucleon
resonances,�(3 ; 3), may be excited in intermediate states[394].

The NN interaction at large distancescannot be described perturbatively. In
the region wherethe two bagsof the nucleonsare not overlapping only colorless
objects should be exchanged. In this region we describe the NN interaction by
mesonexchange. To guarantee asymptotic freedom,the mesonsshould interact
with the quarks in the nucleonsonly at their surface. In order to include quark
degreesof freedomin the NN interaction we must clearly considertwo di�erent
regions. The �rst one corresponds to the region in which the two nucleoncores
(quark bags) overlap. In this region quarks can be exchangedbetween the two
quark bagsand the two nucleonsinteract through the onegluon exchangemech-
anism (Fig. 1.1a). The additional quark interchangeis a necessaryingredient in
this basic mechanism since the nucleonsare color singlets while the gluon is a
color triplet. Whatever color is transferred by the interchangedgluon it is bal-
ancedby the additional quark exchange. This kind of interaction leadsto hard
core NN phaseshifts [439, 217]. When the two bagsseparate,nucleonsare rep-
resented as color singletsand they interact via forcesarising from the exchange
of color singlet objects which are identi�ed with physical mesons(Fig. 1.1b).

Figure 1.1: Diagrams which describe the NN interaction within the di�erent
radii. a) Overlapping two nucleons(short distances): quark gluon exchange,b)
Non-overlapping two nucleons(longe distances):mesonexchange.
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All the above models, theories and equations, such as Bonn-CD potential
[394], Bethe-Salpeter equations [71], Blankenbecler-Suger[79] and Gross equa-
tion [304, 305] are normally formulated with a kernel, which may be motivated
by �eld theory, are phenomenologicaland weakly relativistic or nonrelativistic.
They are simple enoughto be solved accurately for realistic low energynuclear
physics. Nonrelativistic quantum mechanics, with phenomenologicalNN inter-
actions, provide theories which are valid for energymomentum transfers below
pion production [352]. Relativit y must be included for higher energymomentum
transfers. For many problemsof current interest in nuclear physicsthesemodels
must be consistent with the principle of special relativit y. Relativit y is needed
to model reactionswhereparticles are produced,reactionsinvolving energyand
momentum transfers that are comparable to the mass scalesof the problem,
bound systemswhere the binding energiesare comparableto the massesof the
constituent particles, and coordinate systemindependent treatments of problems
in lepton hadron scattering [352].

If we want to describe the NN interaction simultaneously at large and short
distances, we need a comprehensive theory, certainly it must be relativistic.
Chapt. 2 is devoted to a discussionof the constraint Hamiltonian forms of the
relativistic dynamics.

S-matrix element, bound state mass, magnetic moment, and or any other
physical observable must be invariant under Poincar�e transformations. The chal-
lengeof practical calculations, in the framework of Hamiltonian dynamics, is to
produce invariant results for observables. An important application of Hamilto-
nian dynamics is nuclear physics. Traditionally, nonrelativistic model Hamilto-
nians were used in this �eld, but since the advent of powerful acceleratorsand
technological need to far exceedingenergiesof involved masses,it has become
clear that the implementation of a relativistic framework is unavoidable. In ad-
dition, the commonpractice of leaningon �eld theory, to construct the socalled
realistic nuclear forces,made it clear that also in nuclear physics one needsto
take the requirements of special relativit y into account.

Wigner [572]analyzedthe mathematical formulation of the physical require-
ment of special relativit y in quantum mechanics. He showed that a necessary
and su�cien t condition for quantum mechanical probabilities to have valuesthat
are independent of the choiceof inertial coordinate system,is the existenceof a
unitary ray representation of the inhomogeneousLorentz group (Poincar�e group)
on the quantum mechanical Hilbert space. Note that the Schr•odinger equation
and the existenceof a Hamiltonian areconsequencesof applying Wignersanalysis
to obtain invarianceunder time translations.

First, Dirac formulated the problem of including interactions in relativistic
classicalmechanics[190]. This wasdonein Hamiltonian form, which hasa natu-
ral canonicalquantization. In the Hamiltonian formulation of classicalmechan-
ics, the goal is to construct a representation of the Poincar�e group as a group
of canonicaltransformations on phasespace.Dirac analyzedtheserequirements
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CHAPTER 1. INTR ODUCTION

in�nitesimally , and showed that the problem is equivalent to the construction
of a representation of the Lie algebraof the Poincar�e group in terms of Poisson
brackets that includes interactions in a consistent way. He gave three di�erent
typesof solutionsto this problemcalledthe point, light front and instant formsof
dynamics. Bakamjian and Thomas[27] constructedthe �rst relativistic quantum
mechanical model of two interacting particles in Dirac instant form dynamics.
Foldy [239] recognizedthe importance of macroscopiclocality as an additional
constraint on thesemodels. Coester [133] extendedthe work of Bakamjian and
Thomas to systemsof three particles, Sokolov [515] provided the general con-
struction for N particles with a scattering operator consistent with the principle
of macroscopiclocality. An extensive overview of the whole subject is given in
Ref. [352].

In the usual instant form, with the equaltime hypersurfacex0 = const, trans-
lations and rotations transform quantum statesin a very simplemanner,because
they do not change the quantization surface. These kinds of static Poincar�e
generatorsare calledkinematical . The other generators,which changethe quan-
tization surface,arecalleddynamical. For example,the Lorentz boost mixestime
and spacecoordinatesand thuschangesthe hypersurface.The Hamiltonian itself,
of course,is a dynamical operator. Therefore,an eigenstatein a rest frame is no
longer an eigenstatein the boosted frame. Even though we know eigenstatesin
the rest frame,an attempt to �nd a neweigenstatein the boostedframerequires,
in principle, requiresas much e�ort as solving the entire problem.

Thinking of applications for nuclear physics one considersinteracting �elds
of nucleonsand mesons. To arrive at generatorswhich act in the spaceof a
�xed number of N nucleonsonehas to eliminate the mesonicdegreesof freedom
as well as the ones for antiparticles. A way to do this has been proposed in
[285] and worked out in lowest order in the coupling constant for a �eld the-
ory of scalar nucleonsinteracting with a scalar meson�eld. Relativistic direct
interaction theories of particle lie between local �eld theory and nonrelativistic
quantum mechanics [352]. When a quantum mechanics of interacting relativis-
tic particles exists, the correspondenceprinciple suggestsin turn the existence
of a classicalrelativistic mechanics that would reproduce the quantum version
by canonicalquantization [152]. A �rst study by Currie, Jordan and Sudarchan
[169] concludesin what is known as the non interaction theorem, that the com-
bined requirements of the Poincar�e algebraand the world line condition for two
particles cannot be satis�ed simultaneously unlessthere is no direct interaction
betweenthem. Speci�cally, they showed that this combined set of commutation
relations is unitarily equivalent to the commutation relations for operators of
non-interacting particles.

The traditional treatment of interacting pairs of spinningparticlesbeganwith
Breit's suggestionfor the spin dependent forces given in his 1929 paper [88].
Breit formed a single e�ective Hamiltonian by adding together two free Dirac
Hamiltonians plus an interaction patterned after that in the Darwin Lagrangian
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for two spinlessparticles [171]. In the mid 1970'sseveral investigators found a
relativistic constraint mechanics [191, 192, 194, 542, 543, 342, 545, 366] to the
problem of interacting particles. Someauthors usea singular Lagrangian [342,
533,196]asa starting point. Other bypassthe Lagrangianand directly work with
constrainedHamiltonian systems[190, 27, 239, 366, 542]. Constraint dynamics
can be consideredasa relativistic extensionof classicalmechanicsproblemswith
holonomicconstraints. Rather than reducethe problem immediately to onewith
the minimum number of degreesof freedom,the problemis castwith extra degrees
of freedom,plus additional constraint equations.

A physically natural way of de�ning a constraineddynamical systemin classi-
cal mechanicsis through a limiting procedurewherea strong attractiv e potential
forcesthe systemat any �xed energyto livecloserandcloserto the constraint sur-
face. The e�ective classicaldynamicsobtained in this limit turns out to depend
only on the intrinsic properties of the constraint surface(e.g. the curvature) and
not on the details of the constraining potential chosenon the embedding space.
We use in Sec.2.5an analogousprocedure in quantum mechanics and consider
the quantization of a constrainedclassicalsystemasthe limit of quantizations of
classicalsystems,with extra potentials away from the surfaceof constraint.

When the equationsare written down in covariant form it is clear that the
outcomewill satisfy relativistic invarianceand we refer to such methods asman-
ifestly covariant. Covariant interactions are discussedin Chapt. 5. The Dirac
equation [188] for a singlespin 1/2 particle utilizes a matrix algebrato construct
a linear operator relationship between the energy and the momentum. Such a
linear dispersion relationship is particularly useful for constructing manifestly
cluster decomposablenon perturbative scattering formalisms. Expectation val-
uesof the matricescan be related to physical 
uxes, but the matricesthemselves
commute with spacetime translation generators.The two body Dirac equations
of constraint dynamicssuccessfullyextend this onebody minimal coupling form
to the interacting two body system.

Crater van Alstine, et al. developedDirac's constraint mechanicsusingsuper-
symmetry for two interacting spinningparticlesby external potentials [152]-[167].
By combining constraint dynamicswith particle supersymmetries,they extended
thoseworks to pairs of spin onehalf particles to obtain two body quantum bound
state equationsthat correctnot only defectsin the Breit equationbut thosein the
ladder approximation to the Bethe-Salpeter equation as well [546, 152]. These
two body dirac equations(seeSec.5.1.1)of constraint dynamicspossessa number
of important featureswhich provide an alternative formulation of fundamental
�eld theoretic results, yielding standard perturbative spectra and correct defects
in phenomenologicalapplications that result from patchwork introduction of in-
teractions in particular [167],

� provide a three dimensional but covariant rearrangement of the Bethe-
Salpeter equation,
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CHAPTER 1. INTR ODUCTION

� yield simple three dimensionalSchr•odinger like forms similar to their non-
relativistic counterparts,

� implement spin dependenceswhich are determined naturally by their in-
corporation of Dirac's onebody structures,

� implement well de�ned strong potential structures that passthe necessary
test that they reproducecorrect QED perturbative resultswhensolved non
perturbatively,

� in phenomenologicalapplicationsmakeunnecessarythe ad hoc introduction
of cuto� parametersgenerallyusedto avoid singular potentials and

� have relativistic potentials which may be related directly to the interac-
tions of perturbative quantum �eld theory (for QCD) or may be introduced
semiphenomenologically.

These equations provide a non perturbative or strong potential framework for
extrapolating perturbative�eld theoretic resultsinto the highly relativistic regime
of bound light particles in a quantum mechanically well de�ned way.

Constrainedsystemsare widely investigated in modern physics. Gauge�eld
theories, quantum gravit y and supergravit y, string and superstring theoriesare
examplesof systemswith constraints. Only few models are exactly solvable,
realistic physical theories require approximate methods. A perturbation theory
is one of such techniques, it is usually applied to constrained�eld systemssuch
as gaugetheories.

In Chapt. 6, we discussedthree NN interaction models,well distinguishedby
radial regimes,the long rangemesonexchangemodel (OBEP, OPEP) [393, 401],
the short rangeE�ectiv e �eld theory (EFT) [561, 351]and Optical model (OMP)
[275,278,489]. We did not useEFT in this work, but it is an alternative method
to describe interacting particles. A very brief introduction to the main EFT ideas
is presented in Chapt. 3.1. We know, that the particle dynamicson the level of
relativistic quantum mechanicsstandsbetweenrelativistic quantum �eld theory
and nonrelativistic quantum mechanics. This means,EFT exploits the existence
of scalesin interacting systems.

EFT [561, 562] is a theoretical prescription for constructing theoriesspanning
multiple energyscales. The physics of a system may appear radically di�erent
at various energy scales,due to low energy restrictions on available degreesof
freedomand symmetries.When trying to construct a theory which spansenergy
scales,traditional methods of physics can be di�cult to apply. Rather than
stumbling on this obstacle,however, EFT providesa method to usethe physical
di�erence betweenenergyregimesto its advantage.

How to implement EFT in nuclear physicswas originally proposedby Wein-
berg [562] and employed by Lepagein Ref. [379]. It allows to think straightfor-
ward about the connectionof EFT and potential models. As discussedin Sec.3.1,
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the focus is on power counting at the level of the Hamiltonian in the NN piece
of the hadronic Hilbert space. The e�ective Lagrangian consistsof NN contact
interactions together with the standard heavy baryon chiral perturbation theory
Lagrangian

L = LH B + LN N :

To connectthe two energyscales,the consensusof the majorit y of the nuclear
physicscommunity holds that in nuclei

� nucleonsare nonrelativistic,

� they interact via essentially two body forces,with small contributions from
many body forces,

� the two nucleon interaction generally possessesa high degreeof isospin
symmetry,

� external probesusually interact with mainly onenucleonat a time.

By contrast, in QCD

� the u and d quarks are relativistic,

� the interaction is manifestly multi body, involving exchange of multiple
gluons,

� there is no obvious isospinsymmetry,

� external probescan and often do interact with many quarks at once.

It should not be surprising that some new ideas are required to merge these
two extraordinarily di�erent bodies of theory. Of course,we expect that QCD
encompassesthe physicsof hadronic interactions. The root of the problem must
therefore lie in the di�erence of energyscales.

In fact, constructing a QCD-basedtheory of the hadronic phaseis a problem
which involves three separateenergyscalesspanningthree ordersof magnitude.
The �rst is the typical energyscaleof QCD,

MQC D � 1 GeV: (1.1)

The massesof all hadrons,except the pion, fall within this scale,1 and the scale
of chiral symmetry breaking is thought to be M � = 4� f � , wheref � ' 93 MeV is
the pion decay constant. The secondscale,

Mnuc � 100MeV; (1.2)

1We useunits where ~ = c = 1.
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CHAPTER 1. INTR ODUCTION

represents the typical momentum of nucleonsin a nucleus: the inverseroot mean
square charge radius of light nuclei, or the Fermi momentum of equilibrium nu-
clear matter. It contains also the pion decay constant itself, the massdi�erence
between the delta isobar and the nucleon, and the massof the pion. The �nal
energyscaleis the typical energyscaleof a nucleus,

M 2
nuc

MQC D
� 10 MeV: (1.3)

The binding energyper nucleonof a nucleusis typically a few MeV. For example,
the binding energyof 4He is 28.296MeV, and the binding energyper nucleonof
in�nite nuclear matter is 16 MeV or the binding energy of the deuteron (we
calculate in Sec. 7.4) is � 2:2245M eV. Sincethe goal is to construct a theory
valid over an energyrangeof three ordersof magnitude,and spanningregimesin
which the physics is quite disparate, the problem is somewhatdaunting.

We needcoordinates,corresponding to the quantum zeropoint energyclimb-
ing to arbitrarily high valuesask ! 1 or r < r c. If a singular potential itself is
not su�cien t to determinethe scatteringproblem, onemight be tempted to clas-
sify the singular potentials as nonrenormalizableand abandonall hope. In the
modern versionof the renormalizationparadigma low energysystemwith a clear
cut separationof scalescan be described by an EFT involving explicitly only the
long wavelength degreesof freedom,and organizedas an expansionin powers of
momenta [350]. The short rangedynamicscan always be treated asa set of local
operators. In the present context, the Dirac potential represents the long distance
part of the potential. Local operators in momentum spacecorrespond to OMP
interactions in coordinate space.The essential point of EFT is that the details of
the short distancephysicsare not of importance to low energyscattering. Hence
onecan simulate the delta function in an in�nite number of ways. The simplest
choiceof a smeared out delta function is a simplesurfaceGaussiansquarewell or
Woods-Saxonshape. With a singlepotential, representing a given long distance
force and a surfaceGaussianrepresenting unknown short distance physics, an
interesting questionis whether onecan obtain an EFT with well de�ned low en-
ergy scatteringobservable, which are to a speci�ed degreeof accuracyinsensitive
to the short distancephysicsencoded by the Gaussian. It is the purposeof the
optical model (Chapt. 6) to explore this issue. Note that we did not attempt
to renormalizethe coupling strength of the potential itself [107]. In the physical
problemsof interest, the coupling strength is completelydeterminedby the long
distancephysicsso there is no freedomto renormalizethis parameter.

In the Sec. 6.3, two existing global medium energy NN phenomenological
optical model potentials (OMP) such as vector and scalar are described and
comparedwith experiment and with each other. By an optical potential we also
mean a potential that represents the interaction betweena nucleon or group of
nucleonsand a nucleus. When insertedinto the Schr•odingerequation it givesthe
di�erential crosssectionand polarization for elastic scattering the rection cross
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sectionand someother lessimportant observable quantities [275]. Theseoptical
potential canbeobtainedin several ways. Most fundamentally, they canbecalcu-
lated from the NN interaction, this is di�cult and hasonly recently beenbrought
to the stageof quantitativ e success.Alternativ ely, theseoptical potential may
be found phenomenologicalby postulation a form of potential and adjusting its
parametersto optimize the �t to the experimental data. Such phenomenological
analysesmay be put on a �rmer physical basisby using additional information
from nuclear models.

Optical potentials may also be classi�ed by the range of experimental data
they are designedto �t. Global potentials give good overall �ts to the scattering
from many nuclei over a range of energies. More precise�ts can be obtained
for particular interactions either by incorporating nuclear structure and nuclear
reaction information into the calculation of the potential to �t particular setsof
data.

There are many ambiguities in optical model potentials. Theseare familiar
in phenomenologicalanalyses,where it is often found that several potentials �t
the samedata equally well. It is usually thought that oneof theseis the physical
potential, namely the one that is given by a microscopiccalculation. It is im-
portant to identify the physical potential, that can be usedwith more con�dence
in situations di�erent form thosefrom which it was obtained. It should however
by noticed that the physical potential may have a form that is signi�cantly dif-
ferent from any of the phenomenologicalpotentials. Furthermore, a potential is
of its nature a theoretical construct, so care is necessaryto describe it as physi-
cal. It is possiblethat even amongmicroscopicpotentials might be ambiguities
in the sensethat di�erent types of calculations could conceivably give di�erent
potentials that neverthelessgive equally good �ts to the data [326].

By a microscopicoptical potential we mean a potential calculated from the
NN interaction and some nuclear properties, usually the density distribution.
Such potentials are distinguished from phenomenologicalpotentials which are
obtained by direct �tting to experimental elastic scattering data.

The Dirac equation is used in the mean �eld approximation by which the
nucleon(meson) �elds are replacedby their expectation values. Proton nucleon
(np) scattering is then described using isoscalarscalarand isoscalarvector mean
�elds. Here theseare taken, respectively, as a optical Gaussiantype scalar po-
tential corresponding to the (�ctitious) � meson�eld and optical Gaussiantype
vector potential (timelike vector) corresponding to the meson! meson�eld, to-
gether with a Coulomb and full relativistic Dirac (including relativistic kinemat-
ics) potential. The determination of the energyrange, energydependence,and
isospindependenceare discussedin the last chapter.

The experimental background and motivation for analysis using an optical
model and full relativistic Dirac equations is given in Chapt. 7. The Arndt
[18] group has beensuppliesthe experimental analysisof elastic NN scattering
phaseshift data to 3 GeV in the laboratory of kinetic energy. The necessary
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numericsfor studying np and pp scatteringphaseshifts for energies0{3 GeV and
the deuteronbound state are developed in Chapt. 7.

The interactions are inspired by mesonexchangeof � ; � ; �; ! and � mesons
for which we adjust coupling constants. This yields, in the �rst instant, high
quality �ts to the Arndt [18] phaseshifts 0{300 MeV. Second,the potentials
show a universal, independent from angular momentum, corepotential of which
is generatedfrom the relativistic mesonexchangedynamics. Extrapolations to-
wards higher energies,up to TLab = 3GeV, allow to separatea QCD dominated
short rangezoneaswell asinelasticnucleonexcitation mechanismcontributing to
mesonproduction. A local and/or nonlocal optical model, in addition to the me-
son exchangeDirac potential, producesagreement betweentheoretical and data
phaseshifts. The result of our calculation of the Dirac equationsaregiven in Sec.
7.3. The optical potentials are complex and short ranged, typically of nucleon
size,that is known from analysisof electronscatteringo� a nucleon. This implies
that the production processesare localizedat and within the con�nement surface
of a nucleon. In Sec. 7.6 we display a geometry of the pro�le function, known
from high energydi�raction scattering,which remainsvalid at lower energiesand
in the resonancedominated region. It is this result that lead us to expect that
mesonproduction is a unique QCD aspect applicable from (300 MeV) threshold
up to highest energies.

The coupled two body Dirac equations,combined with the mesonexchange
model, yield the appearanceof a repulsive practically hard core potential inde-
pendent of partial wave. The universalcoreradiushasa valuer c = 0:5� 0:025fm.
This core radius is independent of a nucleon substructure. It depends only on
masses,in particular of the exchanged mesons,and the full relativistic treat-
ment of the NN system [280]. The mesonexchange Dirac potential, which is
described by the NN Dirac instant form dynamics, should ultimately be lim-
ited to r � r c � 0:5 fm in its e�ect. This constraint eliminates the need for
regularization of the short range Dirac potential and boundary conditions are
automatically generatedby the � (r � r c) N N $ BB transition potentials [280].
The role of the higher partial wavesdeservesspecialattention, in particular when
the hard coreradius is sizeable[280].
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Chapter 2

The Relativistic Particle
Problems

A conceptof relativistic many body Hamiltonian dynamicsis notoriously di�cult.
All relativistic classicaltwo body problemsfacethe essential problem of separat-
ing center of momentum (CM) and relative motion. They do lead to uncoupled
systemsof quasiparticles, of reducedmassand combined mass.

Dirac's famouspaper of 1949and there after [190,191, 193], and the work of
Bakamjian and Thomas [27] are remarkable solutions to the relativistic dynam-
ical problem for classicaland quantum mechanical systems.Poincar�e invariance
determinesthe relativistic Hamiltonian dynamics. Dirac described three di�er-
ent forms of Hamiltonian dynamics instant form, front form (light front form)
and point form. Two other forms, suggestedby Leutwyler and Stern [382], did
not bring any signi�cant extensionwhen comparedwith the three generalDirac
forms.

The front form has already beenusedin various �elds including both quan-
tum mechanics and quantum �eld theory. It has been successfulespecially in
deepinelastic scattering, wherethe kinematic variablesof phenomenologicalap-
proaches coincide with the speci�c variables of the front form. Although also
the point form wasat �rst consideredfor an application in quantum �eld theory,
it was put asideafter peoplerealized that its quantization surface(a spacetime
hyperboloid) entails di�culties. However, for a quantum mechanical treatment,
the point form yields advantages.

The Bakamjian Thomas construction provides for any of the di�erent forms
a simple way how to include interactions in the Poincar�e generatorsby imposing
only linear conditions on the potential. In the point form, all interactions are
put into the four momentum operator, whereasthe Lorentz generatorsremain
freeof interactions and are kinematical. As a result, the point form is manifestly
Lorentz covariant. The dynamical equations,replacingthe Schr•odingerequation,
are then in generalthe eigenvalue equationsfor the four components of the four
momentum operator. Within the Bakamjian-Thomasframework the problem is
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reducedto oneeigenvalue equation for the invariant massoperator.

2.1 The Poincar �e Transformation

From a group theoretical point of view, the transformations of the system of
referenceinclude translation, rotations and the Lorentz transformations which
are forming the Poincar�e group. Under the in�nitesimal transformation g of the
coordinate system,with the translation a� and with the four dimensionalrotation
" � � ;

x � ! x0� = x � + a� + " �� x � ; (2.1)

with
" �� = � " � � :

The state vector � is transformedas follows

� ! � 0 = U(g)�; (2.2)

where
U(g) = 1 + iP � a� +

i
2

J�� " �� ; (2.3)

J�� = � J� � : (2.4)

Here we de�ne the metric tensor g�� = (1; � 1; � 1; � 1): Oncethe set of in�nites-
imal generatorsare known, every �nite element of the group can be expressed
in terms of generatorsby exponentiation. In principle, the choice of a set of
generatorsis not unique, since any linear combination of generatorsis again a
generatorso that one can replacesomeof them in favor of others. A standard
choice,accordingto the parametersspeci�ed above, by setting K j = J 0j , is

� P � generatorof spacetime translations,

� K j generatorof Lorentz boosts,

� J j generatorof spacerotations.

Here, � = 0; 1; 2; 3 and j = 1; 2; 3: The generatorssatisfy a set of commutation
relations which is called the Lie algebraof the corresponding Lie group. Every
set of generatorsformsa Lie algebrawith di�erent structure constants. Standard
commutation relations are [352]

[J j ; J k ] = i� j klJ l ; [K j ; K k ] = � i� j klJ l ; [J j ; K k ] = i� j klK l ;

[P � ; P � ] = 0; [K j ; P k] = i� j kP0; [J j ; P k ] = i� j klP l ;

[K j ; P0] = � iP j ; [J j ; P0] = 0; (2.5)

where� j kl and � j k are the Levi-Civita and Kronecker symbols, respectively. The
commutation relation for the components of the four momentum are already
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CHAPTER 2. THE RELATIVISTIC PARTICLE PROBLEMS

written in a covariant way. This can alsobe donefor the rest of the relations, if
onerealizesthat under a Lorentz transformation the K j and J j transform like the
six independent components of an antisymmetric tensor of rank 2. By setting
J 0j = K j ; and J j k = � j klJ l , one arrives at the covariant set of commutation
relations of the generatorsof the Poincar�e group

[P� ; P� ] = 0;
1
i
[P� ; J�� ] = g�� P� � g�� P� ;

1
i
[J�� ; J�
 ] = g�� J� 
 � g� � J�
 + g� 
 J�� � g�
 J� � : (2.6)

An important observation hereis that now the metric g�� provides the structure
constants of the Lie-Algebra.

2.1.1 Casimir Op erators of the Poincar �e Group

Having the generatorsand their commutation relationsonecanstart to construct
operatorsasfunctions of the generators.Wehavealreadymentioned that any lin-
ear combination of group generatorsis again a generatorof the group. Another
interesting issueis to construct the Casimir operators of the group [140, 141].
Theseare generatorpolynomials that commute with all of the generators. The
Casimir operatorsarealsoimportant, becausetheir eigenvaluesprovide quantum
numbers to label the representation in use. In generalfor physical systemsone
wants to have a set of commuting self-adjoint operators,whoseeigenvalueschar-
acterize the state of the system. In this sensewe want to determine the mass
and spin of our systemof interest and construct the corresponding massand spin
operators.

The Mass Op erator : In analogy to the massm of a particle in classical
relativistic mechanics,onede�nes the squareof the massoperator M asthe scalar
product of the four momentum operator P � with itself

M 2 = P � P� = H 2 �
�!
P

2
: (2.7)

M 2 commutes with all of the Poincar�e generators,so it is a Casimir operator of
the Poincar�e group. If M 2 satis�es the spectral condition, i.e. M 2 � 0; then one
can de�ne its squareroot and write

M =

q

H 2 �
�!
P 2; (2.8)

with theserelations onecan now expressthe Hamiltonian in terms of
�!
P and M

P0 = H =

q

M 2 +
�!
P 2: (2.9)
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2.1. THE POINCAR �E TRANSFORMATION

The Pauli-Lubanski Spin Op erator : The secondCasimir operator is con-
structed from the Pauli-Lubanski pseudovector

W � := �
1
2

� �� �
 P� J�
 : (2.10)

The squareof W � is proportional to the squareof the total intrinsic spin

W � W� = � M 2�!
S 2: (2.11)

Having in mind that W � W� commutes with all of the generatorsof the group,
onestill hasto derive the commutation relations for the components of W � with
the generatorsand with themselves. For that purposeit is useful to write down
the components of W � explicitly

W 0 =
�!
P �

�!
J and

�!
W = H

�!
J �

�!
P �

�!
K ; (2.12)

we also note that W 0 and
�!
W are self adjoint. The commutation relations now

are

[J j ; W 0] = 0; [J j ; W k ] = i� j klW l ; [K j ; W 0] = � iW j ;

[K j ; W k ] = � i� j kW 0; [P � ; W � ] = 0: (2.13)

If wecomparethesecommutation relations for W � to thosefor the components of
P � , we seethat they are the same,meaningthat W � transformslike a four vector
under Lorentz transformations. Similar to the angular momentum operator, the
components of the Pauli-Lubanski operator do not commute

[W � ; W � ] = i� �� �� W� P� :

A casewhere P � = (M ; 0), the Pauli-Lubanski vector W � = (W 0;
�!
W); is given

by

W 0 = 0; Wi =
1
2

M � ij kJ kj = M Si : (2.14)

and M 2 = 0: Then since

P� P � = W� W � = W� P � = 0; (2.15)

W� and P� must be proportional to each other,

W� = hP� ;

wherethe helicity h is given by

h =
�!
P �

�!
J

j
�!
P j

: (2.16)
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The Newton-Wigner Position Op erator : Bakamjian and Thomas con-
structed another operator, namely the so called Newton-Wigner position opera-
tor. The constructionof this operator is the result of the needto havea hermitian
position operator in relativistic quantum mechanics. Newton and Wigner have
constructedthis operator from the hermiticit y requirement [432]. The de�nition
of the operator in the instant form of relativistic dynamicsmakesit alsopossible
to write the operator of total angular momentum as the usual sum of orbital an-
gular momentum de�ned by the crossproduct of

�!
X c and

�!
P and intrinsic angular

momentum (spin). The operator readsexplicitly for the caseof canonicalspin

�!
X c =

1
2

[
1
H

; K ]+ �
�!
P � (H

�!
J �

�!
P �

�!
K )

M H (H + M )
: (2.17)

The state vector Eq. (2.2) � J � (p) corresponding to a systemwith de�nite four
momentum p� , massM , total angular momentum J and its projection � to the
z-axis, the following systemholds

P� � J � (p) = p� � J � (p);

P2 � J � (p) = M 2 � J � (p);

S2 � J � (p) = � M 2 J (J + 1) � J � (p);

S3 � J � (p) = M �� J � (p): (2.18)

A particular dynamical system is determined by the explicit form of these
generators,i.e., by a particular solution of the commutation relations Eq. (2.6).
If thesegeneratorsare expressedin terms of the particle coordinates, we get a
version of relativistic quantum mechanics with �xed number of particles. If the
generatorsare expressedthrough the quantum �elds, we obtain a form of the
quantum �eld theory. As soon as the generatorsare �xed the state vector is
determined by Eq. (2.18). For an interacting systemsomePoincar�e generators
contain the interaction. Namely, the generatorschanging the position of the
surface,wherethe statevector is de�ned, contain the interaction. The generators,
which do not changethe position of the surface,do not contain the interaction
and coincide with the generatorsof free system. Using this property, one can
classifydi�erent forms of dynamics.

In Sec.2.4 we considerthe three Dirac forms of the relativistic dynamicsand
introduce the question how to add interactions to the operators that describe
the system of interest. Before we use theseforms in our approach , we review
highlights of the constraint formalism and it's quantization.
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2.2 Dirac's Hamiltonian Approac h with Con-
strain ts

2.2.1 Classical Nonrelativistic Lagrangian Formalism

Here, we only consider closedsystemswhosedynamics derive from an action
principle. We shall assumethat the corresponding action is given as an integral
over time of a local function of the degreesof freedom,known as the Lagrangian
function. By time, we mean a variable parameterising time evolution of the
system,and not necessarilythe time asmeasuredby and observer. We shall �rst
considerthe caseof a systemwith a �nite number of degreesof freedom,given
as N functions qn (t); n = 1; 2:::; N of the time variable t. With the restrictions
speci�ed above, we thus assumethat the dynamicsof the systemis described by
an action functional of the form

A =
Z t2

t1

dtL (qn ; _qn ; t): (2.19)

Here,L(qn ; _qn ; t) is a Lagrangefunction dependingon generalizedcoordinatesqn

and generalizedvelocities _qn = d
dt qn and time t.

The time evolution of the classicalsystem is then obtained from the Euler-
Lagrangeequationsof motion. Theseequationsfollow from action by the vari-
ational principle, which states that the classicaltra jectories qn (t) of the system
are those for which the action is a stationary point of A . A necessarycondition
for their existenceis the vanishing of the �rst variation of the action, � A = 0,
and we have for t1 < t < t2;

� A =
Z t2

t1

dt
��

@L
@qn

�
d
dt

@L
@_qn

�
� qn +

d
dt

�
@L
@_qn

� qn

� �
; (2.20)

which leadsto the Euler-Lagrangeequations

d
dt

@L
@_qn

�
@L
@qn

= 0; (2.21)

or explicitly
@2L

@_qn1 @_qn2

•qn2 +
@2L

@_qn1 @qn2

_qn2 �
@L

@qn1

= 0: (2.22)

Hence,time evolution of the systemis describedby a setof N linearly independent
secondorder di�erential equations,provided the Hessianof the Lagrangefunction
hasnon vanishingdeterminant

Det
@2L

@_qn1 @_qn2

6= 0:

The Lagrangian is called singular if the Hessianvanishes,and regular otherwise.
In the caseof a regular system,the generalsolution of Eq. (2.22) is given in

terms of (2N) integration constants for the N functions qn (t):
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2.2.2 Classical Nonrelativistic Hamiltonian Mec hanics

In addition to the Lagrangeformulation of classicalmechanics there exists a
formulation due to Hamilton, the Hamiltonian formalism corresponding to the
Lagrangian[423, 296, 526,527]. We will recapitulate this brie
y in order to point
out wherethe peculiaritiesof constraint dynamicsarise. Considerthe di�erential
of the Lagrangefunction

dL = dqn
@L
@qn

+ d_qn
@L
@_qn

= dqn
@L
@qn

+ d
�

_qn
@L
@_qn

�
� _qnd

�
@L
@_qn

�
; (2.23)

leading to the relation

d
�

_qn
@L
@_qn

� L
�

= � dqn
@L
@qn

+ d
�

_qn
@L
@_qn

�
: (2.24)

Thus, de�ning the generalisedmomentum pn conjugateto qn as

pn :=
@L
@_qn

; (2.25)

and the canonicalHamiltonian H by

H := _qnpn � L; (2.26)

the relation Eq. (2.24) takesthe form

dH = � dqn
@L
@qn

+ _qndpn ; (2.27)

or by using the Euler-Lagrangeequationsof motion Eq. 2.21

dH = � dqn _pn + _qndpn : (2.28)

The result Eq. (2.27) shows that, although the canonicalHamiltonian is a priori
a function of (qn ; _qn ), it actually depends on these variables only through the
phasespacevariablesqn and pn . Therefore,H is actually a function of qn and pn ,
wherepn in turn dependson qn and _qn . Note that this result applies to regular
as well as singular systems.

However, only in the caseof a regularsystemis the map from velocity spaceto
momentum spaceinvertible. Indeed,such a one-to-onecorrespondencerequires

Det
�

@pn1

@_qn2

�
6= 0:

Hence,only for such systemscanthe dependencepn (qn ; _qn ) beinverteduniquely
as _qn (qn ; pn ), in which casethe de�nition Eq. (2.26) corresponds to a Legendre
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transform of the Lagrangefunction L(qn ; _qn ): From Eq. (2.28), we then read o�
the Hamiltonian equationsof motion

_qn =
@H
@pn

; _pn = �
@H
@qn

: (2.29)

These are (2N ) coupled �rst order (in time) di�erential equations, whose
general solution is determined in terms of (2N ) integration constants. These
integration constants can be speci�ed in terms of (2N ) boundary conditions in-
volving qn (t) and pn (t), but hereagain,appropriate and consistent choicesare to
be madedepending on the systemand possiblyother physical considerations.

From the Hamiltonian equationsof motion Eq. (2.29), we have the following
equation of motion for any function of phasespacef (qn ; pn ; t), with a possible
explicit time dependence

df
dt

=
@f
@t

+
@f
@qn

@H
@pn

�
@f
@pn

@H
@qn

: (2.30)

De�ning the Poissonbracket of two functions f and g on phasespaceby

f f ; gg :=
@f
@qn

@g
@pn

�
@f
@pn

@g
@qn

; (2.31)

Eq. (2.30) takesthe form
_f =

@f
@t

+ f f ; H g: (2.32)

In this notation, the Hamiltonian equation of motion are

_qn = f qn ; H g; _p = f pn ; H g: (2.33)

Although at this point, it seemsthat these Poissonbrackets simply provide a
convenient notation, they actually play a fundamental role in classicalaswell as
quantum mechanics.

From the de�nition Eq. (2.31), it is easyto establishthe following properties
of Poissonbrackets (f ; g and h are functions of phasespace,and c1; c2 and c are
constants) [289]

� antisymmetry: f f ; gg = �f g; f g;

� linearity: f c1f + c2g; hg = c1f f ; hg + c2f g; hg,

� existenceof null elements: f c;f g = 0;

� the Jacoby identit y: f f ; f g; hgg+ f g; f h; f gg+ f h; f f ; ggg = 0;

� the product rule: f f g; hg = f f g; hg + f f ; hgg:

Finally, we have the fundamental Poissonbrackets

f qn1 ; qn2g = 0; f pn1 ; pn2g = 0; f qn1 ; pn2g = � n1 ;n2 ; (2.34)

from which any Poissonbracket can be obtained using the properties above.
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CHAPTER 2. THE RELATIVISTIC PARTICLE PROBLEMS

2.2.3 Nonrelativistic Constrain t Hamiltonian Dynamics

Let us now considera dynamical systemwith N degreesof freedomand with a
LagrangianL(q1; q2; :::; qN ; _q1; _q2; :::; _qN ) = L(q; _q). The Lagrangian is singular if

Det
�

@2L
@_qi @_qj

�
= 0: (2.35)

It meansthat, when the Lagrangianequationsof motion are written in suitable
coordinates,the coe�cien t of at leastone•q is zero. Also Eq. (2.35)meansthat the
equationsgiven by Eq. (2.25) cannot be solved uniquely for each of the velocities
_q in terms of q; p. The N dimensionalcon�guration spacewith coordinates qr

leads automatically to two 2N dimensional spaces,one is the tangent bundle
of Lagrangian coordinates and velocities qr ; _qr , and the other is the cotangent
bundle of phasespaceof coordinatesand momenta qr ; pr . If the p's involve only
N � M independent functionsof the _q's, therewill beM independent constraining
relations

� m (q; p) � 0; m = 1; 2; :::; M : (2.36)

The special weak equality sign � is a reminder that theserelations are, of course,
not valid over the entire 2N dimensionalphasespacebut the solution pair (q; p)
[191, 194, 294, 283]. The relations Eq. (2.36) are called primary constraints of
the Hamiltonian formalism [525, 527, 526]. Now, we consider the quantit y of
pn _qn � L .

If we make variations for pn _qn � L; in the variablesq and _q, in the coordinates
and the velocities, then variations will causevariations to occur in the momentum
variablesp. This meansthat

� (pn _qn � L) = pn � _qn + _qn � pn �
@L
@qn

� qn �
@L
@_qn

� _qn

= _qn � pn �
@L
@qn

� qn + � _qn

�
pn �

@L
@_qn

�

= _qn � pn �
@L
@qn

� qn : (2.37)

the variation is not independent of the velocities. However, we may add to it any
linear combination of the � 's Eq. 2.36,which arezero. The Hamiltonian, we may
changeto an other Hamiltonian

H = H + � m � m ; (2.38)

wherethe � m are any functions of the q's and p's.
Eq. (2.37) now gives

@H
@qn

� qn +
@H
@pn

� pn = _qn � pn �
@L
@qn

� qn : (2.39)
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for variations � qn ; � pn . It follows that

_qn =
@H
@pn

+ � m
@� m

@pn
;

�
@L
@qn

=
@H
@qn

+ � m
@� m

@qn
;

and

_pn = �
@H
@qn

� � m
@� m

@qn
: (2.40)

From de�nition Eq. (2.31), one can rewrite the equationsof motion. For any
function g(q; p), we have

_g = f g; Hg = f g; H + � n � ng = f g; H g + f g; � n � ng

= f g; H g + � n f g; � ng + f g; � ng� n

= f g; H g + � n f g; � ng: (2.41)

We have the constraints Eq. (2.36), but must not use one of theseconstraints
beforeworking out a Poissonbracket.

An important consequenceof thesede�nitions Eq. (2.36) is the following

� the constraint Eq. (2.36) is trivially satis�ed 0 = 0,

� the constraint Eq. (2.36) is independent of � m , f � m ; � ng � 0, determine
new constraint � (qn ; pn) = 0 socalled secondaryconstraint,

� the constraint Eq. (2.36) de�nes an equationto be satis�ed by the function
� m .

This de�nes a linear vector space(due to the linearity of the Poissonbrackets)
and so any linear combination of constraints is again a constraint.

It is of great importance for our purposesthe distinction between�rst class
and second classconstraints. The �rst are de�ned as the constraints which com-
mute (i.e. have vanishing Poissonbrackets) with all the other constraints. The
secondoneshave at least onenon vanishingbracket with someother constraint.
It may happen that we can take linear combinations of second classconstraints
and obtain some�rst classconstraints. Dirac showed the profound di�erence be-
tweenthis two classesin Ref. [194]. Any quantit y, which is weakly equal to zero
is necessarilystrongly equal to a linear combination of the constraints, provided
the latter are regular constraints.

2.3 Relativistic Kinematics

Particle physicsutilizes relativistic kinematics in many ways: to relate energies,
momenta and scattering anglesin di�erent frames of reference,to deducethe
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CHAPTER 2. THE RELATIVISTIC PARTICLE PROBLEMS

massesof unstableparticles from measurements on their decay products, to work
out threshold energiesfor production of new particles, and in a variety of other
applications [408]. The problem we want to discusshere is what happenswhen
we replaceGalilean spacetimewith Minkowski spacetime. All observables can
be expressedin terms of invariants. The most exhaustive treatment of the sub-
ject of relativistic kinematic, is given in Ref. [104, 315], considerableinterest
in experimental high energyphysics. While the force betweenparticles are only
imperfectly known, and are certainly for from classical,so long as the particles
involved in a reaction are outside the region of mutual interaction their mean
motion can be described by classicalmechanics. Further, the main principle in-
volved in the transformations conservation of the four vector of momentum is
valid in both classicaland quantum mechanics.

Figure 2.1: The light cone.

1. Let us considerthe invariant of the four dimensionalline element between
two events �!x 1 and �!x 2 with components

ds2 = cdt2 � d�!x 2; (2.42)

where cdt timelike interval and Cartesian coordinates d�!x = f dx; dy; dzg.
It hasbecomeusual to talk about three di�erent typesof intervals

� ds2 � 0; (spacelike)
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2.3. RELATIVISTIC KINEMA TICS

� ds2 � 0; (timelike )

� ds2 � 0; (lightlik e).

A spacetimediagram shown in Fig. 2.1, often calleda Minkowski diagram,
is a geometric representation of motions in spacetime[512]. The vertical
axis is usually plotted asthe time axis. For timelike intervalswecanfurther
distinguish

� s > 0; (future)

� s < 0; (past)

� s = 0: (present or elsewhere)

The future cone represents those areaswhere s is positive and ct is also
positive. The past cone comprisesspacetimepoints with s positive and
with ct negative. Those volumesoutside the two conesrepresent what is
sometimescalled elsewhere,sincethey are events for which the metric s is
imaginary.

Depending upon the situation onesometimesplots a singlespatial dimen-
sion, or two spatial dimensions. Any point in spacetimeis called a world
point, and a seriesof world points representing the motion of someobject
is called a world line Fig. 2.1.

2. We have the following Lorentz transformation betweenthe coordinates in
the two systems

0

B
B
@

ct0

x0

y0

z0

1

C
C
A =

0

B
B
@


 � v
c 
 0 0

� v
c 
 
 0 0
0 0 1 0
0 0 0 1

1

C
C
A

0

B
B
@

ct
x
y
z

1

C
C
A : (2.43)

4-V ector
The prototype four vector is the position vector in spacetime,representing
an event

s =

0

B
B
@

ct
x
y
z

1

C
C
A ;

contravariant, with components x � , and

s = (� ct x y z);

covariant with components x � .
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We are rewriting the invariant squaredlength Eq. (2.42)

ds2 = (� cdtdx dydz)

0

B
B
@

cdt
dx
dy
dz

1

C
C
A = � (cdt)2 + dx2 + dy2 + dz2 = g�� dx� dx� ;

whereg�� are tensor secondrank with components

g�� =

0

B
B
@

� 1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

1

C
C
A ; (2.44)

say metric tensor de�ned asthe matrix inverseof the spacetimemetric g�� ,
so it hascomponents g�� so that

g�� g� � = � �
� :

Along timelike directions the invariant Fig. 2.1

d� 2 = � ds2=c2 = dt2 � (dx2 + dy2 + dz2)=c2 (2.45)

is positive. Its squareroot is the element of proper time (chosenpositive in
the future pointing direction). For neighboring events on a timelike curve
coincideswith the time di�er ential dt that is measuredby a clock traveling
on that curve Fig. 2.1. The proper time di�erential d� and the coordinate
time di�erential dt are related by

dt
d�

= 
 (v); (2.46)

wherev is the speedof the clock asmeasuredby an observer using coordi-
nates(ct; x; y; z).

3. The world line of a particle is a curve x � = x � (� ) , parametrized by the
proper time � . The four velocity of the particle is the four vector

�!u =
dx�

d�
: (2.47)

The squareof any four vector is an invariant and so

�!u 2 = V � V� = � c2; (2.48)

in any frame in rest frame �!u � = (c;0).
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Associated with any particle is a quantit y m0 called its rest mass.The four
momentum of a massive particle is

�!
P = m0

�!u , where�!u is the four velocity.
So

P � = m0
 (v)(c;�!v ) = (mc; �!v ); (2.49)

where�!v is usual three velocity,

m = 
 (v)m0; and �!p = m�!v ; (2.50)

are the relativistic inertial massand relativistic momentum of the particle.
The relativistic massm equalsthe rest massm0 for a particle at rest and
increaseswith speedv and m ! 1 for v ! c.

The energyof a particle is de�ned as

E := m0
 (v)c2 = mc2: (2.51)

A particle at rest hasrest energyE0 = m0c2, somassand energyare really
equivalent! The kinetic energyof a particle is its energydue to motion,

W = E � E0 = (
 (v) � 1)m0c2: (2.52)

The squareof the four momentum is invariant,

P2 = P � P� = � m2
0c2; (2.53)

and we can write the components of the four momentum alsoas

P � = (E=c;�!p ) and E 2 � �!p 2c2 = m2
0c4: (2.54)

4. In the sameway that we had a transformation betweenspacetimecoordi-
nates, there is another Lorentz transformation betweenmomentumenergy
coordinates,as indicated below

0
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@
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1
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A
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B
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@

E
c

px

py

pz

1

C
C
A : (2.55)

We shall achieve both simultaneously and shall adopt from now on ~ = c = 1:

2.3.1 In varian t Variables in the Center of Momen tum

Center of Momen tum (CM)
Let us �rst considertwo particle kinematics with four momenta p1 and p2 and
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CHAPTER 2. THE RELATIVISTIC PARTICLE PROBLEMS

with massesm1 and m2 in a Lorentz system[315]. It is possibleto give the CM
in terms of the three invariants

p2
1 = m2

1; p2
2 = m2

2; p1p2 or (p1 � p2)2: (2.56)

The CM energyE is in the CM system

p�
1 + p�

2 = f � �
1 + � �

2; 0g; and E � = � �
1 + � �

2: (2.57)

Hence
E � 2 = (� �

1 + � �
2)

2 = (p1 + p2)2; (2.58)

since(p1 + p2)2 is invariant. Now we can de�ne the total massM of the system
by squareof its total four momentum,

P2 := (p1 + p2)2 = M 2 = E � 2 = (� 1 + � 2)2 � (�!p 1 + �!p 2)2 (2.59)

or �!
P = M � CM 
 CM ; E = M 
 CM ; (2.60)

where

� CM =
�!
P
E

=
�!p 1 + �!p 2

� 1 + � 2
; (2.61)

is the velocity of the CM in laboratory systemand the corresponding 
 is


 CM =
E
M

:

From last invariant in Eq. (2.56), we write for the Lab-system

p1p2 = � 1� 2 = m1� 2: (2.62)

Hence
� 2 = E21; (2.63)

whereE12 is the energyof the particle 2 it in the rest systemof 1 and momentum

j�!p 21j2 =
(p1p2) � m2

1m
2
2

m2
1

; (2.64)

and the relative velocity is

v2
21 =

j�!p 21j2

E 2
21

=
(p1p2) � m2

1m2
2

(p1p2)2
: (2.65)

Using explicitly
P = p1 + p2; (2.66)
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and
p1p2 =

1
2

[(p1 + p2)2 � p2
1 � p2

2] =
1
2

(M 2 � m2
1 � m2

2); (2.67)

we obtain almost immediately the following expressions

� �
1 =

M 2 + (m2
1 � m2

2)
2M

; (2.68a)

� �
2 =

M 2 + (m2
1 � m2

2)
2M

; (2.68b)

� �
2 + � �

1 = M ; (2.68c)

j�!p j2 = j�!p 1j2 = j�!p 2j2 =
M 4 � 2M 2(m2

1 + m2
2) + (m2

1 � m2
2)2

4M 2
; (2.68d)

v� 2
i =

�
j�!p � j

� �
i

� 2

; (2.68e)

where � �
i and v�

i are energyand velocity, respectively, of particle i , as seenfrom
their commonCM system.

Now we shall proceedto a morecomplicatedproblem of relativistic dynamics.
It would seemthat only in the relativistic kinematics there are no direct experi-
mental comparisonsof physicalquantities for two systemsmoving relative to each
other, but in the relativistic dynamics everything is in order according to rela-
tivist logic the acceleratorsare operating. Let us try to clear up the dynamical
concepts,even becausethe relativistic dynamics,restsupon a completelyuntrue
relativistic kinematics.

2.4 Forms of Relativistic Dynamics

2.4.1 Including In teractions to a Hamiltonian

In relativistic classicalmechanics, a problem is usually formulated in terms of
a di�erential equation whosesolution has to satisfy certain initial conditions.
Causality requires only that these initial conditions have to be posedon any
spacelike (or light like) hypersurfaceof Minkowski space(Sec. 2.3). In nonrel-
ativistic mechanics initial conditions are given at a particular time t = t0. The
time evolution of the systemthen takesplaceorthogonal to the initial hypersur-
facechosen. In quantum mechanics the situation is similar, but one has a wave
function, a solution of the dynamical equation describingthe systemof interest.
In this case,the quantization conditions are formulated on the hypersurfacecho-
sen. In both casesarethe transformation propertiesof the hypersurfaceunder the
elements of the Poincar�e group of central importance. Dirac [190]discussedthree
casesof subgroupsof the Poincar�e group that leave hypersurfacesof Minkowski
spaceinvariant, whereasthe rest of the Poincar�e group doesnot. For each sub-
group he outlines a form of relativistic dynamics. The respective subgroup is
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then also called the stability group of the corresponding form of dynamics. The
generatorsspanning the stabilit y group are called kinematical, while the others
arecalleddynamical and arereferredto asthe Hamiltonians of the system. When
constructing a representation of the Poincar�e algebrafor a systemof interacting
particles the kinematical generatorsare free of interaction terms, whereasthe
dynamical generatorscontain explicitly interactions. From this point of view the
dimension of the stabilit y group also corresponds to the number of interaction
independent generators. Dirac also asked the question how interactions could
be introduced in a system of free particles. He saw that the interaction terms
in the Hamiltonians have to satisfy nonlinear conditions to guarantee that the
interacting systemis still described by a representation of the Poincar�e algebra.

It is not clear from the beginning, how to add interactions to the operators.
In order to describe a relativistic quantum mechanical system,one has found a
set of generatorsof the Poincar�e group that satis�es the correct commutation
relations given in Eqs. (2.6). The problem can be seenbest in the commutation
relation

[P j ; K k ] = i� j kH:

If interactions are addedto the Hamiltonian, that meansto the right hand side
of this equation, then they also have to appear in one or the other part of the
left hand side. This problem was noticed by Dirac [190]. In general,onecan try
to add interactions to H and all the other generators,even di�erent terms for
each generator,provided that the Poincar�e algebrais still satis�ed. Such a con-
struction is somewhatarbitrary and not straightforward at all. Dirac restricted
the examination to his three forms of dynamics, included potentials in the dy-
namical generatorsonly and arrived at nonlinear conditions for the potentials,
which guarantee Poincar�e invariance. The di�erences between the three forms
of dynamics are the following: including interactions only in the K 0s leads to
the instant form, including the potential in someof the P 0s and someof the K 0s
yields the front form, and including interactions only in the P 0s gives the point
form.

So what one rather wants are only linear conditions on the potentials and a
straightforward way to includegiveninteractionsin the Poincar�egenerators.Such
a prescription was developed by Bakamjian and Thomas [27]. The Bakamjian-
Thomas Construction provides a mean to add interactions to a noninteracting
few body theory in a way that automatically guaranteesthat the resulting gen-
erators of the Poincar�e group satisfy the correct commutation relations. This
can be accomplishedin the di�erent forms of relativistic dynamicsdependingon
the initial choice of the set of Poincar�e generators. From each initial set, some
di�erent auxiliary operatorsare constructed(including the massoperator, which
commutes with all generators). After the interaction potential is added to the
massoperator, onegetssomequite usual constraints on the potential, which en-
sure the validit y of the commutation relations of the original generators. These
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can then be reconstructedfrom the auxiliary operators and describe the inter-
acting theory in a Poincar�e invariant manner. This yields linear constraints for
the potential terms in each form of dynamicsand a straightforward way for the
construction of the interacting Poincar�e generators.

It is quite possibleto construct the Poincar�e generatorsfor one free particle.
This construction can be generalizedto yield operator representations for a sys-
tem of two free particles. In this casethe operators are constructedas a tensor
product of singleparticle Hilbert spaces.The Poincar�e generatorsare then sums
of generatorsfor each particle

P �
0 = P �

1 
 12 + 11 
 P �
2 ; (2.69)

M ��
0 = M ��

1 
 12 + 11 
 M ��
2 : (2.70)

wherethe subscripts1 and 2 denotethe operators referring to the Hilbert spaces
of particles 1 and 2, respectively. The subscript 0 indicates that the operator
describesa systemof free particles. The corresponding singleparticle statesare
combined to two particle statesby Clebsch-Gordancoe�cien ts (SeeAppendix.B).
This construction can be done in any of the three forms of dynamics, however,
the respective Clebsch-Gordan coe�cien ts will depend on the particular form of
dynamics.

The procedureto build interactions into the generatorsis now the following:

1. Construct the set of free two particle generatorsaccordingto Eqs. (2.69)
and (2.70). This set satis�es the Poincar�e algebra.

2. Construct a set of auxiliary operators(dependingon the form of dynamics)
from the free generatorswith commutation relations related to the onesof
the original set of generators.One of theseauxiliary operators is the mass
operator.

3. Add the interaction only to the massoperator without a�ecting the other
(auxiliary) operators. This implies only linear constraints on the poten-
tial. The constraints in this casehave to guarantee that the algebraof the
auxiliary operators doesnot change.

4. Reconstruct the original set of generators from the auxiliary operators.
The interaction now enters the generatorsvia the massoperator and the
Poincar�e algebra is still satis�ed, since the commutation relations of the
auxiliary operators were not changed.

In the following subsectionswe will discussDirac's three forms of relativistic
dynamics in somedetail.
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2.4.2 Instan t Form

The laboratory observer studies the physical processesin the four dimensional
spacetime continuum described by the coordinatesx = (t; ~r ). The three dimen-
sional space~r is a hyperplane given by the equation t = const. An observer
studies the evolution of his physical system from one plane t = const to other
one. The wave function  (~r ; t) of a quantum system,for a given t, is de�ned on
this hyperplane.

This description in four dimensionalspace,from one�xed time planeto other
one, corresponding to the di�erent time instants is called the instant form of
dynamics.

The time translations of the three dimensionalplane are determined by the
Hamiltonian H = P0. The interaction enters also into three operators of the
Lorentz transformation J i 0, i = 1; 2; 3. Indeed, two simultaneousevents in one
systemof referencearenot simultaneousonesin a moving system. Therefore,the
Lorentz transformations do not leave the plane t = const invariant, they change
the orientation of this planerelative to the time axis. This is the reason,why the
corresponding generatorscontain the interaction.

The other six generators,the translations and rotations inside the three di-
mensionalspace,namely, ~P and ~Ji = � ij kJ j k coincidewith the generatorsof the
free systemand are kinematical.

2.4.3 Poin t Form

In principle, one can de�ne the wave function on any hyperplane in spacetime.
Any two points of this surfacecannot be connectedby a light signal and, hence,
an event in oneof thesepoints cannot be causedof the other one. A convenient
choice is the surface of hyperboloid, t2 � ~r 2 = const. It is invariant under
Lorentz transformations. With the state vector de�ned on the family of these
hyperboloids, we obtain the point form of dynamics.

In the point form the rotations and the Lorentz transformationsdo not change
the hyperboloid t2 � ~r 2 = const. Therefore all the six generatorsJ �� do not
contain the interaction. Whereas,the translations are much more complicated,
and all the generatorsP� contain the interaction. This meansthat the total
momentum of a systemis not the sumof the particle momenta. This complicates
the situation inspite of the simpli�cation of the Lorentz boosts.

2.4.4 Fron t Form

The observer moving with the velocity v alongz-axis describesa physical process
in his coordinates (t0; x0; y0; z0), which are related to the laboratory onesby the
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Lorentz transformations:
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where

 =

1
p

1 � v2
:

According to Eq. (2.71), the plane t0 = const in the moving systemcorresponds
to

(t + zv) = const;

in the laboratory coordinates. The evolutions are consideredfrom one plane
t + zv = const to other one. Since the value of const is not yet speci�ed, the
factor 
 can be absorbed by it. For the null plane we put t0 / t + zv = 0. In
the limiting case,when v ! c, we get the plane determined by the equation
t0 / z+ = t + z = 0. The wave function is de�ned on this plane. This equation
coincideswith the equation for the light front z = � t, moving along � z. This is
the reason,why the description in thesecoordinates is called the front form of
dynamics,or the light front dynamics.1

For an arbitrary four vector a we perform the following transformation to
front form coordinates

(a0; a1; a2; a3) ! (a+ ; a1; a2; a� );

wherewe have de�ned

a+ = (a0 + a3)=
p

2; a� = (a0 � a3)=
p

2:

We alsousethe transversevector part of a as

a? = (a1; a2):

In front form dynamics only three generatorsP� ; J1� ; J2� do not leave the
light front plane invariant and contain the interaction. Other seven generators
P1; P2; P+ ; J12; J� + ; J1+ and J2+ are the free ones.

Note also that, for a free particle, the relation between the energyand mo-
mentum

p2
0 = ~p2 + m2; (2.72)

can be rewritten in the light front coordinatesas

2p+ p� � ~p2
? = m2; or2p+ p� = ~p2

? + m2; (2.73)

1We useunits with c = 1:
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with ~p? = (p1; p2). So, the light front energyp� of a freeparticle is expressedby

p� =
~p2

? + m2

2p+
; (2.74)

where
p� = (p0 � p3)=

p
2; (2.75)

are the front form energy (-) and the longitudinal momentum (+). Unlike the
usual instant form dispersion

E = �
p

p2 + m2; (2.76)

the front form dispersionrelation has a rational structure. This expressiondoes
not contain any squareroot, in contrast to the instant form.

The main di�cult y of quantum �eld theory is the very complicatedstructure
of the state vector describingthe particles and even the state without any parti-
cles,the vacuumstate. The state vector is usually described asa superposition of
the bare quanta, corresponding to the non-interacting �elds. If we switch o� the
interaction betweenthe �elds, the number of particles is conserved. As soon as
we take into account the interaction, the state vector is a superposition of states
with di�erent number of particles.

If interaction is a weak, like in the caseof the quantum electrodynamics, it
doesnot changethe state vector too much. Therefore,the dressed electrondi�ers
from the bare oneonly by small admixtures of photons.

The situation is drastically di�erent when the interaction is strong. In this
case,the structure of the real particle is extremely complicated. For example,
the proton consistsof three quarks, but thesequarks are not the samequarks
that appear in the initial Lagrangianof QCD. They are socalled the constituent
quarks which consist of bare quarks and gluons. The state vector of the proton
is a complicatedsuperposition of the bare �elds. It has not yet beencalculated
from �rst principles of QCD.
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Figure 2.2: A comparisonof the three dynamical forms [29].

One should emphasizethat not only the proton state, but also the state
without physical particles the vacuumstate of the laboratory observer, is a com-
plicated superposition of the bare particles, or, in other words, of 
uctuations
of the bare �elds. At the sametime, this description of emptinessin terms of a
complicatedconglomerateof particles, seemsunnatural. It would be much better
to work in the approach in which the vacuum is indeednothing but emptiness.
Simplifying the vacuum wave function, we simplify not only it but alsothe wave
function of the proton and of other particles, eliminating from them, like in the
vacuumwave function, the 
uctuations of �elds. After that on canstudy the real
physical structure of particles.
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CHAPTER 2. THE RELATIVISTIC PARTICLE PROBLEMS

In Fig. 2.2, we shown of the three forms. Which of the three dynamical forms
should be preferred? The question is di�cult to answer, in fact it is ill-p osed.
In principle, all three forms should yield the samephysical results sincephysics
should not depend on how oneparameterizesthe spacetime. It is dependent in
it, onehasmadea mistake. But usually oneadjustsparametersto �t the physical
problem any simplify the amount of practical work. Sinceoneknows little on the
typical solutionsof a �eld theory, it might well be worth the e�ort to admit also
other than the conventional instant form. Howere, the purposeof the present
work is to introduce a framework for developing NN interaction models within
the context of the instant form of relativistic dynamics.

2.5 Quan tization

We study here the canonical quantization of nonrelativistic Hamiltonian me-
chanics. As was discussedin Sec. 2.2.2, the basic structures that determine
the Hamiltonian description of the systemare the Poissonbracket structure on
phasespace,its valuesfor the fundamental degreesof freedomand the classical
Hamiltonian H [191].

There exist a number of di�erent quantization schemeswhich have beenpro-
posedover the decades,each with its own merits and drawbacks.

1. The canonical quantization method [193, 513]: At the level of QED, the
canonicalquantization method is not too di�cult, but the canonicalquan-
tization of morecomplicatedtheories,such asnon-Abelian theories,is often
prohibitiv ely tedious.

2. The Gupta-Bleuler [307,80] or covariant quantization method: Contrary to
canonicalquantization, it maintains full Lorentz symmetry, which is a great
advantage. The disadvantage of this approach is that ghostsor unphysical
statesof negative norm are allowed to propagatein the theory.

3. The path integral [234,235]method: This is perhapsthe most elegant and
powerful of all quantization programs. Oneadvantage is that onecaneasily
go back and forth betweenmany of the other quantization programsto see
the relationshipsbetweenthem. The disadvantage of the path integral ap-
proach is that functional integration is a mathematically delicateoperation
that may not even exist in Minkowski space(Sec. 2.3). A method to incor-
porate constraints in the notion of Feynmanpath integrals was formulated
by Faddeev[216].

4. The Becchi-Rouet-Stora-Tyupin(BRST) [49,50,51, 52]quantization method:
This is oneof the most convenient and practical covariant approachesused
for gaugetheories. Like the covariant quantization program, negative norm
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2.5. QUANTIZA TION

states or ghostsare allowed to propagateand are eliminated by applying
the BRST condition onto the state vectors.

All the information is contained in a singleoperator, making this a very attractiv e
formalism. We will especially discussthe canonicalquantization method.

2.5.1 Canonical Quan tization

On of the �rst methods to quantize a �nite regular systemis the socalledcanoni-
cal quantization [193,296]. Corresponding to the fundamental degreesof freedom
that de�ne phasespace,and functions on this space,we have at the quantum
level linear operatorsacting on Hilbert space[522]. Being operators, thesequan-
tities generallydo not commute amongoneanother, so that most often ordering
prescriptionsarenecessaryin order to de�ne quantum compositeoperators. Note
alsothat quantization of a classicalsystemalways introducesa new fundamental
constant, namely ~, which has the dimensionsof [masslength2 time� 1] [296].

The quantum Hilbert spacecarries an algebraic structure associated with
commutation relations, in a sensethat it provides a linear representation of this
algebraof quantum operators. This however is not enoughat the quantum level.
An additional structure must be introduced on Hilbert space,namely an inner
product, which will be denoted by Dirac's bracket notation < j > [193]. This
inner product has to satisfy two main requirements.

� The Hermiticit y properties of the quantum operators

q̂y = q̂; p̂y = p̂:

In particular, the quantum Hamiltonian operator Ĥ corresponding to the
classicalHamiltonian H must be de�ned with a choice of ordering such
that Ĥ is Hermitian, selfadjoint. Thesedi�erent orderingsmay lead to not
equivalent quantum theories.

� The inner product must be a Hermitian inner product. This corresponds
to the following property under complexconjugation

<  j� > � = < � j >;

where and � are arbitrary quantum states.

The commutation relations of the fundamental quantum degreesof freedom
are simply given by the result of the associated Poissonbracket, multiplied by i~
(SeeChapt. 4 ) its meansthat

f A; Bg � ! i~[Â; B̂ ]; (2.77)

where[Â; B̂ ] = ÂB̂ � B̂ Â; is the commutator of the operatorsÂ; B̂ . This prescrip-
tion is in this simple form however too naive and only works for specialHamilton
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CHAPTER 2. THE RELATIVISTIC PARTICLE PROBLEMS

operatorsand special observables. The precisemeaningo (2.77) wasanalyzedby
Ashtekar [25].

For example,associated with the fundamental brackets given in Eq. (2.34),
we have the Heisenberg commutation relations

[q̂n1 ; q̂n2 ] = 0; [p̂n1 ; p̂n2 ] = 0; [q̂n1 ; p̂n2 ] = i~� n1 ;n2 ; (2.78)

whereq̂n ; p̂n are the fundamental quantum operatorscorresponding to the phase
spacedegreesof freedom[296].

The canonical quantization rules could be eventually applied in a smaller
Hilbert space,which is the counterpart of the reducedphasespaceR. However
there remains a problem becausethe knowledge of R is not su�cien t. Wave
functions depend on con�guration spacevariables,but R although symplectic is
not necessarilythe cotangent spaceof somecon�guration space.And even more
severe, in most casesan explicit representation of R is not available and oneonly
knows it implicitly .

2.5.2 Quan tization of Constrained Systems

The canonicalquantization prescription hasserved us well in de�ning a straight-
forward and unambiguous way of quantizing a classical system in 
at space.
However, it immediately runs into problems where constraineddynamics is in-
volved. It is easyenoughto restrict the potential term to the constraint surface
the di�cult y arisesin treating the operator ordering ambiguities in quantizing
the kinetic terms.

Noticing the point that the Dirac brackets for the constrainedsystemplay the
role of the Poissonbrackets for the unconstrainedsystem, we can quantize the
classicalconstrainedsystem. The Dirac brackets are to be replaced,in quanti-
zation, by the commutators (� 1=i} ). Along this canonicalquantization method,
therefore, it is important that we describe the system in the languageof the
Hamiltonian and not of Lagrangianformalism.

In caseof vanishingmatrix elements of constraints, it is to �x the multipliers
in the classicalHamiltonian by one way or another and solve the Schr•odinger
equation with the corresponding Hamilton operator. Use the substitution rule
Eq. (2.77) as there wereno constraints. Sinceby this we work in a Hilbert space
which is too big, de�ne states to belongto the physical Hilbert space� p if they
ful�ll

<  0jĈr j > = 0; (2.79)

whereĈr arethe quantum analogiesof all constraints in the classicaltheory [527].
In caseof constraints as conditions on states, which occur for a �rst class

theory with
H = H0 + � i � i :
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2.5. QUANTIZA TION

Again solve the Schr•odinger equation for certain �xed valuesof the multipliers
and ignore the constraints. Then imposeas conditions on the states

�̂ i j > = 0: (2.80)

This requirement meansthat the state j > is invariant under the action of gauge
transformationsgeneratedby constraints. A subspace,de�ned by such equations
(called physical subspace)is actual the Hilbert spaceof a theory. This implies
Eq. (2.79) for those constraints Cr which are �rst class. For consistencyof Eq.
(2.80) also

[� i ; � j ]j > = 0;

has to hold. However, the quantum analogiesof Poissonbracket relations

f � i ; � j g = 0;

do not necessarilybecome
[�̂ i ; �̂ j ] = f̂ ij

l �̂ l ; (2.81)

becausein generalthe structure coe�cien ts are operators too and someof them
may occurson the right of the � l . This order problem might be prevented by

[�̂ � ; �̂ � ]j > = 0:

In the classicaltheory, the constraints do not only de�ne constraint hyper-
surfacesbut they also generategauge transformations. Therefore one should
expect that in the quantum theory they do not restrict the full Hilbert spacebut
also generateequivalenceclassesof states. De�ne the in�nitesimal changeof an
operator

� Ĥ := � i [Ĥ ; �̂ i ]; (2.82)

and calculate the matrix element

<  0j� Ĥ j > = � <  0jĤ �̂ j > � � <  0j �̂ Ĥ j > : (2.83)

The �rst term on the right hand side vanishesdue to Eq. (2.80), the second
would vanish in caseof hermitian constraints [527].

If constraints identi�es asan operator, than we useDirac quantization rules.
The di�cult y arising from the nonvanishing commutator of two constraints on
the physical state, the presenceof secondclassconstraints � i are even more se-
vere. If �̂ j > = 0; there will be some

[�̂ i ; �̂ j ]j > 6= 0; (2.84)

sincealready classically
Detf � i ; � j g 6= 0; (2.85)
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CHAPTER 2. THE RELATIVISTIC PARTICLE PROBLEMS

such that Ĉj > = 0 must lead to contradictions unlessone assumesthat the
constraints themselvesvanish asoperator Ĉr = 0, [191, 194, 527].

So, we can quantize any singular system using Eq. (2.77), but there is no
singlerule for quantization of constrainedsystems.

In non relativistic theory all dynamical variablesare bosonicand represented
by ordinary commuting numbers. On the other hand, in theory of particlesoneis
tempted, that all really fundamental particles, fermion and bosonsarecomposite.

As it was suggestedby Schwinger [507], the matrix determining the Poisson
brackets and the canonicalcommutation relations,must be skew Hermitian, then
the consistent classicaland quantum dynamicsmay be constructedon the basis
of the variation principle. Remarkably, not only a real and skewsymmetrical
matrix, but also an imaginary symmetrical one is possible. However, in the
secondcasethe canonical variables should be anticommuting. The analysis in
a spaceof anticommuting variables (in the Grassmannalgebra) as exhaustively
developedby [483]. The importanceof usingGrassmannalgebraswasessential for
the discovery of supersymmetriesand the recent introduction of the superspace
formalism.

In order to de�ne the associated manipulations, one must introduce the no-
tions of integration and derivation of Grassmannvariables,and extendthe notion
Poissonbrackets to Grassmannodd phasespacedegreesof freedom. We discuss
it in the next section.

2.6 Grassmann An ticomm uting Variables

The introduction of newvariablesin mathematicsand other scienceshasplayed
a signi�cant role in the development of mathematics and science. This phe-
nomenon can be seenclearly in theoretical physics. Beginning from ordinary
classicalmechanics using ordinary real number, complex variables have helped
the birth of quantum theory in which they are basic ingredient. Beside their
use as a mathematical tool, new variables may lead to more profound physical
consequences.The aim of this chapter is to show other new variableswhich we
could usein constraint dynamicswith spin onehalf particle.

The analysis of Grassmannalgebras is known to mathematicians and has
been used for a long time, but its application in physics beganalong with the
formulation of quantum �eld theory [410, 64]. The formulation of bosonic�eld
operators by using commutation relations in quantum �eld theory led directly
to the introduction of anticommuting relations for fermionic �eld operators by
Dirac [193],

f a;ayg = 1; f a;ag = f ay; ayg = 0: (2.86)

The form of theserelations is identical to the anticommutation relations between
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Grassmanniancoordinates � i and their derivatives@i � @=@� i ,

f � i ; @j g = � j
i ; f � i ; � j g = f @i ; @j g = 0; (2.87)

which leadsone to conjecture the existenceof fundamental anticommuting co-
ordinates. Since then, Grassmannvariables have taken an important place in
theoretical physics. In particular, Grassmannvariableshave beenplaying a cen-
tral role in areassuch as secondquantization, non Abelian gaugetheories,and
supersymmetry. We shall introducea brief theory of supersymmetry.

Although the useof anticommuting variablesareindispensablefrom almostall
theoretical physicsworks, therehasbeennot much attention to their useasa kind
of coordinate appendedto our usual spacetime dimension. The introduction of
extra Grassmanncoordinatesstemsfrom the vast amount of research on uni�ed
modelsof elementary particlesand their interaction forces,basedon the extension
to Minkowski space time.

The �rst attempt to unify gravitation and electromagneticinteractions was
exploredby addingonebosonicextra coordinate to the the four dimensionalspace
time in Kaluza-Klein theory [344,358]. Commuting variable coordinatesare also
usedin bosonicstring theory [299, 502]. The introduction of extra Grassmannian
coordinates has its roots in superspaceformulations [181]. Supersymmetry [222]
and supergravit y [435]are thosethat usethe superspaceconceptby introducing
spinorial Grassmannvariable coordinates in their e�orts to unify bosonsand
fermions. Theseformulations are essential in the construction of ten dimensional
superstring theories,generalizedversionof string theories[299, 502].

2.6.1 Grassmann Algebra

De�nition

Let � i ; i = 1; : : : ; n be a set of generatorssatisfying anticommutation relation

f � i ; � j g = 0; for i; j = 1; : : : ; n (2.88)

where f A; Bg � AB + BA for arbitrary A and B. Thesegeneratorswill de�ne
a Grassmannalgebra Gn with n generators. In particular, (� i )2 = 0. If n ! 1 ,
the corresponding algebrawill be denotedby G1 . We will limit our discussion
to �nite dimensionalGrassmannalgebra. The generalizationto the in�nite case
is straightforward.

Thesegeneratorswill de�ne a linear vector space,in which all possiblepoly-
nomials of � i will form a basis

1; � 1; : : : ; � 2; � 1� 2; : : : ; � n� 1� n ; : : : ; � 1 : : : � n :

This basiswill generatea 2n-dimensionalvector spaceover the complexnumbers,
whoseelements arecalledsupernumbers. The monomials� i 1 : : : � i p will bereferred
to asa monomial of degree p.
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Functions of Grassmann Variables

Any function of � i , f (� i ), can be written as a combination of monomials:

f (� ) = c0 +
nX

p=1

ci 1 :::i p � i 1 : : : � i p : (2.89)

We can choosewithout lossof generality the coe�cien ts ci 1 :::i p to be totally an-
tisymmetric in their indices. These coe�cien ts usually are ordinary complex
numbers, and f (� ) is called a supernumber. A supernumber is an element of
the algebraGn . In this case,c0 is called the body (which is an ordinary complex
number), and the rest is called the soul of the supernumber f (� ). In general,
every supernumber � can be expressedas a sum of the body � B and the soul � S,

� = � B + � S:

The inverseof a supernumber can be derived easily. Writing

� = � B (1 + � � 1
B � S);

then

� � 1 = � � 1
B (1 + � � 1

B � S)� 1 = � � 1
B

1X

n=0

(� � 1
B � S)n ; (2.90)

where a Taylor expansionis used in the last step. Then it is obvious that a
supernumber hasan inverseif and only if its body is not vanishing.

We can also extend any analytic function on complex numbers to a super-
number valued function on Gn , using the usual Taylor expansion:

f (� ) =
nX

p=0

1
p!

f (p)(� B )� p
S:

Here f (p)(� B ) is the p-th derivative of f at the point � B , provided � B is not
singular.

Another useful classi�cation of supernumber is worked out by separatingits
odd and even parts:

� = � e + � o;

� e = � B +
n=2X

p=1

ci 1 :::i 2p � i 1 :::i 2p ;

� o =
n=2� 1X

p=0

ci 1 :::i 2p+1 � i 1 :::i 2p+1 ;
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for even n, or

� e = � B +
(n� 1)=2X

p=1

ci 1 :::i 2p � i 1 :::i 2p ;

� o =
(n� 1)=2X

p=0

ci 1 :::i 2p+1 � i 1 :::i 2p+1 ;

for odd n.
Odd supernumbers anticommute amongthemselves,and even supernumbers

commute with everything. The set of even supernumberswill generatea commu-
tativ e superalgebraof Gn , G(+)

n . The set of odd supernumbers,G(� )
n , do not form

an algebra. The product of an even and an odd supernumber will give an odd
supernumber. The product of two even supernumbers or two odd supernumbers
is an even supernumber. Finally, the squareof an odd supernumber vanishes.

Deriv ativ es

Now, we de�ne the derivative of the elements of GrassmannalgebraGn in term
of its baseelements

@
@� q

� i 1 : : : � i p = � i 1q� i 2 : : : � i p � � i 2q� i 1 � i 3 : : : � i p

+ : : : + (� 1)p� 1� i p q� i 1 : : : � i p� 1 : (2.91)

This derivative will be denoted as left derivative. Its right partner is de�ned
similarly

� i 1 : : : � i p

@
@� q

= � i p q� i 1 : : : � i p� 1 � � i p� 1q� i 1 : : : � i p� 2 � i p

+ : : : + (� 1)p� 1� i 1q� i 2 : : : � i p : (2.92)

Both derivativesare linear operators in GrassmannalgebraGn . To avoid ambi-
guity, from now on we will only usethe left derivative, unlessindicated explicitly.
The derivative operators satisfy anticommutation relation amongthemselves:

f
@

@� i
;

@
@� j

g = 0: (2.93)

Also it is easyto verify from previousresult that

f � i ;
@

@� j
g = � ij : (2.94)

Sinceany function on supernumbers can be written as superposition of the
baseelements, the derivativeof any function on Grassmannvariablescanbeeasily
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calculated using theseresults. Other properties can be derived easily from the
de�nition of the derivatives. For example,let u 2 G(+)

n , v 2 G(� )
n , and w 2 Gn ,

then

@
@� i

(uw) = (
@

@� i
u)w + u(

@
@� i

w); (2.95)

@
@� i

(vw) = (
@

@� i
v)w � v(

@
@� i

w): (2.96)

Also,
@

@� i
(

@
@� j

w) = �
@

@� j
(

@
@� i

w): (2.97)

The superanalyticity is de�ned in the sameway as analyticit y for ordinary
functions. If f (v) 2 Gn ; v 2 G(� )

n , is superanalytic, then it is simply a linear
function of v

f (v) = a + bv; (2.98)

wherea and bareconstants elements of Gn and dependon the nature of f (v). For
instance,if f (v) is taken to be even supernumber, then a is an even supernumber
and b is an odd supernumber. Let us consideran in�nitesimal displacement dv in
G(� )

n space.Assumingf (v) is superanalytic, then dv will induce an in�nitesimal
displacement of f (v), df (v), in Gn space.For an arbitrary dv

df (v) = dv
�

d
dv

f (v)
�

; (2.99)

from which we get the generalsolution above.

In tegration

Integration over Grassmannvariablesis de�ned as [181]
Z

d� i = 0;
Z

d� i � i = 1: (2.100)

The �rst relation follows from the requirement of invariance under any �nite
translation a for commuting variables

Z + 1

�1
dxf (x) =

Z + 1

�1
dxf (x + a);

which is extendedto anticommuting variables. The secondrelation �xes the nor-
malization convention. It canbeshown that d� i will alsosatisfy anticommutation
relation amongthemselvesand with � i

f d� i ; d� j g = 0; for i; j = 1; : : : ; n

f d� i ; � j g = 0: (2.101)
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It is clear from their de�nitions that di�erentiation and integration over an
anticommuting variable are essentially identical,

Z
dvf (v) =

d
dv

f (v) = b; v 2 G(� )
n : (2.102)

and the integral of the derivative over anticommuting variablesvanishes
Z

dv
d
dv

f (v) =
d2

dv2
f (v) = 0; v 2 G(� )

n : (2.103)

The extensionto multiple integration is de�ned by iteration of singleintegral.
Z

� i 1 : : : � i p d� p : : : d� 1 = " i 1 :::i p ;
Z

f (� )d� p : : : d� 1 =
1
p!

" i 1 :::i p ci 1 :::i p ;

where" i 1 :::i p is the Levi-Civita tensor.
For future use we still de�ne here a Grassmannvariant of the Dirac � �

f unction by Z
f (� )� (� )d� = f (0); (2.104)

so that

� (� ) = 0;
Z

� (� )d� = 1 and
Z

� � (� )d� = 0:

In casen > 1 Grassmannvariables� 1; � 2; :::; � n are encountered, we de�ne

� n (� ) = � (� n )� (� n� 1):::� (� 1) = � n � n� 1:::� 1;

with all the obvious properties.

Conjugation

Complex conjugation (involution) is de�ned as one-to-onemapping of the al-
gebraonto itself f (� ) � ! f (� ), such that,

(f (� )) = f (� );

(f 1(� ) + f 2(� )) = f 1(� ) + f 2(� );

(f 1(� )f 2(� )) = f 2(� ) f 1(� );

for all f ; f 1; f 2 2 Gn . A supernumber is said to be real if � = � .
Until now, we have assumedthat the n generators� 1 : : : � n are real,

� i = � i ; i = 1; : : : ; n:

[Note that the baseelements of the algebra need not to be real in this case.]
A complexGrassmannvariable, � , can be written as summation of its real and
imaginary parts � = � R + i� I , and the real and imaginary parts can be replaced
by � and � as independent generatorsof Grassmannalgebra.
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Quan tization of the Grassmann Variables

Quantization sendsthe Grassmannalgebrainto a Cli�ord algebra. The key step
is to convert the dynamical variables of the classicaltheory into operators by
meansof the prescription

f A; Bg ! (i~) � 1[Â; B̂ ]� ; (2.105)

where the plus sign denotesan anticommutator (to be usedwhen A and B are
odd) and the minus sign correspondsto a commutator (to be usedwhen at least
A and B is even). Applying this prescription to f � i ; � j g� = i� ij we obtain

[�̂ i ; �̂ j ]+ = ~� ij ; (2.106)

from which we concludethat we have a Cli�ord algebra. In this representation
we have

�̂ i =
~
2

1=2

� i ; (2.107)

wherethe � i are the Pauli matrices.

2.7 Supersymmetry and Super�eld

Sypersymmetry (susy), i.e., fermi-bosesymmetry is on of the most peculiar dis-
coveriesin the history of physics.

We can alsogeneralizethe conceptof supernumber to that of super�eld [485,
227]. A super�eld is de�ned similarly to a supernumber except that now the
coe�cien ts are �elds instead of simply numbers. In most casesin physics they
are �elds over spacetimeF (x), wherex = (x0; �!x ). Then a super�eld F (x; � ; �� )
can be written as

F (x; � ; �� ) = F 0(x) +
nX

p=1

F i 1 ::: i p (x)� i 1 : : : � i p : (2.108)

The super�eld is thereforeequivalent to a �nite number of ordinary �elds, which
is a multiplet of �elds. The transformation properties of super�elds imply trans-
formation properties for the multiplet components.

The method of constructing supersymmetry Hamiltonians is basedon an ex-
tensionof the normal spacedue to the introduction of additional fermion coordi-
nateswhich form, togetherwith the normal coordinates,the socalledsuperspace.
In the superspace,the superalgebra(The algebrawith the Grassmannvariables)
can be realizedlinearly. Moreover, the bosonand fermion �elds are combined in
a singlesuper�eld.

Since we want to construct supersymmetric quantum �eld theories, and to
�nd representations of the susy algebra on �elds. A convenient and compact
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way to do this is to introduce superspaceand super�eld, i.e. �elds de�ned on
superspace. This is particularly simple for unextendedsusy, so we will restrict
here to N = 1 superspaceand super�elds. Then we have two extra two susy
generatorsQ and �Q, as well as four generatorsP� of spacetime translations.
The idea then is to enlargespacetime labeled by the coordinates x � by adding
two plus two anticommuting Grassmannvariables� and �� . Thus coordinateson
superspaceare (x � ; � � ; �� _� ):

2.7.1 Spinors and the Poincar �e Group

We begin with a review of the Lorenz and Poincar�e groupsand spinorsin four
dimensionalMinkowski space. The signature is taken to be + ; � ; � ; � so that
p2 = + m2 and �; � ; ::: always are spacetime indices,while i; j; ::: are only space
indices. then the metric g�� is diagonal with g00 = 1; gij = � 1:

The Lorenz group has six generators, three rotations J i and three boosts
K i ; i = 1; 2; 3 with commutation relations

[Ji ; Jj ] = i� ij kJk ; [K i ; K j ] = � i� ij kJk ; [Ji ; K j ] = i� ij kK j : (2.109)

To identify the mathematical structure and to construct representations of this
algebraone introducesthe linear combinations

J �
j =

1
2

(Jj � iK j ); (2.110)

in terms of which the algebraseparatesinto two commuting SU(2) algebras:

[J �
i ; J �

j ] = i� ij kJ �
k ; [J �

i ; J �
j ] = 0: (2.111)

Thesegeneratorsare not hermitian howere,and we seethat the Lorentz group is
a complexi�ed versionof SU(2) � SU(2): this group is SL(2; C) [74]. To seethat
this group is really SL(2; C) is easy: introducethe four 2 � 2 matrices � � where
� 0 is the identit y matrix and � i ; i = 1; 2; 3 are the three Pauli matrices. Then
for every four vector x � the 2 � 2 matrix x � � � is hermitian and hasdeterminant
equal to x � x � which is a Lorentz invariant. Hence a Lorentz transformation
preservesthe determinant and the hermiticit y of this matrix, and thus must act
as x � � � ! Ax � � � Ay with jdetAj = 1: We seethat up to an irrelevant phase,A
is a complex2 � 2 matrix of unit determinant, i.e. an element of SL(2; C): This
establishesthe mapping betweenan element of the Lorentz group and the group
SL(2; C):

The Poincar�e group contains, in addition to the Lorentz transformations,also
the translations. More preciselyit is a semidirect product of the Lorentz group
and the group of translation in spacetime. The generatorsof the translations are
usually denotedP� : In addition to the commutators of the Lorentz generatorsJ i
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(rotation) and K i (boosts)onehasthe following commutation relations involving
the P� :

[P� ; P� ] = 0; [Ji ; Pj ] = i� ij kPk ; [Ji ; P0] = 0;

[K i ; Pj ] = � iP0; [K i ; P0] = � iP j ; (2.112)

which state that translations commute amongthemselves,that the Pi area vector
and P0 a scalarunder spacerotations and how Pi and P0 mix under a boost. One
de�nes the Lorentz generatorsM �� = � M � � asM 0i = K i and M ij = � ij kJk : Then
the full Poincar�e algebrareads

[P� ; P� ] = 0;

[M �� ; M �� ] = ig� � M �� � ig�� M � � � ig� � M �� + ig�� M � � ; (2.113)

[M �� ; P� ] = � ig�� P� + ig�� P� :

There are various equivalent ways to introduce spinors. Here we de�ne spinors
as the objects carrying the basic representation of SL(2; C): Sinceelements of
SL(2; C) are complex2 � 2 matrices,a spinor is a two component object

�  =  1
 2

�

transforming under an element M =
�

� �

 �

�
2 SL(2; C) as

 � !  0
� = M �

�  � ; (2.114)

with � ; � = 1; 2 labeling the components. Now, unlike for SU(2), for SL(2; C)
a representation and its complexconjugateare not equivalent. M and M � give
inequivalent representations. A two component object � transforming as

� _� ! � 0
_� = M � _�

_�
� _� ; (2.115)

is calleda dotted spinor, while the above  is calledan undotted one. Comparing
the complexconjugateof Eq. (2.114)with Eq. (2.115)weseethat wecanidentify
� _� with ( � )� :

The representation carried by the  � is called ( 1
2 ; 0) (matrices M ) and the

one carried by the � _� is called (0; 1
2) (matrices M � ). They are both irreducible.

Now, any SL(2; C) matrix can be written as

M = exp(aj � j + ibj � j ); (2.116)

M � = exp(aj � �
j � ibj � �

j ): (2.117)

This explicitly displays the generatorsas the spin 1
2 representation of the com-

plexi�ed SU(2); in accordancewith (2.110). One introducesthe Dirac matrices
in the Weyl representation as


 =
�

0 � �

�� � 0

�
; 
 5 = i
 0
 1
 2
 3 =

�
1 0
0 � 1

�
: (2.118)
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A four component Dirac spinor is made from a two component undotted and
a two component dotted spinor as

�  �
�� _�

�
. Clearly it transforms as the reducible

( 1
2 ; 0) � (0; 1

2) representation of Lorentz group. Then
�  �

0

�
and

� 0
�� _�

�
are chiral

Dirac (or Weyl) spinors. A Majorana spinor (seeAppendix.A.1) is a Dirac spinor
with � �  , i.e. it is of the form

�  
� _�

�
.

The Lorentz generatorsare

� �� =
i
2


 �� ; 
 �� =
1
2

(
 � 
 � � 
 � 
 � ) =
1
2

�
� � �� � � � � �� � 0

0 �� � � � � �� � � �

�
:

(2.119)
We seethat indeedthe undotted and dotted spinorstransform separately, the

generatorsbeing i� �� for  � and i �� �� for � _� with

(� �� )�
� =

1
4

�
� �

� _
 �� � _
 � � (� $ � )
�

;

( �� �� ) _�
_� =

1
4

�
�� � _� 
 � �


 _� � (� $ � )
�

: (2.120)

Note that e.g. � 12 = �� 12 = � i
2 � 3 � � i

2 � z so that the rotation generatorM 12 =
M 12 is 1

2 � z asexpected.

2.7.2 The Supersymmetry Algebra

The symmetry we are looking for must connectbosonand fermions. In other
words, the generatorsQ of this symmetry must turn a bosonic state into a
fermionic one, and vice versa. We want to enlargethe Poincar�e algebraby gen-
erators that transform either as undotted spinors QI

� or as dotted spinors �QI
��

under the Lorentz group and that commute with the translations. The extra
index I = 1; :::N labels the di�erent spinorial generatorsin casethere are more
than onepair. This meansthat accordingto Eq. (2.120)

[P� ; QI
� ] = 0; [P� ; �QI

_� ] = 0;

[M �� ; QI
� ] = i (� �� )�

� QI
� ; (2.121)

[M �� ; �QI _� ] = i ( �� �� ) _�
_�
�QI _� :

In particular, M 12 � J3 and thus [J3; QI
1] = 1

2QI
1 and [J3; QI

2] = � 1
2QI

2: Since

�QI 1 = � (QI
2)y and �QI 2 = (QI

1)y;

onesimilarly has

[J3; (QI
2)y] =

1
2

(QI
2)y and [J3; (QI

1)y] = �
1
2

(QI
1)y:
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We concludethat QI
1 and (QI

2)y rise the z-component of the spin by half a unit,
while QI

2 and (QI
1)y lower it by half a unit.

Sincethe QI
� transform in the ( 1

2; 0) representation and the �QI
_� in the (0; 1

2);
the anticommutator of QI

� and �QI
_�

must transform as( 1
2; 1

2); i.e. asa four vector.
The obvious candidate is P� so that we arrive at

f QI
� ; �QJ

_� g = 2� �
� _�

P� � I J : (2.122)

The � I J can always be achieved by diagonalisingan a priori arbitrary symmetric
matrix and by rescalingthe Q and �Q: furthermore, since �Q is the adjoint of Q,
positivit y of the Hilbert spaceexcludeszeroeigenvaluesof this matrix. Finally

f QI
� ; �QJ

� g = � �� Z I J ; f �QI
_� ; �QJ

_� g = 2� _� _� (Z I J )� : (2.123)

The Z I J = � Z J I are central chargeswhich meansthey commute with all gener-
ators of the full algebra. The simplestalgebrahasN = 1, i.e. they are no indices
I ; J and there is no possibility of central charges. this is the unextendedsusy
algebra. In the simplest extendedcase,N = 2, there is just one central charge
Z � Z 12:

As over said, we restrict here to N = 1: The odd superspacecoordinates
� � and �� _� just behave as constant (x � independent) spinors. Recall that as all
spinors they anticommute among themselves, i.e. Eq. (2.88), and idem for the
�� _� :

Hencean arbitrary (scalar) function Eq. (2.108) on superspace,i.e. a super-
�eld, can always be expandedas

F (x; � ; �� ) = f (x) + �  (x) + �� �� (x) + � � m(x) + �� �� n(x)

+ � � � �� v� (x) + � � �� �� (x) + �� �� � � (x) + � � �� �� d(x): (2.124)

Heir we have usedthe identities in (4.43). If F carriesextra vector indices then
so do the component �eld f ;  ; :::: Now, we want to realize the susy generators
Q� and their hermitian conjugates �Q _� = (Q� )y as di�erential operators on su-
perspace.2

We want that i� � Q� generatorsa translation in � � by a constant in�nitesimal
spinor � � plus sometranslation in x � : The latter spacetime translation is deter-
mined by the susyalgebrasincethe commutator of two such susytransformations
is a translation in spacetime. Thus we want

(1 + i�Q )F (x; � ; �� ) = F (x + � x; � + �; �� ); (2.125)

2On this space, the Q� operators becomedi�eren tial operators Q� ! � @
@�� + i
 � � @� in

mach the same way that the P� and M �� operators are realized by P� ! � i@� ; M �� !
� i (x � @� � x � @� + �� � ��

@
@� ):
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where,we arrive

Q� = � i
�

@
@� �

� ic(� � �� )� @�

�
; (2.126)

and the hermitian conjugateis

�Q _� = i
�

@
@�� _�

� ic� (� � � ) _� @�

�
; (2.127)

and they satisfy the susyalgebra,in particular

f Q� ; Q _� g = 2� �
� _�

P� = � 2i� �
� _�

@� ; (2.128)

if c = 1, we can now give the action on the super�eld F and determine � x:

(1 + i�Q + i �� �Q)F (x � ; � � ; ��
_� ) = F (x � � i�� � �� + 1� � � ��; � � + � � ; ��

_� + ��
_� );

and the susyvariation of a super�eld is of coursede�ned as

� � �� F = (i�Q + i �� �Q)F: (2.129)

We �nd covariant derivatives D � and �D _� that anticommute with the susy
generatorsQ and �Q: Then � � �� (D � F ) = D � (� � �� F ) and idem for �D _� : It follows that

D � F = 0; or �D _� F = 0;

are susy invariant constraints one may imposeto reducethe number of compo-
nents in a super�eld. On �nds

D � =
@

@� �
+ i� �

� _�
��

_� @� ;

�D _� = �
@

@�� _�
� i� � � �

� _� @� ; (2.130)

where �D _� = (D � )y and

f D � ; �D _� g = 2i� �
� _�

@� ; f D � ; D � g = f �D _� ; �D _� g = 0;

f D � ; Q� g = f �D _� ; Q� g = f D � ; �Q _� g = f �D _� ; �Q _� g = 0: (2.131)

The covariant derivative plays an important role in the super�eld theory. Two
comments are in order here. First, any linear combination of super�elds is again,
a super�eld. Second,the product of two super�elds is alsoa super�eld. If the �rst
assertionis absolutely obvious, the second,perhaps,requiressomeexplanation.
It is instructive to check it explicitly, component by component.
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2.7.3 Chiral Super�elds

Here, we encounter a new type of super�eld (chiral) and a new realization of
susyin the superspace.The chiral super�elds dependexplicitly only on � or only
on �� .

A chiral super�eld � is de�ned by the condition

�D _� � = 0; (lef t chir al) (2.132)

and an anti-chiral one �� by

D �
�� = 0: (r ight chir al) (2.133)

This easily solved by observingthat

D �
�� = �D _� � = D � �y� = �D _� y� = 0;

y� = x � + i� � � �� ; �y� = x � � i� � � �� : (2.134)

Hence� dependsonly on � and y� and �� only on �� and y. Concentrating on �
we have component expansion

� (y; � ) = z(y) +
p

2�  (y) � � � f (y); (2.135)

or Taylor expandingin terms of x, � and �� :

� (y; � ) = z(x) +
p

2�  (x) � � � f (x)

+ i� � � �� @� z(x) �
i

p
2

� � @�  (x)� � �� �
1
4

� � �� �� @2z(x): (2.136)

Physically, such a chiral super�eld describesonecomplexscalarz and oneWeyl
fermion  : The �eld f will turn out to be an auxiliary �eld. For � we similarly
have

�� (y; �� ) = �z(x) +
p

2�� � (x) � �� �� �f (x)

� i� � � �� @� �z(x) +
i

p
2

�� �� � � � @�
� (x) �

1
4

� � �� �� @2 �z(x): (2.137)

Finally, let us �nd the explicit susy variations of the component �elds as
it results form Eq. (2.129): First, for chiral super�elds it is useful to change
variablesfrom x � ; � ; �� to y� ; � ; �� : Then

Q� = � i
@

@� �
; �Q _� = i

@
@�� _�

+ 2� � � �
� _�

@
@y�

; (2.138)

so that

� � (y; � ) � (i�Q + i �� �Q)� (y; � ) =
�

� � @
@� �

+ 2i� � � ��
@

@y�

�
� (y; � ) =
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p
2� � 2�� f + 2i� � � �� (@� z +

p
2� @�  ) (2.139)

=
p

2� +
p

2� (�
p

2�f +
p

2i� � ��@� z) � � � (� i
p

2�� �� � @�  ):

Thus we read the susytransformations of the component �eld:

� z =
p

2� ; (boson! fermion)

�  =
p

2i� � �� @� z �
p

2�f ; (f ermion ! boson) (2.140)

� f = � i
p

2�� �� � @�  : (f ! totalderivativ e)

2.7.4 Susy In varian t Action

To construct the �eld theoretical model we usedHamilton's method becauseit
wasnot clear to us then how to formulate Lagrange'sapproach consistently with
our invariance principle. On the contrary Hamilton's approach appearedto be
very simple becausethe Hamiltonian of the systemwasamongthe generatorsof
the basicalgebra. It becamevery simple to build a representation of the algebra
in terms of free �eld operators. Starting with this we can develop a method to
determinethe form of interaction [293]. At this point it wasfound that the basic
invarianceprinciple had to be completedwith a special locality principle. Only
after that did we obtain a nonlinear set of equationsfor the possibleinteraction
terms.

The simplest nonsupersymmetric quantum mechanical problem is that of
onedegreeof freedom� (t); the corresponding action has the form

S =
Z

dtL (t); L =
1
2

�
d�
dt

� 2

� V(� ); (2.141)

whereV(� ) is the potential energy. Now, instead of the variable � (t), we intro-
ducea supervariable F (x; � ; �� ) Eq. (2.108). Analogousto the fact that the space
time (time in this case)linearly realizesthe action of the translation generator,

t ! t + � ;

the superspaceallows one to realizelinearly all susygenerators.Under the susy
transformations,

� ! � + � ; �� ! �� + �� ; t ! t + i� �� � i� �� ; (2.142)

where� and �� are the Grassmannparametersof the supertranslations.
Now all of our preparatory work hasbeencompleted,and we can �nally turn

to a discussionof a regular method of building supersymmetric theories. By
de�nition, we want the action to be invariant under susytransformations:

�
Z

d4xL (x) = 0: (2.143)
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this is satis�ed if L itself transforms into a total derivative. We start from the
expressionEq. (2.141) for the action in ordinary quantum mechanics and can
thus write the action S as

Ssusy =
Z

dtd� d��
�

1
2

�D�D � � W(� )
�

; (2.144)

where W(� ) is an arbitrary function of � , the called superpotential. This W
may depend on several di�erent � i : Using the y and � variablesoneeasilyTaylor
expands

W(� ) = W(z(y)) +
p

2
@W
@zi

�  i (y) � � �
�

@W
@zi

f i (y) +
1
2

@2W
@zi @zj

 i (y) j (y)
�

;

(2.145)
where it is understood that @W

@z and @2W
@z@z are evaluated at z(y). The important

observation is that any Lagrangianof the form
Z

d2� d2 �� F (x; � �� ) +
Z

d2� W(� ) +
Z

d2 �� [W(� )]y; (2.146)

is automatically susyinvariant, i.e. it transformsat most by a total derivative in
spacetime.

The susyvariation of any super�eld is given by Eq. (2.129) and, sincethe �
and �� areconstant spinor and the Q and �Q aredi�erential operatorsin superspac,
it is again a total derivative in all of superspace:

� F =
@

@� �
(� � � F ) +

@
@�� _�

(� �� _� F ) +
@

@x �
[� i (�� � �� � � � � �� )F ]: (2.147)

If now F is a chiral super�eld like � or W(� ) one changesvariables to � and y
and onehas

� � =
@

@� �
(� � � � (y; � )) +

@
@�� _�

(� �� _� � (y; � )) +
@

@y�
[� i (�� � �� � � � � �� )� (y; � )]: (2.148)

The analogousresult holds for an anti chiral super�eld �W( �� ) = [W(� )]y. This
proves the susy of the action resulting from the spacetime integral of the La-
grangian Eq. (2.146).

The terms
R

d2� W(� ) + h:c: in the Lagrangian have the form of a potential.
The kinetic terms must be provided by the term

R
d2� d2 �� F . The simplestchoice

is F = � y� . This is neither chiral nor anti chiral but real. To compute � y� one
must �rst expand the y� in terms of x � . We only needthe terms � � � �� �� , called
the D-term:

� y�
�
�
�
� � � �

= � 1
4zy@2z � 1

4@2zyz + 1
2@� zy@� z + f yf + i

2@�  � �  � i
2 � � @�  

= @� zy@� z + i
2(@�  � �  �  � � @�  ) + f yf + total derivative:

(2.149)
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Then

S =
Z

d4xd2� d2� �
y
i � i +

Z
d4xd2� W(� i ) + h:c: (2.150)

yields

S =
Z

d4x
h
j@� zi j2 � i i � � @�  i + f y

i f i �
@W
@zi

f i + h:c: �
1
2

@2W
@zi @zj

 i  j + h:c:
i
:

(2.151)
More generally, onecan replace� y

i � i by a (real) K•ahler potential K (� y
i ; � j ). This

leadsto the nonlinear� -model. In any case,the f i haveno kinetic term and hence
are auxiliary �elds. They should be eliminated by substituting their algebraic
equationsof motion

f y
i =

�
@W
@zi

�
; (2.152)

into the action, leading to

S =
Z

d4x
h
j@� zi j2 � i i � � @�  i �

�
�
�
�
@W
@zi

�
�
�
�

2

�
1
2

@2W
@zi @zj

 i  j �
1
2

�
@2W

@zi @zj

� y

 i  j

i
:

(2.153)
We seethat the scalarpotential V is determined in terms of the superpotential
W as

V =
X

i

�
�
�
�
@W
@zi

�
�
�
�

2

: (2.154)

To illustrate this model, considerthe simplestcaseof a singlechiral super�eld
� and a cubic superpotential W(� ) = m

2 � 2 + g
3 � 3. Then @W

@z = m� + g� 2 and the
action becomes

SWZ =
R

d4x
h

j@� zj2 � i � � @�  � m2jzj2 � m
2 (  +   )

� mg(zyz2 + (zy)2z) � g2jzj4 + g(z  + zy  )
i
:

(2.155)

Note that the Yukawa interactions appear with a coupling constant g that is
related by susyto the bosoniccoupling constants mg and g2.
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2.7.5 Vector Super�elds

The N = 1 supermultiplet of next higher spin is the vector multiplet. The
corresponding super�eld V(x; � ; � ) is real and has the expansion

V(x; � ; � ) = C + i� � � i � � + � � � � v�

+ i
2 � � (M + iN ) � i

2 � � (M � iN )

+ i� � �
�
� + i

2 � � @� �
�

� i � � �
�
� � i

2 � � @� �
�

+ 1
2 � � � �

�
D � 1

2@2C
�

;

(2.156)

whereall component �elds only depend on x � . There are 8 bosoniccomponents
(C; D; M ; N; v� ) and 8 fermionic components (�; � ). Theseare too many com-
ponents to describe a single supermultiplet. We want to reduce their number
by making useof the supersymmetric generalizationof a gaugetransformation.
Note that the transformation

V ! V + � + � y ; (2.157)

with � a chiral super�eld, implies the component transformation

v� ! v� + @� (2Imz); (2.158)

which is an Abelian gaugetransformation. Weconcludethat (2.157)is its desired
supersymmetricgeneralization. If this transformation (2.157) is a symmetry (ac-
tually a gaugesymmetry, as we just saw) of the theory then, by an appropriate
choice of � , one can transform away the components �; C; M ; N and one com-
ponent of v� . This choice is called the Wess-Zuminogauge,and it reducesthe
vector super�eld to

VWZ = � � � � v� (x) + i� � � � (x) � i � � � � (x) +
1
2

� � � � D(x): (2.159)

Sinceeach term contains at least one � , the only nonvanishing power of VWZ is

V 2
WZ = � � � � � � � � v� v� =

1
2

� � � � v� v� ; (2.160)

and V n
WZ = 0, n � 3.

To construct kinetic terms for the vector �eld v� onemust act on V with the
covariant derivativesD and D. De�ne

W� = �
1
4

DDD � V ; W _� = �
1
4

DDD _� V: (2.161)

(This is appropriate for Abel Ian gaugetheoriesand will be slightly generalized
in the non-Abelian case.) SinceD 3 = D

3
= 0, W� is chiral and W _� antichiral.
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Furthermore it is clear that they behave asanticommuting Lorentz spinors. Note
that they are invariant under the transformation (2.157) since

W� ! W� � 1
4DDD � (� + � y) = W� + 1

4D
_�
D _� D � �

= W� + 1
4D

_�
f D _� ; D � g� = W� + i

2 � �
� _�

@� D
_�
� = W� ;

(2.162)

sinceD� = D� y = 0. It is then easiestto usethe WZ-gaugeto computeW� . To
facilitate things further, changevariablesto y� ; � � ; �

_�
so that

D � =
@

@� �
+ 2i� �

� _�
�

_� @
@y�

; D _� =
@

@�
_� ; (2.163)

and write

VWZ = � � � � v� (y) + i� � � � (y) � i � � � � (y) +
1
2

� � � � (D(y) � i@� v� (y)) : (2.164)

Then, using � � � � � g� � = 2� � � , it is straightforward to �nd (all arguments are
y� )

D � VWZ = (� � � )� v� + 2i� � � � � i � � � � + � � � � D

+ 2i (� �� � )� � � @� v� + � � � � (� � @� � )� ;
(2.165)

and then, using DD� � = � 4,

W� = � i� � (y) + � � D(y) + i (� �� � )� f �� (y) + � � (� � @� � (y)) � ; (2.166)

with
f �� = @� v� � @� v� ; (2.167)

being the Abelian �eld strength associated with v� .
Since W� is a chiral super�eld,

R
d2� W � W� will be a susy invariant La-

grangian. To obtain its component expansionwe needthe � � -term (F -term) of
W � W� :

W � W�

�
�
�
� �

= � 2i�� � @� � + D 2 �
1
2

(� �� )�� (� �� )�� f �� f �� ; (2.168)

wherewe used(� �� ) �
� = tr � �� = 0. Furthermore,

(� �� )�� (� �� )�� =
1
2

(g�� g� � � g�� g� � ) �
i
2

� �� �� ; (2.169)

(with � 0123 = +1) so that
Z

d2� W � W� = �
1
2

f �� f �� � 2i�� � @� � + D 2 +
i
4

� �� �� f �� f �� : (2.170)
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Note that the �rst three terms are real while the last one is purely imaginary.
A supersymmetricparticle model consistsof a collectionof particle supermul-

tiplets and a setof potentials that describe the interactionsbetweenthe particles.
The three potentials relevant to supersymmetry are: the superpotential W, the
K•ahler potential K , and the potential V for the scalar�elds in the theory, derived
from W and K . For N = 1 supersymmetry in four spacetimedimensions,the
two possibletypesof supersymmetricparticle multiplets are: the chiral multiplet,
with a complex scalar �eld f with spin 0 and a chiral (that is, either right or
left handed) fermion y with spin 1

2, and the vector multiplet, composedof a real
(nonchiral) fermion I with spin 1

2 and a vector �eld A � with spin 1. So in the
end, in a model with several generationsof chiral multiplets (f i ; yi ), the action
with superpotential looks like (2.151).

In quantum �eld theory the phenomenonof spontaneousbreakdown of chiral
symmetry manifest itself by the noninvarianceof the vacuumunder the action of
the corresponding axial charge, while the equationsof motion remain invariant
under the chiral transformations,exceptfor the massterms. In quantum mechan-
ics we do not have an explicit equivalent state of the �eld theory vacuum, and
thereforethe noninvarianceof the wave equationsthemselves. However, onehas
alsoto guarantee that the matrix elements of the axial vector current divergences
are still proportional to the massesof the constituent particles.

In the next chapter we want brie
y to discusssomeusefulmethods for parti-
cle physicsso called e�ective �eld theory (EFT). EFT is a very powerful tool to
analyzephysicsat low energies,without having to solve the details of dynamics
at higher energyscales.One doesnot needto know whether there are supersym-
metric particles in the 1 TeV region in order to understand the interactions of
electronsand photons at energiesof the order of me.
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Chapter 3

E�ectiv e Field Theory

The particle dynamicson the level of relativistic quantum mechanicsstandsbe-
tweenrelativistic quantum �eld theory and nonrelativistic quantum mechanics.
In a previous chapters we extendednonrelativistic to relativistic quantum me-
chanics. The problemsis to derive nuclear structure from quantum �eld theory.
If we do, we believe that we completely understandthe nuclear structure.

The goal of this chapter is to demonstratehow to use e�ective �eld theory
in NN interactions.We do not use this theory but phenomenologicalmodels of
nuclear physics,we give a brief review of alternative models,which describe the
short rangepotential modelsfrom low energyquantum �eld theory, becauseEFT
is useful for systemswith a clear separationof scales.Its aim is to �nally arrive
at the completeEFT that faithfully reproducesQCD in the low energyregime
relevant for nuclear physics.

What is E�ectiv e Field Theory? In brief it's a low energyapproximation to
arbitrary high energyphysicsasthe nucleonenergiesare typically well below the
complexspectrum of hadronsthat exist with masses� 1 GeV.

We do not know what happens in the limits k ! 1 or r ! 0. We have a
theory for the sort distancedetails, but the resulting systemis too complicated
to handle. So we encode the short distance high energyphysics. This yields a
Schr•odingerequationwith a regularizedpotential, of which advocatesclaim that
its better physicsand �ts parametersto observableslike the NN phaseshift.

In particular, Weinberg [561,562]employed power counting to the irreducible
NN interaction and obtained a leading order result by iterating such type of po-
tential in a Lippmann-Schwinger equation. This type of summation is necessary
to deal with the weakly bound state (or large S-wave scattering lengths) present
in the two nucleon system[414]. This is in contrast to conventional chiral per-
turbation theory in the mesonand mesonnucleonsectors,whereall interactions
can be treated perturbatively. Mei�ner [415] studied Weinberg's approach at
next-to-next-to leading order (NNLO), whoseresults are given in Ref. [446].

A novel power counting schemewas proposedby Kaplan, Savageand Wise
(KSW) [351]. They encoded the short distance NN interaction in a derivative
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of the high order expansionsof local operators. This is in contrast with the
various models of extended NN potentials with free parameters chosen to �t
scattering data. Oller [442] had establisheda new convergent scheme to treat
analytical NN interactions from a chiral e�ective �eld theory. KSW amplitudes
are resumedto ful�ll the unitarit y or right hand cut to all orders below pion
production threshold. This is achieved by matching order by order in the KSW
power counting the generalexpressionof a partial wave with resumedunitarit y
cut, with the inversesof the KSW amplitudes. A similar power counting with
perturbative pions hasbeensuggestedby Lutz [392].

The use of E�ectiv e Field Theories in nuclear physics has grown out of at-
tempts to link the successfulphenomenologyof nonrelativistic potentials to the
underlying theory of strong interactions QCD. Beaneand Savage[58] considered
the NN potential in quenched and partially quenched QCD.

As we have discussedthe CD-Bonn [393,401] and Argonnepotential interac-
tion usesthe OBEP at large distances,and the phenomenologicalinteraction at
intermediate and small distances. One can also follow the standard ideology of
the quantum �eld theory, and model the secondpieceby the exchangee�ects for
heavier mesons.Larger mesonmassesmeanshorter distancesof the interaction,
this we canunderstandadding moremesonsand usingthe corresponding Yukawa
interactions.

At present, we are probably not at all able to say what happens with the
nucleonswhen they are put near to one another. However, we do not really
needsuch a completeknowledgewhen describinglow energyNN scattering and
structure of nuclei. All what weneedis somekind of parameterizationof the short
range,high energye�ects when we look at their in
uence on the long range,low
energyobservables. Such separationof scalesis at the heart of the EFT. Recently,
ideasof the EFT for the NN scattering were pushedfurther, by also adding to
Lagrangiandensity

D � = @� + 2i
�!
t � (�!z 
 
 � �!

D � );

terms which contain six quark �elds, and calculating the full energydependence
of phaseshifts and mixing parametersin all partial waves [211]. The resulting
e�ective Lagrangian density has many adjustable parameters,but the number
of these parametersis comparableto that used in the parameterization of La-
grangian by exchanges. Also the description of the NN scattering data is of a
comparablequality.

This shows that the ideasof the EFT really work, namely, it is not important
which physical mechanism is usedto model the short rangee�ects a purely phe-
nomenologicalmechanism is equally good. Our knowledgeof theseshort range
e�ects can be summarized in a form of optical potential model that we shall
discussbelow.

Another point of e�ective �eld theory is that it can easily incorporate chiral
symmetry, and canbenaturally extendedto discusssystemswith strangequarks,
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CHAPTER 3. EFFECTIVE FIELD THEORY

such as hypernuclei [491] and kaon condensation[349,458].

3.1 Nucleon Nucleon In teractions From EFT

EFT canbeusedin several di�erent ways in nuclearphysics. Historically, the �rst
onewas to set the separationscale� around the � -mesonmassand keepas low
energydegreesof freedomthe pionsand the nucleons(and possiblythe � isobar),
aswell asphotonsand leptons[561, 562, 445,446, 362,363]. This approach builds
on and extendsthe successof Chiral Perturbation Theory (ChPT) in the mesonic
and one baryon sectors. It shareswith nuclear potential models the fact that
it describes nonrelativistic nucleonsinteracting through a potential, but it also
brings a number of ingredients of its own, such as a small expansionparameter,
consistencywith the chiral symmetry of QCD, and systematicand rigorousways
of including relativistic correctionsand mesonexchangecurrents.

Another way of applying EFT ideas in nuclear physics is made possibleby
the existenceof shallow bound states, that is, binding energiesmuch below any
reasonableQCD scale[59, 364, 365, 119]. We can then set � around the pion
massand keepas low energydegreesof freedomonly the nucleons(and photons,
leptons). At least in the caseof two and three body systemsthe bound states
will be within the range of validit y of this simpler theory. This pionlesse�ec-
tive theory canbe consideredasa formalization and extensionof the old e�ective
rangetheory (ERT) [69]and the work on model independentresultsin three body
physics [209]. The new features,besidesthe existenceof a small parameter on
which to expand,appear in a number of newshort distancecontributions describ-
ing exchangecurrents and three body forces,aswell as in relativistic corrections.

3.1.1 Power Coun ting

A necessarilyingredient for EFT is a power counting schemethat dictates which
graphsto compute in order to determinean observable to a desiredorder in the
expansion.We wish to expandthe e�ective potential in terms of increasingorder
in � and m� , so let us count powers of thesequantities.

The main complication in the theory of nucleonsand pions is the fact that a
nucleon propagator S(q) = i=(q0 � �!q 2=2M ) scaleslike 1=Q if q0 scaleslike m�

or an external three momentum, while S(q) � M =Q2 if q0 scaleslike an external
kinetic energy. Similarly, in loops

R
dq0 can scalelike Q or Q2=M , depending

on which pole is picked up. To distinguish betweenthesetwo scalingproperties
it is convenient to de�ne generalizedem n-nucleon potentials V (n) comprised
of those parts of connectedFeynman diagrams with 2n external nucleon lines
that have no powers of M in their scaling(except from relativistic corrections).
Since there is no nucleon-antinucleon pair creation in the e�ective theory such

61



3.1. NUCLEON NUCLEON INTERA CTIONS FROM EFT

a diagram always has exactly n nucleon lines running through it. V (n) includes
diagrams which are n-nucleon irreducible and parts of diagrams which are 1-
nucleonirreducible. To compute the latter contribution to V (n) one identi�es all
combinations of two or more internal nucleon lines that can be simultaneously
on shell, and exclude their pole contributions when performing the

R
dq0 loop

integrations. An exampleof the 2-pion exchangecontributions to V (2) is shown
in Fig. 3.1. A generaln-nucleonFeynmandiagramin the EFT canbeconstructed

Figure 3.1: 2-pionexchangeFeynmangraphscontributing to the 2-nucleonpoten-
tial V (2) . The �rst four are 2-nucleon irreducible; the last diagram is 2-nucleon
reducible, and the poles from the slashedpropagators are not included in theR

dq0 loop integration.

by contracting the nucleonlegsof V (r ) potentials with r � n. Treating the V (r ) 's
like vertices, the

R
dq0 loop integrations pick up the polesof all the connecting

nucleonlines. The reasonfor this construction is that within the V (r ) potentials,
all nucleonpropagatorsare o� shell and scalelike 1=q0 � 1=Q. In contrast, when
one picks up the pole contribution from one of the nucleon lines connectingthe
V (r ) vertices, other nucleonlines will be almost on shell, and scalelike M =Q2. A
contribution to the r -nucleonpotential V (r ) with ` loops,I n nucleonpropagators,
I � pion propagators,and Vi verticesinvolving ni nucleonlines and di derivatives,
scaleslike Q� , where

� = 4l � I n � 2I � +
X

Vi di ;

` = I n + I � �
X

Vi + 1 ;

I n + r =
1
2

X
Vi ni : (3.1)

In this power counting we take m� � Q and treat factors of the u and d quark
massesat the verticesasorder Q2. Combining theserelations leadsto the scaling
law for the r -nucleonpotential V (r ) (r � 2):

� = 2 + 2` � r +
X

i

Vi (di +
1
2

ni � 2) : (3.2)
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Since chiral symmetry implies that the pion is derivatively coupled, it follows
that (di + 1

2ni � 2) � 0, which implies that for a 2-nucleonpotential, � � 0, and
that � = 0 correspondsto tree diagrams. It is straight forward to �nd the scaling
property for a generalFeynmanamplitude, by repeating the analysisthat leads
Eq. (3.2) treating the V (r ) potentials as r -nucleon vertices with � derivatives,
� given by Eq. (3.2). While Eq. (3.2) was derived assumingthat

R
dq0 � Q

and nucleonpropagatorsscaledlike � 1=Q, for theseloop graphsthey scalelike
Q2=M and M =Q2 respectively. A generalFeynman diagram is constructed by
stringing together r -nucleonpotentials V (r ) .

3.1.2 Tw o Nucleon Scattering

We start by writing the Lagrangian involving only two nucleons.A systemwith
two nucleonswith zero angular momentum L = 0 can exist in a spin singlet
(1S0) or spin triplet (3S1) state so there are two independent interactions with
no derivatives,

L = N y(i@0 +
~r 2

2M
+ : : :)N � C0t (N yPtN )2 � C0s(N yPsN )2 + : : : ; (3.3)

where

P i
t =

1
p

8
� 2� i � 2;

PA
s =

1
p

8
� 2� A � 2 (3.4)

are the projectors in the triplet and singlet spin isospin states (� 's act on spin
space,� 's on isospinspace),M is the nucleonmassand N the nucleon�eld.

The scatteringmatrix, S = exp(2i� ), is relatedto the NN scatteringamplitude
T by

S = 1 + i
M k
2�

T:

Schwinger [505] has shown that the phaseshift � in the triplet np scattering is
related to the wave number k by the relation

kcot� = � 
 +
1
2

(
 2 + k2)r0 + O(k4r 3
0);

where
 is related to the deuteronbinding energy. We can write the T-matrix in
terms of the phaseshift

T =
4�
M

e2i� � 1
2ik

=
4�
M

1
k cot � � ik

=
4�
M

1
� 1

as
+ r 0s

2 k2 + : : : � ik
: (3.5)
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It can be shown that for potentials of range � R (R � 1=m� in this case),
k cot � is an analytic function around k = 0 and that it has a cut starting at
k2 � 1=R2, so it is well approximated by a power seriesas shown in the last
line of Eq. (3.5). The parameter as (r0s) is called the singlet scattering length
(singlet e�ective range). For notational simplicity we specializefor now on the
spin singlet channel.

The e�ective potential to order � in the derivative expansioncanbe expressed
in the form [561, 562, 446]

V (� ) (p0; p) =
1

� 2

�X

n=0

�
(p;p0)

�

� n

cn ; (3.6)

where the sum here is over all possibleterms extracted from (3.3) and � is the
scaleof the physics integrated out, taken to be m� in the present context. Eq.
(3.6) is intended to be symbolic; (p;p0) indicates that either of thesequantities
may appear in the expansion,in any combination consistent with symmetry, with
only their total power constrained. For instance,at n = 4 we have the structures
p4 + p04 and p2p02 with coe�cien ts c4 and c0

4, respectively. It is assumedthat the
coe�cien ts cn are natural; that is, of order unity. The fundamental assumption
underlying e�ective �eld theory for the N N interaction is that this expansionin
the potential, or equivalently that in the Lagrangian,may be sensiblytruncated
at some�nite order � .

The physical scattering amplitude is obtained by iterating the potential Eq.
(3.6) using the Lippmann-Schwinger equation

T(p0; p; E) = V(p0; p) + M
Z

d3q
(2� )3

V(p0; q)
1

EM � q2 + i�
T(q; p; E); (3.7)

which generatesthe T-matrix. This procedure is illustrated in Fig. 3.2. By
assumption, truncating the expansionEq. (3.6) and retaining only its �rst few
terms will be valid only for nucleon momenta well below �. It is clear that
a method of regularizing the otherwise divergent integrals which occur when
potentials such as Eq. (3.6) are inserted into the LS equation must be speci�ed.

The graphs contributing to N N scattering generatedby the Lagrangian in
Eq. (3.3) are shown in Fig. 3.2. The L-loop graph factorizesinto a power,

L� loop graph � (c� � ik )L ; (3.8)

each one containing a linearly divergent pieceand the unitarit y cut ik (in the
center of masssystem with total energy k2=M ). The loop integral is linearly
divergent and the coe�cien t c is dependent on the particular form of the regulator
used,that is, the particular form the high momentummodesare separatedfrom
the low momentumones.Using a sharp momentum cuto�, for instance,we have
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c = 2=� , using dimensionalregularization (DR), c = 0. The sum of all graphsin
Fig. 3.2 is a geometricalsum giving

T =
4�
M

1
� 4�

M C0s
+ c� � ik

: (3.9)

We seethen that terms shown explicitly in Eq. (3.3) reproducethe �rst term of
the e�ective range expansion. The addition of terms with more derivatives will
reproducefurther terms in the e�ective rangeexpansion.

+ + + ...

Figure 3.2: Graphs contributing to the LO N N scattering amplitude.

Let us considertwo separatesituations.
Natural case: For a genericpotential with rangeR, the e�ective rangeparam-

eters have typically similar sizea � r 0 � R. Using DR, C0 can be chosento be
C0 = 4� a=M (this choice is called minimal subtraction). The e�ective theory is
valid for k < 1=R and, in this range,T can be expandedas

T =
4�
M

�
� a + ik a2 +

�
a2r0

2
+ a3

�
k2 + : : :

�
: (3.10)

SinceC0 � a, there is a one-to-onecorrespondencebetweenthe order in the ka
expansion,the number of C0s verticesand the number of loops in a graph. The
leading order (LO) is given by one tree level diagram, the next-to-leading order
(NLO) by the one-loop diagram, next-to-next-to-leading order (N2LO) by the
two-loop diagram involving C0 and one tree leveldiagram with a two derivative
vertex (not shown in Eq. (3.3)), and similarly for higher orders. We have then a
perturbative expansion,even though the microscopicpotential can be arbitrarily
strong. If one usesa cuto� regulator the situation is slightly more complicated.
Choosing� � 1=R � 1=a we note that the most divergent pieceof the multi loop
graphsis aslargeasthe tree levelgraph and must be resumedto all orders,while
the energydependent part containing powers of ik C0 is suppressed.The pieces
that need to be resumedat leading order merely renormalize the constant C0.
The one-to-onecorrespondencebetween the order in the ka expansionand the
number of loopsis lost in any but the DR with minimal subtraction renormaliza-
tion/regularization scheme. The technical advantagesarising from the useof DR
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and renormalization theory in this perturbative setting was usedin the study of
dilute gaseswith short rangeinteractions in Ref. [85].

Unnatural case: In the nuclear casethe scattering lengths of the two S-wave
channelsaremuch larger than the rangeof the potential. The physicscorrespond-
ing to the largescattering lengthsoccursat the QCD scaleM QC D � 1 GeV, what
makesthe discrepancybetweennuclearand QCD scaleseven morestartling. The
origin of the �netuned cancellationsleading to the disparity betweenthe under-
lying scaleand the S-wave scattering lengths (and deuteron binding energy) is
presently unknown. It doesnot appear in any known limit of QCD like the chiral
limit (mq ! 0) or large number of colors (Nc ! 1 ). We will just assumethat
this cancellation happens, track the dependenceof observableson the new soft
scale1=as;t and perform our low energy expansionin powers of kR � 1 while
keepingthe full dependenceon kas;t � 1. The singlet N N scattering amplitude,
for instance,will be expandedas

T = �
4�
M

�
as

1 + ik as
+

k2a2
sr0s

2
1

(1 + ik as)2
+ : : :

�
: (3.11)

It is a little challenging to reproduce an expansionof this form in the EFT. If
one usesa momentum cuto�, for instance,the constant C0s has to be chosento
be C0s = (4� =M )(1=as + c�). The one loop graph is then suppressedcompared
to the tree level oneby a factor � M kC0s � k=� and onewould naively imagine
that the leading order contribution is given solely by the tree level graph. But
there are cancellationsbetweenthe graphsin Fig. 3.2 and all thesegraphsneed
to be taken into account to reproducethe expansionof T above [364,365]. In the
N N scattering caseconsideredhereit is not di�cult to seewhich graphshave to
be included at each order, but in more complexsituations this can be extremely
tricky. A moreconvenient way to proceedis to usea renormalizationprescription
that shifts contributions from high momentum modesto the LECs in such a way
as to eliminate this accidental cancellationsbetween di�erent diagrams. One
candeterminewhich diagramscontribute at each order on a diagram-by-diagram
basis(manifest power counting). One way to do that is to useDR with a power
divergence subtraction (PDS) [351].1 In this scheme,we add and subtract to the
denominator of the bubble sum in Eq. (3.9) an amount M �= 4� , where � is an
arbitrary scale,and absorbthe subtracted term in a rede�nition of the constant
C0s(� ), that now is a function of � . We have for the LO amplitude

T = �
4�
M

1
4�

M C0s (� ) + ik + �
: (3.12)

The constants C0s(� ) is now chosento be

C0s(� ) =
4�
M

1
1
as

� �
; (3.13)

1Other schemesalso solve this problem [413].
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in order to reproducethe LO pieceof the expansionin Eq. (3.11).
One can easily go to higher ordersand include terms with derivatives in the

Lagrangian. For instance, denoting by C2n the coe�cien t of operators with 2n
derivatives,

C2s =
4�
M

r0s

2

 
1

1
as

� �

! 2

; (3.14)

C4s =
4�
M

0

@r 2
0s

4

 
1

1
as

� �

! 3

+
r 3

1s

2

 
1

1
as

� �

! 2
1

A ; (3.15)

wherer1s is the coe�cien t of the third term of the e�ective rangeexpansionthe
shape parameter.

The � -function describingthe evolution of the dimensionlesscoupling is

�
@

@�
ĉ0s(� ) = ĉ0s(� ) (1 � ĉ0s(� )) ; with ĉ0s � � M �C 0s=4� : (3.16)

The 3S1 N N amplitude is parameterizedas

T =
4�
M

1

� 
 + � (k2+ 
 2 )
2 + : : : � ik

; (3.17)

where
 2=M is the deuteronbinding energyand � the e�ective rangeparameter.
In the caseof photons, someof theseterms are just those required by gauge

invarianceand are determinedby minimally coupling the photon to the nucleon
Lagrangian. Their coe�cien ts are thus �xed by N N scattering data and gauge
invariance.

Consider sometwo nucleon operator of the form X = CX
2nN yN y� X

~@2nN N ,
where� X is sometensorin spin isospin space.Its matrix element on two nucleon
statesis given by the diagramsinvolving the operator X sandwiched betweentwo
nucleon scattering amplitudes and by one-loop one body diagrams that do not
involve X .

We have to make a distinction now between the caseswhere the operator
X connectstwo S-wave states, two non-S-wave states, or one S-wave and one
non-S-wave state. In the �rst caserenormalization group invariance of the two
nucleonmatrix element of X implies

�
@

@�
CX

2n (� )
�

T
C0(� )

� 2

= 0; (3.18)

where T is the LO N N scattering matrix, which is � independent. From that
it follows that CX

2n (� ) scalesas � (� � 1=a) � 2. Similarly, for the casewhere X
connectsone S-wave or no S-wave states CX

2n (� ) scalesas � (� � 1=a) � 1 and
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� (� � 1=a)0, respectively. Using dimensionalanalysisto �x the powers of � we
then have

CX
2n (� ) �

1
M (1=a� � ) �

1
� 2n+1 � �

; (3.19)

where � is the number of S-wave states the operator X can connect(either 0; 1
or 2).

In a nutshell, the power counting rules valid for the two nucleonsystemare
[364,365,351,413]:

fermion line ! M =Q2;

loop !
Q5

4� M
;

~@ ! Q;

@0 ! Q2=M ;

C2n !
4�

M � nQn+1
;

CX
2n !

4�
M � 2n+1 � � Q�

; (3.20)

where C2n is the coe�cien t of the two nucleon interaction with 2n derivatives,
CX

2n is the coe�cien t of a two nucleonoperator with external current X and 2n
derivatives,and � is the high energyscale� � m� .

Using this rule we can determine the contributions to N N scattering at any
givenorder. At LO, for instance,wehave the seriesof diagramsshown in Fig. 3.2,
with all the verticescontaining no derivative. That is the only non perturbative
resummation necessary. At NLO we have the insertion of one C2 operator in a
chain of C0 operators. At N2LO we have two insertionsof C2 and oneinsertion of
C4, andsoon. The resulting 3S1 phaseshift, for example,is shown in Fig. 3.3,and
comparedto the Nijmegenphaseshift analysis(PSA) [523]. Analytic expressions
for the phaseshifts can be found in Ref. [119]. They suggestconvergencefor
momenta k . 100 MeV, as it is reasonablefor an EFT without explicit pions.
Electromagnetice�ects in pp scattering wereconsideredin the EFT approach in
Ref. [368].

So,we can divide the potentials into a short rangepart and a long rangepart

V = VS + VL ; (3.21)

with VS and VL are the usual Gaussiantype function, whereR ' 0:5 � 0:002f m
(we found it from the full relativistic equations,wewill show later) is to bechosen
such that the short rangephysicshason the shallow bound state to lie down.
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Figure 3.3: 3S1 N N phaseshift (in degrees)asfunction of the CM. The LO result
is the dashed(purple) line, the N2LO the dotted (red) line and N4LO the thick
(blue) solid curve. The dot-dashed(black) line is the NijmegenPSA. From Ref.
[119],courtesyof M. Savage.

3.2 Quark Gluon Plasma from EFT

The systeminitially composedof individual baryonsand mesonswhosesubstruc-
ture can at lower energiesbe studied only indirectly transforms at an energy
density of roughly 1GeV=f m3 into a plasmaof decon�ned, though strongly inter-
acting, quarks and gluons. This transition is today at the focus of considerable
interest in the high energyand nuclear physics community due to the fact that
quark gluon plasma(QGP), the phaseof hot decon�ned matter, is currently be-
ing producedin ultra relativistic heavy ion collisionsat RHIC in Brookhaven. A
similar large scaleexperiment is alsobeing preparedat LHC in CERN.

The rapid progressin experimental heavy ion physics has set an important
challengefor theorists. One needsto have a solid understandingof the processes
that take placein the nuclearcollisionsand in particular obtain accuratenumer-
ical predictions for the di�erent quantities measured.Whether or not the plasma
produced in the present day experiments has had time to thermalize and reach
an equilibrium state, it is clear that oneof the most important and fundamental
quantities describingthe decon�ned phaseof QCD matter is the grand potential
of quark gluon plasma. Its value is of relevanceboth to the study of the evolu-
tion of the heavy-ion collision products in terms of ideal hydrodynamics,and to
cosmology, as the cooling rate of the very early universedependson the energy
and entropy densitiesof its content.

One of the fundamental properties of QCD is its asymptotic freedom [302,
457], which states that at large energiesthe gaugecoupling constant g of the
theory approaches zero. This can be seenmost easily from the running of the
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3.2. QUARK GLUON PLASMA FROM EFT

couplingasobtainedfrom the leadingorder solution to the renormalizationgroup
equation

g2(�) =
24� 2

(11N � 2nf )ln(� =� QC D )
; (3.22)

where� is the renormalization scaleand � QC D � 150MeV a freeparametercor-
responding to the characteristic energyscaleof the theory. Asymptotic freedom
implies that at very small distancesthe behavior of QCD tends to that of a free
�eld theory making the useof perturbation theory feasiblein the description of
hard processessuch asdeepinelastic scattering. From the thermodynamic point
of view this meansthat at least in the limit of asymptotically high temperatures
or chemicalpotentials onemight expect a perturbative approach to be fruitful in
the computation of the partition function.

EFT methods have proven to be very powerful in treating plasmasat ultra-
relativistic temperatures and densities. The EFT approach has recently been
summarizedcompactly in the form of elegant e�ective Lagrangian's. For many
applications, it would be useful to have a uni�ed approach that works at all
temperatures and densities. One promising approach is to generalizethe EFT
that describes the ultrarelativistic regime. The e�ective Lagrangian's for ultra-
relativistic quark gluon systemwill be reviewed below. The plasmaproblem of
high temperature QCD was �rst posedby Kalashnikov and Klimov in 1980[343]
and by Gross,Pisarski, and Ya�e in 1981[303]. The problem was that a 1-loop
calculation of the gluon damping rate, which is proportional to the imaginary
part of the gluon self energy, gives a gaugedependent answer. Over the next
10 years, there were about a dozen published attempts to calculate the gluon
damping rate, with almost as many di�erent answers. In 1989,Pisarski pointed
out that a 1-loop calculation of the damping rate is simply incomplete [456]. A
consistent calculation to leading order in the QCD coupling constant gs must
include contributions from all ordersin the loop expansion.He wasable to carry
out the necessaryresummationexplicitly for the damping rate of a heavy quark.
The resummationconsistedof replacing the gluon propagator in the 1-loop dia-
gram for the heavy quark selfenergyby an e�ectivegluon propagatorobtainedby
summingup the hard thermal loop corrections(the terms proportional to g2

sT2)
to the gluon self energy. This e�ective propagatorwas �rst calculatedby Klimov
and by Weldon [359, 565], who used it to study the propagation of gluons and
the screeningof interactions in the high temperature limit of the QGP.

The problem of the gluon damping rate is a little more complicated. It is not
enoughto replacethe gluon propagatorsin the 1-loop gluon self energy diagrams
by e�ective propagators,becausethere are also vertex corrections that are not
suppressedby any powers of gs.

In particular, the threegluonvertex hashard thermal loop correctionspropor-
tional to g3

sT2 which contribute at the sameorder as the bare vertex of order gs.
Similarly, the four gluon vertex has hard thermal loop correctionsproportional
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to g4
sT2, which contribute at the sameorder as the bare vertex of order g4

s . The
three gluon vertex, and the four gluon vertex are the completeset of diagrams
that needto be resumedin order to calculate the damping rate to leading order
in gs. The result of this resummationhasbeenproven to be gaugeinvariant, thus
solving the plasmonproblem.

The resummationrequired to solve the plasmonproblem has a simple inter-
pretation in terms of an e�ective �eld theory. The complete damping rate to
leadingorder in gs is given by the imaginary part of the 1-loop gluon self energy
diagrams,with the gluon propagatorsreplacedby e�ective propagatorsand with
the three gluon and four gluon verticesreplacedby e�ective verticesobtained by
adding the hard thermal loop correctionsto the bare vertices. This is equivalent
to calculating 1-loop diagramsin an EFT whosepropagator is the e�ective gluon
propagatorof Klimov and Weldonand whoseverticesarethe e�ective threegluon
and four gluon verticesthat Pisarski and Braaten [84].

Thesepropagatorsand verticesare related by gaugeinvariance,just like their
counterparts in the QCD Lagrangian. The Lagrangiandensity which summarizes
the EFT for a QGP at ultrarelativistic temperature or density has the form

Lef f = LQC D + Lgluon + Lquar k : (3.23)

The �rst term is the usual Lagrangiandensity for QCD:

LQC D = �
1
2

tr G�� G�� + i
X

 
 � D �  ; (3.24)

where G�� = Ga
�� Ta is the gluon �eld strength contracted with generatorsT a

that satisfy tr (TaTb) = � ab=2: The sum is over nf 
a vors of masslessquarks. The
secondterm in Eq. (3.23) is the thermal gluon term:

Lgluon =
3
2

m2
gtr G�� h

P � P �

(P � D)2
i Gmu� ; (3.25)

where D is the gaugecovariant derivative in the adjoint representation. The
angular brackets < f (P) > represent the averageover the spacialdirections bp of
the lightlik e four vector P = (p; �!p ): The coe�cien t mg is the thermal gluon mass

m2
g =

g2

3
T2 + nf

g2

18

�
T2 +

3
� 2

� 2

�
; (3.26)

where Tis the temperature and � is the quark chemical potential. The quark
term in Eq. (3.23) is

Lquar k = im 2
q

X
 
 � h

P �

P � D
i  ; (3.27)

wheremq is the thermal quark mass

m2
q =

g2

6

�
T2 +

1
� 2

� 2

�
: (3.28)
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3.2. QUARK GLUON PLASMA FROM EFT

Sincean EFT approach seemsto provide the most e�cien t description of the
plasma at ultrarelativistic temperatures and densities, it would be desirableto
have an EFT that describes the plasma at all temperaturesand densities. The
propagator of this EFT should reproduceaccurately the dispersion relations for
transverse photons, plasmons,and the charged particle modes of the plasma.
The dispersion relations should be real valued, so that damping e�ects can be
treated asperturbations. The EFT shouldalsodescribe accurately the screening
e�ects of the plasma. Finally, the Lagrangianfor this �eld theory shouldbegauge
invariant.
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Chapter 4

Relativistic One Bo dy Wave
Problem

I believe that such a reminder is not only useful in setting the stage for the
discussionof quantum theory, but more importantly, the purposeof this section
is to specify explicitly the general approach that will be used later on in the
quantization of constrainedsystems.Someof the points discussedbelow are well
known and can be found in di�erent places[76].

A correct quantum theory shouldsatisfy the requirement of relativit y, laws of
motion valid in one inertial systemmust be true in all inertial systems. Stated
mathematically, relativistic quantum theory must be formulated in a Lorentz
covariant forms. The theory of quantum mechanicsis built upon the fundamental
conceptsof wave functions and operators. Linear Hermitian operators act on
the wave function and correspond to the physical observables, those dynamical
variableswhich can be measured,e.g. position, momentum and energy.

We shall �rst considerthe transition from nonrelativistic to relativistic quan-
tum mechanics,we shall endeavor to retain the principles underlying the nonrel-
ativistic theory. We review them brie
y [76, 193]

1. The wave function

 (qi :::; si :::; t ) (4.1)

is a complexfunction of all the classicaldegreesof freedom,q1:::qn , of the time t
and of any additional degreesof freedom,such as spin si , which are intrinsically
quantum mechanics. The wave function has no direct physical interpretation;
however, j (q1:::qn ; s1:::sn ; t )j2 � 0 is interpreted asthe probability of the system
having values(q1:::qn ; s1:::sn ) at time t .

2. Every physical observable is represented by a linear hermitian operator.
The operator correspondencein a coordinate realization is

E i ! i~
@
@t

and pi ! � i~
@

@qi
: (4.2)
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3. A physical systemis in an eigenstateof the operator 
 if


� n = ! n � n ; (4.3)

where� n is the nt h eigenstatecorrespondingto the eigenvalue! n . For a hermitian
operator, ! n is real.

4. The expansionpostulate states that an arbitrary wave function, or state
function, for a physical systemcan be expandedin a completeorthonormal set
of eigenfunctions n of a completeset of commuting operators (
 n ). We write,
then,

 =
X

n

an  n ; (4.4)

wherethe statement of orthonormality is
X

s

Z
(dq1:::) �

n (q1:::; s:::; t ) m (q1:::; s:::; t ) = � nm ;

jan j2 recordsthe probability that the systemis in the n-th eigenstate.
5. The result of a measurement of a physicalobservable is any oneof its eigen-

values. The averageof many measurements of the observable 
 on identically
preparedsystemsis given by

< 
 >  =
X

s

Z
(dq1:::) �

n (q1:::; s:::; t )
  (q1:::; s:::; t ): (4.5)

6. The time development of a physical systemis expressedby the Schr•odinger
equation

i~
@ 
t

= Ĥ  ; (4.6)

wherethe Hamiltonian H is a linear Hermitian operator. It hasno explicit time
dependencefor a closedphysical system,that is,

@H
@t

= 0;

in which caseits eigenvaluesare the possiblestationary statesof the system,and
a superposition principle follows from the linearity of H .

4.1 The Klein-Gordon Equation

The simplestphysicalsystemis that of an isolatedfreeparticle of spin 0. Let m
beit's massand e it's charge,andsupposethat it is moving in the electromagnetic
potential A � := (� ;

�!
A ). To �nd the wave equation we using the correspondence

principle Eq. (4.2). Putting p� := (E; �!p ), this rule can be written more simply

p� ! i@� ;
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CHAPTER 4. RELATIVISTIC ONE BODY WAVE PROBLEM

following this it is natural to take as the Hamiltonian of relativistic free particle

H =
p

p2 + m2;

and to write for a relativistic quantum analogueof Schr•odinger equations

i~
@ 
@t

=
p

� ~2r 2 + m2 : (4.7)

We remove the squareroot operator in Eq. (4.7), writing

H 2 = p2 + m2: (4.8)

Equivalently, iterating Eq. (4.7) and using the fact that if [A; B ] = 0, A =
B implies A2 = B 2 , we have

� i~2 @2 
@t 2

= (� ~2r 2 + m2) : (4.9)

This is recognizedas the classicalwave equation
�
2 +

� m
~

� 2
�

 = 0; (4.10)

where

2 =
@

@x �

@
@x �

: (4.11)

We have two di�cult y
a) in squaringthe energyrelation we have introducedan extraneousnegative

energyroot
H = �

p
p2 + m2: (4.12)

b) If we interpret (i ~
2m )

�
 � @ 

@t �  @ �

@t

�
asprobability density � . However, this

is impossible,sinceit is not a positive de�nite expression.
We shall �nd a �rst order equation, it still proves impossible to retain a

positive de�nite probability density for a single particle while at the sametime
providing a physical interpretation of the negative energyroot of Eq. (4.8).

4.2 The Dirac Equation

Dirac formulated his relativistic wave equation under the assumption that
derivatives of both time and spacecoordinates should occur to �rst order. It
turns out that such an equation describesparticles of spin 1

2. Such an equation
might assumea form

i~
@ 
@t

=
~c
i

�
� 1

@ 
@x1

+ � 2
@ 
@x2

+ � 3
@ 
@x3

�
+ � m = H  : (4.13)
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The wave function  , in analogywith the spin wave function (Seebelow) of non-
relativistic quantum mechanics,is writing asa columnmatric with N components

 = ( 1::: N )T ;

and the constant coe�cien ts � i and � are N � N matrices. We now discussthe
correct energy momentum relation for a free particle. From Eq. (4.13), each
component  � of  must satisfy the Klein-Gordon secondorder equation, i.e we
require that

[E 2 � p2 � m2] = 0: (4.14)

Iterating Eq. (4.13), we �nd

� ~2 @2 
@t2

= � ~2
3X

i;j =1

� j � i + � i � j

2
@2 

@x i @x j
+

~mc3

i

3X

i =1

(� i � + � � i )
@ 
@x i

+ � 2m2 :

(4.15)
This wave equationand equationKlein-Gordon are identical if the four operators
� , � i anticommute and if their squaresare equal to 1

� i � j + � j � i = 2� ij ; (4.16a)

� i � + � � i = 0; (4.16b)

� 2
i = � 2 = 1: (4.16c)

Sincethe trace is just the sumof eigenvalues,the number of positive and negative
eigenvalues � 1 must beequal,and the � i and � must thereforebeevendimension
matrices. The matricesPauli hat N=2. Now we wish to include a massterm, and
therefore the smallest dimension in which the � and � can be realized is N=4.
In a particular explicit representation the matrices are

� i =
�

0 � i

� i 0

�
; � =

�
I 0
0 � I

�
;

wherethe � i are the 2� 2 Pauli matricesand the entries in � stand for 2� 2 unit
matrices. From Eq. (4.13), we make the identi�cation of probability density

� =  �  ; (4.17)

as a positive de�nite.
It is necessarythat the Dirac equation and continuity equation upon which

its physical interpretation rest be covariant under Lorenz transformations. In
discussingcovariance it is desirableto expressthe Dirac equation in a four di-
mensionalnotation which preservesthe symmetry betweenct and x i . To this end
we multiply Eq. (4.13) by � =c and introducethe notation


 0 = � ; 
 i = � � i ; i = 1; 2; 3
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This gives �
i~
 � @

@x �
� m

�
 (x) = 0: (4.18)

From this equation for the free electron, we passto the Dirac equation for an
electron in the electromagnetic�eld (';

�!
A ) by making the substitution

p� ! p� � eA� : (4.19)

One obtains
f 
 � (i@� � eA� ) � mg = 0: (4.20)

It is known that the Dirac equation has two dynamical symmetries, spin and
pseudospinsymmetry. Both areapproximately realizedin nature: spin symmetry
in heavy light mesonsand pseudospinsymmetry in nuclei.

4.2.1 The Solutions of the Dirac Equation

Solving the Dirac equation is then equivalent to �nding the eigensolutions of
the Hamiltonian H . The four generalform of a free particle solution is

 r (x) = ur (p)ei� r (p� x � =~) ; (4.21)

where u(p) is a four component spinor independent of �!r . It is determined by
the eigenvalue equation

H u(p) = Eu(p); (4.22)

whereH is the following operator

H = � p + � m: (4.23)

A simple calculation gives
H 2 = p2 + m2: (4.24)

The only possibleeigenvaluesof H are thereforethe two values�
p

p2 + m2, i.e

E = "E p; (" = � 1); (4.25)

Ep =
p

p2 + m2: (4.26)

The ur (p) satisfy the following relations

(p � � r m)ur (p) = 0; �ur (p)(p � � r m) = 0; (4.27)

�ur (p)ur 0
(p) = � r r 0� r ; (4.28)

4X

r =1

� r ur
� (p) �ur

� (p) = � �� : (4.29)
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We may now superposethe plane wave solutionsat our disposal to construct
localizedpackets. Thesepackets are still solutions of the free Dirac equation, as
required by the superposition principle, sincethe Dirac equation is linear. The
solution writing of free particle with positive negative energyfollowing form

 (x; t) =
Z

d3p
(2� ~)3=2

r
m
E

X

� s

[b(p;s)u(p;s)e� ip � x � =~ + d� (p;s)v(p;s)e+ ip � x � =~]:

(4.30)
Wenow look for the eigensolutionsof a Dirac particle in a static central potential
V (r ). The Dirac Hamiltonian is then

H = � p + � m + V(r ): (4.31)

where

� p := � r

�
pr +

i
r

(1 + � L)
�

: (4.32)

We introducethe radial momentum

pr := � i
1
r

@
@r

r; (4.33)

and the radial velocity
� r := � � r̂ = � 1(� � r )=r: (4.34)

From identit y
(� � A )( � � B ) = (A � B) + i� � (A � B ); (4.35)

oneobtains

(� � r )( � � p) = (� �)( � � p) = rp + i� � L = rpr + i(1 + � L ): (4.36)

Whencemultiplying on the left by � r =r and using the obvious property � 2
r = 1,

the identit y

� � p := � r

�
pr +

i
r

(1 + � � L )
�

: (4.37)

After someoperations, we are leadsto two coupleddi�erential equation for
the radial functions F (r ) and G(r ), namely

�
�

d
dr

+
� (J + 1

2)
r

�
G = (E � m � V)F; (4.38)

�
d
dr

+
� (J + 1

2)
r

�
F = (E + m � V)G: (4.39)

Theseequationshereplay the role of equation Schr•odinger in the nonrelativistic
theory.

We strive to maintain thesefamiliar principles as underpinningsof a full rel-
ativistic constraint dynamicson the languageGrassmannalgebra. We shall then
brie
y considerthe extensionof the approach to systemswith in�nite number of
freedom,such as mesonexchangetheories,and to systemswith anticommuting
or Grassmanndegreesof freedom.
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4.3 Spin One Half Particle in Grassmann Vari-
ables

4.3.1 Spin and Grassmannian Coordinates

The most obvious application area of anticommuting variables is the descrip-
tion of spin. The spin operators commute with position and angular momentum
operators and this shows that spin is an intrinsic property which doesnot have
a direct relation to space time. In the caseof angular momentum, using Dirac's
quantum mechanical formalism, we have angular momentum kets jlmi and angu-
lar coordinates kets j� � i , which are related by Fourier transformation. The well
known sphericalharmonicsfunctions are the transformation coe�cien ts between
the two representations. Now, extending this to half integer value of angular
momentum, we realize that spin is characterizedby its double valuedness. At
this stage,becauseof their similarity, we will demandthe existenceof a parallel
analoguebetweenangular momentum and spin concepts.At this stage,the gen-
eralization of angular momentum kets to include half integer valueswill produce
kets for spinorswith j = 1=2. But where is the analogueof angular coordinate
kets? Sincespin has nothing to do with spacetime, a suggestionwas madethat
spin canbe described in an internal spacewhich is distinct from spacetime [178].
Also, sincefermionsareanticommute amongthemselves,it is natural to introduce
anticommuting coordinates to describe this internal space.

Therefore, append two real anticommuting coordinates, � 1 and � 2, to space
time, then

(� 1)2 = (� 2)2 = f � 1; � 2g = 0: (4.40)

The wave functions  (� ) will have a terminating Taylor expansion

 (� ) = a� 1 + b�2 + c� 1� 2 + d: (4.41)

Introducingthe antisymmetric metric tensor� 12 = � � 21 = 1 will givea symplectic
invariant

(� )2 := � i � i = � i � ij � j = 2� 1� 2:

Note that � k � k = � � k � k . The corresponding covariant coordinatesare de�ned by

� i = � ij � j ; � ij � j k = � i
k ; (4.42)

so

� 1 = � 2; � 2 = � � 1;

(� )2 := � i � j i � j = 2� 1� 2:
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One can then easily prove the following useful identities:

� � � � = � 1
2 � �� � � ; �� � �� � =

1
2

� �� �� �� ; (4.43a)

� � � � = 1
2 � �� � � ; �� �

�� � = �
1
2

� ��
�� �� ; (4.43b)

� � � �� � � � �� = 1
2 � � �� �� g�� ; �  � � = �

1
2

� �  �: (4.43c)

Next, de�ne the Grassmannoperators � i with eigenvalues� i ,

� i j� i = j� i � i ;

and construct the Grassmannianmomentum operators� i , which arethe displace-
ment operators on wave functions in internal Grassmannspace,the analogueof
momentum operators in spacetime,

� i := � i~
@

@� i
; (4.44)

� i j� i = j� i � i : (4.45)

The analogueof the Heisenberg commutation relations are

f � i ; � j g = 0; (4.46a)

f � i ; � j g = 0; (4.46b)

f � i ; � j g = i~� i
j : (4.46c)

Now all the rest is just an imitation of the usual position and momentum op-
erators relations in spacetime, except that we should apply anticommutation
rules for fermionic operators and commutation rules for bosonicoperators. The
GrassmannianSp(2) rotation operators in the internal � -spaceare de�ned as
symmetric products of � i and � i

� ij := � i � j + � j � i ; (4.47)

and are bosonicoperators. Then the commutation relations for theseoperators
are

[� 11; � 22] = � 4i~� 12; (4.48a)

[� 12; � 11] = +2i~� 11; (4.48b)

[� 12; � 22] = � 2i~� 22: (4.48c)

Comparing theseto the commutation relations of angular momentum operators
J

[J+ ; J� ] = +2~J3; (4.49a)

[J3; J+ ] = + ~J+ ; (4.49b)

[J3; J� ] = � ~J� ; (4.49c)
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we can identify spin generatorsS as

� 11 = 2S+ ; � 22 = 2S� ; � 12 = 2iS3; (4.50)

or

S1 = (� 1� 1 + � 2� 2)=2; (4.51a)

S2 = (� 1� 1 � � 2� 2)=2i; (4.51b)

S3 = (� 1� 2 + � 2� 1)=2i: (4.51c)

There still remainsoneantisymmetric product of � and �, i.e.

� = (� 1� 2 � � 2� 1)=i~ ! (� 1
@

@� 1
+ � 2

@
@� 2

); (4.52)

which acts asa scaleoperator on spin wave functions of � . Therefore

S2 = 3~2�(� + 1)=8; (4.53)

and applying this to a linear function of � ,

 (� ) = h� j i = a� 1 + b�2; (4.54)

will give the correct result
S2 = 3~2=4:

Since

S3� 1 = +
1
2

~� 1; (4.55a)

S3� 2 = �
1
2

~� 2; (4.55b)

it is con�rmed that we are truly dealing with spin 1
2 , and the wavefunction of a

particle with spin 1
2 can be written asa linear combination of the Grassmannian

coordinates � 1 and � 2. Here (� 1; � 2) constitutes a spin-1
2 doublet.

The conjugation property of theseGrassmanniancoordinatesare de�ned as

(� i )� = � � i = � j � j i ; (4.56)

(� 1� 2)� := (� 1)� (� 2)� ; (4.57)

from which the hermiticit y of spin operators S is maintained, and the following
requirement for normalization is satis�ed,

h j i =
Z

h j� i d� 2d� 1h� j i

=
Z

(a� 1 + b�2)� d� 2d� 1(a� 1 + b�2)

= jaj2 + jbj2 = 1: (4.58)
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Hencewearee�ectively manipulating two degreesof freedomwhich areequivalent
to two real Grassmanniancoordinates.

The description of scalarparticle states(spin 0) is given by the combinations
of the two Sp(2) singlets,1 and � 1� 2

� (� ) = h� j� i =
1

p
2

(1 � � 1� 2): (4.59)

The normalization condition follows directly from conjugation properties

h� j� i =
Z

h� j� i d� 2d� 1h� j� i

=
Z

1
2

(1 � � 1� 2)� d� 2d� 1(1 � � 1� 2)

= 1: (4.60)

One simple exampleof the application of this idea is Grassmannianformal-
ism of the electromagneticinteractions. Considera spin 1

2 particle of unit charge
placedin an electromagnetic�eld. The interaction canbe determinedby encoun-
tering the standard minimal substitution,

p � ! p + A : (4.61)

In a uniform magnetic �eld B , the vector potential can be identi�ed as

A =
1
2

B � x; (4.62)

and the substitution yields the familiar Zeemancoupling:

p2 ! (p + A )2 = p2 + B � L +
1
4

(B � x)2: (4.63)

In order to account for the spin magnetic �eld interaction, the anticommuting
coordinates� are introduced. The generalizationof the substitution rule is given
by

� � ! � + g� ; (4.64)

where
� = B 
 � ; (4.65)

is a Sp(2) spinor with components,

� 1 = �
i
2

B3� 1 +
1
2

(B1 + iB 2)� 2; (4.66a)

� 2 =
i
2

B3� 2 �
1
2

(B1 � iB 2)� 1: (4.66b)
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The analogueof Eq. ( 4.63) is

� 1� 2 ! � 1� 2 + g(� 1� 2 + � 2� 1) + g2� 1� 2

= � 1� 2 + gB � S +
1
4

g2B 2� 1� 2; (4.67)

which is the contribution of kinetic energyfrom the anticommuting coordinates
and correctly adds to the orbital interaction. The factor g introduced above is
a re
ection of the fact that the Lande factor is not �xed in a nonrelativistic
description. Let the direction of B de�nes the z-axis, and substitute,

� 1� 2 + gB � S !
1
2

g~B
�

� 1
@

@� 1
� � 2

@
@� 2

�
+ ~2 @2

@� 2@� 1
; (4.68)

then onereadily gets the eigenfunctions,

 (� ) = � 1; (
1
2

g~B +
1
4

g2B 2� 1� 2)� ; E =
1
2

g~B; (4.69a)

 (� ) = � 2; (�
1
2

g~B +
1
4

g2B 2� 1� 2)� ; E = �
1
2

g~B; (4.69b)

for spin up and down. Notice the occurrenceof a scalar part � with the same
eigenvaluesas the spinors.

4.3.2 Nonrelativistic Spin One Half Particle with Con-
strain ts

As a next simple examplewe outline the discussionof the nonrelativistic spin-
ning particles [111].

We considera nonrelativistic freeparticle with position coordinatesx i (t); i =
1; 2; 3. For the purposeof describing the spin degreesof freedomwe associate
with the particle three real anticommuting variables

� i = � i (t);

in addition to the position coordinates. We write the Lagrangian for the free
nonrelativistic spin onehalf particle as

L =
1
2

m _x2 +
i
2

_� � � : (4.70)

To passto the Hamiltonian we de�ne the conjugatemomenta

pi =
@L
@_x i

= m _x i ; (4.71)

� k =
@L

@_� k
=

i
2

� k ; (4.72)
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whosegeneralizedPoissonbrackets are

f x i ; pj g = � i
j ; (4.73a)

f � k ; � lg = � k
l ; (4.73b)

all other being zero. We obtain the primary constraints from Eq. (4.72)

� k = � k �
i
2

� k � 0; (4.74)

which are consequencesof the linearity of L, in _� . To check whether there are
secondaryconstraints we write down the total Hamiltonian

HT = Hc + � i � i =
p2

2m
+ � i � i ; (4.75)

wherethe � i areanticommuting Lagrangemultipliers. The consistenceconditions

_� i = f � i ; HT g � 0; (4.76)

lead to � i = 0: Therefore we have secondaryconstraints and the � i are second
class:

f � i � kg = i� ik : (4.77)

It is now possibleto introduceDirac bracketsbasedon the secondclassconstraints
� k ; after this is done one one may consider � k = 0 as strong equations thus
eliminating the � k from the theory, which leavesthe � i asthe only Fermi variables,
with modi�ed brackets

f � i ; � j g� = i� ij : (4.78)

The equation of motion are obtained by extremizing the action under small
deformationsof the history of the system. The allowed deformationsmust obey
boundary conditions he number of which is equal to the number of integration
constants in the generalsolution of the equationsof motion. Now, for the bose
variablesx i , we demandasusual that x i be �xed at the initial and �nal times. It
is not possiblehowever to imposea similar requirement on the � 's, as this would
imply two boundary conditions for a �rst order di�erential equation.

We write the action as

S =
Z t2

t1

Ldt +
i
2

� (t1) � � (t2); (4.79)

and state that the solution of the equationsof motion are those histories which
yield no variation of S under the conditions

� x(t1) = 0; � x(t2) = 0; (4.80)
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� � (t1) + � � (t2) = 0: (4.81)

The x-dependenceof the action is the usual one so it neednot concernus any
longer. The novelty is in the � part.

If we vary � (t) we �nd

� S =
Z t2

t1

dti _� � � � +
i
2

[� � (2) � � (2) � � � (1) � � (1)] +
i
2

[� � (1) � � (2) � � (1) � � � (2)]

=
Z t2

t1

dti _� � � � �
i
2

[� � (1) + � � (2)] � [� (1) � � (2)]; (4.82)

where we abbreviated � � (t1) = � � (1), etc. The boundary term vanisheson ac-
count of condition Eq. (4.81) and extermination of S yields just

_� i = 0; (4.83)

is needed.
Now, let us supposethat � (1) + � (2) is given as2� , say. In that casethere is

a unique solution to Eq. (4.83) with that boundary condition, namely � (t) = �
for all t is ful�lled.

The action can be rewritten in Hamiltonian from as

S =
Z t2

t1

dt
�

_x � p +
i
2

_� � � �
p2

2m

�
+

1
2

� (1) � � (2): (4.84)

Having an action principle we can discussconservation laws. The action Eq.
(4.79) is invariant under translations, rotations, and Galilean transformations.
Let us thereforeanalyzethe caseof rotations. Under that translation we write

� x i = ! i
j x

j ; � pi = ! i
j p

j ; � � i = ! i
j �

j ; (4.85)

with ! ij = � ! j i :
The action Eq. (4.79) is clearly invariant under this transformation. On the

other hand, following Noether's procedure,we can rewrite the variation of the
action as

� S = x � pjt1
t2 �

i
2

[� � (1) + � � (2)] � [� (1) � � (2)] (4.86)

+(term vanishingwhen the equationsof motion hold).

Now, the � term in the above equation can be rewritten in this caseas

i
2

! ik [� k(1) + � k(2)][� j (1) � � j (2)] =
i
2

! ik [� j (2)� k(2) � � j (1)� k(1)]: (4.87)

If we now insert Eq. (4.87) into Eq. (4.86) and recall Eq. (4.85) we �nd that

Jik = L ik + Sik ; (4.88)
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is a constraint of motion, where

L ik = x i pk � xkpi ; (4.89)

Sik = i� i � k : (4.90)

In terms of their Dirac brackets L ik and Sik obey the customaryalgebra. For
example,if we de�ne the spin vector

Si = �
1
2

� ij kSj k ; (4.91)

we have
f Si ; Sj g = � ij kSk : (4.92)

It is interesting to mention here that had we neglectedthe surfaceterm in Eq.
(4.79) and applied Noether's procedurenaively to the action S =

R
Ldt we would

have arrived at a de�nition for the spin of opposite sign to Eq. (4.90.)

4.3.3 Relativistic Spin One Half Particle

Let us start from the Dirac equation

(~
 � @� + m) = 0; (4.93)

which implies the Klein-Gordon equation

(� ~22 2 + m2) = 0: (4.94)

To formulate the dynamics, and additional constraint is necessary, and to take
this constraint explicitly invariant introducea new Grassmannvariable � 5. The
constraint is in quantum falls

(p� ) + � 5 = 0; (4.95)

and Klein-Gordon equation reads

(p̂� p̂� + m2) = 0: (4.96)

The commutation relations for the quantum operators are

[p̂� ; q̂� ] = � i~g�� ; [� � ; � � ]+ = ~g�� ; [� 5; � 5]+ = ~; (4.97)

while the primary constraints areconverted into conditionson the physical states

L = [(p̂�̂ ) + m�̂ 5] � 0; H = (p2 + m2) � 0; (4.98)
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which obey the relations

[L ; L ] = iH ;

[L ; H ] = 0; (4.99)

[H ; H ] = 0;

where
�̂ � = (~=2)1=2
 5
 � ; �̂ 5 = (~=2)1=2
 5; (4.100)

satisfy
[� � ; � � ]+ = � ~g�� ; [� 5; � � ]+ = 0; [� 5; � 5]+ = � ~: (4.101)

Generatorsof the Lorenz group J �� are constructed along the conventional
lines

J�� = L �� + S�� : (4.102)

The quantum spin vector is then given by

Ŝi = �
1
2

� ij k �̂ j �̂ k = �
~
4

i� ij k � j � k = i
~
2

� i : (4.103)

To get the quantum operator as (anti)symmetrization is necessary

L̂ �� =
1
2

(q̂� p̂� + p̂� q̂� � q̂� p̂� � p̂� q̂� ); (4.104)

Ŝ�� = �
i
2

(�̂ � �̂ � � �̂ � �̂ � ) :=
i
4

~(
 � 
 � � 
 � 
 � ): (4.105)

Grassmanncoordinatesschemeso�er a natural framework for explaining the
occurrenceof particle generationsand the application of duality constraints turns
out to be a powerful tool for pruning the overabundanceof states[179]. The na-
ture of the interaction betweendi�erent �elds is well determinedby the anticom-
muting propertiesand integration rules of Grassmannvariables. The assignment
of the correct component �elds in the super�elds and the construction of the
appropriate forms of the interaction betweensuper�elds are the main problems
in this formulation as well as the choice of the super�elds itself. The dimen-
sion of the Grassmannmanifold determineswholly the results that follow and
must therefore be chosencarefully. There is no explicit rule in determining the
number of Grassmanncoordinatesin onemodel of the theory, but the symmetry
of the model can o�er guidanceas to how many anticommuting variables are
neededto incorporate the corresponding internal symmetry. In other word, the
internal spaceis the Grassmannianspace.The groupstructures in the Grassman-
nian manifold arerepresented by generatorson the Grassmanncoordinateswhich
reshu�e the monomials. This is in e�ect similar to the reshu�ings of di�erent
statesassociated with each monomials. The imposition of the duality constraints
will reducethe sizeof the residual group symmetry.
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Chapter 5

Relativistic Tw o Bo dy Wave
Equations

To formulate the quantum theory of a particle, Dirac [189] used the Hamilto-
nian description of classicalmechanics. The standard rules for constructing the
momenta and the Hamiltonian function, however, cannot be applied when the
Lagrangian is singular. In such a caseit is not possibleto extract the functional
dependenceof all the velocities on the momenta in order to obtain a Hamiltonian
function of coordinatesand momenta only. Dirac's method concernsthe study of
classicalsystemsusing the Hamiltonian method when the usual procedurefails
due to the singularity of the Lagrangian [194]. Dirac gave very generalrules to
construct the Hamiltonian and calculate sensiblebrackets that can be used to
describe the classicaland, by the canonicalquantization procedure,the quantum
dynamics,which we studied in Sec.2.2.3.

In this chapter, we are using techniques developed by Dirac to handle con-
straints in quantum mechanicsand the method developed by Crater and Van Al-
stine. They derive the two body Dirac equationsfor eight nonderivative Lorentz
invariant interactions acting separately or together [158, 388]. These include
world scalar, four vector and pseudoscalarinteractions among others. We can
also reducethe two body Dirac equationsto coupledSchr•odinger like equations
even with all theseinteractions acting together. Before we test this method in
nuclear physics, in the phaseshift analysis of the NN scattering problems, we
review the constraint formalism and the form of the two body Dirac equations.

5.1 Hamiltonian Form ulation of the Tw o Bo dy
Problem with Constrain t Dynamics

We know from Sec.2.2.3, that constraints of the form

� j (q; p) � 0; j = 1:::M ; (5.1)
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which must be satis�ed weakly along the physical tra jectory. The constraint Eq.
(5.1) say in e�ect that we cannot roam over the full plane space(q; p), we are
con�ned to a particular lower dimensionalhyper surfaceof the full space.First,
we can with impunity have beencarried out, needthe constraints � j (q; p) = 0;
imposed[289, 417, 536]. The weakly sign � signal this hold procedure. In this
way we obtain M number of constraints which Dirac called primary becauseof
their direct derivation from the Lagrangian. Notice that a Hamiltonian is required
to be independent of the velocities. If we are not able to erasethe _q dependence,
then the straightforward application of the Hamiltonian method is impossible.To
solve this problem we proceedas follows. We add to H all primary constraints
multiplied by arbitrary functions of time � j , to obtain the total Hamiltonian H.
The Hamiltonian is obtained by a Legendretransformation of the velocities

H = H +
MX

j =1

� j � j (q; p): (5.2)

For consistency, the constraints must not changeunder the temporal evolution
of our systemestablishingthe consistencyequations

_� j = [� j ; H ] � 0; j = 1; :::; M : (5.3)

If theseequationsareconsistent, three casesarepossible,an equationcangive an
identit y, it cangivea linear equationfor the � j , it cangivean equationcontaining
only p0s and q0s, in which caseit must be consideredas another constraint. The
constraints that arise from this procedurewill be called secondary, for obvious
reasons.Also we emphasizeagain that any linear combination of constraints is
again a constraint.

Todorov studied the relativistic N - particle dynamics as a problem with
constraints of the type

2� i (q; p) := m2
i � p2

i + � i (q; p;s); i = 1; :::; N; (5.4)

where� i (q; p;s) arePoincar�e invariant functionsof the particles,coordinates,mo-
menta and spin components. We introducepi and position qi of a particle, whose
Poissonbracket are satisfying the usually Poincar�e transformation. However, the
Poissonbrackets are degenerateon the massshell for a relativistic particle

m2 � p2 = 0; (5.5)

Crater termed it relativistic Hamiltonian. Caveat, Crater and et al. usea metric
with the other sign1. He extendedTodorov's ideafor four dimensionalspace-time
form in the two body system,he had two constraints

� i (q; p) � 0; j = 1; 2: (5.6)

1� �� = � g�� = (� 1; 1; 1; 1):
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For spinlessparticles he had taken to be the generalizedmassshell constraints of
the two particles [153,582], namely Eq. (5.4) rewriting

H 1 = p2
1 + m2

1 + � 1(x; p1; p2) � 0;

H 2 = p2
2 + m2

2 + � 2(x; p1; p2) � 0; (5.7)

whereH 1; H 2 are covariant constraints on the dynamical variablesfour momen-
tum p1; p2. The interaction functions � 1; � 2 must be equal � 1 = � 2 a relativistic
analogof Newton's third law with relative distancex = x1 � x2: The total Hamil-
tonian H from theseconstraints aloneis

H = � 1H 1 + � 2H 2; (5.8)

with � i as Lagrangemultipliers.
Thusthe quantum formsfor each individual particle constraint becomeSchr•odinger

type equations[497]

H i j i = ; 0 for i = 1; 2: (5.9)

In order that each of theseconstraints be conserved in time we must have

[H i ; H ]j i = i
dH i

d�
j i = 0: (5.10)

The CM eigentime � is used,so that

[H i ; � 1H 1 + � 2H 2]j i =

f [H i ; � 1]H 1j i + � 1[H i ; H 1]j i + [H i ; � 2]H 2j i + � 2[H i ; H 2]gj i = 0: (5.11)

Using Eq. (5.9), the above equation leads to the compatibilit y condition
betweenthe two constraints

[H 1; H 2]j i = 0: (5.12)

This condition guaranteesthat, with the Dirac Hamiltonian H, the systemevolves
such that the motion is constrainedto the surfaceson the massshellsdescribed
by the constraints H 1 and H 2 [582, 155,151]. The interaction constraint becomes

2p1
_� 2 + 2p2

_� 1 + f � 1; � 2g � 0:

As described most recently in [582] this requiresthat

� 1 = � 2 = �( x? ; p1; p2); (5.13)

with the transversecoordinate de�ned by

x � ? = x �
12(� �� � P� P� =P2); (5.14)

and total momentum
P = p1 + p2: (5.15)

Using Todorov variables[156, 539, 543],
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� Relative position, x1 � x2:

� Relative momentum, p = � 2p1 � � 1p2
w :

� Total CM energy, w =
p

� P2:

� Total momentum, P = p1 + p2:

� (Conserved) constituent CM energies,
� 1 = w2+ m2

1 � m2
2

2w ; � 2 = w2+ m2
2 � m2

1
2w :

(In terms of these,p1 = � 1P̂ + p, p2 = � 2P̂ � p where P̂ = P
w .)

� Relativistic reducedmassand energyof a �ctitious particle of relative mo-
tion, mw = m1m2

w , � w = w2 � m2
1 � m2

2
2w .

� On-shell value of the relative momentum squared,
b2(w) = � 2

w � m2
w = � 2

1 � m2
1 = � 2

2 � m2
2 =

1
4w2 (w4 � 2w2(m2

1 + m2
2) + (m2

1 � m2
2)2).

CM momentum Eq. (5.15) and total energy

w2 = � P2;

to de�ne the relativistic momentum, we require that the di�erence

H 1 � H 2 = 0;

is independent of the interaction, �, namely Eq. (5.13) forms the di�erences of
constraints into a purely kinematical constraint

H 1 � H 2 = m2
1 + p2

1 + � 1 � m2
2 � p2

2 � � 2 � 0 )

2P � p + (� 2 � � 1)w + m2
1 � m2

2 � 0: (5.16)

In CM frame
P � p = 0; (5.17)

P = (� P0;
�!
P = 0); p = (0; �!p ) and the relative momentum hasa vanishing time

like component
(� w2; �!p 1 + �!p 2| {z }

0

) = P2; (5.18)

p1 = (+ � 1;
�!p ); p1

1 = � � 2
1 + �!p 2 = � m2

1;

p2 = (+ � 2;
�!p ); p2

1 = � � 2
2 + �!p 2 = � m2

2;

P = p1 + p2 = � (� 1 + � 2) = � � 2
1 � � 2

2 � 2� 1� 2 = � w2: (5.19)

With
p =

"2

w
p1 �

"1

w
p2 = 0; (5.20)
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the time-like components of the particle momenta in the CM systemare

"1 =
w2 + m2

1 � m2
2

2w
;

"2 =
w2 + m2

2 � m2
1

2w
: (5.21)

Since

H 1 = �!p 2 � � 2
1 + m2

1 + � ;

H 2 = �!p 2 � � 2
2 + m2

2 + � ; (5.22)

the combination of the constraints give an explicit relativistic Schr•odinger equa-
tion for, onee�ective particle of relative motion

H = (� 2H 1 + � 1H 2)=w = �!p 2 � b2 + � � 0: (5.23)

Thus quantum mechanically,

� �!p 2 + �( x? ) � b2(w2; m2
1; m2

2)
	

j i = 0; (5.24)

where
b2(w2; m2

1; m2
2) = "2

1 � m2
1 = "2

2 � m2
2

=
1

4w2

�
w4 � 2w2(m2

1 + m2
2) + (m2

1 � m2
2)2

	
: (5.25)

This equationmaintains the exactrelativistic two body kinematics,i.e. classically

p2 � b2 = 0;

would imply

w =
q

p2 + m2
1 +

q
p2 + m2

2:

Note that both of the constituent invariant CM energies" 1 and "2 are positive
for positive total CM energyw greater than the squareroot of jm2

1 � m2
2j. This

is a direct consequenceof the Eq. (5.17) which in turn depends on the \third
law"condition necessaryfor compatibilit y.

In the CM system,p = p? = (0; �!p ), x? = (0; �!r ) and the relative energyand
time are removed from the problem. The equationfor the relative motion is then

� �!p 2 + �( r ) � b2
	

j i = 0; (5.26)

which has the form of a stationary non-relativistic Schr•odinger equation, with
2mV ! � ; 2mEN R ! b2. Thus the relativistic treatment of the two body prob-
lem for spinlessparticles gives a form that has the simplicity of the ordinary
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stationary nonrelativistic one body Schr•odinger equation and yet maintains rel-
ativistic covariance. Spin and di�erent typesof interactions can be included in a
more completeframework [388, 166, 158, 421] and will be reviewed later.

The potential � may have a complicateddependence,

� = �( r 2; r � p;P2; p2; P � p): (5.27)

It is a generalfeature of relativistic mechanicsthat the potentials do not appear
only asfunctionsof the relativecoordinatesx and relativemomentum p. Ignoring
explicit dependencesof � on total and relative momenta, oneis still left with an
implicit dependenceupon P through the vector r . It is only in the CM framethat
r reducesto the momentum independent vector (0; x) The potential � can also
exhibit, an explicit dependenceon P 2. This canariseeither from a dependenceof
the couplingconstants on P 2, or from dimensionalrequirements. The dependence
of � upon P � p can be ignored altogether, sincethe latter can be eliminated of
the constraints Eq. (5.17)

P � p = 0:

Finally the dependencesupon r � p and p2 arisewhennonlocal e�ects are approx-
imated by local functions or from the tensor structure of the interaction. For
two spinlessparticles the potential � is a function of r; p; and P.A � depen-
denceon the relative momentum p hasto be symmetrizedin such a way that the
eigenvaluesof p2 comeout to be real, if no other reasonforbids this result [546].

For a scalar interaction the momenta p1 and p2 do not appear at the vertices
and thereforewe have

� = �( r 2; p2):

For a vector interaction p1 and p2 appear linearly at the verticesand to lowest
order of the coupling constants we have

� = [p�
1; [p�

2 ; C�� (r; P)]+ ]+ ; (5.28)

whereC�� represents the relativistic instantaneousapproximation of a vector �eld
propagator and satis�es the properties

C�� (r; p) = C� � (r; p) = C�� (� r; p):

To �rst order in C the term Eq. (5.28) could alsoarisefrom a minimal substitu-
tion in the free equationsof the type

p1� ! p0
1� = p1� � A1� := p1� � [p�

2; C�� ]+ ;

p2� ! p0
2� = p2� � A2� := p2� � [p�

1; C�� ]+ : (5.29)

Pseudoscalartype interactions correspond to potentials � which are propor-
tional to the matrices 
 5� 5;

� = 
 5� 5W(r 2; p2);
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wherethe 
 5 and � 5 are the Dirac matricesacting on the fermion and antifermion
spinor, W(r 2; p2) is the Pauli-Lubanski operator. If W1s� and W2s� are Pauli-
Lubanski spin operators of particles 1 and 2,

W1s� =
~
4

� �� � P � � �� ;

W2s� =
~
4

� �� � P � � �� ;

W 2
1s = W 2

2s = �
3
4

~2P2;

WS = W1s + W2s; (total spin)

� �� =
1
2i

[
 � ; 
 � ]; � �� =
1
2i

[� � ; � � ];

which commute with all longitudinal variables and matrices. The pseudoscalar
interactions play, alsoan important role in the representation of con�ning inter-
actions and spontaneousbreakdown of chiral symmetry [495].

An axial vector interaction is of the type

� = � ~
 � WL A(r 2; p2) = �
2
p2


 � pWL � W1sA(r 2; p2);

where~
 � = 
 � 
 5, WL is the relative orbital angular momentum. Such potentials
cannot arise in the ladder approximation of parity conserving interactions in
renormalizable�eld theories. However they can arisefrom a local approximation
of fourth order irreducible diagramsin vector interactions in the Bethe-Salpeter
kernel [496]. They correspond to the exchange between the fermion and the
boson of two vector particles. The vector particles couple to the fermion line
at two di�erent verticeswith matrices 
 � and 
 � , respectively. Furthermore the
fermion propagator joining the two vertices is proportional to (
 � p0

1 + m0
1) and

one �nds, amongother terms, the product of three 
 matriceswhich involve the
term i� �� �� ~
 � p0�

1 . On the bosonline the verticesof the vector particle involve the
momenta p0

2� and p00
2� :

In Eq. (5.26) to relativistic kinematical and dynamical corrections are in-
cluded. The corrections include dependenceson the CM energy w and on the
nature of the interaction. For spinlessparticles, interacting by way of a world
scalar interaction S, one �nds [151, 153, 159, 160]

� = 2mwS + S2; (5.30)

where
mw =

m1m2

w
: (5.31)

For timelikevector interactions,describedby A , one�nds [151, 539, 540,159,162]

� = 2"wA � A 2; (5.32)
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where

"w =
w2 � m2

1 � m2
2

2w
: (5.33)

For combined spacelike and timelike vector interactions, that reproducethe cor-
rect energyspectrum for scalarQED [154],

� = 2mwS+ S2+ 2"wA � A 2+
1
2

r 2 log(1� 2A=w)+
1
4

[r log(1� 2A=w)]2: (5.34)

The variablesmw and "w have beenintroducedby Todorov in his quasipotential
approach [539, 540]. In the nonrelativistic limit, � approaches2� (S + A); � =
m1m2=(m1+ m2) for combined interactions. In the relativistic case,the dynam-
ical corrections include both quadratic additions to S and A and CM energy
dependencesthrough mw and "w : The two logarithm terms at the end of Eq.
(5.34) are due to the transverseor spacelike part of the potential. Without those
terms, spectral resultswould not agreewith the standard spinlessBreit and Dar-
win approaches.

Eq. (5.26) providesa usefulway to obtain the solution of the relativistic two
body problem for spinlessparticles with scalarand vector interactions. Below we
shall include spin.

Thesewaysof putting the invariant potential functions, for scalarS andvector
A interactions, into � is usedby Crater and Van Alstine for the caseof two spin
onehalf particles. Theseformsarenot uniquebut aremotivated by classical�eld
theory, Crater and Van Alstine, and in quantum �eld theory, Sazdjian[162, 336].

5.1.1 Constrain t Mec hanics for Spinless Particles

Crater and Van Alstine used Dirac's constraint mechanics and supersymmetry
(seeSec. 2.7) to derive a pair of coupledbut compatible relativistic wave equa-
tions that generalizeDirac's equation for a single spin one half particle in an
external �eld to a system of two spinning particles interacting through world
scalarand vector potentials.

To seehow oneintroducesrelativistic dynamicsthrough a constraint approach
[156, 542, 545, 366], consider�rst two spinlessparticle Klein-Gordon equations.
In constraint quantum mechanics, theseequationsare treated asmassshell con-
ditions on the wave function

H 1j > = (p2
1 + m2

1 + � 1(x; p1; p2)) j > = 0; (5.35a)

H 2j > = (p2
2 + m2

2 + � 2(x; p1; p2)) j > = 0: (5.35b)

One further �nds that the interaction functions, referred to as quasipotentials,
must be equal

� 1 = � 2 = � w(x? ; p1; p2): (5.36)
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This is a relativistic analogof Newton's third law. The invariant variable

r =
q

x2
? ; (5.37)

is the spatial interparticle separation (only) in the CM system. The fact that
x may only appear as x? meansthat constraint mechanics controls the relative
time in a covariant way although the quasipotential � w may depend on other
invariant combinations of x? ; p1; p2 i.e.

` :=
p

(x? � p)2;

where
(a � b) � = � � k�� P̂� akb� :

The two quantum constraints Eq. (5.35b) can be recombined in two linear inde-
pendent ways. The di�erence yields a wave equation that controls the relative
energy

(H 1 � H 2)j > = 2P � pj > = 0: (5.38)

The other independent combination

H = (� 2H 1 + � 1H 2)=w; (5.39)

leadsto the stationary Schr•odinger like form

Hj > = 0 ! (p2 + � w)j > = b2(w)j > = (� 2
w � m2

w)j > : (5.40)

In the CM system,Eqs. (5.38) implies the relation

p2j > = p2
? j > = p2j >;

thus Eqs. (5.40) has a three dimensionalSchr•odinger like form. However, Eqs.
(5.40) is a fully covariant equation, with a CM energydependent potential.

We imply that each particle � i is constructed from constituent scalar and
vector potentials which are producedby other particle. We introducevector and
scalar interactions through the minimal momentum and masssubstitutions

p�
1 = p� + � 1P̂ � ! p�

1 � A �
1 = G1(r; `)p� + E1(r; `)P̂ � := � �

1 ;

p�
2 = � p� + � 2P̂ � ! p�

2 � A �
2 = � G2(r; `)p� + E2(r; `)P̂ � := � �

2 ; (5.41)

m1 ! m1 + S1 := M 1(r; `); (5.42a)

m2 ! m2 + S2 := M 2(r; `); (5.42b)

in
H 0

i = p2
i + m2

i :
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Thesesubstitutions are straightforward two body extensionsof those generated
by standard covariant coupling of a single particle to vector or scalar external
�elds. Thus the original free massshell forms

H 0
i = p2

i + m2
i ; i = 1; 2; (5.43)

become
H i = � 2

i + M 2
i ; i = 1; 2: (5.44)

The proceduredeterminesthe � i , in Eqs. (5.35b), in terms of constituent vector
and scalarpotentials.

The decomposition of Eqs. (5.41-5.42b)associates the invariant functions
G1; G2 with spacelike vector potentials, E1; E2 with timelike vector potentials,
and M 1; M2 with scalar potentials. Thesesix scalar functions are not indepen-
dent. In fact, the third law condition on scalar, timelike and spacelike vector
parts yield

� 1S = � 2S;

� 1A = � 2A ; timelike part (5.45)

� 1A = � 2A ; spacelike part:

It implies

M 2
1 � M 2

2 = m2
1 � m2

2; E 2
1 � E 2

2 = � 2
1 � � 2

2; and G2
1 = G2

2 = G2:

There are only two invariant functions for the vector and one for the scalar
interaction. When vector interactions are generatedby coupling to QCD �elds
there will be further relations among the potentials. In that case,both E i and
Gi becomefunctions of an underlying generalizedCoulombic potential A . With
this technique oneallows for the presenceof a short distanceelectromagneticlike
or gaugevector containing both timelike and spacelike parts, and a long distance
timelike vector, by parameterizingE i in terms of two invariant functions A and
V, and G in terms of A alone. Thus

A �
i = A �

i (A (r; `); V(r; `)) ; (5.46)

and
Si = Si (S(r; `); V(r; `)) : (5.47)

5.1.2 Constrain t Mec hanics for Spin One Half Particles

Crater and van Alstine [156]usedsupersymmetry to �nd compatible Dirac oper-
ators for two spinning particles. The particles are interacting through a system
of relativistic scalarand vector interactions. For two spin one half particles, we
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start from two compatible freeDirac equations,in terms of Todorov variables,in
the forms

L 10j > = (� 1 � p1 + m1� 51)j > = 0; (5.48a)

L 20j > = (� 2 � p2 + m2� 52)j > = 0; (5.48b)

using
p1 = � 1P̂ + p; p2 = � 2P̂ � p; (5.49)

yields
L 10j > = (+ � 1 � p + � 1� 1 � P̂ + m1� 51)j > = 0; (5.50a)

L 20j > = (� � 2 � p + � 2� 2 � P̂ + m2� 52)j > = 0; (5.50b)

in the e�ective onebody variablesof Todorov [539]. Crater and Van Alstine have
written the matrix coe�cien ts of theseDirac equationsnot in terms of gamma
matricesbut in terms of products of gammamatriceswhosealgebraicproperties
permit moree�cien t calculation of the commutation relationsappropriate to two
spinning bodies. Thesetheta matrices

� �
i := i

r
1
2


 5i 

�
i ;

� 5i := i

r
1
2


 5i ; � = 0; 1; 2; 3; i = 1; 2 (5.51)

satisfy the fundamental anticommutation relations

[� �
i ; � �

i ]+ = � � �� ;

[� 5i ; � �
i ]+ = 0;

[� 5i ; � 5i ]+ = � 1; (5.52)

where[; ]+ is anticommutator. Projected theta matrices then satisfy
h
� i � P̂ ; � i � P̂

i

+
= 1;

h
� i � P̂ ; � �

i ?

i

+
= 0; (5.53)

where
� �

? = � i� (� �� + P̂ � P̂ � ): (5.54)

The algebraic signi�cance of the theta matrices, in the dynamical description
provided by Eqs. (5.48), is that the Dirac operators L 10 and L 20 are exact
operator squareroots of the corresponding massshelf forms � 1

2(p2
1 + m2

1) and
� 1

2(p2
2 + m2

2). Additional useof covariant CM projected versionsof the Dirac �
and � matrices are

� �
i = � 
 i � P̂ = 2� 5i � i � P̂ ; (5.55)

� �
i = 2� �

i ? � i � P̂ ; (5.56)
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and
� �

i = 
 5i �
�
i = i2

p
2� 5i � i � P̂ � ? i :

Crater and Van Alstine claim to have introduced the important but unfa-
miliar theta matrices in order to take advantage of their remarkable algebraic
properties to simplify the otherwise complicated consequencesof compatibilit y
([L 1; L 2]� j > = 0) when interactions are present. The fundamental anticom-
mutation relations, Eqs. (5.53), of the theta matrices lead directly through a
pseudo-classical correspondencelimit, to a gradedsymplectic structure in which
the theta's becometwo commuting setsof Grassmannvariables(SeeSec.2.6.1).
The spacepossessesa gradedPoissonbracket that takesthe di�erential form of
Berezin and Marinov [65, 66]. When quantized, this bracket becomesa general-
ized quantum bracket that is sometimesa commutator, sometimesan anticom-
mutator depending on the nature of its operator arguments.

In terms of this bracket, all necessarycommutation relations involving the
quantum theta's can be carried out through operations that are isomorphic to
those involving the classicalbrackets. For dynamical variables A � and A � that
have well de�ned character (odd or even) with respect to each spin or Grassmann
space,the generalizedquantum bracket takesthe form

[A � ; A � ]� � �� = A � A � � � �� A � A � ; (5.57)

where[152]
� �� = (� 1)� � 1 � � 1+ � � 2 � � 2 :

The variable

� � 1 =
�

0 if A � is even in spaceone(like p;x; � 51; � 1 � P̂ )
1 if A � is odd in spaceone(like � 1 � x; � 51� 2 � P̂ ):

(5.58)

Similarly, � � 2 keepstrack of parity in spacetwo. Note that the last variable is
then odd in both spacesdoubly odd. This sorts the variables into those that
are even in both spaces,odd in both, even in spaceonewhile odd in spacetwo,
and odd in spaceone while even in spacetwo. In addition, there are additive
combinations that do not have well de�ned character e.g.,

� 1 � x + x � p; or � 1 � x + � 2 � p:

For expressionsthat contain only oneset of spin variables,when insertedaspairs
of arguments of the quantum bracket, for two even variables, or one odd and
one even, � �� = � 1 and the bracket is a commutator. For two odd variables,
� �� = +1 and the bracket is an anticommutator. The product quantum bracket,
such that bracket of A � A � with A 
 , is

[A � A � ; A 
 ]� � �
 � � 
 :

100



CHAPTER 5. RELATIVISTIC TWO BODY WAVE EQUATIONS

This implies that within the Grassmannspaceof a single particle, the product
of an odd with an odd is an even, the product of an even with an odd is an odd,
and that the product of an even with an even is an even. Using the de�nition, in
Eqs. (5.57), one �nds that

[A � A � ; A 
 ]� � �
 � � 
 = A � [A � ; A 
 ]� � � 
 + � � 
 [A � ; A 
 ]� � �
 A � : (5.59)

Next, useis madeof this bracket to construct pairs of compatibleDirac equa-
tions for interacting particles.

Considerwhat happenswhenwe attempt to introducescalarinteractions into
the two freeparticle equationsEqs. (5.48). If we make the minimal substitutions
Eqs. (5.41) of the spinlesscase,we do not obtain compatible two body Dirac
equations. That is, the brackets Eqs. (5.59),

L 1j > = (+ � 1 � p + � 1� 1 � P̂ + M 1� 51)j > = 0; (5.60a)

L 2j > = (� � 2 � p + � 2� 2 � P̂ + M 2� 52)j > = 0; (5.60b)

producean operator that doesnot vanish on j >

[L 1; L 2]� j > = [� 1 � p;M 2� 52] + [M 1� 51; � � 2 � p]� j >

= � i (@M 1 � � 1� 52 + @M 2 � � 2� 51)j > 6= 0: (5.61)

Crater and Van Alstine usedsupersymmetry arguments to extend the naive
L 1 and L 2 to forms that are compatible. The procedurehas four steps.

(a) They found supersymmetry of the pseudo-classicallimit of an ordinary
free onebody Dirac equation.

(b) They introduced interactions for a single Dirac particle with external
potentials that preserved these supersymmetries. For scalar interactions this
required the coordinate replacement

x � ! ~x � := x � + i
� � � 5

m + S(~x)
:

Since the Grassmannvariables satisfy � 2 = 0, this self referent relation has a
terminating Taylor expansion.

(c) They maintained the onebody supersymmetries,for each spinning parti-
cle, through the replacement

x �
? = (x1 � x2)�

? ! (~x1 � ~x2)�
? ;

in the relativistic potentials Si , and thusobtainedcompatibleclassicalconstrains.
(d) Finally, they canonicallyquantized theseconstraints to obtain compatible

two body Dirac equationsof the form

L 1j > = (+ � 1 � p + � 1� 1 � P̂ + M 1� 51 � i@L1 � � 2� 52� 51)j > = 0;(5.62a)

L 2j > = (� � 2 � p + � 2� 2 � P̂ + M 2� 52 + i@L2 � � 1� 51� 52)j > = 0:(5.62b)
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Note, the requirement of compatibilit y leads to terms with a relatively simple
structure, like recoil terms which are functions of x? that add to the naive forms
of Eqs. (5.60). The only additional nontrivial commutators neededto check
compatibilit y, [L 1; L 2]� j > = 0, are

[� i@L1 � � 2� 51� 52; � � 2 � p]� = (i@L1 � p +
1
2

@2L1)� 51� 52;

[� 1 � p; i@L2 � � 1� 51� 52]� = (� i@L2 � p �
1
2

@2L2)� 52� 51;

[� i@L1 � � 2� 51� 52; M2� 52]� = iM 2� 51@L1 � � 2;

[M1� 51; + i@L2 � � 1� 52� 51]� = iM 1� 52@L2 � � 1;

[� 1� 1 � P̂ ; + i@L2 � � 1� 52� 51]� = [� 1� 1 � P̂ ; + i@L2 � � 1]+ � 51� 52 = � i� 1P̂ � @L2� 51� 52 = 0;

[� i@L1 � � 2� 51� 52; � 2� 2 � P̂ ]� = � [� i@L2 � � 2; � 2� 2 � P̂ ]+ � 51� 52 = � i� 2P̂ �@L1� 51� 52 = 0:

The last two commutators vanishsinceL i = L i (x? ) and P̂ � x? = 0: Note that we
have usedproduct rule Eqs. (5.59) to determinewhether to compute commuta-
tors or anticommutators. Collecting coe�cien ts of independent matrices,we �nd
the simple di�erential equations

@M 1 = M 2@L1; (5.63a)

@M 2 = M 1@L2; (5.63b)

@L1 = @L2: (5.63c)

In the static limit @L ! 0, each of our equationsreducesto the standard one
body equationfor interaction with an external scalarpotential. If we solve these,
while identifying the free particle rest massesM i (L = 0) = mi , we obtain

M1 = m1 coshL + m2 sinhL; (5.64a)

M2 = m2 coshL + m1 sinhL: (5.64b)

The recoil terms at the end of Eqs. (5.62) appearedas the quantum remnants
of the classicalGrassmann-Taylor expansionof the masspotential generatedby
its argument, the supersymmetric position variable ~x? . Note that this solution
of the compatibilit y condition implies

M 2
1 � M 2

2 = m2
1 � m2

2; (5.65)

the third law condition. As with the treatment of the scalar interaction using
supersymmetries,such methods reducethe problem of compatibilit y for spinning
particles to thoseconditions that are already neededfor compatibilit y of spinless
particles. Elsewhere[156], they have extendedtheir supersymmetric treatment
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to the caseof timelike vector interactions. Just as in the scalar case,the naive
replacement in Eqs. (5.50)

� i ! E i (r; `);

doesnot lead to compatible two body Dirac equations. That is, when

L 1j > = (+ � 1 � p + E1� 1 � P̂ + m1� 51)j > = 0; (5.66a)

L 2j > = (� � 2 � p + E2� 2 � P̂ + m2� 52)j > = 0; (5.66b)

they found

[L 1; L 2]� j > = [� 1@p; E2� 2 � P̂ ]� + [E1� 1 � P̂ ; � � 2@p]� j >

= � i (@E1 � � 1� 2 � P̂ + @E2 � � 1� 1 � P̂ )j > 6= 0:

This enforcement of supersymmetries, for each spinning particle, leads to the
recoil correctedforms

L 1j > = (+ � 1 � p + E1� 1 � P̂ + m1� 51 + i@J1 � � 2� 2 � P̂ � 1 � P̂ )j > = 0;

(5.67a)

L 2j > = (� � 2 � p + E2� 2 � P̂ + m2� 52 � i@J2 � � 1� 1 � P̂ � 2 � P̂ )j > = 0;

(5.67b)

The requirement of compatibilit y, [L 1; L 2]� j > = 0, then yields the simple dif-
ferential equations

@E1 = E2@J1; (5.68a)

@E2 = E1@J2; (5.68b)

@J1 = @J2: (5.68c)

Note, the static limit @J ! 0, so that each of the equations reducesto the
standard onebody equation for a spinning particle in an external timelike vector
potential. Solution of theseequationswith identi�cation of the usual freeparticle
energiesE i (J = 0) = � i then gives

E1 = � 1 coshJ + � 2 sinhJ; (5.69a)

E2 = � 2 coshJ + � 1 sinhJ: (5.69b)

Just asfor the scalarinteraction, the recoil terms at the endof Eqs. (5.67) ap-
pearin the supersymmetrictreatment asthe quantum remnants of the Grassmann-
Taylor expansionof the energypotential generatedby its argument, the super-
symmetric position variable ~x? . Note, this solution of the compatibilit y condition
yields

E 2
1 � E 2

2 = � 2
1 � � 2

2;

103



5.1. HAMIL TONIAN FORMULATION OF THE TWO BODY PROBLEM
WITH CONSTRAINT DYNAMICS

the third law condition for spinlessparticles interacting through a timelike vector
potential.

Finally, a spacelike interaction, the naive choice

L 1j > = (+ G1� 1 � p + � 1� 1 � P̂ + m1� 51)j > = 0; (5.70a)

L 2j > = (� G2� 2 � p + � 2� 2 � P̂ + m2� 52)j > = 0; (5.70b)

provesincompatible

[L 1; L 2]j > = [G1� 1 � p; � G2� 2 � p]� j >

= i (G2@G1 � � 1� 2 � p � G1@G2 � � 2� 1 � p)j > 6= 0: (5.71)

However,

L 1j > = (+ G1� 1 � p + � 1� 1 � P̂ + m1� 51 + i� 2 � @G1� 1? � � 2? )j > = 0;

(5.72a)

L 2j > = (� G2� 2 � p + � 2� 2 � P̂ + m2� 52 � i� 1 � @G2� 2? � � 1? )j > = 0;

(5.72b)

are compatible provided that

G1@G2 = G2@G1: (5.73)

Thus G1 and G2 di�er by at most a multiplicativ e constant. If the corresponding
Dirac equationsare to becomethe usual free particle Dirac equationswhen the
interaction vanishes,G1 and G2 must be unity in this limit. Hence,the constant
must be one,and

G1 = G2 := G: (5.74)

When both, scalar and timelike four vector interactions, are present [156], the
compatible two body Dirac Eqs. (5.50) turn out to be

L 1j > = (+ � 1 � p + E1� 1 � P̂ + M 1� 51

+ i@J � � 2� 1 � P̂ � 2 � P̂ � i@L � � 2� 52� 51)j > = 0; (5.75a)

L 2j > = (� � 2 � p + E2� 2 � P̂ + M 2� 52

� i@J � � 1� 2 � P̂ � 2 � P̂ + i@L � � 1� 51� 52)j > = 0; (5.75b)

in which M 1; M2; E1; E2; L and J are related by Eqs. (5.64) and (5.69). When
all three interactions are turned on at once,the solutions (5.63)-(5.64), (5.68)-
(5.69), and (5.73)-(5.74)yield the compatible two body Dirac Eqs. (5.50).

L 1j > = (+ G� 1 � p + E1� 1 � P̂ + M 1� 51 + iG(� 2 � @ln G� 1? � � 2?

+ � 2 � @J � 1 � P̂ � 2 � P̂ � � 2 � @L� 52� 51)) j > = 0; (5.76a)

L 2j > = (� G� 2 � p + E2� 2 � P̂ + M 2� 52 � iG(� 1 � @ln G� 1? � � 2?

+ � 1 � @J � 1 � P̂ � 2 � P̂ � � 1 � @L� 51� 52)) j > = 0 (5.76b)

104



CHAPTER 5. RELATIVISTIC TWO BODY WAVE EQUATIONS

Note, the requirement of compatibilit y generatesthree spin-dependent recoil
terms at the end of each Dirac equation, which can be written compactly as

� 2 � @

0

@
� L� 51� 52

J � 1 � P̂ � 2 � P̂
ln G� 1? � � 2?

1

A (5.77a)

� 1 � @

0

@
L� 51� 52;

� J � 1 � P̂ � 2 � P̂
lnG� 1? � � 2?

1

A : (5.77b)

The physically important caseof electromagneticlike interactions, related time-
like and spacelike component interactions,deservesspecialmention. In that case,
our compatible two body Dirac equationsreduceto

L 1j > = (+ G� 1 � p + E1� 1 � P̂ + m1� 51 + i� 2 � @G� 1 � � 2)j > = 0;

(5.78a)

L 2j > = (� G� 2 � p + E2� 2 � P̂ + m2� 52 � i� 1@G� 1 � � 2)j > = 0;

(5.78b)

in which the compatibilit y restrictions of Eqs. (5.69) and Eqs. (5.74) lead to

E1 =
G
2

(� 1 � � 2) +
w
2G

; (5.79a)

E2 =
G
2

(� 2 � � 1) +
w
2G

; (5.79b)

In Eqs. (5.78), the recoil terms are combined to yield the characteristic factor

� 1 � � 2 = � 1? � � 2? � � 1 � P̂ � 2 � P̂ :

5.2 Covarian t In teractions

So far, we have beenable to determine appropriate modi�cations of free Dirac
equationsthat lead to compatible two body Dirac equationsin the presenceof
scalar,timelike, and spacelike vector interactions. The resulting dynamical forms
of the two body Dirac equations are identical to their one body counterparts
in corresponding external �elds except for the presenceof recoil terms (seeEqs.
(5.77) that vanishwheneither of the particles becomesvery heavy. But, how can
we determine the corresponding correctionsneededfor the construction of com-
patible Dirac equationscontaining pseudoscalar,timelike pseudovector, spacelike
pseudovector, and tensor interactions? The scalar and vector interactions em-
ployed alter classicalrelativistic properties, minimal massand they are four mo-
mentum substitutions which are not available for pseudovector and pseudoscalar
interactions.
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However, regardlessof the details of origin of the interaction terms, for each
of the casestreated so far ( supersymmetry, minimal substitution) they share
a common algebraic hyperbolic structure. In each case, the interactions gen-
erated by hyperbolic functions of the potential whosegradient determinesthe
magnitude of the corresponding recoil term. As we saw in our derivation of Eqs.
(5.63)-(5.65) and Eqs. (5.68)-(5.71), thesestructures arise from the solution of
the compatibilit y problem and enforcegeneralizedthird law conditions on the
interactions. As we shall see,if we use the hyperbolic structure to rewrite our
solutions for L i for the three interactions introduced so far in a compact form,
we �nd that such hyperbolic structures can be readily generalizedto incorporate
their axial counterparts as well as the tensor interactions. The part presented
here and the next section are reviewing the pervious work done by Crater and
Van Alstine [158, 75]

5.2.1 Hyp erb olic Description of Poten tials

Using Eqs. (5.63)-(5.64),the scalarEqs. (5.62) can be written in the form

L 1j > = (+ � 1 � p + � 1� 1 � P̂ + (m1 coshL + m2 sinhL)� 51 � i� 2 � @L� 52� 51)j >;
(5.80a)

L 2j > = (� � 2 � p + � 2� 2 � P̂ + (m2 coshL + m1 sinhL)� 52 + i� 1 � @L� 51� 52)j > :
(5.80b)

Thesetwo Dirac equations,can be brought into a more generalform through the
matrix

O1 = 2� 51� 52; (5.81)

which is a root of unity, O2
1 = 1, and is odd in each theta space.We then rewrite

Eq. (5.80) as

L 1j > = (L 10 + m1(cosh(2�) � 1)� 51 + m2 sinh(2�) � 52 + i� 2 � @�) j >;

(5.82a)

L 2j > = (L 20 + m2(cosh(2�) � 1)� 52 + m1 sinh(2�) � 51 + i� 1 � @�) j >;

(5.82b)

where
� = �O 1L=2: (5.83)

If we rearrangetheseequations,we �nd that the combinations

S1j > = (cosh(�) L 1 � sinh(�) L 2)j > = 0; (5.84a)

S2j > = (cosh(�) L 2 � sinh(�) L 1)j > = 0; (5.84b)

take the generalforms

S1j > = (L 10 cosh(�) + L 20 sinh(�)) j > = 0; (5.85a)

S2j > = (L 20 cosh(�) + L 10 sinh(�)) j > = 0; (5.85b)
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after we have usedsimple hyperbolic identities and brought the matrices on the
left of each L i to the right. Sincethe new constraints Eqs. (5.84) are nothing
but algebraic rearrangements of linear combinations of the old compatible con-
straints L i , they must themselves be compatible. However, we shall verify the
compatibilit y explicitly. We already know that the constraints L 1 and L 2 are
compatible

[L 1; L 2]� j > = 0:

The commutator [S1; S2]� is a sum of four commutators. The �rst,

[cosh(�) L 1; cosh(�) L 2]� = cosh(�)(cosh(�)[ L 1; L 2]� +

[L 1; cosh(�)] � L 2 + [cosh(�) ; L 2]� L 1) � 0; (5.86)

vanishesweakly (we needto usethe constraints L i � 0:) Likewise,

[sinh(�) L 2; sinh(�) L 1]� � 0: (5.87)

We are left with

� [cosh(�) L 1; sinh(�) L 1]� � [sinh(�) L 2; cosh(�) L 2]� =

� (cosh(�)(sinh (�)[ L 1; L 1]� + [L 1; sinh(�)] � L 1) �

sinh(�)[cosh (�) ; L 1]� L 1) + (1 ! 2) � 0: (5.88)

Thus
[S1; S2]� j > � 0:

We now conjecture that the constraints in the general forms Eqs. (5.85) are
the proper forms of the introduction of relativistic interactions in the sensethat
all interactions known appear simply as choices for the invariant form �. In
order to �nd compatible constraints of the external potential form L 1 and L 2 for
more general interactions from the S1 and S2 constraints, we must �rst show
that the new forms in Eqs. (5.85) are compatible for arbitrary �( x? ). Then,
the constraints L 1 and L 2 which we uncover from the S1 and S2 constraints are
compatible, this is isomorphicto the proof given in Eq. (5.86) but with the roles
of L i and Si interchanged.

The new forms Eqs. (5.85) can be related to forms which were recently pro-
posedby Sazdjian

S1j	 > = (L 10 + L 20W)j	 >; (5.89a)

S2j	 > = (L 20 + L 10W)j	 > : (5.89b)

If we identify
j	 > = cosh(�)  and W = tanh(�) ;

then they are in equivalent forms. Note, in Sazdjianequations,for a given inter-
action say vector, the potential W hasa simplematrix structure (i.e., � 1 � � 2). On
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the other hand, when the equationsare written in this form with a � that has
the samematrix structure, the W may contain additional matrix structure since
the hyperbolic tangent is a nonlinear function of �. Theseadditional terms will
not appear for interactions whosematrix structures are roots of unity since,for
such interactions (e.g., scalar, pseudoscalar,timelike vector and pseudovector),
the matrix structures of � and tanh(�) are the same.But, for thoseinteractions
whose�'s are not multiples of root unity ( i.e., thosefor spacelike interactions),
the new equationsare not equivalent to Sazdjian's. Hence,in general,Sazdjian's
form of the two body Dirac equationsis a weak potential version (small �) of
Eqs. (5.85). Now, Sazdjian's forms or the two body Dirac equations(and our
generalizedversion Eqs. (5.89) are compatible for arbitrary W provided that
W = W(x? ). We have slightly altered Sazdjian'sproof of compatibilit y of Eqs.
(5.89). First, note that the relative energyconstraints

P � pj	 > = 0;

follows from

(L 10S1 � L 20S2)j	 > = (L 2
10 � L 2

20)j	 >

= �
1
2

(p2
1 + m2

1 � p2
2 � m2

2)j	 >

= � P � pj	 > = 0: (5.90)

In order to demonstratethe (weak)compatibilit y of the two constraints, onemust
calculate

[S1; S2]j	 > = [L 10; L 20]� j	 > +[ L 10; L 10W]� j	 > +

[L 20W; L 20]� j	 > +[ L 20W; L 10W]� j	 >

= (L 2
10 � L 2

20)Wj	 > �L 10WL 10j	 > �L 10WL 20Wj	 > +

L 20WL 20j	 > + L 20WL 10Wj	 > =

� P � pW(x? )j	 > �L 10WL 1j	 > + L 20WL 2j	 > : (5.91)

Using Eq. (5.89) and Eq. (5.90), and

[P � p;W(x? )]� j	 > = 0;

one then �nds that each of the terms vanishes. Thus S1 and S2 are weakly
compatible. Next we show that compatibilit y of Sazdjian'sconstraints

[S1; S2]� j	 > = 0;

plus the constraints themselvesSi j	 > = 0 imply the compatibilit y of the forms
Eqs. (5.85)

[S1; S2]j	 > = 0:
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First, we observe that

Si j	 > = Si cosh(�) j	 > = Si j	 > :

Therefore,

[S1; S2]j	 > = (S1 cosh(�) S2 � S2 cosh(�) S1)j	 >

= [S1 cosh(�)] S2j	 > � [S2 cosh(�)] S1j	 >

+ cosh(�)[ S1; S2]j	 > = 0: (5.92)

Hence,above forms Eqs. (5.85) of the two body Dirac equationsare compatible
for arbitrary �( x? ).

Now, from Eqs. (5.84), we seethat the new constraints Si are related to the
original external potential onesby

L 1j > = (cosh(�) S1 + sinh(�) S2)j >; (5.93a)

L 2j > = (cosh(�) S2 + sinh(�) S1)j > : (5.93b)

Even though we usedthe scalar interaction to carry out the compatibilit y check
in Eqs. (5.86)-(5.88), the proof that the external potential L i constraints are
compatible for arbitrary �( x? ); given the compatibilit y of the Si for arbitrary � ;
is virtually identical to Eqs. (5.86)-(5.88). As we shall show, for eight invariant
forms for �( x? ), the corresponding external potential form L i constraints can
actually be written in a form that looks like that of a one body Dirac equation,
that is,

L 1j > = (L 10 + Z1(x? ; p)) j >

= (� 1 � p + � 1� 1 � P̂ + m1� 51 + Z1(x? ; p)) j >

:= (H(x? )� 1 � p + L1(x? )) j > = 0; (5.94a)

L 2j > = (L 20 + Z2(x? ; p)) j >

= (� � 2 � p + � 2� 2 � P̂ + m2� 52 + Z2(x? ; p)) j >

:= (� H(x? )� 2 � p + L2(x? )) j > = 0: (5.94b)

Unlike the Si or Si formsof the two body Dirac equation,theseexternal potential
forms have no gross kinetic terms depending on � j � p; i 6= j . This property
simpli�es the reduction to a Schr•odinger like form. Even at this stage,we seethe
importance of the hyperbolic structure of the equations( which the reader will
recall emergedautomatically for the scalar in our supersymmetry approach) in
bringing Eqs. (5.93) to the external potential form through the identit y

cosh2(�) � sinh2(�) = 1: (5.95)

Recall also the importanceof this structure in guaranteeing a physical principle,
the third law.
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Such properties of the hyperbolic structure are classicalin that they are nec-
essaryto guarantee consistencyeven at the relativistic classicallevel. But, the
hyperbolic structure has a relativistic quantum mechanical consequenceas well.
In two resent papers, [496, 498] Sazdjian has shown how to construct scalar
products that accompany his form of the two body Dirac equationsgiven in Eqs.
(5.89). The result he obtains is (rewritten here in the notation of Crater paper)

< 	 P 0;a; 	 P;b > = (2� )3� 3(
�!
P

0
�

�!
P )

R
d3

�
	 y

a(x)
�
1 � W 2 � 4! 2
 10
 20

@W
@P 2

�
	 b(x)

�

= (2� )3! 3� 3( ~P0 � ~P)� abf a(! ):

Note that (as pointed out by Sazdjian) this scalar product is of the samekind
potential dependent even if W is energyindependent. However, using the trans-
formation Eqs. (5.2.1) and a simple hyperbolic identit y we �nd that the scalar
product that accompaniesCrater's form Eqs. (5.85) of the two body Dirac equa-
tions is given by

<  P 0;a;  P;b > = (2� )3� 3(
�!
P

0
�

�!
P )

R
d3

�
 y

a(x)
�
1 � W 2 � 4! 2
 10
 20

@W
@P 2

�
 b(x)

�

= (2� )3! 3� 3( ~P0 � ~P)� abf a(! ):

Note that for energy independent potentials, this scalar product is of the same
potential independent form as that for the onebody Dirac equation with energy
independent potentials. Perhaps,the hyperbolic structure of the two body Dirac
equationswill turn out to be a consequenceof the requirement that the scalar
product take the simple  y form for energyindependent potentials.

We now investigate the constraints of external potential form Si generated
by eight choices for �( x? ): In each case, we �rst construct the new general
hyperbolic constraints Eqs. (5.85) and then passto the corresponding external
potential constraints through Eq. (5.93).

For scalar interactions, we shall verify that the choice

� = �O 1L(x? )=2 = � [1112L(x? )=2]O1;

where
O1 = 2� 51� 52;

leadsto the result given in Eqs. (5.62)-(5.64).
For timelike vector interactions, the choice

� = O2J (x? )=2 = [
 1 � P̂ 
 1 � P̂J (x? =2)]O1; (5.96)

where
O2 = 2� 1 � P̂ � 2 � P̂ ;

will lead to the result Eqs. (5.67)-(5.69).
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CHAPTER 5. RELATIVISTIC TWO BODY WAVE EQUATIONS

For spacelike vector interaction, the choice

� = O3J (x? )=2 = [(
 1? � 
 2? J (x? ))=2]O1; (5.97)

where
O3 = 2� 1? � � 2? ;

will lead to the result Eqs. (5.72)-(5.74). The matricesO1, O2 and O3 are doubly
odd (odd in each spin space)and symmetric in the labels of the two spinning
particles. Here, O1 and O1 are roots of unity, O2

1 = O2
2 = 1. However, since

O3 = � � 1� 2� 1 � � 2;

and
(� 1 � � 2)2 = 3 � 2� 1 � � 2;

one �nds that
O2

3 = 3E1 + 2E2O3;

where
E1 = 1; E2 = 4� 51� 52� 1 � P̂ � 2 � P̂ = � 1� 2:

There exists a fourth doubly odd matrix combination

O4 = E2O3;

which, like O3 is not a root of unity (O2
4 = O2

3 6= 1): So,we uncover a fourth odd
interaction, the covariant polar part of the full tensor interaction

� = F (x? )O4=2 = [� 1 � � 2F (x? )=2]O1: (5.98)

Wenow construct the two external potential constraints L 1 and L 2 corresponding
to each of thesefour interactions. In this construction, the theta combinations of
the Dirac gammamatricesagain prove useful. Their characters(even or odd) in
the generalbracketsEq. (5.57)and Eq. (5.59)dictate whetheroneshouldemploy
commutators or anticommutators to obtain the externalpotential formsfrom Eqs.
(5.93) and Eqs. (5.85). First note that for each of thesefour interactions,sinh(�)
is a doubleodd function of the doubly odd variable �. Using Eq. (5.57) to guide
us to the proper bracket we obtain

L 1j > = cosh(�) S1 + sinh(�) S2

= cosh(�) L 10 cosh(�) + cosh(�) L 20 sinh(�)

+ sinh(�) L 20 cosh(�) + sinh(�) L 10 sinh(�)

= cosh2(�) L 10 + cosh(�)[ L 10; cosh(�)] �

+ cosh(�)[ L 20; sinh(�)] + + sinh(�)[ L 20; cosh(�)] �

+ sinh(�)[ L 10; sinh(�)] + � sinh2(�) L 10; (5.99)
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with a similar expressionfor L 2. Note how the plus sign in conjunction with the
odd-odd nature of sinh(�) combine to give a negative coe�cien t for sinh2(�)
which in turn allows one to usethe simple hyperbolic identit y Eq. (5.95) in the
construction of the external potential form Eqs. (5.94). We needto computethe
four quantum brackets [L i 0; cosh(�)] � and [L i 0; sinh(�)] + for i = 1; 2.

First, we isolate the derivative parts of the constraints by using the product
rule Eq. (5.59) to decomposethe following parts of thesefour quantum brackets

[� 1 � p;cosh(�)] � = � i� 1 � @(�) sinh(�) + [� �
1 ; cosh(�)] � p� ; (5.100a)

[� � 2 � p;cosh(�)] � = i� 2 � @(�) sinh(�) � [� �
2 ; cosh(�)] � p� ; (5.100b)

[� 1 � p;sinh(�)] + = � i� 1 � @(�) cosh(�) + [� �
1 ; sinh(�)] + p� ; (5.100c)

[� � 2 � p;sinh(�)] + = i� 2 � @(�) cosh(�) � [� �
2 ; sinh(�)] + p� : (5.100d)

Thus the derivative parts of Eq. (5.99) are

cosh(�)( � i� 1 � @(�) sinh(�) + i� 2 � @cosh(�))

+ sinh(�)( i� 2 � @(�) sinh(�) � i� 1 � @cosh(�))

= i� 2 � @(�) � i ([cosh(�) ; � �
1 ]� sinh(�)

� [cosh(�) ; � �
2 ]� cosh(�) � [sinh(�) ; � �

2 ]+ sinh(�)

+ [sinh(�) ; � �
1 ]+ cosh(�)) @� (�) :

Note that the choice of commutators versusanticommutators is dictated by
the facts that 4 is odd in both particles theta matrices and that the hyperbolic
sine is an odd function (while the hyperbolic cosineis an even function). (Note
also that [@(�) ; �] � = 0:) As a result,

L 1j > = L 10 + i� 2 � @(�) � i ([cosh(�) ; � �
1 ]� sinh(�) � [cosh(�) ; � �

2 ]� cosh(�)

� [sinh(�) ; � �
2 ]+ sinh(�) + [sinh(�) ; � �

1 ]+ cosh(�)) @� (�)

+ cosh(�)([ � �
1 ; cosh(�)] � p� + [� 1� 1 � P̂ ; cosh(�)] � + [m1� 51; cosh(�)] �

� [� �
2 ; sinh(�)] + p� + [� 2� 2 � P̂ ; sinh(�)] + + [m2� 52; sinh(�)] + )

+ sinh(�)( � [� �
2 ; cosh(�)] � p� + [� 2� 2 � P̂ ; cosh(�)] � + [m2� 52; cosh(�)] �

+[ � �
1 ; sinh(�)] + p� + [� 1� 1 � P̂ ; sinh(�)] + + [m1� 51; sinh(�)] + ; (5.101)

along with a similar expressionfor L 2.
In each of the brackets of Eq. (5.101) which contain � �

i , that matrix may be
replacedby � i ? since it is contracted with either @� f (x? ) or p� (which satis�es
P � p � 0).

5.2.2 The Imp ortan t Eigh t In teractions

Crater and van Alstine consideredfour polar and four axial interactions [158].
The four polar interactions (or tensorsof rank 0,1,2) are
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1.) scalar

� L = � L� 51� 52 = �
L
2

O1; O1 := � 
 51
 52; (5.102)

2.) timelike vector

� J = J � 1 � P̂ � 2 � P̂ := O2
J
2

= � 1� 2
J
2

O1; (5.103)

3.) spacelike vector

� G = G� 1? � � 2? := O3
G
2

= 
 1? � 
 2?
G
2

O1; (5.104)

4.) tensor (polar)

� F = 4F � 1? � � 2? � 52� 51� 1 � P̂ � 2 � P̂ := O4
F
2

= � 1 � � 2
F
2

O1: (5.105)

The four axial interactions, or pseudotensorsof rank 0,1,2,are
5.) pseudoscalar

� C =
C
2

:= E1
C
2

= � 
 51
 52
C
2

O1; (5.106)

6.) timelike pseudovector

� H = � 2H � 1 � P̂ � 2 � P̂ � 51� 52 := �E 2
H
2

= � 1
 51� 2
 52
H
2

O1; (5.107)

7.) spacelike pseudovector

� I = � 2I � 1? � � 2? � 51� 52 := �E 3
I
2

= � 
 51
 1? � 
 52
 2?
I
2

O1; (5.108)

8.) and tensor(axial)

� Y = � 2Y� 1? � � 2? � 1 � P̂ � 2 � P̂ := �E 4
Y
2

= � � 1 � � 2
Y
2

O1: (5.109)

L, J , G, F , C, H , I , Y are invariant functions of x? : Too each of the eight
relativistic interactions correspond coupledcompatible Dirac equations.

1. ) scalar: � = � 1
2O1L(x? ).

Consequently,

cosh(�) = E1 cosh
�

L
2

�
; sinh(�) = �O 1 sinh

�
L
2

�
: (5.110)

To construct the L 1, oneneedsto know the elementary brackets

[E1; � �
i ? ]� = [E1; � i � P̂ ]� = [E1; � 51]� = 0; (5.111)
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[O1; � �
i ? ]+ = [O1; � i � P̂ ]+ = 0; (5.112)

[O1; � 5i ]+ = � 2� 5j ; i 6= j: (5.113)

Theseimply that

[cosh(�) ; � �
i ? ]� = [cosh(�) ; � i � P̂ ]� = [cosh(�) ; � 5i ]� = 0; (5.114)

[sinh(�) ; � �
i ? ]+ = [sinh(�) ; � i � P̂ ]+ = [sinh(�) ; � 5i ]+ = 2sinh(�) � 5i :

(5.115)
To perform the remaining multiplications, we use

O1� 51 = � � 52; O1� 52 = � � 51;

along with hyperbolic identities, to obtain

L 1j > = (� 1 � p + � 1� 1 � P̂ + m1 cosh(LO1)� 51

� m2 sinh(LO1)� 52 � i� 2 �
@L
2

O1)j >; (5.116a)

L 2j > = (� � 1 � p + � 2� 2 � P̂ + m2 cosh(LO1)� 52

� m1 sinh(LO1)� 51 + i� 1 �
@L
2

O1)j > : (5.116b)

Since O1 is a root of unity, cosh(O1L) = cosh(L); sinh(O1L) = sinh(L):
Thus theseequationsare just the scalarequationsEqs. (5.62)-(5.64) that
we originally derived through supersymmetric techniques.2

2. ) timelike four vector: � = 1
2O2J:

Consequently,

cosh(�) = E1 cosh(J=2); sinh(�) = O2 sinh(J=2): (5.117)

Carrying out stepssimilar to those given above for the scalar interaction,
we obtain

L 1j > = (� 1 � p + � 1 cosh(JO2)� 1 � P̂ + � 2 sinh(JO2)� 2 � P̂

+ m1� 51 + i� 2 �
@J
2

O2)j >; (5.118a)

L 2j > = (� � 2 � p + � 2 cosh(JO2)� 2 � P̂ + � 1 sinh(JO2)� 1 � P̂

+ m2� 52 � i� 2 �
@J
2

O2)j > : (5.118b)

Since O2 is a root of unity, these equations are just those generatedby
supersymmetric techniquesEqs. (5.67)-(5.69).

2Seeon the Sec. 2.7.
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3. ) spacelike vector: � = 1
2O3J (x? ):

This caseis more complex algebraically since O2
3 6= 1. However, we can

write
O3 = E2(E1 � 2R); (5.119)

where
R =

1
2

(E1 � O4) =
1
2

(1 + � 1 � � 2); (5.120)

is a root of unity R 2 = 1. Thus

cosh(�) = cosh
�

E1J
2

� RJ
�

= cosh
�

J
2

�
cosh(J ) � R sinh

�
J
2

�
sinh(J )

= cosh3

�
J
2

�
+

1
2

O4 sinh
�

J
2

�
sinh(J ); (5.121)

sinh(�) = E2 sinh
�

E1
J
2

� RJ
�

= E2

�
sinh

�
J
2

�
cosh(J ) � R cosh

�
J
2

�
sinh(J )

�

= E2 sinh3

�
J
2

�
+

1
2

O3 cosh
�

J
2

�
sinh(J ): (5.122)

One needsto know the elementary brackets

[E2; � �
2? ]+ = 2� 2? E2 = 2E2�

�
2? ; (5.123)

[E2; � i � P̂ ]+ = [E2; � 5i ]+ = 0: (5.124)

SinceE2O4 = O3; onealsoneedsto know

[O3; � �
i ? ]+ = � 2� �

j ? ; i 6= j; (5.125)

[O3; � ? � P̂ ]+ = [O3; � 5i ]+ = 0: (5.126)

In addition, onemust use

[O4; � �
i ? ]� = � 2� �

i ? O4 + [O3; � �
i ? ]+

= � 2� �
i ? O4 � 2� �

j ? E2

= 2O4; � �
i ? + 2E2�

�
j ? ; i 6= j; (5.127)

[� i � P̂ ; O4]� = [� 5i ; O4]� = 0: (5.128)

Consequently,

[cosh(�) ; � �
i ? ]� = � sinh

�
J
2

�
sinh(J )( � �

i ? O4 + � �
j ? E2)

= sinh
�

J
2

�
sinh(J )(O4�

�
i ? + E2�

�
j ? ); (5.129)
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[cosh(�) ; � i � P̂ ]� = [cosh(�) ; � 5i ]� = 0; (5.130)

while

[sinh(�) ; � �
i ? ]+ = 2sinh3

�
J
2

�
� �

i ? E2 � cosh
�

J
2

�
sinh(J )� �

j ?

= 2sinh3

�
J
2

�
E2�

�
i ? � cosh

�
J
2

�
sinh(J )� �

j ? ;

[sinh(�) ; � i � P̂ ]+ = [sinh(�) ; � 5i ]+ = 0: (5.131)

One then uses

O4E2 = O3; O4O3 = E2O2
3 = 3E2 + 2O3; O2

4 = 3 + 2O4; (5.132)

along with the identities

� �
1? O3 + � �

1? E2 + � �
2? O4 + � �

2? = 0; (5.133)

O4� �
1? + E2�

�
2? + O3�

�
2? + � �

1? = 0; (5.134)

to perform the remainingmultiplications. After usingnumeroushyperbolic
identities one �nds

� [cosh(�) ; � �
1? ]� sinh(�) � [sinh(�) ; � �

1? ]+ cosh(�)

= 2sinh
�

J
2

�
cosh

�
J
2

�
� �

2? ; (5.135)

[cosh(�) ; � �
2? ]� cosh(�) + [sinh(�) ; � �

2? ]+ sinh(�)

= 2sinh2

�
J
2

�
� �

2? ; (5.136)

cosh(�)[ � �
1? ; cosh(�)] � + sinh(�)[ � �

2? ; sinh(�)] +

= 2sinh2

�
J
2

�
� �

1? ; (5.137)

� cosh(�)[ � �
2? ; sinh(�)] + � sinh(�)[ � �

2? ; cosh(�)] �

= 2sinh
�

J
2

�
cosh

�
J
2

�
� �

1? ; (5.138)

so that

L 1j > = (+ eJ � 1 � p+ � 1� 1 � P̂ + m1� 51 � i exp(J )� 2 �
@J
2

O3)j >; (5.139a)

L 2j > = (� eJ � 2 � p+ � 2� 2 � P̂ + m2� 52 � i exp(J )� 1 �
@J
2

O3)j > : (5.139b)

The external potential forms Eqs. (5.139) [with J = ln(J )], are just the
constraints Eqs. (5.72)-(5.74)that we had derived earlier.
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4. ) tensor (Polar):� = 1
2O4F :

Now sinceO4 = E1 � 2R, we �nd that

cosh(�) = cosh
�

E1F
2

� RF
�

= cosh
�

F
2

�
cosh(F ) � R sinh

�
F
2

�
sinh(F )

= cosh3

�
F
2

�
+

1
2

O4 sinh
�

F
2

�
sinh(F ); (5.140)

sinh(�) = sinh
�

E1
F
2

� RF
�

= sinh
�

F
2

�
cosh(F ) � R cosh

�
F
2

�
sinh(F )

= sinh3

�
F
2

�
+

1
2

O4 cosh
�

F
2

�
sinh(F ): (5.141)

In addition to the commutators given in Eq. (5.127) and Eq. (5.128) for
the spacelike vector, we needthe anticommutators

[O4; � �
i ? ]+ = � 2� �

j ? E2 = �E 2� �
j ? ; (5.142)

[O4; � i � P̂ ]+ = 2O4� i � P̂ ; [O4; � 5i ]+ = 2O4� 5i : (5.143)

With their aid, we �nd that

[cosh(�) ; � �
i ? ]� = � sinh

�
F
2

�
sinh(F )( � �

i ? O4 + � �
j ? E2)

= sinh
�

F
2

�
sinh(F )(O4�

�
i ? + E2�

�
j ? ); (5.144)

[cosh(�) ; � i � P̂ ]� = [cosh(� =2); � 5i ]� = 0; (5.145)

[sinh(�) ; � �
i ? ]+ = 2sinh3

�
F
2

�
� �

i ? � cosh
�

F
2

�
sinh(F )� �

j ? E2

= 2sinh3

�
F
2

�
� �

i ? � cosh
�

F
2

�
sinh(F )E2�

�
j ? ;

(5.146)

[sinh(�) ; � i � P̂ ]+ = 2sinh(�) � i � P̂ ; [sinh(�) ; � 5i ]+ = 2sinh(�) � 5i : (5.147)

After using these brackets to evaluate Eq. (5.101) and performing the
indicated multiplications by using Eqs. (5.129)- (5.135) and

O3� �
1? + E2�

�
1? + O4�

�
2? + � �

2? = 0; (5.148)

� �
1? O3 + � �

2? E2 + � �
2? O4 + � �

1? = 0; (5.149)
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we obtain

� [cosh(�) ; � �
1? ]� sinh(�) � [sinh(�) ; � �

1? ]+ cosh(�)

= 2sinh
�

F E2

2

�
cosh

�
F E2

2

�
� �

2? ; (5.150)

[cosh(�) ; � �
2? ]� cosh(�) + [sinh(�) ; � �

2? ]+ sinh(�)

= 2sinh2

�
F E2

2

�
� �

2? ; (5.151)

cosh(�)[ � �
1? ; cosh(�)] � + sinh(�)[ � �

2? ; sinh(�)] +

= 2sinh2

�
F E2

2

�
� �

1? ; (5.152)

� cosh(�)[ � �
2? ; sinh(�)] + � sinh(�)[ � �

2? ; cosh(�)] �

= 2sinh
�

F E2

2

�
cosh

�
F E2

2

�
� �

1? : (5.153)

We �nd that for polar tensor interactions

L 1j > = (exp(F E2)� 1 � p + � 1 cosh(F O4)� 1 � P̂

+ � 2 sinh(F O4)� 2 � P̂

+ m1 cosh(F O4)� 51 + m2 sinh(F O4)� 52

+ i exp(F E2)� 2 �
@F
2

O4)j >; (5.154a)

L 2j > = (� exp(F E2)� 2 � p + � 2 cosh(F O4)� 1 � P̂

+ � 1 sinh(F O4)� 1 � P̂

+ m2 cosh(F O4)� 52 + m1 sinh(F O4)� 51

� i exp(F E2)� 1 �
@F
2

O4)j > : (5.154b)

and the four pairs of Dirac equationsthat we shall derive below for axial
interactions are new forms which accompany the three pairs of Dirac equa-
tions that we had found previously through quantization of supersymmetric
pseudo-classicalforms.

The axial counterparts to the constraints Eqs. (5.93) in the caseof polar
interactions are

L 1j > = cosh(�) S1j > � sinh(�) S2j >; (5.155a)

L 2j > = cosh(�) S2j > � sinh(�) S1j > : (5.155b)

whereS1 and S2 arestill givenby Eqs. (5.85). Just asfor polar Eqs. (5.93),
the compatibilit y of thesetwo constraints follows from that of the Si . Note
that the minus sign combines with the fact � is even-even for the axial
interactions to give a minus sign coe�cien t for sinh(�).
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We have chosena minus sign in Eqs. (5.155)becausesinh(�) is even in the
number of theta matrices. Sincethis quantit y will appear in commutators
instead of anticommutators, we �nd [in contrast to Eqs. (5.99) for polar
interactions] that

L 1j > = cosh2(�) L 10 + cosh(�)[ L 10; cosh(�)] �

+ cosh(�)[ L 20; sinh(�)] � � sinh(�)[ L 20; cosh(�)] �

� sinh(�)[ L 10; sinh(�)] � � sinh2(�) L 10: (5.156)

Stepsanalogousto thosebelow Eqs. (5.99)(with commutators appearingin-
steadof anticommutators at appropriate places)show that the generalform
of the Dirac operator for the axial interaction analogousto Eqs. (5.101) for
the polar is

L 1j > = L 10 + i� 2 � @(�) � i ([cosh(�) ; � �
1 ]� sinh(�) � [cosh(�) ; � �

2 ]� cosh(�)

+[sinh(�) ; � �
2 ]� sinh(�) � [sinh(�) ; � �

1 ]� cosh(�)) @� (�)

+ cosh(�)([ � �
1 ; cosh(�)] � p� + [� 1� 1 � P̂ ; cosh(�)] � + [m1� 51; cosh(�)] �

� [� �
2 ; sinh(�)] � p� + [� 2� 2 � P̂ ; sinh(�)] � + [m2� 52; sinh(�)] � )

+ sinh(�)([ � �
2 ; cosh(�)] � p� � [� 2� 2 � P̂ ; cosh(�)] � � [m2� 52; cosh(�)] �

� [� �
1 ; sinh(�)] � p� � [� 1� 1 � P̂ ; sinh(�)] � � [m1� 51; sinh(�)] � ; (5.157)

along with a similar expressionfor L 2:.

5. ) pseudoscalar:� = 1
2C:

Consequently,

cosh(�) = cosh(C=2); sinh(�) = sinh(C=2): (5.158)

As a result,

[cosh(�) ; � �
i ? ]� = [cosh(�) ; � i � P̂ ]� = [cosh(�) ; � 5i ]� = 0; (5.159)

[sinh(�) ; � �
i ? ]� = [sinh(�) ; � i � P̂ ]� = [sinh(�) ; � 5i ]� = 0; (5.160)

so that

L 1j > = (+ � 1 � p + � 1� 1 � P̂ + m1� 51 + i� 2 �
@L
2

)j >;

L 2j > = (� � 2 � p + � 2� 2 � P̂ + m2� 52 � i� 1 �
@L
2

)j > : (5.161)

6. ) timelike pseudovector: � = 1
2E2H:

Then
cosh(�) = cosh(H ); sinh(�) = E2 sinh(H ): (5.162)
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Thus

[cosh(�) ; � �
i ? ]� = [cosh(�) ; � i � P̂ ]� = [cosh(�) ; � 5i ]� = [sinh(�) ; � �

i ? ]� = 0;

[sinh(�) ; � 1 � P̂ ]� = 2sinh(�) � i � P̂ ; [sinh(�) ; � 5i ]� = 2sinh(�) � 5i :
(5.163)

In addition,

E2; � i �P̂ [E2; � �
i ? ]� = 0; [E2; � i �P̂]� = 2E2� i �P̂ ; [E2; � 5i ]� = 2E2� 5i (5.164)

implies that

[sinh(�) ; � �
i ? ]� = 0;

[sinh(�) ; � i � P̂ ]� = 2sinh(�) � i � P̂ ; (5.165)

[sinh(�) ; � 5i ]� = 2sinh(�) � 5i :

When we substitute thesebrackets into Eq. (5.157), we �nd

L 1j > = (� 1 � p + � 1 cosh(H E2)� 1 � P̂ + � 2 sinh(H O2)� 2 � P̂

+ m1 cosh(H E2)� 51 + m2 sinh(H E2)� 52 � i� 2 �
@H
2

E2)j >;

(5.166a)

L 2j > = (� � 2 � p + � 2 cosh(H E2)� 2 � P̂ + � 1 sinh(H O2)� 1 � P̂

+ m2 cosh(H E2)� 52 + m1 sinh(H E2)� 51 + i� 1 �
@H
2

E2)j > :

(5.166b)

7. ) spacelike pseudovector: � = � 1
2 I (x? )E3:

Using the identit y
E3 = O1O3 = O2(E1 � 2R);

we �nd that stepssimilar to thosegiven for the spacelike vector interaction
and the polar part of the tensor interaction given in case4.) yield

L 1j > = (exp(O1I )� 1 � p + � 1� 1 � P̂ + m1 cosh(I E3)� 51

+ m2 sinh(I E3)� 52 � i exp(O1I )� 2 � @I
2 E3)j >; (5.167a)

L 2j > = (� exp(O1I )� 2 � p + � 2� 2 � P̂ + m2 cosh(I E3)� 52

+ m1 sinh(I E3)� 51 + i exp(O1I )� 1 � @I
2 E3)j > : (5.167b)

8. ) tensor-axial: � = 1
2Y(x? )E4:

Using the identit y
E4 = O2O3 = O1(E1 � 2R);
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we �nd that stepssimilar to thosegiven for the spacelike vector interaction
and the polar part of the tensor interaction given in case4.) yield

L 1j > = (exp(O2Y)� 1 � p + � 1 cosh(YE4)� 1 � P̂ + � 2 sinh(YE4)� 2 � P̂

+ m1� 51 � i exp(O2Y)� 2 �
@Y
2

E4)j >; (5.168a)

L 2j > = (� exp(O2Y)� 2 � p + � 2 cosh(YE4)� 2 � P̂ + � 1 sinh(YE4)� 1 � P̂

+ m2� 52 + i exp(O2Y)� 1 �
@Y
2

E4)j > : (5.168b)

5.2.3 Com bination of In teractions

In physical applications two or more of these eight interactions occur in com-
bination. We may use each of the eight interaction in Eqs. (5.85) and (5.93)
separatelyor asa sum

� p = � L + � J + � G + � F ; (5.169)

to generatesets of two body Dirac equations with corresponding interactions.
A particularly important combination occurs for electromagneticinteractions.
While time- and space-likevector interactionsarecharacterizedby the respective
matrices � 1� 2 and 
 1? � 
 2? , a potential proportional to 
 1 � 
 2 would correspond
to an electromagneticlike interaction and would require that J = �G .

� EM =
(O3 � O2)G(x? )

2
=


 1 � 
 2G(x? )
2

O1: (5.170)

Crater and Van Alstine found [166] that theseand their sum

� a = � C + � H + � I + � Y ; (5.171)

would beusedin Eqs. (5.85)but with the sinh(� a) terms in Eqs. (5.84)appearing
with a negativesigninsteadof the plussignasis the casepolar interactions. There
is no sign changein Eqs. (5.85 ) for � a:

For systemswith both polar and axial interactions [158], oneuses� p � � a to
replace� in Eqs. (5.84), and � p + � a to replacethe � in Eqs. (5.85).

We examinethe caseof additive scalarand timelike vector interactions

� := � L + � J =
1
2

(O2J (x? ) � O1L(x? )) : (5.172)

Sinceboth O1 and O2 are doubly odd matrices, the general form given in Eq.
(5.99) for L 1; L 2 constraint is still valid. We useEqs. (5.110), Eqs. (5.117) and
O1O2 = E2 to obtain

cosh(�) = cosh(� J ) cosh(� L ) + sinh(� J ) sinh(� L )

= cosh(
J
2

) cosh(
L
2

) � E2 sinh(
J
2

) sinh(
L
2

); (5.173)
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sinh(�) = sinh(� J ) cosh(� L ) + cosh(� J ) sinh(� L )

= O2 sinh(
J
2

) cosh(
L
2

) � O1 cosh(
J
2

) sinh(
L
2

): (5.174)

We then make useof Eqs. (5.114)-(5.115)and similar relations for the timelike
vector interactions to obtain

[cosh(�) ; � �
i ? ]� = 0 = [sinh(�) ; � �

i ? ]+ ;

[cosh(�) ; � i � P̂ ]� = 2sinh(� J ) sinh(� L )� i � P̂ ;

[cosh(�) ; � 5i ]� = 2sinh(� J ) sinh(� L )� 5i ;

[sinh(�) ; � i � P̂ ]+ = 2sinh(� J ) cosh(� L )� i � P̂ ;

[sinh(�) ; � 5i ]� = 2cosh(� J ) sinh(� L )� 5i :

Substitution of theseresults into Eq. (5.101) then yields

L 1j > = (� 1 � p + � 1 cosh(O2J )� 1 � P̂ + � 2 sinh(O2J )� 2 � P̂ + m1 cosh(O1L)� 51

� m2 sinh(O1)� 52 + i� 2 �
@
2

(JO2 � LO1)) j >; (5.175a)

L 2j > = (� � 2 � p + � 2 cosh(O2J )� 2 � P̂ + � 1 sinh(O2J )� 1 � P̂ + m2 cosh(O1L)� 52

� m1 sinh(O1)� 51 � i� 1 �
@
2

(JO2 � LO1)) j > : (5.175b)

When we use the fact that Oi 's are roots of unity in each hyperbolic function,
we are similar results Eqs. (5.75). Next, we treat the more complicatedcaseof
additive timelike and spacelike interaction for which

� := � J + � G =
1
2

(O2J (x? ) + O3G(x? )) : (5.176)

When we use

cosh(�) = cosh(� G) cosh(� J ) + sinh(� G) sinh(� J );

sinh(�) = sinh(� G) cosh(� J ) + cosh(� G) sinh(� J );

Eqs. (5.114), (5.129) and (5.131), we �nd that

[cosh(�) ; � �
i ? ]� = [cosh(� G); � �

i ? ]� cosh(� J ) � [sinh(� G); � �
i ? ]+ sinh(� J );

[sinh(�) ; � i � P̂ ]� = sinh(� G)[sinh(� J ); � i � P̂ ]+ ;

[sinh(�) ; � 5i ]+ = 0;

[cosh(�) ; � i � P̂ ]� = sinh(� G)[sinh(� J ); � i � P̂ ]+ ;

[cosh(�) ; � 5i ]� = 0;

[sinh(�) ; � �
i ? ]+ = [sinh(� G); � �

i ? ]+ cosh(� J ) � [cosh(� G); � �
i ? ]� sinh(� J );
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So that

L 1j > = (exp(G)� 1 � p + cosh(O2J )� 1� 1 � P̂ + sinh(O2J )� 2� 2 � P̂

+ m1� 51 + i exp(G)� 2 �
@
2

(GO3 + JO2)) j >; (5.177a)

L 2j > = (� exp(G)� 2 � p + cosh(O2J )� 2� 2 � P̂ + sinh(O2J )� 1� 1 � P̂

+ m2� 52 � i exp(G)� 1 �
@
2

(GO3 + JO2)) j > : (5.177b)

For electromagneticlike interactions the potentials are related through

J = �G ;

and the combination

� = (GO3 + JO2)=2 = (G� 1 � � 2)=2;

then

L 1j > = (exp(G)� 1 � p + cosh(O2J )� 1� 1 � P̂ � sinh(O2J )� 2� 2 � P̂

+ m1� 51 + i exp(G)� 2 �
@
2

(G� 1 � � 2)) j >; (5.178a)

L 2j > = (exp(G)� 2 � p + cosh(O2J )� 2� 2 � P̂ � sinh(O2J )� 1� 1 � P̂

+ m2� 52 � i exp(G)� 1 �
@
2

(G� 1 � � 2)) j > : (5.178b)

If we identify
G = exp(G);

we reproduceEqs. (5.78).
Next, we examinethe still more complexstructure generatedby addition of

polar and axial interactions,such asproducedby electromagneticswhenthe Fierz
transformatedannihilation channel is included.3 We will construct L i constraints
from combinations of Si that yield the simple external potential forms. For the
polar interactions, � is an odd-odd matrix and L i is is given by Eq. (5.101),
there as for the axial interactions, � is an even-even interaction and L i is given
Eq. (5.157). We still start from generalconstraints Eqs. (5.85) but with � =
� O + � E := � + and � � = � O � � E, taking

L 1j > = cosh(� � )S1j > + sinh(� � )S2j >; (5.179a)

L 2j > = cosh(� � )S2j > + sinh(� � )S1j > : (5.179b)

permit to use the simple hyperbolic identit y Eq. (5.95). That is, the plus sign
coe�cien t of � O and the minus sign coe�cien t � E in conjunction with the odd-
odd nature of � O and sinh(� E) for the polar interactions and the even-even

3SeeAppendix A.2.
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5.2. COVARIANT INTERA CTIONS

nature of � E and sinh(� E) for the axial interactionscombine to give a minus sign
coe�cien t for sinh2(� � ), which, in turn, allow us to use the simple hyperbolic
identit y Eq. (5.95) in the construction of the external potential form Eq. (5.94).
Note that Eqs. (5.179) generalizeour two earlier forms Eqs. (5.93) and Eqs.
(5.155) reducing to them when either � O = 0 or � E = 0. The compatibilit y of
thesetwo constraints follows from thoseof the Si just as did that of Eq. (5.93).
Next, we considerhow to generalizeEq. (5.101) and Eq. (5.157), the equations
for the external potential forms of the constraints. We begin with the identit y

cosh(� + ) = cosh(� O ) cosh(� E) + sinh(� O ) sinh(� E);

sinh(� + ) = sinh(� O ) cosh(� E) + cosh(� O ) sinh(� E):

The evenor odd characterof the functions and their respective arguments dictate
whether the L i 0 form commutators or anticommutators as they pass through
cosh(� + ) and sinh(� + ) in Eqs. (5.85). To evaluate it, we use

L 10 cosh(� + ) = cosh(� � )L 10 +

[L 10; cosh(� O ) cosh(� E)]� + [L 10; sinh(� O ) sinh(� E)]+ (5.180)

L 20 sinh(� + ) = � sinh(� � )L 20 +

[L 20; sinh(� O ) cosh(� E)]+ + [L 20; cosh(� O ) sinh(� E)]� : (5.181)

We �nd

L 1j > = cosh2(� � )L 10 + cosh(� � )([L 10; cosh(� O ) cosh(� E)]�

+[ L 10; sinh(� O ) sinh(� E)]+ + [L 20; sinh(� O ) cosh(� E)]+

+[ L 20; cosh(� O ) sinh(� E)]� )

+ sinh(� � )([L 20; cosh(� O ) cosh(� E)]�

+[ L 20; sinh(� O ) sinh(� E)]+ + [L 10; sinh(� O ) cosh(� E)]+

+[ L 10; cosh(� O ) sinh(� E)]� � sinh2(� � )L 10); (5.182)

accompaniedby a similar expressionfor L 2. Just as we did for polar and ax-
ial interactions alone, we isolate the derivative part of the interaction for this
combination. We �nd

[� 1 � p;cosh� O cosh� E]� + [� 1 � p;sinh� O sinh� E]+ =

� i� 1@(� + ) sinh(� + ) + [� �
1? ; cosh� O cosh� E]� p�

+[ � �
1? ; sinh� O sinh� E]+ p� ; (5.183)

[� � 2 � p;sinh� O cosh� E]+ + [� � 2 � p;sinh� O sinh� E]� =

+ i� 2@(� + ) cosh(� + ) � [� �
2? ; sinh� O cosh� E]+ p�

� [� �
2? ; cosh� O sinh� E]� p� ; (5.184)
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[� � 2 � p;cosh� O cosh� E]� + [� 2 � p;sinh� O sinh� E]+ =

+ i� 2@(� + ) sinh(� + ) � [� �
2? ; cosh� O sinh� E]� p�

� [� �
2? ; sinh� O sinh� E]+ p� ; (5.185)

[� 1 � p;sinh� O cosh� E]+ + [� 1 � p;cosh� O sinh� E]� =

� i� 1@(� + ) sinh(� + ) + [� �
1? ; cosh� O sinh� E]� p�

+[ � �
1? ; sinh� O cosh� E]+ p� ; (5.186)

The derivative part of Eq. (5.182) is

cosh(� � )( � i� 1@(� + ) sinh(� + ) + i� 2@(� + ) cosh(� + )) +

sinh(� � )( i� 2@(� + ) sinh(� + ) � i� 1@(� + ) cosh(� + ))

= i� 2@(� + ) � i ([cosh� O cosh� E; � �
1? ]� sinh(� + )

� [sinh� O cosh� E; � �
1? ]+ sinh(� + )

� [cosh� O cosh� E; � �
2? ]� cosh(� + )

+[sinh � O sinh� E; � �
2? ]+ cosh(� + )

� [sinh� O cosh� E; � �
2? ]� sinh(� + )

+[sinh � O cosh� E; � �
2? ]� sinh(� + )

+[sinh � O cosh� E; � �
1? ]+ cosh(� + )

� [cosh� O sinh� E; � �
2? ]� cosh(� + ))@� (� + ):

When we collect all terms, we �nd

L 1j > = L 10j > + i� 2@(� + ) � i ([cosh(� O ) cosh(� E); � �
1? ]� sinh(� + )

� [sinh(� O ) cosh(� E); � �
1? ]+ sinh(� + )

� [cosh(� O ) cosh(� E); � �
2? ]� cosh(� + )

+[sinh(� O ) sinh(� E); � �
2? ]+ cosh(� + )

� [sinh(� O ) cosh(� E); � �
2? ]� sinh(� + )

+[sinh(� O ) cosh(� E); � �
2? ]� sinh(� + )

+[sinh(� O ) cosh(� E); � �
1? ]+ cosh(� + )

� [cosh(� O ) sinh(� E); � �
2? ]� cosh(� + ))@� (� + )

+ cos(� � )([ � �
1? ; cosh(� O ) cosh(� E)]� p�

+[ � �
1? ; sinh(� O ) sinh(� E)]+ p�

+[ � 1� 1 � P̂ ; cosh(� O ) cosh(� E)]� + [� 1� 1 � P̂ ; sinh(� O ) sinh(� E)]+

+[ m1� 51; cosh(� O ) cosh(� E)]� + [m1� 51; sinh(� O ) sinh(� E)]+

� [� �
2? ; sinh(� O ) cosh(� E)]+ p�

+[ � �
2? ; cosh(� O ) sinh(� E)]� p�

+[ � 2� 2 � P̂ ; sinh(� O ) cosh(� E)]+ + [� 2� 2 � P̂ ; cosh(� O ) sinh(� E)]�

+[ m2� 52; sinh(� O ) cosh(� E)]+ + [m2� 52; cosh(� O ) sinh(� E)]� )+
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+ sinh(� � )([ � �
2? ; cosh(� O ) sinh(� E)]� p�

+[ � �
2? ; sinh(� O ) cosh(� E)]+ p�

+[ � 2� 2 � P̂ ; cosh(� O ) cosh(� E)]� + [� 2� 2 � P̂ ; sinh(� O ) cosh(� E)]+

+[ m2� 52; cosh(� O ) sinh(� E)]� + [m2� 52; sinh(� O ) cosh(� E)]+

+[ � �
1? ; sinh(� O ) cosh(� E)]+ p�

+[ � �
1? ; sinh(� O ) cosh(� E)]� p�

+[ � 1� 1 � P̂ ; sinh(� O ) cosh(� E)]+ + [� 1� 1 � P̂ ; sinh(� O ) cosh(� E)]�

+[ m1� 51; sinh(� O ) cosh(� E)]+

+[ m1� 51; sinh(� E) cosh(� O )]� )j >; (5.187)

With a similar expressionfor L 2. This complicatedexpressionsimpli�es to either
Eq. (5.101) or Eq. (5.157) if either � E or � O vanishes.

We specializethis result to the additive scalar and pseudoscalarinteraction
for which

� O = �
L(x? )O1

2
; � E =

C(x? )
2

E1 =
C(x? )

2
: (5.188)

This combination is important not only as part of the Fierz transformed
annihilation structure of electrodynamicsbut alsofor phenomenologicalstudiesof
the two nucleonproblem. This particular caseis especially simplesincevirtually
all of the commutators and anticommutators in Eq. (5.187) vanish with the
exceptionof the anticommutators that involve the mi factors. Thesecombine to
give

cosh(� � )(2 sinh(� L ) sinh(� C )m1� 51 + 2sinh(� L ) cosh(� E)m2� 52)

� (2 sinh(� L ) sinh(� C )m2� 52 + 2sinh(� L ) cosh(� C )m1� 51)

= (2 sinh2(� L )m1� 51 + 2sinh(� L ) cosh(� L )m2� 52:

Thus, in this case,

L 1j > = (� 1 � p + � 1� 1 � P̂ + m1 cosh(LO1)� 51

� m2 sinh(LO1)� 52 + i� 2 �
@
2

(C � LO1)) j >; (5.189a)

L 2j > = (� � 1 � p + � 2� 2 � P̂ + m2 cosh(LO1)� 52

� m1 sinh(LO1)� 51 � i� 1 �
@
2

(C � LO1)) j > : (5.189b)

We can now usethe above expressionEqs. (5.187) with its analogfor L 2 to
calculate the generalhyperbolic constraint, L 1 and L 2 for all eight interactions
acting in concert, i.e., for the generalinvariant matrix,

� = D+ = � p + � a; (5.190)
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where
� p = � L + � J + � G + � F ;

� a = � C + � H + � I + � Y :

The completehyperbolic two body Dirac equationsfor all eight interaction acting
together are

L 1j > = f exp(G+ F E2 + I O1 + YO2)

� [� 1 � p �
i
2

� 2 � @(LO1 � JO2 � GO3 � F O4 � CE1 + H E2 + I E3 + YE4)]

+ � 1 cosh(JO2 + F O4 + H E2 + YE4)� 1 � P̂

+ � 2 sinh(JO2 + F O4 + H E2 + YE4)� 2 � P̂

+ m1 cosh(� LO1 + F O4 + H E2 + I E3)� 51

+ m2 sinh(� LO1 + F O4 + H E2 + I E3)� 52gj > = 0; (5.191a)

L 2j > = f� exp(G+ F E2 + I O1 + YO2)

� [� 2 � p �
i
2

� 1 � @(LO1 � JO2 � GO3 � F O4 � CE1 + H E2 + I E3 + YE4)]

+ � 1 sinh(JO2 + F O4 + H E2 + YE4)� 1 � P̂

+ � 2 cosh(JO2 + F O4 + H E2 + YE4)� 2 � P̂

+ m1 sinh(� LO1 + F O4 + H E2 + I E3)� 51

+ m2 cosh(� LO1 + F O4 + H E2 + I E3)� 52gj > = 0: (5.191b)

What is remarkable is that the above hyperbolic and exponential structures ac-
count for all of the interference terms between the various interactions. The
interactions acting separately or in subgroupingsare simple reductions of the
above. For example, in the caseof the combined scalar, timelike, spacelike and
pseudoscalarinteractions,

� = � J + � L + � G + � C ; (5.192)

and the two body Dirac Eqs. (5.191b) reduceto

L 1j > = (exp(G)� 1 � p + E1� 1 � P̂ + M 1� 51

+ i
exp(G)

2
� 2 � @(GO3 + JO2 � LO1 + CE1)) j > = 0; (5.193a)

L 2j > = (� exp(G)� 2 � p + E2� 2 � P̂ + M 2� 52

� i
exp(G)

2
� 1 � @(GO3 + JO2 � LO1 + CE1)) j > = 0: (5.193b)
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where
M1 = m1 cosh(L) + m2 sinh(L); (5.194a)

M2 = m2 cosh(L) + m1 sinh(L); (5.194b)

E1 = � 1 cosh(J ) + � 2 sinh(J ); (5.195a)

E2 = � 2 cosh(J ) + � 1 sinh(J ); (5.195b)

G = eG: (5.196)

The scalargeneratorproducesthe massor scalarpotential M i terms, the timelike
vector generator produces the energy or timelike potential E i terms, and the
spacelike vector generator produces the transverse or spacelike momentum G
terms, while the pseudoscalargenerator producesonly spin dependent terms.
The vector and scalar interactions also have additional spin dependent recoil
terms essential for compatibilit y.

The polar tensor interaction de�ned by the function F (x? ) likewise con-
tributes both to the masspotential M i terms as well as the energyor timelike
potential E i terms. The spacelikevector generatorG; F producesspacelikevector
dependent potential terms that are momentum dependent.

In the limit m1 ! 1 (or m2 ! 1 ), (when one of the particles become
in�nitely massive), the extra terms @G, @J; @L and @C in Eqs. (5.193) vanish,
and onerecovers the onebody Dirac equation in an external potential.

5.3 Reduction of the Coupled Tw o Bo dy Dirac
Equations

Now one can use the completehyperbolic constraint two body Dirac equations
Eqs.(5.191),to derive the Schr•odinger like eigenvalue equation for the combined
interactions: L(x? ); J (x? ); H (x? ); C(x? ); G(x? ); F (x? ); I (x? ); Y(x? ) [388]. We
only with the �nal forms stationary Schr•odinger equations was include extra
optical potentials. The basic method we use here has somesimilarities to the
reduction of the single particle Dirac equation to a Schr•odinger like form (the
Pauli reduction) and to related work by Sazdjian[498,421].

The state vector j i appearingin the two body Dirac equations Eq. (5.191b)
is a Dirac spinor written as

j i =

2

6
6
4

j i 1

j i 2

j i 3

j i 4

3

7
7
5 (5.197)

where each j i i is itself a four component spinor. j i has a total of sixteen
components and the matrices Oi 's, Ei 's are all sixteenby sixteen.
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We usethe block forms of the gammamatrices given by in [388]

� 2 =
�

� 0
0 �

�
; � =

�
14 0
0 � 14

�
;


 52 =
�


 5 0
0 
 5

�
; 
 5 =

�
0 14

14 0

�
;

� 2
 52 =
�

� 0
0 �

�
; � =

�
0 14

� 14 0

�
;

� 1
 51
 52 =
�

0 
 5

� 
 5 0

�
; 
 51
 52 =

�
0 
 5


 5 0

�
; � 2
 52
 51 =

�
0 �
� 0

�

and
� �

i = 
 5i � i 

�
? i ; i = 1; 2: (5.198)

The � �
i are four vector generalizationsof the Pauli matrices of particle one and

two. In the CM frame, the time component is zero and the spatial components
are the usual Pauli matrices for each particle.

We rewrite Eqs. (5.193) by multiplying the �rst by
p

2i� 1 and the secondbyp
2i� 2 yielding [388]

[T1(� 1� 2) + U1(� 1� 2)
 51
 52]j i = (E1 + M 1� 1)
 51j i ; (5.199)

[T2(� 1� 2) + U2(� 1� 2)
 51
 52]j i = (E2 + M 2� 2)
 52j i ; (5.200)

in which the kinetic and recoil terms are

T1(� 1� 2) = exp(G)[� 1 � p �
i
2

� 1� 2(� 2 � @(� C + G� 1� 2� 1 � � 2)]; (5.201)

T2(� 1� 2) = exp(G)[� 2 � p �
i
2

� 1� 2(� 1 � @(� C + G� 1� 2� 1 � � 2)]; (5.202)

U1(� 1� 2) = exp(G)[�
i
2

� 1� 2� 2 � @(J � 1� 2 � L)]; (5.203)

U2(� 1� 2) = exp(G)[�
i
2

� 1� 2� 1 � @(J � 1� 2 � L)]; (5.204)

while the timelike and scalar potentials E i ; M i are given above in Eqs. (5.194)
and (5.195)

The �nal result of the matrix multiplication in Eqs. (5.200) is a set of eight
simultaneous equations for the Dirac spinors j i 1; j i 2; j i 3; j i 4. In an arbi-
trary frame, the result of the matrix calculation producesthe eight simultaneous
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equations(� �
i j i ! � �

i j i 1;2;3;4) [388].

T1(+1) j 1i + U1(+1) j 4i = (E1 + M 1)j 3i ; (5.205)

T1(� 1)j 2i + U1(� 1)j 3i = (E1 + M 1)j 4i ; (5.206)

T1(� 1)j 3i + U1(� 1)j 2i = (E1 � M 1)j 1i ; (5.207)

T1(+1) j 4i + U1(+1) j 1i = (E1 � M 1)j 2i ; (5.208)

� T2(+1) j 1i � U2(+1) j 4i = (E2 + M 2)j 2i ; (5.209)

� T2(� 1)j 2i � U2(� 1)j 3i = (E2 � M 2)j 1i ; (5.210)

� T2(� 1)j 3i � U2(� 1)j 2i = (E2 + M 2)j 4i ; (5.211)

� T2(+1) j 4i � U2(+1) j 1i = (E2 � M 2)j 3i : (5.212)

We reducethe above set of eight equationsto a secondorder Schr•odinger like
equation by a processof substitution and elimination using the combination of
the four Dirac spinorsgiven below [388]:

j� � i := j 1i � j 4i ; (5.213)

j� � i := j 2i � j 3i : (5.214)

Eq. (5.205)+Eq. (5.208) yields

D ++
1 j� + i = E1j� + i � M 1j� � i ; (5.215)

Eq. (5.209)+Eq. (5.212) yields

� D ++
2 j� + i = E2j� + i + M 2j� � i ; (5.216)

Eq. (5.206)+Eq. (5.207) yields

D � +
1 j� + i = E1j� + i � M 1j� � i ; (5.217)

Eq. (5.206)-Eq. (5.207) yields

D ��
1 j� � i = � E1j� � i + M 1j� + i ; (5.218)

in which the kinetic recoil terms appear through the combinations

D ++
1 := T1(+1) + U1(+1) =

expG
h
� 1 � p +

i
2

� 2 � @
�
L + G(1 � � 1 � � 2)

� i
; (5.219)

D ++
2 := T2(+1) + U2(+1) =

expG
h
� 2 � p +

i
2

� 1 � @
�
L + G(1 � � 1 � � 2)

� i
; (5.220)

D � +
1 := T1(� 1) + U1(� 1) =

expG
h
� 1 � p +

i
2

� 2 � @
�
� L + G(1 � � 1 � � 2)

� i
; (5.221)

D ��
1 := T1(� 1) � U1(� 1) =

expG
h
� 1 � p +

i
2

� 2 � @
�
L � G(1 + � 1 � � 2)

� i
: (5.222)
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Solve Eq. (5.215) and Eq. (5.216) for j� + i and j� � i we obtain

j� + i =
1
D

(M2D ++
1 � M 1D ++

2 )j� + i ; (5.223)

j� � i = �
1
D

(E2D ++
1 + E1D ++

2 )j� + i ; (5.224)

(5.225)

in which
D := E1M2 + E2M1: (5.226)

Solve Eq. (5.217) and Eq. (5.218) for j� + i

E1D � +
1 � + � M 1D ��

1 � � = B2� + ; (5.227)

in which
B2 := E 2

1 � M 2
1 : (5.228)

Wecombined Eq. (5.223)and Eq. (5.224)in Eq. (5.227)that yields the following
equation(simpli�ed herefor electromagneticlike interactions(@J := @E1

E2
= � @G)

and scalar interactions alone)

[E1D � +
1

1
E1M2 + E2M1

(M2D ++
1 � M 1D ++

2 )

+ M 1D ��
1

1
E1M2 + E2M1

(E2D ++
1 + E1D ++

2 )]j� + i

= (E 2
1 � M 2

1 )j� + i : (5.229)

We display all the generalspin dependent structures in �( r ; p; � 1; � 2; w) explic-
itly , very similar to what appears in nonrelativistic formalisms. We do this by
expressingit explicitly in terms of its matrix (� 1; � 2), and operator p struc-
ture in the CM system (P̂ = (1; 0) ). We are working in the CM frame (i.e.
x? = (r ; 0)), so all the interaction functions (L(x? ); J (x? ); C(x? ); G(x? )) are
functions of r =

p
x2

? = jr j, F = F (r )
We derive explicitly the reduction of the following equations[388]

hE1[� 1 � p � i � 2 � (d + k� 1 � � 2)]hF1[� 1 � p � i � 2�(z + k� 1 � � 2)]j� + i (a)

+ hM 1[� 1 � p � i � 2�(o + k� 1 � � 2)]hF3[� 1 � p � i � 2�(z + k� 1 � � 2)]j� + i (b)

� hE1[� 1 � p � i � 2�(d + k� 1 � � 2)]hF2[� 2 � p � i � 1�(z + k� 1 � � 2)]j� + i (c)

+ hM 1[� 1 � p � i � 2�(o + k� 1 � � 2)]hF4[� 2 � p � i � 1�(z + k� 1 � � 2)]j� + i (d)

= B2j� + i : (5.230)
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in which

B2 = E1
2 � M 1

2 = E2
2 � M 2

2

= b2(w) + (� 2
1 + � 2

2)sinh2(J ) + 2� 1� 2 sinh(J ) cosh(J )

� (m2
1 + m2

2)sinh2(L) � 2m1m2 sinh(L) cosh(L): (5.231)

and

h := exp(G);

k :=
1
2

r log(h);

z :=
1
2

r (� C + J � L);

d :=
1
2

r (C + J + L);

o :=
1
2

r (C � J � L);

with

F1 :=
M2

D
;

F2 :=
M1

D
;

F3 :=
E2

D
;

F4 :=
E1

D
;

D := E1M2 + E2M1:

Eq. (5.230) is a secondorder Schr•odinger like eigenvalue equation for the newly
de�ned wavefunction j� + i in the form.

(p2
? + �( r; � 1; � 2; w)) j� + i = b2(w)j� + i : (5.232)

Eq. (5.258) for B2, that provide us with the primary spin independent part of �,
the quasipotential [539,543]. Note that in the CM systemp2

? = p2, � = (0; � ):
For future referencewe will refer to the four setsof terms on the left hand side
as the Eq. (5.230) (a),(b),(c),(d) term.

Now we proceedwith a di�erent derivation than Long and Crater's derivation
[388]. The aim is to producea Schr•odinger like form like in Eq. (5.232) involving
the Pauli matrices for both particles.

Substitute d, h, F1, z, k 's expressionsto (a) term of Eq. (5.230),we obtain

(a) term = exp(G)E1f [� 1 � p �
i
2

� 2 � r (C + J + L) �
i
2

rG � (� 1 + i � 1 � � 2)]
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� exp(G)
M2

D
[� 1 � p �

i
2

� 2 � r (� C + J � L) �
i
2

rG � (� 1 + i � 1 � � 2)]g; (5.233)

working out the commutation relation of � 1 � p in above expression,we can �nd
(a) term= exp(G)E1�

f exp(G)
M2

D
[p

2

�
i
2

� 2 � r (� C + J � L)( � 1 � p)

�
i
2

rG � [(p + i (� 1 � p) � (� 1 � � 2)p + � 1(� 2 � p) � i (� 2 � p)]]

+
1
i
� 1 � @[exp(G)

M2

D
[� 1 � p �

i
2

� 2 � r (� C + J � L) �
i
2

rG � (� 1 + i � 1 � � 2)]]

�
i
2

[� 2 � r (C + J + L) + rG � (� 1 + i � 1 � � 2)] exp(G)
M2

D
[� 1 � p

�
i
2

� 2 � r (� C + J � L) �
i
2

rG � (� 1 + i � 1 � � 2)]g: (5.234)

Likewisewe can the �nd (b),(c),(d) terms.
(b) term= exp(G)M 1�

f exp(G)
E2

D
[p

2

�
i
2

� 2 � r (� C + J � L)( � 1 � p)

�
i
2

rG � [(p + i (� 1 � p) � (� 1 � � 2)p + � 1(� 2 � p) � i (� 2 � p)]]

+
1
i
� 1 � @[exp(G)

E2

D
[� 1 � p �

i
2

� 2 � r (� C + J � L) �
i
2

rG � (� 1 + i � 1 � � 2)]]

�
i
2

[� 2 � r (C � J � L) + rG � (� 1 + i � 1 � � 2)] exp(G)
E2

D
[� 1 � p

�
i
2

� 2 � r (� C + J � L) �
i
2

rG � (� 1 + i � 1 � � 2)]g; (5.235)

(c) term= � exp(G)E1�

f exp(G)
M1

D
[(� 2 � p)( � 1 � p) �

i
2

� 1 � r (� C + J � L)( � 1 � p)

�
i
2

rG � [(� 2(� 1 � p) � (� 1 � � 2)p + � 1(� 2 � p) + i (� 2 � p)]]

+
1
i
� 1 � @[exp(G)

M1

D
[� 2 � p �

i
2

� 1 � r (� C + J � L) �
i
2

rG � (� 2 + i � 2 � � 1)]]

�
i
2

[� 2 � r (C + J + L) + rG � (� 1 + i � 1 � � 2)] exp(G)
M1

D
[� 2 � p

�
i
2

� 1 � r (� C + J � L) �
i
2

rG � (� 2 + i � 2 � � 1)]g; (5.236)
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(d) term= exp(G)M 1�

f exp(G)
E1

D
[(� 2 � p)( � 1 � p) �

i
2

� 1 � r (� C + J � L)( � 1 � p)

�
i
2

rG � [(� 2(� 1 � p) � (� 1 � � 2)p + � 1(� 2 � p) + i (� 2 � p)]]

+
1
i
� 1 � @[exp(G)

E1

D
[� 2 � p �

i
2

� 1 � r (� C + J � L) �
i
2

rG � (� 2 + i � 2 � � 1)]]

�
i
2

[� 2 � r (C � J � L) + rG � (� 1 + i � 1 � � 2)] exp(G)
E1

D
[� 2 � p

�
i
2

� 1 � r (� C + J � L) �
i
2

rG � (� 2 + i � 2 � � 1)]g: (5.237)

5.3.1 Pauli Reduction

The multiplication properties of a matrix form for the wave functions with the
Pauli matrices � 1 and � 2 Eq. (5.232), instead of a spinor form, make them
a particularly suitable choice. For this reasonwe transform the four component
spinor � + into 2� 2 matrix wave function composedof a scalarsphericalharmonic
part (spin zero)anda vectorsphericalharmonicpart (spin one)by the rede�nition
(in the CM system)

� + ! � + � y := � := � + � � � :

The above de�nition includes a transposeand left multiplication by � y . This
leadsto the properties

� 1� + ! � � ; � 2� + ! � � � : (5.238)

This in turn leadsto

� 1 � � 2 � + ! � � � � � = � 3� + � � � ; (5.239)

which shows the singlet and triplet nature of the two parts of the matrix wave
function. In general,sincean arbitrary function F (� 1 � � 2) can be expandedinto
a form

F (� 1 � � 2) = A + B� 1 � � 2 ; (5.240)

we have

F (� 1 � � 2)� + = A + B� 1 � � 2 � + ! [A� � B � � � � ]

= (A � 3B)� + (A + B)� � �

= F (� 3)� + F (+1) � � � : (5.241)

In computing the four setsof terms on left hand sideof Eq. (5.230), we usethe
identities

� 1 � A� + ! � � A� = A � � + � � [A� + iA � � ];

� 1 � A� + ! � A � � � = � A � � � � � [A� � iA � � ]:
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The calculation of Eq. (5.230) then proceedsby reducing the left hand side
to a form L + L � � in which [� i 1] we call L the scalar and L the vector term,
respectively. We de�ne the left hand sideof Eq. (5.230) in theseterms as

�� = L = L + L � � := left hand side (5.230)

= (5:230a) + (5:230b) + (5:230c) + (5:230d): (5.242)

Having de�ned the left hand side in the terms L + L � � we now proceed to
calculateL and L explicitly.

We write the left hand Eq. (5.230)

L + L � � := �� = � 1� + � 2� + � 3� + � 4� ; (5.243)

and � 1� = (5:230a); � 2� = (5:230b); � 3� = (5:230c); � 4� = (5:230d): Notice
that each � i is a product of four matrix factors

� i = [� i 1][� i 2][� i 3][� i 4]:

Explicitly � 1 is de�ned

� 1 = hE1|{z}
� 11

[� 1 � p � i � 2 � (d + k� 1 � � 2)]| {z }
� 12

hF1|{z}
� 13

[� 1 � p � i � 2�(z + k� 1 � � 2)]
| {z }

� 14

= [� i 1][� i 2][� i 3][� i 4]: (5.244)

Due to the properties Eq. (5.238), each of the � ij terms acts on the matrix
wave function F to produceyet another matrix form

[� ij ]� = Z i = Z i + Z i � � :

The multiplication of each of the four � i � terms can now proceedas

[� i 1][� i 2][� i 3][� i 4]� = [� i 1][� i 2][� i 3]N i = [� i 1][� i 2]Pi = [� i 1]Qi = L i = L i + L i � � ;

whereN i := N i + N i � � ; samefor Pi ; Qi . For each of the four matrix multiplica-
tions � i � ; i = 1; 2; 3; 4 we obtain a term of the form L i + L i � � i . For the complete
calculation of Eq. (5.243)

R := L1 + L2 + L3 + L4

R := L 1 + L 2 + L 3 + L 4:

Inspection of Eq. (5.230) revealsthat the matrix structures of the terms Eq.
(5.230a) and Eq. (5.230b) are the same. In fact Eq. (5.230a) becomesEq.
(5.230b) (and vice versa) if we make the variable exchanges

E1 , M 1; F1 , F3; d , o: (5.245)

135



5.3. REDUCTION OF THE COUPLED TWO BODY DIRAC EQUATIONS

This simpli�es the calculation of Eq. (5.243): we can calculate the �rst term
� 1�, which is Eq. (5.230a), and then �nd the secondterm � 2�, which is Eq.
(5.230b), by the variable exchangesof Eq. (5.245). Inspection of Eq. (5.230)
reveals that the matrix structures of the terms Eq. (5.230c) and Eq. (5.230d)
are the same. In fact Eq. (5.230c)becomesEq. (5.230d) (and vice versa) if we
make the variable exchanges

E1 , M 1; F2 , F4; bf d , o: (5.246)

In light of the simpli�cation producedby the variable exchangesof relations
Eq. (5.245) and Eq. (5.245), we proceed to calculate Eq. (5.243): �rst we
calculate � 1� = L 1 = L1 + L 1 � � , then useit to �nd � 2� = L 2 = L2 + L 2 � � ,
by the variable exchangesEq. (5.245), then we calculate� 3� = L 3 = L3 + L 3 � �
and useit to �nd � 4� = L 4 = L4 + L 4 � � by the variable exchangesEq. (5.245).

Calculation L 1 = L1 + L 1 � � :

[� 11][� 12][� 13][� 14]� = [� 11][� 12][� 13]N1 = [� 11][� 12]P1

= [� 11]Q1 = L 1 = L1 + L 1 � � ;

Starting with the right most term N1 (it is understood that � 1 and � 2 act in
accordancewith Eq. (5.238),

[� 14]� = [� 1 � p � i � 2�(z + k� 1 � � 2)]� = N1 := N1 + N 1 � � ; (5.247)

whereN1 and N 1 are

N1 = [p + i (z + k)] � �;

N 1 = [p + i (z � 3k)] � � + i [p � i (z + k)] � �;

[� 13]N1 = hF1N1 = P1 := P1 + P1 � � ;

P1 and P1 are

P1 = hF1N1; P1 = hF1N 1; (5.248)

nonumber [� 12]P1 = [� 1 � p � i � 2 � (d + k� 1 � � 2)]P1 = Q1 := Q1 + Q1 � � ;

(5.249)

and Q1 and Q1 are

Q1 = [p + i (d + k)] � P1;

Q1 = [p + i (d � 3k)] � P1 + i [p � i (d + k)] � P 1;

[� 11]Q1 = hE1Q1 = L 1 := L1 + L 1 � � ;

where�nally L1 and L 1 are

L1 = hE1Q1; L 1 = hE1Q1; (5.250)
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Combining the multiplicativ e factors, the scalar part of L 1 is therefore

L1 = hE1[p + i (d + k)] � hF1([p + i (z � 3k)]� + i [p � i (z + k)] � � ); (5.251)

while the vector part of L 1 is

L 1 = hE1([p + i (d � 3k)] � hF1[p + i (z + k)]� + i [p � i (d + k)]

� hF1([p + i (z � 3k)]� + i [p � i (z + k)] � � )) : (5.252)

Now, we repeat our previous results for other scalar and vector parts of L i ; i =
2; 3; 4 and L i ; i = 2; 3; 4, and combining they are

4X

i =1

L i = h[hE1(F1 + F2) + hM 1(F3 � F4)]p � (p + i (z � 3k)) �

+ i (hE1[h(F1 + F2)(d + k) � r (h(F1 + F2))]

+ hM 1[h(F3 � F4)(o + k) � r (h(F3 � F4))]) � (p

+ i (z � 3k)) �ih [hE1(F1 � F2) + hM 1(F3 + F4)]p � (p

� i (z + k)) � � � (hE1[h(F1 � F2)(d + k)

�r (h(F1 � F2))] + hM 1[h(F3 + F4)(o + k)

�r (h(F3 � F4))]) � (p � i (z + k)) � �; (5.253)

for the scalarportion. We can simplify the vector portion below

4X

i = 1

L i = h[hE1(F1 + F2) + hM 1(F3 � F4)]p � (p + i (z + k)) � �

+ i (hE1[h(F1 + F2)(d + 3k) � r (h(F1 + F2))]

+ hM 1[h(F3 � F4)(o � 3k) � r (h(F3 � F4))])

� (p + i (z + k)) �ih [hE1(F1 � F2) + hM 1(F3 + F4)]

� p � (p + i (z � 3k)) � + (hE1[h(F1 + F2)(d + k)

+ r (h(F1 + F2))] + hM 1[h(F3 � F4)(o + k)

+ r (h(F3 � F4))]) � (p + i (z � 3k)) � � h[hE1(F1

� F2) + hM 1(F3 + F4)]p � [(p � i (z + k)) � � ]

+ i (hE1[h(F1 � F2)(d + k) + r (h(F1 � F2))]

+ hM 1[h(F3 + F4)(o + k) + r (h(F3 + F4))]) �

� (p � i (z + k)) � �: (5.254)
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Using the following vector identities (A = Ar̂ ),

p � (p � � ) = p(p � � ) � p2 � ;

ip � (A � � ) =
�
A0 �

A
r

�
r̂ (r̂ � � ) +

�
iA � p � r � +

A
r

�
�;

r̂ (r̂ � � ) = r̂ (r̂ � � ) � �; (5.255)

iA � (p � � ) = iA i p� i � iA � p�;

r i p� i = r (p � � ) + L � �;

leadsto a secondorder Schr•odinger like eigenvalue equation for the four compo-
nent wave function j� + i = j i 1 + j i 4 in the generalform

(p2 + �( r ; p;� 1; � 2; w)) j� + i = b2(w)j� + i : (5.256)

Simpli�cation of the �nal result by using identities involving � 1 and � 2 and
grouping by the p2 term , Darwin term (r̂ � p), spin orbit angular momentum
term L � (� 1 + � 2), spin orbit angular momentum di�erence term L � (� 1 � � 2),
spin spin term (� 1 � � 2), tensor term (� 1 � r̂ )( � 2 � r̂ ), additional spin dependent
terms L � (� 1 � � 2) and (� 1 � r̂ )( � 2 � p) + (� 2 � r̂ )( � 1 � p) and spin independent
terms. Collecting all terms for the (a) + (b) + (c) + (d) terms above Eq. (5.230),
we obtain

�
p2 � i

�
2G0 �

E2M2 + M 1E1

D
(J + L)0

�
(r̂ � p)

�
i (J � L)0

2
(( � 1 � r̂ )( � 2 � p) + (� 2 � r̂ )( � 1 � p))

�
1
2

r 2G�
1
4

G02 �
1
4

(C + J � L)0(� C + J � L)0+
1
2

E2M2 + M 1E1

D
G0(J + L)0

+( � 1 � � 2)
�

1
2

r 2G+
1
2

G02 �
1
2

E2M2 + M 1E1

D
G0(J + L)0

�
1
2

G0C0 �
1
2

G0

r
�

1
2

(� C + J � L)0

r

�

+
L � (� 1 + � 2)

r

�
G0 �

1
2

E2M2 + M 1E1

D
(J + L)0

�

�
L � (� 1 � � 2)

r
1
2

E2M2 � M 1E1

D
(J + L)0

+
L � (� 1 � � 2)

r
i
2

M2E1 � M 1E2

D
(J + L)0

+( � 1 � r̂ )( � 2 � r̂ )
�
�

1
2

r 2(� C + J � L) �
1
2

r 2G� G0(� C + J � L)0 � G02 +
3
2r

G0

+
3
2r

(� C + J � L)0+
1
2

E2M2 + M 1E1

D
(J + L)0(G� C + J � L)0

� �
j� + i

= e� 2GB2j� + i ; (5.257)
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where

D := E1M2 + E2M1;

B2 = E1
2 � M 1

2 = E2
2 � M 2

2;

= b2(w) + (� 2
1 + � 2

2)sinh2(J ) + 2� 1� 2 sinh(J ) cosh(J );

� (m2
1 + m2

2)sinh2(L) � 2m1m2 sinh(L) cosh(L): (5.258)

E i ; M i ; C; J; L; G are all functions of the invariant r . We point out that Eq.
(5.257) di�ers from the forms presented in [388]. Whereasthe above equation
involve four component spinorwave functions, the onesgivenin [388]areobtained
in terms of matrix wave functions involving one component scalar and three
component vector wave functions.

All of the above equationswhenreducedto radial form in next sectionhaving
alsoa �rst derivative terms from the r̂ �p and (� 1 � r̂ )( � 2 �p)+ (� 2 � r̂ )( � 1 �p) terms.
An advantage of the above for the relativistic caseis that they are Schr•odinger
like equationswhich we solve numerically.

5.3.2 Reduction to Radial Form

The generalform of the eigenvalue equation given in Eq. (5.257) is

[p2 � ig0r̂ � p +
g0

2r
~L � (� 1 + � 2) � ih 0(� 1 � r̂ � 2 � p + � 2 � r̂ � 1 � p)

+ k� 1 � � 2 + n� 1 � r̂ � 2 � r̂ + l~L � (� 1 � � 2) + ij ~L � (� 1 � � 2) + m]j� + i

= B2e� 2Gj� + i : (5.259)

The m term is the spin independent part involving derivativesof the potentials.
For the equal masscase,two terms drop out (seeEq. (5.257)), and the above
equation becomes[75]

[p2 � ig0r̂ � p +
g0

2r
~L � (� 1 + � 2) � ih 0(� 1 � r̂ � 2 � p + � 2 � r̂ � 1 � p)

+ k� 1 � � 2 + n� 1 � r̂ � 2 � r̂ + m]j� + i = B2e� 2Gj� + i : (5.260)

We introducethe spin dependent scalechange

j� + i � exp(F + K � 1 � r̂ � 2 � r̂ )j + i � (A + B� 1 � r̂ � 2 � r̂ )j + i : (5.261)

with F; K ; A; B to be determined. We �nd that

pj� + i = (A + B� 1 � r̂ � 2 � r̂ )pj + i � i (A0+ B 0� 1 � r̂ � 2 � r̂ )r̂ j + i

� i
B
r

[(� 1 � � 1 � r̂ r̂ )� 2 � r̂ + (� 2 � � 2 � r̂ r̂ )� 1 � r̂ ]j + i ; (5.262)
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and
g0

2r
L � (� 1 + � 2)j� + i = (A + B� 1 � r̂ � 2 � r̂ )

g0

2r
L � (� 1 + � 2)j + i

+
g0

2r
B [2� 1 � � 2 � 4ir � 1 � r̂ � 2 � r̂ r̂ �p + 2ir (� 1 � r̂ � 2 �p + � 2 � r̂ � 1 �p) � 6� 1 � r̂ � 2 � r̂ ]j + i :

We thus �nd that

� ig0r̂ � pj� + i = (A + B� 1 � r̂ � 2 � r̂ )( � ig0r̂ � p)j + i + Cj + i

and

� ih 0(� 1 � r̂ � 2 � p + � 2 � r̂ � 1 � p)j� + i

= (A + B� 1 � r̂ � 2 � r̂ )( � ih 0[� 1 � r̂ � 2 � p + � 2 � r̂ � 1 � p])j + i + D j + i

and �nally

p2j� + i = (A + B� 1 � r̂ � 2 � r̂ )p2j + i � 2i (A0+ B 0� 1 � r̂ � 2 � r̂ )r̂ � pj + i

+ i
2B
r

[2� 1 � r̂ � 2 � r̂ r̂ � p � (� 1 � r̂ � 2 � p + � 2 � r̂ � 1 � p]j + i + E j + i ;

(5.263)

whereC and D and E do not involve p and are given by

C = � g0(A0+ B 0� 1 � r̂ � 2 � r̂ ); (5.264)

D = � 2h0(� 1 � r̂ � 2 � r̂A0+ B 0) � 2h0B
r

[L �(� 1+ � 2)+ 2� � 1� r̂ � 2 � r̂ + � 1 � � 2]; (5.265)

and

E = � (A00+ B 00� 1�r̂ � 2�r̂ )�
2
r

(A0+ B 0� 1�r̂ � 2�r̂ )� 2
B
r 2

(� 1�� 2� 3� 1�r̂ � 2�r̂ ): (5.266)

The generalform of the eigenvalue equation then becomesafter somedetail [75]

(A + B� 1 � r̂ � 2 � r̂ )[p2 � ig0r̂ � p +
g0

2r
L � (� 1 + � 2)

� ih 0(� 1 � r̂ � 2 � p + � 2 � r̂ � 1 � p)]j + i

+ (
g0

2r
B [2� 1 � � 2 � 4ir � 1 � r̂ � 2 � r̂ r̂ � p

+ 2ir (� 1 � r̂ � 2 � p + � 2 � r̂ � 1 � p) � 6� 1 � r̂ � 2 � r̂ ]

� 2i (A0+ B 0� 1 � r̂ � 2 � r̂ )r̂ � p + i
2B
r

[2� 1 � r̂ � 2 � r̂ r̂ � p

� (� 1 � r̂ � 2 � p + � 2 � r̂ � 1 � p)]

+ (k� 1 � � 2 + n� 1 � r̂ � 2 � r̂ )(A + B� 1 � r̂ � 2 � r̂ ) + R + m)j + i

= B2 exp(� 2G)(A + B� 1 � r̂ � 2 � r̂ )j + i (5.267)
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in which R = C + D + E.
Now, to bring this equation to the desired Schr•odinger like form with no

linear p term we multiply both sidesby

(A + B� 1 � r̂ � 2 � r̂ )� 1 =
(A � B � 1 � r̂ � 2 � r̂ )

A2 � B 2
(5.268)

and �nd, using the exponential form above that appears in Eq. (5.261), (and
somedetail [75])

(A + B� 1 � r̂ � 2 � r̂ )� 1[� 2i (A0+ B 0� 1 � r̂ � 2 � r̂ )]r̂ � p

= � 2i (F 0+ K 0� 1 � r̂ � 2 � r̂ )r̂ � p; (5.269)

and

(A + B� 1 � r̂ � 2 � r̂ )� 1i
2B
r

[2� 1 � r̂ � 2 � r̂ r̂ � p � (� 1 � r̂ � 2 � p + � 2 � r̂ � 1 � p)]

=
2i sinh(K ) cosh(K )

r
[2� 1 � r̂ � 2 � r̂ r̂ � p � (� 1 � r̂ � 2 � p + � 2 � r̂ � 1 � p)] + G

where[75]

G = �
2sinh2(K )

r 2
L � (� 1 + � 2); (5.270)

and

(A + B� 1 � r̂ � 2 � r̂ )� 1 g0

2r
B [2� 1 � � 2 � 4ir � 1 � r̂ � 2 � r̂ r̂ � p

+ 2ir (� 1 � r̂ � 2 � p + � 2 � r̂ � 1 � p) � 6� 1 � r̂ � 2 � r̂ ]

=
ig0sinh(K ) cosh(K )

2r
[� 4r � 1 � r̂ � 2 � r̂ r̂ � p + 2r (� 1 � r̂ � 2 � p + � 2 � r̂ � 1 � p)

� 2i � 1 � � 2 + 6i � 1 � r̂ � 2 � r̂ ] + H (5.271)

where[75]

H =
g0sinh2(K )

2r
[2L � (� 1 + � 2) � 2� 1 � r̂ � 2 � r̂ + 2� 1 � � 2 + 4]:

Note that G and H do not contain linear p type of terms. Now collect the three
di�erent linear p type of terms in Eq. (5.267):

(� 2iF 0 � ig0)r̂ � p; (5.272)

(� 2i
sinh(K ) cosh(K )

r
� ih 0+ ig0sinh(K ) cosh(K ))( � 1�r̂ � 2�p+ � 2�r̂ � 1�p); (5.273)

(4i
sinh(K ) cosh(K )

r
� 2i sinh(K ) cosh(K )g0� 2iK 0)� 1 � r̂ � 2 � r̂ r̂ � p: (5.274)
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If we set the �rst of the above equationsto 0, we obtain the expectedresult (for
the uncoupledportion of the equation)

F 0 = � g0=2: (5.275)

If we set h0 = � K 0 and usep = r̂ (r̂ :p) � r̂ � L
r then the two expressions (5.273)

and (5.274) combine to

(2
sinh(K ) cosh(K )

r
+ h0 � g0sinh(K ) cosh(K ))

� 1 � r̂ � 2 � r̂ ~L � (� 1 + � 2)
r

(5.276)

which contains no r̂ � p: Thus the matrix scalechange

j� + i = exp(� g=2) exp(� h� 1 � r̂ � 2 � r̂ )j + i (5.277)

eliminates the linear p terms:
Further note that

(A + B� 1 � r̂ � 2 � r̂ )� 1(k� 1 � � 2 + n� 1 � r̂ � 2 � r̂ )(A + B� 1 � r̂ � 2 � r̂ )

= (k� 1 � � 2 + n� 1 � r̂ � 2 � r̂ );

(A + B� 1 � r̂ � 2 � r̂ )� 1Cj + i = � g0(F 0+ K 0� 1 � r̂ � 2 � r̂ )j + i ; (5.278)

and (after somealgebraicdetail [75])

(A + B� 1 � r̂ � 2 � r̂ )� 1Dj + i = � 2h0(K 0+ F 0� 1 � r̂ � 2 � r̂ )j + i

� 2h0cosh(K ) sinh(K )
r

[L � (� 1 + � 2) + 2 � � 1 � r̂ � 2 � r̂ + � 1 � � 2]j + i

+2h0sinh2(K )
r

[� 1 � r̂ � 2 � r̂L � (� 1 + � 2) + 3� 1 � r̂ � 2 � r̂ � � 1 � � 2]j + i : (5.279)

also

(A + B� 1 � r̂ � 2 � r̂ )� 1Ej + i = � [F 00+ F 02 + K 02 + (2F 0K 0+ K 00)� 1 � r̂ � 2 � r̂ ]

�
2
r

[F 0+ K 0� 1 � r̂ � 2 � r̂ ] � 2
cosh(K ) sinh(K )

r 2
(� 1 � � 2 � 3� 1 � r̂ � 2 � r̂ )

+2
sinh2(K )

r 2
(� 1 � r̂ � 2 � r̂ � � 1 � � 2 � 2): (5.280)

Socombining all terms and grouping by p2 term , spin independent terms, spin-
orbit angular momentum term L � (� 1 + � 2), spin-spin term (� 1�� 2), tensor term
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(� 1�r̂ )( � 2 � r̂ ), additional spin independent term we have our Schr•odinger-like
equation

f p2 +
2g0sinh2(K )

r
� g0F 0 � 2h0K 0 � 4h0cosh(K ) sinh(K )

r

� F 00� F 02 � K 02 �
2
r

F 0 � 4
sinh2(K )

r 2

+ L � (� 1 + � 2)[
g0

2r
+

g0sinh2(K )
r

�
2sinh2(K )

r 2
� 2h0cosh(K ) sinh(K )

r
]

+ � 1 � r̂ � 2 � r̂L � (� 1 + � 2)�

(2h0sinh2(K )
r

+ 2
sinh(K ) cosh(K )

r 2
+

h0

r
�

g0sinh(K ) cosh(K )
r

)

+ � 1 � � 2[k +
g0cosh(K ) sinh(K )

r
+

g0sinh2(K )
r

� 2h0cosh(K ) sinh(K )
r

� 2h0sinh2(K )
r

� 2
cosh(K ) sinh(K )

r 2
� 2

sinh2(K )
r 2

]

+ � 1 � r̂ � 2 � r̂ [n �
3g0cosh(K ) sinh(K )

r
�

g0sinh2 K
r

� g0K 0 � 2h0F 0

+
2h0coshK sinhK

r
+ 6h0sinh2(K )

r
� (2F 0K 0+ K 00) �

2
r

K 0

+ 6
cosh(K ) sinh(K )

r 2
+ 2

sinh2(K )
r 2

] + mgj + i = B2e� 2Gj + i (5.281)

Comparing Eq. (5.260) with Eq. (5.257) we �nd

k =
1
2

r 2G+
1
2

G02 �
1
2

G0log0D �
1
2

G0C0 �
1
2

G0

r
�

1
2

(� C + J � L)0

r
;

g0 = 2G0 �
E2M2 + M 1E1

D
(J + L)0 = 2G0 � log0D = � 2F 0;

h0 =
(J � L)0

2
= � K 0;

n = �
1
2

r 2(� C + J � L) �
1
2

r 2G� G0(� C + J � L)0 � G02 +
3
2r

G0

+
3
2r

(� C + J � L)0+
1
2

log0D(G� C + J � L)0;

m = �
1
2

r 2G�
1
4

G02 �
1
4

(C + J � L)0(� C + J � L)0+
1
2

G0log0D.

Eq. (5.281)and it's derivation is an important part of this work which become
by Bin Liu and Crater. It will provide us with a way to derive phaseshift equa-
tions usingwork by other authors who developed methods for the nonrelativistic
Schr•odinger equation. We using the radial form of the coordinate spaceform of
this equation (5.257).
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5.3.3 The Radial Eigen value Equations

The following are radial eigenvalue equations corresponding to Eq. (5.257)
after getting rid of the �rst derivative terms for singlet states 1S0, 1P1, 1D2( a
generalsinglet 1Jj ), triplet states3P1( a generallet 3Jj ), a generals = 1; j = l + 1
( 3P0,3S1 states ), and a generals = 1; j = l + 1 (3D1 state). 1S0, 1P1, 1D2 ( a
generalsinglet 1Jj ) L � (� 1 + � 2) = 0, � 1 � � 2 = � 3, � 1 � r̂ � 2 � r̂ = � 1:

f�
d2

dr2
+

j (j + 1)
r 2

+
g02

4
+ h02 +

g00

2
+

g0

r
� 3k � j � g0h0� h00�

2h0

r
+ mgv = B2� � 2Gv

(5.282)
3P1( a generaltriplet 3Jj ) L � (� 1 + � 2) = � 2, � 1 � � 2 = 1, � 1 � r̂ � 2 � r̂ =1:

f�
d2

dr2
+

j (j + 1)
r 2

+
g02

4
+ h02 +

g00

2
+ k + n + g0h0+ h00+ mgv = B2� � 2Gv; (5.283)

s = 1; j = l + 1 ( 3S1 states) L � (� 1 + � 2) = 2(j � 1), � 1 � � 2 = 1, � 1 � r̂ � 2 � r̂ = 1
2j +1

(diagonal term), and � 1 � r̂ � 2 � r̂ =
2
p

j (j +1)
2j +1 (o� diagonal term).

f�
d2

dr2
+

j (j � 1)
r 2

+
3g0sinh2 h

r
+ 6h0coshh sinhh

r
�

6sinh2 h
r 2

�
g0coshh sinhh

r
� 2h0sinh2 h

r
+ 2

coshh sinhh
r 2

+
g02

4
+ h02 +

g00

2
+

g0

r

+ k + 2(j � 1)[
g0

2r
+

g0sinh2 h
r

� 2
sinh2 h

r 2
+ 2h0coshh sinhh

r
]

+
2(j � 1)
2j + 1

[2h0sinh2 h
r

� 2
coshh sinhh

r 2
+

h0

r
+

g0coshh sinhh
r

]

+
1

2j + 1
[
3g0coshh sinhh

r
�

g0sinh2 h
r

� 2h0coshh sinhh
r

+ 6h0sinh2 h
r

� 6
coshh sinhh

r 2
+ 2

sinh2 h
r 2

+ n + g0h0+ h00+
2h0

r
] + mgu+

+
2
p

j (j + 1)
2j + 1

f
3g0coshh sinhh

r
�

g0sinh2 h
r

� 2h0coshh sinhh
r

+ 6h0sinh2 h
r

� 6
coshh sinhh

r 2
+ 2

sinh2 h
r 2

+ n + g0h0+ h00+
2h0

r

+2( j � 1)[
2h0sinh2(h)

r
�

2cosh(h) sinh(h)
r 2

+
h0

r
+

g0cosh(h) sinh(h)
r

]gu� = B2� � 2Gu+ ;

(5.284)
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s = 1; j = l � 1 ( 3P0,3D1 states ) L � (� 1 + � 2) = � 2(j + 2), � 1 � � 2 = 1,

� 1 � r̂ � 2 � r̂ = � 1
2j +1 (diagonal term), and � 1 � r̂ � 2 � r̂ =

2
p

j (j +1)
2j +1 (o� diagonalterm).

f�
d2

dr2
+

(j + 1)(j + 2)
r 2

+
3g0sinh2 h

r
+ 6h0coshh sinhh

r
�

6sinh2 h
r 2

�
g0coshh sinhh

r
� 2h0sinh2 h

r
+ 2

coshh sinhh
r 2

+
g02

4
+ h02 +

g00

2
+

g0

r

+ k + 2(j + 2)[
g0

2r
+

g0sinh2 h
r

� 2
sinh2 h

r 2
+ 2h0coshh sinhh

r
]

+
2(j � 1)
2j + 1

[2h0sinh2 h
r

� 2
coshh sinhh

r 2
+

h0

r
+

g0coshh sinhh
r

]

�
1

2j + 1
[
3g0coshh sinhh

r
�

g0sinh2 h
r

� 2h0coshh sinhh
r

+ 6h0sinh2 h
r

� 6
coshh sinhh

r 2
+ 2

sinh2 h
r 2

+ n + g0h0+ h00+
2h0

r
] + mgu�

+
2
p

j (j + 1)
2j + 1

f
3g0coshh sinhh

r
�

g0sinh2 h
r

� 2h0coshh sinhh
r

+6h0sinh2 h
r

� 6
coshh sinhh

r 2
+ 2

sinh2 h
r 2

+ n + g0h0+ h00+
2h0

r

� 2(j +2)[
2h0sinh2(h)

r
�

2cosh(h) sinh(h)
r 2

+
h0

r
+

g0cosh(h) sinh(h)
r

]gu+ = B2� � 2Gu� ;

(5.285)

Substituting for g0; h0; m; n; k we obtain the radial equationsand potentials �
given in the text.

s = 0; j = l:

A
� �

�
d2

dr2
+

j (j + 1)
r 2

� B 0

�
d
dr

�
1
r

�
+

1
2

r 2F �
1
4

K 0F 0

�
uj 0j +

N
w(m1 � m2)

D(1)
U0

p
j (j + 1)

r
uj 1j

#

= B2(� 3)uj 0j : (5.286)

s = 1; j = l:

E
��

�
d2

dr2
+

j (j + 1)
r 2

+ (S � Q)0 d
dr

+ 2
Q0

r
� r 2Q + S0Q0

�
uj 1j +

T
(� 1 � � 2)(m1 + m2)

D(1)
U0

p
j (j + 1)

r
uj 0j

#

= B2(1)uj 1j : (5.287)
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s = 0; j = l + 1:
��

E +
j

2j + 1
(O � E)

� �
�

d2

dr2
+

j (j � 1)
r 2

�
+

�
E(S � Q)0+

j
2j + 1

(E(Q � S)0+ O(Q + R)0)
�

�

d
dr

+
1

2j + 1
[Q0[E(� j 2 + j + 2) + O(j 2 � 2j )]�

ES0j (j + 1) � OR0j 2]
1
r

+
1

2j + 1
[r 2Q(� (j + 1)E+

Oj ) + Q0(ES0(j + 1) � OR0j )]
�

u +

p
j (j + 1)
2j + 1

�

�
(E � O)

�
�

d2

dr2
� (2j + 1)

d
dr

�
j 2 � 1

r 2

�
+

[E(S � Q)0 � O(R + Q)0]
d
dr

+ (E[(2 � j )Q + S(j + 1)]0+

O[(2 � j )Q � (j + 1)R]0)
1
r

� (E + O)r 2Q+

Q0(OR0+ ES0)
�

u+ = B2(1)u : (5.288)

s = 1; j = l � 1:
��

E +
j + 1
2j + 1

(O � E)
� �

�
d2

dr2
+

(j + 1)(j + 2)
r 2

�
+

�
E(S � Q)0+

j + 1
2j + 1

(E(Q � S)0+ O(Q + R)0)
�

�

d
dr

+
1

2j + 1
[Q0[E(j 2 + 3j ) � O(j 2 + 4j + 3)]+

ES0j (j + 1) + OR0(j + 1)2]
1
r

+
1

2j + 1
[r 2Q(� j E+

O(j + 1)) + Q0(ES0j � OR0(j + 1))]
�

u+ +

p
j (j + 1)
2j + 1

�

�
(E � O)

�
�

d2

dr2
+ (2j + 1)

d
dr

�
j (j + 2)

r 2

�
+

[E(S � Q)0 � O(R + Q)0]
d
dr

+ (E[(3 + j )Q � Sj ]0+
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O[(3 + j )Q + j R]0)
1
r

� (E + O)r 2Q+

Q0(OR0+ ES0)
�

u = B2(1)u+ : (5.289)

wherewe have

B2(� 3) = B2(1) = B2 = E 2
1 � M 2

1 = E 2
2 � M 2

2 =

b2(w) + (� 2
1 + � 2

2)sh2(J ) + 2� 1� 2sh(J )ch(J ) �

(m2
1 + m2

2)sh2(L) + 2m1m2sh(L)ch(L);

D2(� 3) = D2(� 1) = D2(1) = D2 = E1M2 + E2M1

= (� 1m2 + � 2m1)ch(J + L) + (� 1m1 + � 2m1)sh(J + L);

K = 3H + C + J � L � G� 5F � 3I � 3Y + 2ln(D(1));

A = e(2G+4 F � 2H ) D(3)
D(1)

;

B = 2G+ 4F � 2H � ln(D(1)) � J + L + 3I + 3Y;

F = H � C + J � L � 3G� 3F � 3I � 3Y;

N = e(2H � 2F � I � Y + J � L ) ;

U = J + L + I � Y;

O = e(2G� 2H � 4F ) D(� 1)
D(� 3)

;

E = e(2G+2 H ) D(� 1)
D(1)

;

Q =
1
2

(H � C + J � L + G+ I + Y);

R =
1
2

(3H + C + J � L � 5G+ 7F + I + Y) + ln(D(� 3));

S =
1
2

(3H + C + J � L + 3G� F + I + Y) + ln(D(1));

T = e(� 2H +2 F + L � J + I + Y ) D(� 1)
D(1)

:

5.4 Numerical Pro cedures

The standard form of Eq. (5.257) for singlet and coupledchannelsis

A(r )f 00+ B(r )f 0+ C(r )f = 0; (5.290)

whereA(r ); B (r ); C(r ) arematrix functions. For a normal form we multiply with
A � 1 viz.

f 00+ A � 1(r )B (r )f 0+ A � 1(r )C(r )f = 0: (5.291)
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Such equationhave beenthe subject for numericalanalysisin the past. In partic-
ular nuclearphysicsproblemsthis wassolvedby an iteration schemedevelopedby
Raynal, seeECIS [471]. The singlet channel can most easily be solved by closed
form factorization, but in practical terms onedoesnot gain much in performance
when comparedwith the interactive scheme. To solve above equation, we can
usedi�erent numerical methods.

We usednext notations, x0 < x1 < :::; f (x i ) = f i ; f 0(x i ) = f 0
i ; f 00(x i ) = f 00

i ; ::::
Starting with somearbitrary valuesxn , 0 � n � N; then with f 0 = 0, we �rst
needto �nd solutions to the homogeneousequation, the above yields recursively

f 00
1 + D1f 1 = 0; (5.292)

whereD1 = A � 1(r )C(r ); and D2 = � A � 1(r )B (r ) are matrix functions. With the
solution f 0

1

f 00
2 + D1f 2 = D2f 0

1 := W; (5.293)

where W is the inhomogeneousterm. The existenceof a regular solution f 2 of
the above di�erential equationsyields

f 00
3 + D1f 3 = D2f 0

2;

f 00
4 + D1f 4 = D2f 0

3;

:::

f 00
n� 1 + D1f n� 1 = D2f 0

n� 2;

f 00
n + D1f n = D2f 0

n� 1:

It is clearthat theseequationsfor f 00
n areformally similar to thosewhich determine

the �rst derivative f 0
n� 1 using any numerical method, after this we can solve the

equationsnumerical very well. One such method is a Lagrangeinterpolation

f 0
n� 1 =

NX

k=0

`0
k f k + R0

N ; (5.294)

where

R0
N (r ) =

f (N +1)

(N + 1)!
(� )� 0

N (r ) +
� N (x)

(N + 1)!
d
dx

f (N +1) (� );

`0 =
NX

j =0 ;j 6= k

� N (r )
(r � r k)(r � r j )� 0

N (r k)
;

� = � (r ); (r 0 < � < rN );

� N (r ) = (r � r 0)(r � r1):::(r � rN );

and � 0
n (r ) is its derivative. For four points Eq. (5.294) is

f 0
p = f (r0 + ph) =

1
h

f�
3p2 � 6p + 2

6
f � 1 +

3p2 � 4p � 1
2

f 0

�
3p2 � 2p � 2

2
f 1 +

3p2 � 1
6

f 2 + R0
3g: (5.295)
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Similarly, in Eq. (5.293) we apply Milne's method,

f 0
n+1 = f 0

n� 3 +
4h
3

(2f 00
n� 2 � f 00

n� 1 + 2f 00
n + O(h5)) ; (5.296)

f 0
n+1 = f 0

n� 1 +
h
3

(f 00
n� 1 + 4f 00

n + f 00
n+1 + O(h5)) ; (5.297)

and any other numerical di�erentiation method [529].
Another powerful method is the Numerov algorithm [278],which we useonly

after elimination of the �rst derivative terms. In this casewith the ansatz

f = gh;

in Eq. (5.291),we �nd

g00h + gh00+ 2g0h0+ A � 1B(g0h + gh0) + A � 1Cgh = 0: (5.298)

To eliminate the �rst derivative terms h0, we solve the di�erential equation

2g0h0+ A � 1Bgh0 = (2g0+ A � 1Bg)h0 = 0; (5.299)

for any h0 6= 0 and boundary condition

lim
r !1

g(r ) = 1 = unit matrix :

The solution of this �rst order di�erential equation

g0 = �
A � 1B

2
g; (5.300)

is readily found for singlet channel equation by using

g(r ) = g(1 ) exp
�
�

1
2

Z r

1
A � 1(x)B(x) dx

�
; (5.301)

or more generallynumerical integration of the di�erential equationstarting with
the boundary conditions

lim
r !1

g(r ) = 1:

Therewith emergesa modi�ed di�erential equation without �rst derivatives for
h when the solution for g is inserted and new potentials are de�ned. The new
equation for

h00= U(r )h; (5.302)

is readily solved with the Numerov algorithm [278],and matched asymptotically
to known free solutionsand thus yields the S-matrix.
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5.4.1 Numero v Algorithm

The solution of radial Schr•odinger equationsis certainly not new and generally
deservesno mention. Here,we dwell upon the details sincewe found the speci�ed
elements to have a normal form of related problemsin other �elds of physicsand
engineeringwhich were tested with parallel computing facilities. The Numerov
algorithm has been widely used for singlet and coupled channels Schr•odinger
equations since it gives su�cien t numerical accuracy with minimal operations
[472]. The standard form of linear homogeneousor inhomogeneousSchr•odinger
equationswhich we have to solve is

f 00
i (r ) =

X

j

Vij (r )f j (r ) + Wi (r ); (5.303)

whereWi (r ) = 0 for homogeneousequations.
In caseof Schr•odinger equationswhich include a �rst derivative

f 00
i (r ) =

X
V 0

ij (0)f j (r ) +
X

V (1)
ij (r )f 0

j (r ); (5.304)

we identify
Wi (r ) :=

X
V (1)

ij (r )f 0
j (r ); (5.305)

in which the derivative solution f 0
j (r ) is obtained iterativ ely. To determine the

scattering matrix S, we needto computeonly the regular solution

f i (r ) ! f i (� ; r );

with the iteration counter � = � 1; 0; 1; :::; N:

f 00
i (� 1; r ) =

X
V (0)

ij (r )f i (� 1; r ); (5.306)

with
f i (� 1; r )jr ! 0 = 0:

f i (r ) ! f i (� ; r );

with the iteration counter � = 0; 1; :::; N: We start the iteration with

f 00
i (0; r ) =

X
V (0)

ij (r )f i (0; r );

Wi (0; r ) = 0;

for a regular solution
f i (0; r )jr ! 0 = 0:

Thus
f 00

i (� ; r ) =
X

V (0)
ij (r )f i (� ; r ) + Wi (� ; r ); (5.307)
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with
Wi (� ; r ) =

X
V (1)

ij (r )f 0
j (� � 1; r );

and the derivativesare computedby a three or �v e point Lagrangeinterpolation
formula. The potential V (0)

ij (r ) and V (1)
ij (r ) are properly regularized near the

origin to guarantee a stable numerical solution and convergenceof the iterativ e
scheme. This is well satis�ed for our NN optical model. For singlet channelsthe
algorithm is

f n+1 = 2f n � f n� 1 +
h2

12
(un+1 + 10un + un� 1) ; (5.308)

or
�

1 �
h2

12
Vn+1

�
f n+1 =

�
2 +

10h2

12
Vn

�
f n �

�
1 �

h2

12
Vn� 1

�
f n� 1

+
h2

12
(Wn+1 + 10Wn + Wn� 1) : (5.309)

Theseexpressionsgeneralizefor coupledchannelsusing standard vector and ma-
trix algebra.

A signi�cant reduction of operations is found by using the substitution

� n =
�

1 �
h2

12
Vn

�
f n ; (5.310)

in Eq. (5.309). It gives
� n+1 = 2� n � � n� 1 + Un ; (5.311)

and the inhomogeneousequation

� n+1 = 2� n � � n� 1 + Un +
h2

12
(Wn+1 + 10Wn + Wn� 1) ; (5.312)

with

Un =
h2Vn

1 � h2

12Vn
� n :

Back-transformations from � i ! f i useeither of the two possibilities

f i = � i +
1
12

Ui ; or f i =
� i +1 + 10� i + � i � 1

12
: (5.313)

5.4.2 Calculation of Phase Shift

We evaluate the equation Eq. (5.257) numerically for uncoupled and coupled
channelsusinga Numerov method (Sec. 5.4). The physicalsolutionsarematched
asymptotically, lim r !1 to Riccati-Hankel functions

u+
� (r; k) �

1
2i

�
� h�

� (r k) + h+
� (r k)S� (k)

�
: (5.314)
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The irregular outgoing wave Jost solutionsare

J +
� (r; k) � h+

� (r k); (5.315)

and the regular solutionsare asymptotically

lim
r !1

 (� ;0)
` (r; k; q)N ` = j ` (r q) + h(� ;0)

` (r k)
q
k

T (� ;0)
` (k2; k; q); (5.316)

to determinethe half o�-shell t-matrix T (� ;0)
` (k2; k; q) and the normalization N ` .

SphericalRiccati functions are symbolized by j ` (x), h�
` (x) and h0

` (x) = n` (x).
The on-shell t-matrix givesthe S-matrix by the relation

S(k) = 1 + 2i T (+) (k2; k; k): (5.317)

To solve for coupledchannels3SD1; 3PF2; etc., two linear independent regular
solutions are calculated[256,278].

The VPI/GWU solutions[11]areparameterizationsof the elasticchannelNN
S-matrix. They consider

S1 = (1 + iK 4)(1 � iK 4)� 1; (5.318)

which inverts to give

K 4 = i(1 � S1)(1 + S1)� 1 = ReK 4 + iI m K 4: (5.319)

The real part of this K-matrix is related to a unitary S-matrix (S6) and therewith
phaseshifts � � and � are de�ned by

S6 =
(1 + i ReK 4)
(1 � i ReK 4)

=
�

cos2" exp2i� � i sin2" expi (� � + � + )
i sin2" expi (� � + � + ) cos2" exp2i� +

�
:

(5.320)
The absorptionparameters� � and � relateto the imaginary part of that K-matrix
by

I m K 4 =
�

tan2 � � tan � � tan � + cos�
tan � � tan � + cos� tan2 � +

�
: (5.321)

Theserelations simplify to K = tan � + i tan2 � for uncoupledchannels.
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Chapter 6

Application to NN In teractions

6.1 Boson Exchange Mo dels

All existing potential modelsare to somedegreebasedon mesonexchange. They
all include the one pion exchangecontribution which essentially determinesthe
long range part of the interaction. As such, the meson exchange model has
beenvery successfulin describingthe empirical featuresof the NN force. Both
the tensor and spin orbit forcesare easily accounted for in the mesonexchange
model [393,394].

The starting point for meson exchange theory is a phenomenologicalLa-
grangian which describesthe interaction betweenbaryons and meson�elds. For
the NN interaction at low and intermediate energiesthe three relevant meson
�elds show sysmmetiesof scalar (s),(� ; � ), pseudoscalar(ps), (� ; � ) and vector
(v), (�; ! ) �elds.

The interaction Lagrangianthat couplesthese�elds to the nucleonsin lowest
order are

L s = gs  � (s) ; (6.1)

L ps = � igps 
 5 � (ps) ; or L pv = �
f ps

mps
 i
 5 @� � (ps) ; (6.2)

L v = � igv 
 �  @� (v)
� �

f v

4M
 i� ��

�
@� � (v)

� � @� � (v)
�

�
 ; (6.3)

where M is the nucleon massand  is the nucleon Dirac �eld with its adjoint
de�ned by  =  
 0, while � (s) ; � (ps) and � (v) are the scalar, pseudoscalarand
vector meson�elds respectively. Correspondingly, gs; gps and gv are the coupling
constants. There is also a tensor coupling f v between nucleonsand the vector
mesons.Actually, there are two alternative ways to couplepseudoscalar�elds to
nucleons. The one given above is the pseudoscalarcoupling ps. The so called
gradient couplingor pseudovector pv couplingis an e�ectivecouplingderivedfrom
chiral symmetry [394, 560]. The ps and the pv couplingsare equivalent for on-
shellnucleonswhenthe couplingconstants arerelatedby f ps = gps(mps=2M ): The
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6.1. BOSON EXCHANGE MODELS

couplingconstants areconstrainedby NN scatteringdata. Empirical information
alsoconstrainsthe ratio of gv to f v.

From the Lagrangian, the Hamiltonian can be derived, and using time de-
pendent perturbation theory the NN interaction can be visualized in terms of
Feynmandiagramsinvolving mesonbaryon coupling. This �eld theory was �rst
developed for quantum electrodynamics. When electromagneticinteractions are
involved, it is necessaryto apply perturbation theory, which appearsquite rea-
sonablefor a coupling constant � � 1=137. Meson baryon coupling constants
originate from the strong interaction and are generally large of the order 1-10,
thus, the perturbation expansionbecomesincreasinglydivergent at shorter dis-
tances.For intermediateand long rangesthe diagrammaticexpansionis assumed
to converge. However, due to the quark structure and �nite sizeof the nucleons
the mesonexchangemodel for the NN interaction generateslittle con�dence at
short range. This problem has beennever overcomeand a saving argument is
the strongly repulsive corewhich keepsthe nucleonsapart and hidesthe genuine
quark gluon processesbetweenthe nucleons.Traditionally, the short rangepart
of the NN interaction is treated phenomenologicallyby introducing vertex form
factors, which are e�ectively to the extendedby adjusting several parametersin
�ts to NN data. The form factorssuppressthe mesonexchangeat small distances.
Usingthis short rangeregularization, the mesonexchangetheory yield quantativ e
results in the framework of time orderedperturbation theory [401] for NN ener-
giesTLab < 300MeV. Above 1 GeV and above, this mesonexchangemechanism
becomesrelatively small in comparisonwith the kinetic energyand the hard core
domain starts to display violently the quark gluon dynamics. From the NN phase
shift for TLab > 1GeV we get the impressionthat this violent coredynamicscan
be regularizedwith a fewcomplexboundary conditionswhoseenergydependence
re
ects our ignoranceabout low energyQCD dynamics. In summary, the lowest
order contribution to the NN scattering establishesone bosonexchange,which
comprisethe exchangeof the six nonstrangemesons

V OB E =
X

� = � ;� ;�;! ;� ;�

V OB E
� : (6.4)

The heavy vector mesons� and ! are important at short distanceswhere the
NN interaction becomesrepulsive, a feature which is enhancedby relativistic
kinematics. Nevertheless,the intermediate distanceattraction is generatedby �
mesonwhich accounts for correlated pairs of pions with total spin J = 0 and
isospin T = 0 [327]. In the one boson approximation the contribution from
these processesis e�ectively included by exchange of a �ctitious scalar meson
usually denoted by sigma [394]. The long range part of the NN interaction is
well establishedboth theoretically and experimentally to arisefrom Coulomb and
onepion exchange.

Most of the uncertainty in nuclear processescomesfrom the short distance
interactions (r < 0:75f m) between two or more nucleons. Even when one is
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interested only in low energy phenomena,the short distance contributions are
important. In perturbation theory, for instance, the in
uence of short distance
physics on low energy observable appears in the existenceof ultraviolet diver-
gent integrals, that is, in the dominance of high momentum modes over the
small momentum ones. Sensitivity of large distance observables on short dis-
tance physics is not an unusual situation in physics, it is in fact pervasive in
many �elds. One way of dealing with it, as we shall do, is to model the short
distance physics and solve the problem within a semimicroscopicapproach. In
the caseof nuclearsystemsthis would lead either to a calculation of nuclearpro-
cessesdirectly from QCD (which is currently impossibleand would be, even if
possible,a highly ine�cien t way of approaching the problem) or to the use of
mesonexchange/quark/skyrmion/... models.

6.2 Instan t Form Poten tials

We �rst consider how to model G and L; corresponding to vector and scalar
interactions.

We may rewrite the external potential form of the covariant two body Dirac
equations for two relativistic spin one half particles interacting through scalar
and vector potentials as, seeEqs. (5.193) without the pseudoscalarinteraction,

S1j i � 
 51(
 1 � (p1 � A1) + m1 + S1)j i = 0; (6.5a)

S2j i � 
 52(
 2 � (p2 � A2) + m2 + S2)j i = 0: (6.5b)

A �
i and Si introduce the interactions that the i t h particle experiencedue to the

presenceof the other particle, both are spin dependent [546, 152, 156, 153,
154, 155, 157]. In order to identify these potentials we use Eqs. (5.193), and
(5.194,5.195). Then we �nd that the momentum dependent vector potentials A �

i
are given in terms of three invariant functions [156,157]G, E1; E2

A �
1 = ((� 1 � E1) � i

G
2


 2 �
@E1

E2

 2 � P̂ )P̂ + (1 � G)p� �

i
2

@G�
 2? 
 �
2? ; (6.6)

A �
2 = ((� 2 � E2) � i

G
2


 1 �
@E2

E1

 1 � P̂ )P̂ + (1 � G)p� �

i
2

@G�
 1? 
 �
1? ; (6.7)

where
G = exp(G); (6.8)

(with P̂2 = � 1, whereP̂ � P=w) while the scalarpotentials Si aregiven in terms
of three invariant functions [152, 156, 157] G, M 1; M2

S1 = M 1 � m1 �
i
2

G
 2 �
@M 1

M2
; (6.9)
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S2 = M 2 � m2 �
i
2

G
 1 �
@M 2

M1
: (6.10)

In QCD, the scalar potentials Si are semiphenomenologicallong range inter-
actions. The vector potentials A �

i are semiphenomenologicalin the long range
while in the short rangeare closelyrelated to perturbative quantum �eld theory.
Of coursethis rewrite does not changethe fact that S1 and S2 still satisfy the
compatibilit y condition

[S1; S2]j > = 0: (6.11)

In order that Eq. (6.5a) and Eq. (6.5b) satisfy Eq. (6.11), it is necessarythat
the invariant functions G, E1; E2; M1 and M 2 depend on the relative separation,

x = x1 � x2;

only through the spacelike coordinate four vector

x �
? = x � + P̂ � (P̂ � x);

perpendicular to the total four momentum P: For QCD and QED applications,G,
E1; E2 are functions [153, 157]of an invariant A . The explicit forms for functions
E1; E2; G are

E1 = G(� 1 � A ); (6.12)

E2 = G(� 2 � A ); (6.13)

and
G2 =

1
(1 � 2A

w )
: (6.14)

The function A(r ) is responsiblefor the covariant electromagneticlike A �
i . Even

though the dependenciesof E1; E2; G on A is not unique, they are constrained
by the requirement that they yield an e�ective Hamiltonian with the correct
nonrelativistic and semirelativistic limits (classicaland quantum mechanical [162,
336]). For QCD and QED application , M 1 and M 2 are functions of two invariant
functions [152, 157], A (r ) and S(r )

M 2
1 (A ; S) = m2

1 + G2(2mwS + S2); (6.15a)

M 2
2 (A ; S) = m2

2 + G2(2mwS + S2): (6.15b)

The invariant function S(r ) is responsible for the scalar potential sinceSi = 0;
if S(r ) = 0; while A (r ) contributes to the Si (if S(r ) 6= 0 ) as well as to the
vector potential A �

i : So, �nally , the �v e invariant functions G, E1; E2; M1 and
M2 (or G = � J; L) depend on two independent invariant potential functions S
and A . (Comparealsothe spin independent portions to Eqs. (5.30,5.32)through
calculation of E 2

i � M 2
i � b2:)
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Expressing G, E1; E2; M1 and M 2 in terms of S and A is important for
semiphenomenologicaland other applications that emphasizethe relationship of
the interactions to e�ective external potentials of the two associated one body
problems. However, the �v e invariants G, E1; E2; M1 and M 2 can also be ex-
pressedin the hyperbolic representation [158] in terms of the three invariants L;
J and G (seeEqs. (5.194), (5.195) and (5.196)): L; J and G generatescalar,
timelike vector and spacelike vector interactions respectively and enter into our
Dirac equationsvia the sum � L + � J + � G whereEqs. (5.102,5.103,5.104)de�ne
� L ; � J ; � G.

We may use Eq. (5.93) to relate the matrix potentials � to a given �eld
theoretical or semiphenomenologicalFeynmanamplitude. As mentioned earlier,
a matrix amplitude proportional to 
 �

1 � 
 2� corresponding to an electromagnetic
like interaction would require [160] J = �G . Matrix amplitude proportional to
either I 1I 2 or 
 1 � P̂ 
 2 � P̂ would correspond to semiphenomenologicalscalar or
timelikevector interactions. The two body Dirac equationsin the hyperbolic form
of Eq. (5.93) give a simple version [158] for the norm of the sixteen component
Dirac spinor. The two body Dirac equations in external potential form, Eq.
(6.5a) and Eq. (6.5b), (or more generally (5.193) are simpler to reduceto the
Schr•odingerlike form and areusefulfor numericalcalculations(seeSazdjian[421]
for a related reduction). We describe the parameterization of the pseudoscalar
interaction C below in Eq. (6.17).

6.2.1 Mo deling the In varian t In teraction Functions

Bin Liu and Crater had usedthe following scalar interactions in two body Dirac
equations(seeEqs. (6.9, 6.10), 6.15b)):

S = � g2
�

e� m � r

r
� (� 1�� 2)g2

a0

e� ma0 r

r
� g2

f 0

e� m f 0 r

r
; (6.16)

whereg2
� ; g2

a0
; g2

f 0
arecoupling constants for the � ; a0 and f 0 mesonsand m� ; ma0

and mf 0 the corresponding masses.(� 1�� 2) is 1 or � 3 for isospintriplet or singlet
states.

Pseudoscalarinteractionsareassumedto enter into two body Dirac equations
in the form (seeEq. (5.257))

C = (� 1�� 2)
g2

�

w
e� m � r

r
+

g2
�

w
e� m � r

r
+

g2
� 0

w
e� m � 0r

r
; (6.17)

wherew = � 1 + � 2 is the total energyof the two nucleonsystem. g2
� ; g2

� ; g2
� 0 are

coupling constants for mesons� ; � and � 0 respectively and m� ; m� and m� 0 the
corresponding masses.This form for C yields the correct limit at low energy.

Vector interactions enter into two body Dirac equationsin the form (seeEqs.
(6.12) and (6.14))

A = (� 1�� 2)g2
�
e� m � r

r
+ g2

w
e� mw r

r
+ g2

�
e� m � r

r
; (6.18)
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whereg2
� ; g2

! ; g2
� are coupling constants for mesons�; ! and � and m� ; m! and

m� are the corresponding masses.
In the constraint equations,A and S are relativistic invariant functions of the

invariant separationr =
p

x2
? (seebelow for the distinction betweenA and A).

Sinceit is possiblethat A and S, as identi�ed from the nonrelativistic limit, can
take on largepositive and negative values,it is necessaryto modify G, E1; E2; M1

and M 2 so that the interaction functions remain real when A becomelarge and
repulsive [167]. Thesemodi�cations are not unique but must maintain correct
limits.

Mo del 1 Crater and van Alstine [167] usedthe Adler-Piran potential in order
to computemesonspectra

A = exp(� � r )[VAP �
c4

r
] +

c4

r
+

e1e2

r
;

S = VAP +
e1e2

r
� A = (VAP �

c4

r
)(1 � exp(� � r )) : (6.19)

For E i = G(� i � A ) to be real we needonly ensurethat G be real which requires
that A � w=2. This restriction on A is enoughto ensurethat

M i = G
q

m2
i (1 � 2A=w) + 2mwS + S2;

be real as well (so long as S � 0). (As we shall show below in our discussionon
the static limit, the caseof S < 0 doesnot require any further restrictions.) In
order that A satisfy this inequality, we must modify it and S so that

S(r ) + A (r ) = VAP (r ) + e1e2=r � A + �S;

with A and �S given by the right hand sidesof Eq. (6.19) respectively. Then we
reidentify A and S such that

A = A; A � 0; (6.20)

A =
AA 0p

A2 + A2
0

; A > 0 (6.21)

S = �S + A � A ; (6.22)

where A0 = w=2. This parameterization gives A and S that are continuous
through their �rst derivatives. We next considerproblemsthat may arise in the
limit that oneof the massesbecomesvery large. We must modify the M i sothat
they have the correct static limits (when say m2 ! 1 ).

In the spinlesscase,the potential formsEq. (6.19)aredeterminedby requiring
the desired nonrelativistic limit and compatibilit y of the covariant generalized
massshell constraints for the constituent particles,

H i = (pi � A i )2 + (mi + Si )2 � 0;
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in which constituent vector potentials are given by

A �
i = � i p

�
1 + � i p

�
2 ;

introduced by minimal substitutions. The classicalcompatibilit y condition on
the two constraints,

fH 1; H 2g � 0;

implies that only two of the four scalars � i ; � i and one of the two scalarsSi

are independent. Thesethree independent systemscalars,A ; V and S; must be
functions of x? and are related to constituent potentials A �

i ; Si by

M 2
1 = (m1 + S1(S;A ))2 = m2

1 + G(2mwS + S2); (6.23)

M 2
2 = (m2 + S2(S;A ))2 = m2

2 + G(2mwS + S2); S > 0: (6.24)

At �rst sight, Eq. (6.23) doesappear to give M 1 ! m1 + S. (Note G ! 1 in
this heavy masslimit). However, this limit is only true if m1 + S � 0.

We now take advantage of the hyperbolic parameterization given in Eqs.
(5.194). Let us assumethat L is a monotonic function of S for S � 0 given
by

exp(L) =
M10 + M 20

m1 + m2
� exp(L0(S)); S � 0; (6.25)

in which M i 0 are de�ned as the forms of M i given in Eqs. (6.23). We choose
this form since only in the region where S is large and negative do we expect
problems. We desirea form for M i which goesover to mi + S when S becomes
large and negative and one of the constituent rest massesis large. At the same
time we require an expressionthat hasthe correct weak potential behavior. The
original forms in Eq. (6.23) for M i do have the correct weak potential form. So,
for weak potentials, using Eq. (5.194) and Eq. (6.23) we solve for sinh(L) and
obtain

sinh(L) �
S
w

�
1 +

� wS
wmw

�
: (6.26)

We then need a modi�cation of this, valid in regions of large negative S that
at S = 0 is continuous through secondderivatives with that obtained above,
that yields correct strong coupling static limit spectral results,and yields correct
weak coupling equal massresults obtained non perturbatively (i.e. numerically).
Although theserestrictions are not su�cien t to uniquely de�ne an extrapolated
sinh(L) they aresevereenoughto narrow the choicessigni�cantly. For the present
treatment, we choose

sinh(L) =
S
w

�
1 +

� wS
p

w2 + S2mw

�
: (6.27)

This satis�es the continuity condition and gives numerical results that satisfy
the other two restrictions. Consequently, for S < 0 and large m2 we obtain a
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spectrum (both ground and excitedstates) that for this extremecaseagreeswith
that of the exact solution obtained from the onebody Dirac equation

(
 1 � p1 + m1 + S) = 0: (6.28)

Furthermore, Van Alstine obtained a spectrum for equaland unequalmasscases
that agreeswith the standard perturbative results as given in [160].

Another choice that works just as well is

sinh(L) =
S
w

 

1 +
S

p
(wmw=�w)2 + S2w

!

; (6.29)

while one that satis�es the continuity condition, works well numerically for the
extremelimit above, but fails the perturbative test

sinh(L) =
S
w

 

1 +
� wS

p
m2

w + S2w

!

:

Sincethis applications in QCD combine both scalarand electromagneticlike
vector interactions we must imposesimilar conditions for the caseof Eq. (6.23)
with A 6= 0. Following the sameprocedure,combining Eqs. (5.194,6.23)for weak
S but arbitrary A , yields

sinh(L) �
S

wD

�
1 +

(� w � A)S
wDmw

�
; (6.30)

in which D = 1=G2 = 1 � 2A=w. We then test our assumption for the case
S = A = � � =r, as beforefor the extremecasesof unequalmass,large coupling
and equalmass,small coupling. We �nd an extrapolation that works reasonably
well

sinh(L) =
S

wD

�
1 +

(� w � A )S
p

w2 + S2Dmw

�
; S < 0: (6.31)

We note that theserequirements rule out the plausiblechoice

sinh(L) =
S

wD

 

1 +
S

p
mwDw=(� w � A ))2 + S2

!

;

whoseA = 0 counterpart worked well above.
We emphasizethat a crucial feature of the sinh(L) extrapolations is that for

�xed S, in the static limit (e.g. m2 >> m1) sinh(L) ! S=w which leads to
M1 ! m1 + S. Note that as opposedto what happens for scalar potentials,
strong A potentials have no problem in the static limit where the restriction
A < w=2 ! 1 on A is automatically satis�ed.
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Mo del 2 This model comesfrom the work of H. Sazdjian [336]. Using a spe-
cial techniques of amplitude summation, he is able to sum an in�nite number
of Feynman diagrams (of the ladder and crossladder variety). For the vector
interactions, he obtained results that correspond to Eq. (5.32) to Eq. (5.34) and
Eq. (6.12) to Eq. (6.14)(modi�ed here in Eq. (6.21) for A � 0). For scalar
interactions (L(S;A)) he obtained two results. One again agreeswith Eq. (5.30)
and Eq. (6.15b). As we have seenabove this must be modi�ed (seeEq. (6.31))
for S � 0. His secondresult is the one we use here for our secondmodel for
(L(S;A)): That replacesEq. (6.31)andEq. (6.23) with the model:

S + A > 0;

then

S � ! �A +
(S + A)w

p
4(S + A)2 + w2

; (6.32)

while if
S + A < 0;

we let
S � ! �A + S + A: (6.33)

In both casewe let

sinhL = sinh(�
1
2

ln(1 �
2(S + A)

w
) � G): (6.34)

6.3 The Nucleon Nucleon Optical Mo del

Von Geramb et al. [256] analyzedpartial wave amplitudes for NN scattering to
2.5GeV, in which resonanceand mesonproduction e�ects areevident for energies
above pion production threshold. This analyseswas basedupon bosonexchange
or quantum inversionpotentials. They alsoaddedshort rangeGaussianpotentials
to their real referencemodel potentials, Nijmegen or inversion potentials. The
energy dependencesof theseGaussianwas very smooth save for precisee�ects
causedby the known � and N? resonances.

Here we will analyze the SP03, and SM00 partial wave amplitudes for NN
scattering to 3 GeV with complexshort rangeGaussianpotential on the radius
r � 0:5f m, in addition to the real Dirac referencepotential. Beforethat, we will
discussshortly the e�ective Hamiltonian formalism of Feshbach [232].

First, Feshbach in his work Ref. [232]usedthe generalizedoptical potentials
with projection operators. His approach, the total many body wave function 	
is partitioned into an open channel segment P	, a part that is of interest for
particular phenomenon,and a closed channelsegment, the remaining part of the
wave function Q	

	 = P	 + Q	 : (6.35)
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P spaceis include all real longerangeinteractions, Q contains NN reactions.
The components P	 and Q	 will in generalbe coupledby interactions. Let

 i be the wave functions of the target in its di�erent states,i = 0 will denotethe
ground state, i = 1; 2; :::; the 1st , 2nd ,..., excited states. For total system

	 =
1X

i =0

ui (r ) i (r1; r2; :::; rA ); (6.36)

where (r 1; r2; :::; rA ) stand for positional as well as intrinsic coordinates of the
A particles in the target, while ui (r ) are functions of the position and intrinsic
coordinatesr of the projectile. The projection operator P is such that acting on
the function 	 of Eq. (6.35) it projects out a number of terms ui  i corresponding
to a given set of channelsof interest

P	 =
nX

i =0

ui  i ; (6.37)

it meansthat include the openchannels.Wede�ne Q and P projection operators
that satisfy the relations

P + Q = 1; PQ = 0; P 2 = P; Q2 = Q: (6.38)

It is a matter of convenienceto chooseQ	 to be orthogonal to P	, as is insured
by Eq. (6.38).

By eliminating the Q channels, a Schr•odinger equation is obtained for the
P channels,and an e�ective Hamiltonian can be derived, which in turn can be
used to analyzevarious aspects of the nuclear many body problem [256]. The
resulting equationsdepend only on the existenceof an projection operator, not
on explicit realization thereof. To �nd the e�ective Hamiltonian, we are starting
with Schr•odinger equation

(E � H )	 = 0; (6.39)

where	 is given by Eq. (6.35) so that

(E � H )(P	 + Q	) = 0: (6.40)

Acting on the left by P or Q and on the right by P and using Eq. (6.38), we get
the two equations

(E � HP P )(P	) = HP Q(Q	) ; (6.41a)

(E � HQQ )(Q	) = HQP (P	) ; (6.41b)

whereHP P = PH P, HQQ = QH Q and similarly for HQP and HP Q. Solving the
secondequation, with outgoing wave boundary conditions

Q	 =
1

E � HQQ + i�
HQP (P	) : (6.42)
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Substitution into the �rst equation yields

(E � Hef f )(P	) = 0; (6.43)

wherethe energydependent e�ective Hamiltonian is

Hef f = HP P + HP Q
1

E � HQQ + i�
HQP : (6.44)

From this Eq. (6.44),weseethat Hef f is a complexoperator, the �rst term on the
right sideis a divergent freeinteraction and the secondterm is singular,which de-
scribe a coupling betweenthe P	 and Q	. The operator (E � HQQ + i� )� 1 pro-
vides then a propagation within the Q	 part only. This equation, the Lippman-
Schwinger equation, is an integral equation for 	 with a Green'sfunction kernel.
The operator HQQ consistof a discrete

HQQ � s = Es� s;

and a continuum spectrum

HQQ �( E; � ) = E�( E; � );

where � is an extra index which completesthe classi�cation of the continuum
states [380]. Finally, if we use

lim
� ! 0+

Z b

a

f (x)
x � x0 + i�

dx = P
Z b

a

f (x)
x � x0

dx � i� f (x0); (6.45)

we have

Re Hef f (E) = HP P +
X

s

HP Q j� s >< � sjHQP

E � Es

+ P
Z

d�
Z

dE
HP Q j�( E; � ) >< �( E; � )jHQP

E � E
; (6.46)

Im Hef f (E) = � �
Z

d� HP Q j�( E ; � ) >< �( E; � )jHQP : (6.47)

The optical model is highly nonlocal, but local equivalent potentials are com-
monly used. Substituting the secondinto the �rst equation,we get the dispersion
type relation

Re Hef f (E) = HP P +
X

s

HP Q j� s >< � sjHQP

E � Es
�

1
�

P
Z

Im Hef f

E � E
dE: (6.48)

Von Geramb et al. for their optical potential together with mesonexchange
model in Refs. [278, 256], described the Q spacefunctions as doorway states,
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describingthe QCD entrancesectorfrom �nite sizenucleons,mesonsand possible
other particles.

Here,in the NN interaction towardshigher energies,the Dirac potential is the
background real referencepotential Vr ef . For a two body problemwith scalarand
vector interaction, a relativistic reducedmassand energyof a �ctitious particle
of relative motion

mw =
m1m2

w
;

and

� w =
w2 � m2

1 � m2
2

2w
;

the invariants is then
� 2

! � �!p 2 = m2
! : (6.49)

We can apply the techniquesalready developed for the no spin potentials to the
above Eq. (6.49) by the substitutions � ! 7! � ! � A; and m! 7! m! + S: It yields

�!p 2 + 2m! S + S2 + 2� ! A � A2 � � 2
! + m2

! = 0: (6.50)

The e�ective single particle Eq. (6.50) is often referred to as a Schr•odinger
equivalent equation since it has the sameradial form as Schr•odinger equation
with relativistic kinematics. Thus, given a Dirac optical potential, onecan useit
in a Schr•odingeranalysis,with relativistic kinematicssimply by converting to the
secondorder form. This relation holds for pairs of particles in form of coupled
systems

f �!p 2(1) + 2m! (1)S(1) + S2(1) + 2� ! (1)A � (1)A2(1) �

� 2
! (1) + m2

! (1)gj 1 2 > = C(1; 2)j 1 2 >;

f �!p 2(2) + 2m! (2)S(2) + S2(2) + 2� ! (2)A � (2)A2(2) �

� 2
! (2) + m2

! (2)gj 1 2 > = C(1; 2)j 1 2 > :(6.51)

with product wave function and orthogonality of their intrinsic parts yields

<  2jf �!p 2(1) + 2m! (1)S(1) + S2(1) + 2� ! (1)A � (1)A2(1) � � 2
! (1) + m2

! (1)gj 1 2 >

= � <  2jC(1; 2)j 1 > j 2 > = � V21j 2 >;

<  1jf �!p 2(2)
| {z }

H 2

+ 2m! (2)S(2) + S2(2) + 2� ! (2)A � (2)A2(2)
| {z }

V22

� � 2
! (2) + m2

! (2)
| {z }

k2
2

gj 1 2 >

= � <  1jC(1; 2)j 2 > j 1 > = � V12j 1 > :

The right hand sidesde�ne coupling matrix elements betweenchannel 1 and 2.
Rewrite the two equationsas

(H 0
1 + V11 � k2

1)j 1 > = � V12j 2 >; (6.52)

(H 0
2 + V22 � k2

2)j 2 > = � V21j 1 >; (6.53)

164



CHAPTER 6. APPLICA TION TO NN INTERA CTIONS

with incoming 
ux restricted to channel 1, we invert formally and substitute the
secondequation

j 2 > = � (H 0
2 + V22 � k2

2)� 1V21j 1 > : (6.54)

into the �rst one

(H 0
1 + V11 � k2

1)j 1 > = � V12(H 0
2 + V22 � k2

2)� 1V21j 1 > : (6.55)

We may evaluate the singular integral in terms of its principle value and pole
contribution (outgoing waves)

f V12(H 0
2 + V22 � k2

2)� 1V21j 1 > g = P
Z

dE V12(H 0
2 + V22 � k2

2)� 1V21j 1 > �

i�
Z

� (E 2 � k2
2) dE V12(H 0

2 + V22 � k2
2)� 1V21j 1 >; (6.56)

from which follows that the elimination of the secondchannel introducese�ec-
tively a complex interaction. The imaginary part comesfrom the loss of 
ux,
in casethe secondchannel is energeticallyopen. Coupling closedchannelsdoes
not generatean imaginary potential. This is the casefor NN scattering below
the mesonproduction threshold Tlab < 300MeV, or excitation of NA at very low
energy. The optical potential comprisesa complicated substructure of channel
coupling but in summary appears to be quite simple and distinguished energy
dependent real and imaginary path

VO M P (r; E) + i WO M P (r; E):

In the center-of-momentum system, p = p? = (0; p), x? = (0; r ) and the
relative energy and time are removed from the problem. The equation for the
relative motion is then

f �!p 2 + Vr ef + VO M P + i WO M P � k2gj > = 0; (6.57)

whereVr ef is the Dirac referencepotential from Eq. (5.257).
The optical potential consideredheremay be taken asWoods-Saxon,surface

Gaussianor any linear combination of them, it consistsof two part. Consider
onepart is a potential S which transforms as a scalar

S =
S0(k2)

1 + exp( r � R0
a )

; (6.58)

the other part , a potential A , which transforms asa vector

A =
A 0(k2)

1 + exp( r � R0
a )

: (6.59)

The newOMP model is dependent on the �tting of data to determinethe param-
eters in the assumedpotential. The resulting Dirac equation (6.57) is suitable
for simultaneousanalysesof np and nn scattering data up to several GeV.
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6.3.1 Re�ned Optical Mo del Poten tial

A fundamental di�cult y in an EFT description of nuclear forcesis that they are
necessarilynon perturbative, sothat an in�nite seriesof Feynmandiagramsmust
be summed. Which diagrams must be summedmay be known, and summing
them is equivalent to solving a Schr•odinger equation. However, an EFT yields
graphswhich requirerenormalization,giving riseto a Schr•odingerpotential which
is singular to solve conventionally. In e�ective �eld theories, the potential will
in generalhave a singular behavior, such as 1=r2; 1=r3; � 3(r ); and worse. Such
potentials do not allow a conventional solution of the Schr•odinger equation, or
equivalently, lead to divergent diagrams in the �eld theory. In �eld theory it is
well known how to dealwith divergencesonemerely regularizesthe integralsand
then renormalizethe coupling of the theory, absorbingterms that divergeas the
cuto� is removes them into the de�nition of the renormalizedcoupling. When
this is done, there is no cuto� dependencein the theory.

OMP-1: In this model, we solve the Schr•odinger equation (6.57) for NN scat-
tering with a radial weight function applied to the Dirac potential. In practical
terms, this reducesthe hard coreDirac potential with a Fermi distribution.

We assumethe interaction betweentwo nucleonsis described by a potential,
V = VS + VL ; consisting of a short and long range part. This separation is
justi�ed by the weak and small long range interaction where changesare small
on the scaleof the nucleondiameter � 1 fm. The short rangeinteraction is strong
and its scaleis 0:1 fm. The short range interaction acts directly on quarks and
causesquark spin 
ip or quark exchange. Only the short rangeinteraction is able
to transform a nucleon into a �(3 ; 3) or N � and generatesdirectly or indirectly
mesons.We simplify things in this model by taking the long rangepotential VL

to be Vr ef and a weighted Vr ef asVO M P in the short rangedomain.
The real potential is identi�ed with the Dirac potential

ReV = VD ir ac + VO M P = VD ir ac � V0
VD ir ac

(1 + e(r � R0 )=a)
; (6.60)

wherethe real optical potential is �xed with

VO M P = � V0
VD ir ac

(1 + e(r � R0 )=a)
: (6.61)

It vanishesrapidly outside the short range domain r > 0:5 fm. The imaginary
optical potential is a short rangesurfacepeaked normalizedGaussian

Im V = WO M P = W0NG e� ( r � R 0) 2

a2 ; (6.62)

whereNG is the normalization. The total potential V is

V = VD ir ac + VO M P + i WO M P ; (6.63)
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Eq. (6.57) yields

f �!p 2 + V � k2gj > = 0: (6.64)

As pointed out by Beaneet al. [57] and Lepage[379], EFT usesa similar model,
but speci�es a high momentum cut-o� as regularization. In EFT the cut-o� has
a physical meaning like in renormalizabletheories [379]. In fact the strategy of
e�ective �eld theories is such that one should not pick either too low a cut-o�
or too high a cut-o� : if one choosestoo low a cut-o� , one risks the danger
of throwing away relevant degreesof freedomand hencecorrect physicswhile if
one choosestoo high a cut-o�, one introducesirrelevant degreesof freedomand
hencemakes the theory unnecessarilycomplicated. The astute in doing EFT is
in choosingthe proper cut-o�. In subsection7.6.1are shown numerical resultsof
Eq. (6.64).

OMP-2: The short range dynamics can always be treated as a set of local
operators. In this model, the Dirac potential represents the long range part of
the potential. Local operators in momentum spacecorrespond to OMP interac-
tions in coordinate space.We assumethat the short rangephysicsis represented
by the OMP plus the Dirac's referencepotential.

The short rangephysics is represented by a real optical potential

VO M P =
V0

(1 + e(r � R0 )=a)
; (6.65)

of Woods-Saxontype and the imaginary part

WO M P = W0NG e� ( r � R 0) 2

a2 ; (6.66)

of a normalizedGaussiantype, whereNG is the normalization. The total poten-
tial V is given by

V = VD ir ac + VO M P + i WO M P ; (6.67)

with adjustable V0 and W0 as function of energyand partial wave, R0 and a are
�xed. Eq. (6.57) yields

f �!p 2 + V � k2gj > = 0: (6.68)

In subsection7.6.1 we show results for OMP-2 calculations. We expect results
which are qualitativ ely similar to OMP-1.

OMP-3: We now considerthe more interesting caseof an interaction with both
long and short rangedynamicswell separated.

The long rangeinteraction is identi�ed with the Dirac potential with a sharp
cut-o� somewhatoutside the hard coreradius r c = 0:5 fm, viz.

VL = VD ir ac

�
1 �

1
(1 + e(r � Rs )=as )

�
; (6.69)

167



6.3. THE NUCLEON NUCLEON OPTICAL MODEL

with Rs = 0:514 fm and as=0.02 fm.
The short range interaction, VS(r ) for r < r c or r � r c, is dominated by the

intrinsic dynamics of strongly overlapping (> 75%) two nucleons. The notion
of nucleons,as individual entities, is not predominant for the dynamics of this
domain. The highly non perturbative quark gluon dynamics becomesrelevant
for the (strongly overlapping NN) six quark system. The nucleon spin looses
its immediate relevancein the interaction of quarks in favor of quark gluon 
a-
vors. At the end, from this complicated microscopicstructure remains only a
smooth short rangescalarand vector potential. We apply the techniquesalready
developed for the no spin potentials to

� 2
! � �!p 2 = m2

! ;

by the substitutions � ! 7! � ! � A; and m! 7! m! + S: It yields

f �!p 2 + 2m! S + S2 + 2� ! A � A2 � � 2
! + m2

! gj� > = 0: (6.70)

The e�ective singleparticle Eq. (6.70) is a Schr•odinger type equation with rela-
tivistic kinematics.

The combined interactions include both quadratic additions to S and A as
well as CM energydependencesthrough mw and "w: A recoil term must alsobe
added. This is an expressioncontaining logarithmic terms, Eq. (6.72f), which
are due to the transverseor spacelike part of the potential. Without thoseterms,
spectral results would have not agreedwith the standard (but more complex)
spinlessBreit and Darwin approaches.

The OMP-3 model wave equation is

f �!p 2 � k2 + Vscalar + Vvector + Vr ecoil + VO M P + i WO M P + Vr ef gj > = 0; (6.71)

where

Vr ef = VD ir ac

�
1 �

1
(1 + e(r � Rs )=as )

�
; (6.72a)

Vscalar = 2mwS + S2; (6.72b)

where

S = S(r ) =
S0

(1 + e
r � R s

as )
; (6.72c)

Vvector = 2� wA � A 2; (6.72d)

where
A = A(r ) =

A 0

(1 + e
r � R s

as )
; (6.72e)

and
Vr ecoil =

1
2

r 2 log(1 � 2A=w) +
1
4

[r log(1 � 2A=w)]2; (6.72f)
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with Rs = 0:514 fm and as = 0:02 fm. The potential strengths S0 and A 0 are
�xed by the condition

2m! (k2)S + S2 + 2� ! (k2)A � A2 � k2; (6.72g)

which implies that the two interacting nucleonshave exhaustedand transferedall
NN kinetic energyof relative motion into intrinsic excitations of the multiquark
system. This condition is approximately satis�ed with S0 = � 480 MeV and
A 0 = 600MeV and the energydependenceof m! and � ! ; seeTodorov variables
in Sec.5.1. We usetheseparametersfor all energiesTLab and in all partial waves.
The surfaceOMP usesnormalizedGaussiansfor its
real

VO M P = V0(TLab)NG e
� ( r � R o) 2

a2
o ; (6.72h)

and imaginary

WO M P = W0(TLab)NG e
� ( r � R o) 2

a2
o (6.72i)

parts, whereR0 = 0:514fm and a0 = 0:01 fm, NG is the normalization coe�cien t.
The OMP surfacepotential parametersV0 and W0 are adjusted freely for all the
partial wavesand at any energy. This independent adjustments are justi�ed as
it accounts for low density of possibleintermediate states and in particular the
strong channel dependenceof �(3 ; 3) and other N ? resonancesand excitations.

Let us recall a classicalnuclear physicsreaction, the 3He + 3He induced reac-
tion with mesonproduction 3He+3He ! 3He+3He + meson.In this example,the
smooth and long range ion-ion potential is unable to producea meson. Rather,
we associate the mesonproduction with a pair of nucleons,onefrom each ion, as
a hard process.

On the QCD level we expect, as predominant e�ect, spin-
ip and exchange
of one active valencequark in each of the two nucleons. We supposea grinding
impact which is favored in the partial wave channels 1D2; 3D2; 3PF2; 1F3 and
3F3. This limitation is a consequenceof QCD con�nement. Contrary to the 3He
exampleof complex nuclear scattering there are no quarks in the outer surface
and tail regionfor NN. This situation is described by the peakedGaussianoptical
model with proper parametersin geometryand strengths V0 and W0. We envis-
agethe time development in a schemeshown in Fig. 6.1. This view must �rst be
supported by morenumerical work and secondlyuseof the microscopictheory of
optical models. To de�ne a g-matrix, ase�ective medium and density dependent
quark-quark interaction, shall be an obvious goal for the future [6, 278]. Such mi-
croscopicapproach would permit to calculatethe real and imaginary strengthsV0

and W0 without �tting procedure.Beforewe reach this goal a good understand-
ing of what is neededform QCD is required. Tables (7.7-7.12)contain V0 and
W0 values. A comprehensive discussionand graphical representation of potential
details to the OMP-3 are given in subsection(7.6.2).
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Figure 6.1: Quark exchange mechanism and spin-
ip. A reaction scheme for
p+ p ! p+ p+ 2� 0 in which the mesonproduction is mediatedby two intermediate
�s and their decay. The spin-
ip or quark exchangeis causedby contact or short
range qq interactions in the overlapping/touching con�nement zoneof the two
nucleons.
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Chapter 7

Numerical Results

7.1 Implicit Kno wledge

The history of particles and constituents of atomic nuclei is as long as 13 billion
years. The standardcharacterof this history arequarksand leptons. Immediately
following the big bang, thesecharacterswerethe ingredients of a hot (1015K) and
extremely denseparticle soup. Today the universehascooled down considerably
and the sparkling stars, during a fright bright night, are living signsof all begin-
ning. As the universeagedand cooledthe matter within it went through a variety
of phasesas it adaptedto the di�erent conditions. One of the most signi�cant of
thesephasesoccurredwhen the freedecon�ned quarksbecamebound (con�ned)
to form matter and wereno longerableto exist in isolation. The processby which
quarks changedfrom a decon�ned to a con�ned state is not well understand. In
recent years we have gained a great deal of insurgent into quarks con�nement,
however we still lack a full theoretical understanding derived from �rst princi-
ples. To appreciatethe signi�cance of con�nement and chiral symmetry breaking
(CSB), or dynamical chiral symmetry breaking(DCSB), it is important to under-
stand our current model of how all matter in the universe,from the galaxiesto
subatomicparticles behave. The interaction of all matter that governsour daily
livescanbe explainedin terms of fundamental particles (quarks and leptons)and
the gaugeor interaction forceparticles (gravitons, photons,gluons,W and Z).

In order to visualizehow theseparticlesand their interactions �t into our cur-
rent understandingof the universe,imagine that we are looking at the universe
through a magnifying glass.At a �rst glance,we seegalaxies,the starsand plan-
ets. We can describe the motion of theseobjects by the gravitational interaction
and classical mechanics. Gravitational interaction, from a submicroscopicpoint
of view, involves the exchangeof gravitons. Theseparticles have not yet been
observed.

As we look more closelyat a star, we seecharged particles like protons and
electrons.Chargedparticles obey the laws of the electromagneticinteraction, of
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which wedescribe the visible phenomenain termsof classicalelectrodynamicsand
make essential useof the special theory of relativit y. The interaction of charged
particles requires quantum theory and exchange of photons. Not satis�ed, we
stare more closely into the atomic nuclei and discover protons, neutrons and
nucleonsas the smallest constituents of matter. After a careful investigation,
we discover quarks which cannot escape from protons and neutrons. The force
betweenquarksis calledthe strong interaction. It involvesthe exchangeof gluons
and it is responsiblefor keepingmatter together. Finally, we discover that some
particlesarenot stable,they cantransform into other particles, they decay. These
decays are described by the weak interaction and involve the exchangeof W and
Z mesons.

The paradigmfor describingthe strong interaction is calledquantum chromo-
dynamics (QCD). The basic ingredient of QCD are quarks and gluons. Quarks
carry a fractional electric charge and feel the electromagneticforce, but they
carry also another form of chargecalled color. QCD evolved from this idea and
is closelymodeled on the theory of quantum electrodynamics (QED) which ex-
plains electromagneticinteractionsbetweenelectrically chargedparticles through
the exchangeof photons. Gluons transmit the color forcebetweenonequark and
another, in the sameway the photonstransmit the electromagneticforcebetween
electrically charged particles. However, there is one crucial di�erence between
photons and gluons. Photons are electrically neutral, uncharged,so they do not
interact with other photons. Gluons on the other hand have color charge and
they interact strongly with each other as well as with quarks. Gluons are mass-
lessand appear to be free only within � 1 fm which is also the typical size of
nucleonsand hadronsin general. Hadronsare strongly interacting particles and
every hadron is either a baryon (3 quarks state) or a meson(quark antiquark
pair). Gluons are con�ned to a hadron, much as quarks are, gluons as well as
quarksmake themselvesbehave asparticles like only indirectly by generatingjets
of hadrons(baryon and meson)in high energycollisions.

The nature of the strong interaction between quarks and gluons in QCD
dependson the relevant energyscale.Coupling constants are energydependent.
Asymptotic freedomis the property that the couplingbetweenquarksand gluons
decreasesas the energyscaleincreases(high energyis the valuesof > 50 GeV).
At high energies,quarks are free and have a very small massin this high energy
weakcoupling limit whereperturbative QCD calculationsarevalid. Perturbative
QCD can be comparedwith experimental results from high energyaccelerators.
Indeed, the successof asymptotic freedomand perturbative QCD hasbeenpart
of the whole story of the standard model. Away from the high energy region
perturbative theory fails in many regards.

In the low energyinfrared (IR) region wherequarks and gluonsare con�ned
inside hadrons, the coupling is so large that the perturbative methods must be
replacedby new theoretical concepts.At this points it is appropriate to discuss
brie
y someof the primary conceptsuch as con�nement and CSB. Con�nement
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has proven to be di�cult to understand quantitativ ely. When a high energy
proton is colliding with another proton, this may be visualizedas a destructive
processafter which the quarks should steam apart. We do not seeindividual
quarks emerging,instead, the quarks regroup quark antiquark pairs are created
and ultimately hadron jets carry away momentum and energy conservingthe
overall electric charge. In the IR region, the strength of the quark and gluon
interaction becomesincreasingly large. This implies that the quarks bind more
tightly together giving rise to con�nement, for low energynuclear physicsgener-
ating individual nucleonsand mesons.The quark gluon content of the hadrons
disappear in favour of point like hadrons.

Onecanobtain an intuitiv e ideaabout the nature of con�nement by picturing
quarks asbeing bound by strings or 
ux tubesas �rst proposedby Nambu [430]
and which have recently beenstudied on the lattice. When the quark antiquark
pair insidea mesonis closetogether it exchangesgluonsand createsa very strong
color free �eld that binds the quark together. At short distances,much smaller
than the sizeof a meson,the quarks move as if they were free. When quarksare
further apart the color interaction becomesstronger through the interaction of
gluons with one another. The color �eld lines of force, betweenthe quarks and
antiquarks, aresqueezedinto a tubelike region. The further the quarksarepulled
apart the higher the energiesthat must be added to the system. Eventually a
limit is reached where it is energeticallycheaper for the color force �eld to snap
into a new quark antiquark pair. Energy is conserved in this processbecause
the energy of color force �elds is converted into the massof new quarks, the
color force �eld can relax back to an unstretched state. Therefore, in QCD the
observed hadronsare compositesof quarkswith a surfacewherequark antiquark
pairs assemble to mesons.

A complementary picture of con�nement was proposedby Wilson. The Wil-
son criteria for con�nement requiresthat the potential between two (in�nitely)
heavy quarks riseslinearly with distance,exactly how the potential is de�ned in
terms of Wilson loops is as a technical point which is not relevant here. Never-
theless,it is important to note that the strong coupling approximation of lattice
gaugetheory demonstratesthat quarks are indeed con�ned. While we have a
qualitativ e description of how con�nement works, we do not have a quantitativ e
one.

The other low energyaspect of quark gluon systemsis chiral symmetry break-
ing (CSB) or dynamical chiral symmetry breaking(DCSB). We visualizeCSB as
follows: At high energy, wherethe interaction betweenquarks is weakand chiral
symmetry preserved the quarksare free,are moving (speedof light) with almost
zero mass. If these quarks move apart the color interaction between them be-
comesstronger and they start to slow down. At the point wherethe strength of
the interaction reachesa critical limit, the quarksgain dynamic massby breaking
the chiral symmetry. This processis referred to as DCSB. How the structure of
the QCD vacuum generatesthis DCSB is one of the mysteries of strong inter-
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action physics. The processof DCSB generates98% of the massof the proton,
neutron, hadron in generaland thus 98%of the massof a human body and and
all other matter is generatedby this remarkable non perturbative phenomenon.

In low energy scattering the in-state comprisestwo well separatedprotons
(nucleons)each containing three constituent quarks which are con�ned. During
their approach they are marginally de
ected by the long range Coulomb inter-
action r > 10 fm, somemore e�ects are guaranteed from � and � exchangefor
relative distances1 < r < 10 fm. For separationdistancesr < 1 fm we expect
ultimately an overlap of the con�ned six quark system.

Oneof the clearestsignalsof the quark gluon degreesof freedomthat onemay
expect is a resonancewhoseproperties are related to those degreesof freedom
[387]. It is customarythat six quark resonancesin two baryon reactionsarecalled
dibaryons. In terms of a bag model, the originally separatedbagsare fusing into
a single intermediate bag with six quark content, forming a dibaryon. Dibaryon
formation, in slow motion, is the topic of medium energy proton-proton, more
generalNN scattering with a long list of questions:

� How is the relative kinetic energyof the two nucleonstransformedinto two
nucleonsand oneor more mesons?

� Do metastabledibaryon systemsexist?

� What is the livetime of metastabledibaryons?

� How do constituent quarks behave during dibaryon formation and meson
nucleondecay?

� What are the volume and surfaceQCD physical quantities?

� What geometricchangesare due during dibaryonic fusion and �ssion?

Theoretically, all the QCD models,including lattice QCD calculations,predict
that there shouldbe quasistabledibaryon resonance,but in contrast, experimen-
tally, no quasistabledibaryon has beenobserved, except the moleculardeuteron
state [555]. The existing models are quite successfulfor the mesonand baryon
sectors,but not enoughfor hadronicinteractions. Microscopicmodels,such asdy-
namicalquark model, bagmodels,Skyrmemodels,and QCD sumrules,relate the
internal baryon structure to the strong interaction of the con�ned constituents.

According to the quark model, mesonsare composedof a pair of quark and
antiquark, while baryonsarecomposedof threequarks. Both mesonsandbaryons
are color singlets. Most of the experimentally observed hadrons can be easily
accommodated in the quark model. Any state with quark content other than qq
or qqq is beyond the quark model, which is termed asnonconventional or exotic.
However, besidesconventional mesonsand baryons,QCD itself doesnot exclude
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the existenceof nonconventional statessuch as glueballs(gg; ggg; . . . ), hybrid
mesons(qqg), and other multiquark states(qqqq; qqqqq; qqqqqq; qqqqqq; :::).

In the early days of QCD, Ja�e proposedthe H particle [333] with the MIT
bag model, which was a six quark state. Unfortunately, it was not found exper-
imentally. For two years there has accumulated someexperimental evidenceof
possibleexistenceof glueballsand hybrid mesonswith exotic quantum numbers
such as J P C = 1� + [314].

In the original bag model each baryon is a cavit y with quarks and gluons.
First, considera six quark systemwith three quarks in onebaryon and three in
another baryon. The distribution of quarks in the two baryon system depends
upon the relative separationbetweenthe two baryons. When two bagsapproach
each other they can overlap and consequently form a new bag which contains
six quarks. The shape and size of this bag depends on the con�guration of
the six quark state. There are two individual bags for the long range part of
the interaction. If only quarks and gluons are consideredthere will not be any
interaction betweenthesetwo bagsand the quarks are con�ned in two separate
regions. So in the absenceof a new mechanism the original bag model can not
describe the long range interaction betweenbaryons. Such a new mechanism is
provided by chiral symmetry, i.e., by requiring the underlying dynamics to be
chiral symmetric.

For nuclear studies,we needto combine the resulting short rangequark pic-
ture and the well studiedmesonexchangemechanismsto construct a model which
can quantativ ely describe the NN data. Wang [554, 552] and other have devel-
oped someprogressive model to obtain the full NN interaction from QCD. Cahill
et al. [105] have developed EFT which takes spontaneous CSB into account.
Constituent quarksand Goldstonebosonsappear hereas the e�ective degreesof
freedomfor low energyQCD physics. This model hasbeenapplied both to � and
� mesoninternal structures and to mesoninteractions, but not yet to NN inter-
actions [532]. Glozman,Riska and Brown [284,477] proposea phenomenological
model, with consistent quarks and Goldstonebosonsas the e�ective degreesof
freedomfor describingbaryon spectroscopy and a � ; � quark coupling model has
beentried for NN interactions [521]. Models with constituent quarks and e�ec-
tive one gluon exchange[54] have beendeveloped for the description of hadron
spectroscopy.

7.2 NN Poten tials Using Dirac Constrain t In-
stan t Form Dynamics

The formalism of coupled two body Dirac equations, within constraint instant
form dynamics,is usedto study the NN interaction. This particular approach for
two spin 1/2 particles wasdeveloped by Crater, Van Alstine, Long and Liu [152,
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156,388,167, 75]. They de�ne a Poincar�e invariant interaction in terms of eight,
by their symmetriesclassi�ed, interactions with the implication that they satisfy
certain compatibilit y conditions [388]. This approach yields in its �nal form
explicitly energy dependent coupled channel potentials for use in partial wave
Schr•odinger like equations[75]. We rederived and followed their expressionsup
to a certain point and developed our own numericsto study np and pp scattering
phaseshifts, for 0 < TLab < 3GeV. The comparisonwith recent data makesuse
of GWU/VPI SAID phaseshift solutionsSM00and SP03[18].

The NN interaction is described within the paradigm of exchangemechanism
involving � ; �; ! � and other mesonsexchanges[401]to make up what we call the
Dirac potential. A comparisonwith most recent experimental data, GWU/VPI
SP03phaseshifts, requiresthe adjustment of coupling constants and a regular-
ization of the short range interaction domain r < 0:15 fm. For energiesabove
pion production threshold 280 < TLab < 3000 MeV we added a phenomenolog-
ical complex optical model potential to the short range region r < 0:5 fm and
around r � 0:5 fm, downgradedthe Dirac potential, which we treat asa reference
potential, in the nomenclatureof previousapproaches. This addition brings the
theoretical elastic channel S-matrix in perfect agreement with the experimental
data S-matrix from GWU/VPI and, more importantly, permits the identi�ca-
tion of the QCD predominant reaction domain along the relative distanceof the
nucleons.

The coupled two body Dirac equations,combined with the mesonexchange
model, yield as�rst newresult the appearanceof a repulsive, practically hard core
potential, independentof partial wave. The universalcoreradius hasa valuer c =
0:5� 0:025fm. This coreradius emergesindependently of a nucleonsubstructure.
It dependsonly on masses,in particular of the exchangedmesons,and the full
relativistic treatment of the NN system. This feature is not present with equal
distinctnessin any of the current NN best �t potentials of np and pp data [523,
574, 401]. For purpose of comparison, we show results of the Argonne AV18
potential [574].

The �tting processof couplingconstants usesdata in the submesonproduction
domain, 0 < TLab < 280MeV, of np and pp partial wave phase shifts. For
TLab > 280MeV, singleanddoubleintrinsic nucleonexcitations, �(3 ; 3) andother
low excited hadrons,as well as simple and complex reactive mesonproductions
contribute. This is well known and demandsbeyond NN a morecomplexcoupled
channels problem to solve. We curtail the problem to NN scattering using an
optical model potential (OMP) in [256,278] addition to the Dirac NN reference
potential. Despite of complicated inelasticities, the rules of angular momentum,
isospinselectionand the complexenergydependences,someof the partial waves
show that the real phaseshifts � (T) are well reproduced (extrapolated) by the
Dirac potential alone. Most clearly, this is realizedin the 1S0,3P0 and 3P1 channels
and TLab < 1100MeV [256, 279].

In Fig. 7.1 we show an intuitiv e and guiding scheme which distinguishes
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interaction domains as function of separation between the two nucleons. This
schemeis in accordancewith coupledchannels.

Figure 7.1: NN scattering and reaction schemefor TLab < 3GeV.

7.3 Dirac Poten tials and Partial Wave Phase
Shifts

We usethe convention of [388, 75] with the Coulomb parameter

� (k) =
� ! e2

k
� pp;

177



7.3. DIRAC POTENTIALS AND PARTIAL WAVE PHASE SHIFTS

for pp scattering which includes the timelike Coulomb interaction. This energy
dependent � (k) is to be comparedwith standard nonrelativistic Coulomb po-
tentials [574]. Magnetic moment e�ect are neglected. The model speci�cation
for L(x? ); J (x? ); C(x? ) and G(x? ) followsLiu and Crater model I [75] to specify:

scalar

S = � g2
�

e� m � r

r
� (� 1 � � 2)g2

a0

e� ma0 r

r
� g2

f 0

e� m f 0 r

r
;

pseudoscalar

C = (� 1 � � 2)
g2

�

!
e� m � r

r
+

g2
�

!
e� m � r

r
�

g2
� 0

!
e� m � 0r

r
;

and vector

A = (� 1 � � 2)g2
�
e� m � r

r
+ g2

!
e� m ! r

r
+ g2

�
e� m � r

r
;

interactions (SeeSection.6.2.1).All Yukawa form factors are regularizedwith a
normalizedGaussian

e� m r

r
! NG(a)

Z
dx3 e� m x

x
e� (~r � ~x)2=a2

with a = 0:14142fm. (7.1)

This models � ; � ; �; ! ; � and � exchanges.Mesonmassesand coupling con-
stants are listed in Table.7.5. In Figs.7.6 - 7.11 are shown Dirac potentials for
three values,TLab = [0:1; 1; 2]GeV (red lines). In comparisonare shown the re-
sults of the popular Argonne AV18 potential (blue line) [574]. The remarkable
feature of the Dirac potentials is their universal repulsive core with r c � 0:5fm.
The only exceptionis the 3PF1 channelwherethe ansatzof repulsionturns, sur-
prisingly, to attraction. Such attractions may occur also in other channelswhen
the �tting of coupling constant is not properly limited. With the introduction of
the optical model, inparticular with OMP-3, this feature is eliminated in favour
of short rangeQCD dynamics.

In Figs.7.12 - 7.17 are shown the phaseshifts of SM00 (green), SP03(blue)
and theoretical results, real Dirac potential solutions (red), real Dirac potentials
with adjusted complex OMP-1 and OMP-2 added are coinciding with the data
of SP03(blue lines).

The Dirac instant form dynamic yields partial wave spin, isospinand energy
(� channel)dependent NN potentials V D

� (r; T) to which weadda localor nonlocal
optical model potential, versionlike OMP-1, OMP-2 and OMP-3 areused,whose
strengths are �tted to data.

Sincelocal/nonlocal potentials imply similar results, we restricted ourselves
here to the local optical potential and referencethe more generaland nonlocal
case[256].
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7.4 Calculation of the Deuteron Wave Functions

Using Dirac potential, the resolution of the Schr•odinger equation in the T = 0,
J = 1 np channel leads to the bound state wave function. It is only loosely
bound, having a binding energy EB much lessthan the averagevalue between
air of nucleonsin all the other stable nuclei. The tensor force requiresthat the
deuteron wave function be a mixture of 3S1 and 3D1 components. Successful
NN potentials must have several basic characteristics in order to satisfactorily
describe the deuteronstatic propertiesand the NN scatteringdata. The deuteron
is a very uniquenucleusin many respects. Wediscussedheresomecharacteristics
of deuteron.

In momentum space,the deuteronwave function is given by

	 M
d (k) =

h
 0(k)Y1M

01 (k̂) +  2(k)Y1M
21 (k̂)

i
� 0

0 ;

where
YJ M

LS (k̂) =
X

mL mS

< J; M jL; mL ; S;mS > YM
L (k̂ )jS;mS >;

are the normalizedeigenfunctionsof the two nucleonorbital angular momentum
L, spin S, and total angular momentum J with projection M ; � M T

T denotes
the normalizedeigenstatesof the total isospinT with projection M T of the two
nucleons.The normalization is

h	 M
d j	 M

d i =
Z 1

0
dkk2

�
 2

0(k) +  2
2(k)

�
= 1:

The momentum spacewave functions be Fourier transformedinto the con�g-
uration spacewave functions u and w by

uL (r )
r

=

r
2
�

Z 1

0
dkk2j L (kr ) L (k) ;

with u0(r ) � u(r ), u2(r ) � w(r ), and j L the spherical Besselfunctions. The
normalization is Z 1

0
dr

�
u2(r ) + w2(r )

�
= 1:

The asymptotic behavior of the wave functions for large valuesof r are

u(r ) � ASe� 
 r ;

w(r ) � AD e� 
 r

�
1 +

3
(
 r )

+
3

(
 r )2

�
;

whereAS and AD are known as the asymptotic S- and D-state normalizations,
respectively. In addition, onede�nes the D=S-state ratio

� � AD =AS: (7.2)
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Other deuteronparametersof interest are the quadrupole moment

Qd =
1
20

Z 1

0
drr 2w(r )

hp
8u(r ) � w(r )

i
; (7.3)

the root mean square or matter radius

rd =
1
2

� Z 1

0
drr 2

�
u2(r ) + w2(r )

�
� 1=2

; (7.4)

and the S� and D-state probability

PS =
Z 1

0
dru2(r ); PD =

Z 1

0
drw2(r ): (7.5)

The magnetic moment of the deuteron is determined entirely by the D state
probability PD

� d = � s �
3
2

�
� s �

1
2

�
PD ; (7.6)

where� s = � n + � p is the isoscalarnucleonmagneticmoment.

Table 7.1: Parametersfor the deuteronproperties

Parameter Bonn-b Argonne Nijmegen-II Nijmegen-I

� � d(M eV) 2.2245 2.2258 2.2259 2.22589
PD (%) 4.85 5.759 5.652 5.677
AD =AS 0.0256 0.02215 0.02232 0.02242
� (1/fm) 0.23153 0.2316 0.2316 0.2315

Fuda Front Fuda Instant Dirac instant form Experiment

2.225 2.224 2.2245 2.224575
4.64(5.05) 4.41(4.99) 5.2621 |
0.0256 0.0257 0.02529 0.0256
0.2317 0.2315 0.2341 -
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Figure 7.2: Deuteron densities j 0(x)j2 and j 1(x)j2 which depends upon the
projection of the total deuteron angular momentum M = 0 (left, therefore one
may regardasthe "static" state of the deuteron)and M = 1 (right, asa spinning
harmonicoscillator state), the sizeand shapeof the deuteron. The �gure hasbeen
adopted from [261, 242]
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Figure 7.3: The S- and D-wave deuteronwave functions in the momentum space
calculatedfrom the Dirac potential (red) which in Table. 7.2 listed the numerical
data, Argonne AV18 (blue), Nijmegen-I (cobalt), Nijmegen-II (yellow), Bonn-B
(dashedmagenta), Fuda [252,253] (dot-dashedmagenta).
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Table 7.2: The valuesof deuteronwave from Dirac potential.

R (fm) kS(f m� 3) kD (f m� 3)
0.0 12.19866 -0.01421
0.3 3.61446 -0.20387
0.6 1.11872 -0.21497
0.9 0.41844 -0.17809
1.2 0.16213 -0.13799
1.5 0.05454 -0.10417
1.8 0.00714 -0.07769
2.1 -0.01313 -0.05754
2.4 -0.02053 -0.04239
2.7 -0.02176 -0.03108
3.0 -0.02016 -0.02268
3.3 -0.01743 -0.01646
3.6 -0.01444 -0.01187
3.9 -0.01160 -0.00851
4.2 -0.00910 -0.00606
4.5 -0.00699 -0.00428
4.8 -0.00527 -0.00301
5.1 -0.00390 -0.00210
5.4 -0.00283 -0.00146
5.7 -0.00200 -0.00101
6.0 -0.00138 -0.00070
6.3 -0.00092 -0.00049
6.6 -0.00058 -0.00035
6.9 -0.00034 -0.00026
7.2 -0.00018 -0.00020
7.5 -0.00007 -0.00017
7.8 0.00000 -0.00014
8.1 0.00004 -0.00012
8.4 0.00007 -0.00011
8.7 0.00008 -0.00010
9.0 0.00008 -0.00009
9.3 0.00007 -0.00008
9.6 0.00007 -0.00007
9.9 0.00006 -0.00006
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7.5 The Nucleon Nucleon Optical Poten tial

The notion of an optical model is usefulin caseswhenthe S-matrix is not unitary
and 
ux disappearsinto open inelastic or reaction channels.The optical model is
often expressedin terms of a complexand energydependent local potential where
the imaginary part e�ectively describes the lossof 
ux without speci�cation of
the inelastic channels. A less popular alternative to a complex optical model
potential is the introduction of pseudo channels. Here we follow the optical
potential approach [256]with the underlying reaction schemeshown in Fig. 7.4.

The sourceof the BB channel (dibaryon formation), in the NN coredomain,
is mediatedby a delta-function or a narrow Gaussianfunction. Intrinsic nucleon
excitations are alsomediatedby a narrow Gaussian,alsoin the coredomain. In-
elasticities are either generatedby coupling BB (dibaryon) to asymptotic many
body �nal states, composedof two nucleonsand mesons,or decay of XY, com-
posedof one or two intrinsic nucleon excitations, into asymptotic many body
�nal states. Within the inner core region, r < r c; NN and XY wave function
components are strongly attenuated either by a real potential which leaves no
room for a remaining CM kinetic energy, or a strong absorption.

The optical model, or coupledchannel treatment, suggeststrongly a limita-
tion of the mesonexchangemechanism to r > r c. The mesonexchangeDirac
potential, which is described by the NN Dirac instant form dynamics,should ul-
timately be limited to r � r c � 0:5fm in its e�ect. This constraint eliminatesthe
needfor regularization of the short range Dirac potential and boundary condi-
tions areautomatically generatedby the localized� (r � r c) N N $ BB transition
potentials. This proposalis demonstratedin Fig. 7.5. The strengthsand location
of � -function interactions establish boundary conditions which are to be deter-
mined by BB and XY models. Herein lies the essential point of our new model.
Dirac potentials play only the role of a weakly distorting shieldwhich prevents us
from seeingthe naked re�nement surfaceof hadronic QCD dynamics- it recalls
the P-matrix formalism. A realization of the full coupledchannelsproblemwhich
replacesa particular optical model by explicitly treated �(3 ; 3) channels, is in
progress.

Without repeating the speci�cation of details, the coupling scheme has the
structure shown in Fig. 7.4 Below pion production threshold, TLab � 280MeV,
the NN S-matrix is unitary for all practical purposes.Above this energy, excita-
tion of �(3,3), most likely two �(3,3) resonancesarethe predominant mechanism.
It is obviouslypresent in the NN 1D2; 3F3 and 3PF2 channels. Isospin conser-
vation suppressesa coupling to N� in the np T = 0 channels. NN scattering,
for energiesbelow 3 GeV in generalshow, comparedwith nucleon-nucleusscat-
tering, a weak and smoothly energydependent coupling to inelastic channels. A
perturbative treatment of inelastic and reaction channelswith DWBA methods
is thus certainly justi�ed.

A key issuefor all secondaryapplications, of NN scattering, is a high quality
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H B B + VN N
B B � (r � r c) + VB B Dibaryonx

?
y

VB B
N N � (r � r c) + VX Y

N N g(r � r c) + HN N + V Dirac

N N NN elasticx
?
y

VN N
X Y g(r � r c) + H X Y + VX Y N?N?decay:

Figure 7.4: Coupledchannelsreaction scheme.

reproduction of the elastic NN scattering channel. Inversescattering methods
are useful for this purpose.Thesemethods usethe experimental data in form of
partial wave phaseshifts as input and determinethe optical model potential asa
correctionto a theoretically de�ned and numerically realizedreferencepotentials.

184



CHAPTER 7. NUMERICAL RESULTS

�0.5

0

0.5

1

1.5

0 1 2

REGULARIZATED

1s
0

GAUSSIAN 

DIRAC 

V
  [

G
eV

] 

R [fm]

�0.5

0

0.5

1

1.5

0 1 2
R [fm]

V
  [

G
eV

] 

GAUSSIAN 

DIRAC 

1s
0

NOT REGULARIZATED

Figure 7.5: Dirac potential (red), upper �gure regularizednear origine and lower
�gure, not regularized near origine, for the np 1S0 channel, TLab 0.1, 1 and 2
GeV, showing a long rangeOPEP tail, an attractiv e pocket � 0:75fm and a core
repulsion with r c = 0:5 � 0:025fm (blue). The regularizedand not regularized
potentials show, in all channels,only small di�erences. Regularization doesnot
a�ect the conclusiondrawn about the coregeometrybut helps to keepnumbers
reasonablenear the origin. Also inserted are Gaussianform factors g(r � r 0) �
exp(� (r � r 0)2=a2) which are usedwith the optical model (blue line curve). In
this �gure r 0 = r c = 0:5fm and a = 0:2fm.
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Table7.3: The mesonparametersfor Fuda instant form potential [251, 252,253].

Mesons � � � � ! �
Channel 138.03 548.8 516.77(674.72) 769 782.6 983.0

13.83 2.83 6.95(13.01) 0.88 23.55 3.10

Table 7.4: The mesonparametersfor CD-BONN potential.

Mesons � � � � ! �
Channel 138.03 547.45 400- 768.5 782.6 983.0
1S0 13.6 - 3.96451(452) 0.84 20
3P0 13.6 - 7.866(560) 0.84 20
3P1 13.6 - 2.346(424) 0.84 20
1D2 13.6 - 2.236(400) 0.84 20
3F3 13.6 - 1.53(-) 0.84 20

Table 7.5: The mesonparametersfor Dirac potential.

Mesons � � � � !
Channel 138.03 547.45 280-780 768.5 782.6
1S0;1 D2;1 G4;1 I 6 13.84 3.00 9.95(577.44) - 0.93
3P0 13.84 3.00 1.4(500.00) - 20.0
3P1 13.84 3.00 2.72(437.00) - 7.93
3F3;3 H5 13.84 3.00 2.48(500.00) - 6.73
1P1;1 F3;1 H5; 13.84 3.00 6.52(500.00) - -
3D2;3 G4;3 I 6 13.84 3.00 9.7(500.00) - 20.0
3PF2 13.84 3.00 3.28(500.00) - 3.66
3F G4 13.84 - 1.4(500.00)26.6(780.00) - 14.28
3H J6 13.84 3.00 6.66(550.00) - 14.63
3SD1 13.84 3.00 9.6(500.00) - -10.51
3DG3 13.84 3.00 5.25(500.00)0.63(280.00) -
3GI 5 13.84 3.00 2.43(383.00) -
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Figure 7.6: Energy dependent Dirac potentials (red) for singlet S = 0, T = 1
channelswith TLab 0.1, 1 and 2 GeV. The AV18 channel potential is shown as
blue line.
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Figure 7.7: Energy dependent Dirac potentials (red) for singlet S = 0, T = 0
channelswith TLab 0.1, 1 and 2 GeV. The AV18 channel potential is shown as
blue line.
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Figure 7.8: Energy dependent Dirac potentials (red) for triplet S = 1, T = 1
uncoupledchannelswith TLab 0.1, 1 and 2 GeV. The AV18 channel potential is
shown as blue line.
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Figure 7.9: Energy dependent Dirac potentials (red) for triplet S = 1, T = 0
uncoupledchannelswith TLab 0.1, 1 and 2 GeV. The AV18 channel potential is
shown asblue line. A comparisonof theseDirac potentials shows surprisingly an
attractiv e peakoutside the hard coreradius. This feature is not visible in AV18.
Its narrow geometryscaleis 0.2 fm, whencomparedwith the nucleonof 1 fm. We
suggestto associate it with a QCD mechanismfor which the OMP-3 givesfurther
details, seeSubsec.7.6.2,and Fig. 7.27-7.28,but no completeunderstanding.
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Figure 7.10: Energy dependent Dirac potentials (red) for triplet S = 1, T = 1
coupled channels with TLab 0.1, 1 and 2 GeV. The AV18 channel potential is
shown asblue line. Thesechannelsshow a largevariation in the Dirac potentials.
The pocket around the hard coreradius changesdramatically and in the partial
wave 3F2 we get a short rangeattraction. The �t to the 3PF2 data was notori-
ously di�cult and not satisfying when comparedwith the other channel results.
Together with 1D2 and 3F3, the 3PF2 channel shows the strongest and divers
e�ect in the QCD transition surface.This feature is not a questionof adding and
�tting heavier mesonsinto OBEP.
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Figure 7.11: Energy dependent Dirac potentials (red) for triplet S = 1, T = 0
coupled channels with TLab 0.1, 1 and 2 GeV. The AV18 channel potential is
shown as blue line.
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Figure 7.12: Singlet channelsS = 0; T = 1, np [0,3]GeV, SM00; continuous so-
lution (green), singleenergysolutions, open greencircles,with error bars, SP03
continuous solution (blue), single energy solutions, full blue circles, with error
bars; real phaseshift data � (T) and theoretical results; real Dirac potential so-
lutions, full red line, real Dirac potentials are coinciding with the data of SP03
blue line.
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Figure 7.13: Singlet channelsS = 0; T = 0, np [0,1.2]GeV, SM00;continuousso-
lution (green), singleenergysolutions, open greencircles,with error bars, SP03
continuous solution (blue), single energy solutions, full blue circles, with error
bars; real phaseshift data � (T) and theoretical results; real Dirac potential so-
lutions, full red line, real Dirac potentials are coinciding with the data of SP03
blue line.
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Figure 7.14: Triplet channelsS = 1; T = 1, np [0,3]GeV, SM00; continuous so-
lution (green), singleenergysolutions, open greencircles,with error bars, SP03
continuous solution (blue), single energy solutions, full blue circles, with error
bars; real phaseshift data � (T) and theoretical results; real Dirac potential so-
lutions, full red line, real Dirac potentials are coinciding with the data of SP03
blue line.
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Figure 7.15: Triplet channelsS = 1; T = 1, np [0,1.2]GeV, SM00;continuousso-
lution (green), singleenergysolutions, open greencircles,with error bars, SP03
continuous solution (blue), single energy solutions, full blue circles, with error
bars; real phaseshift data � (T) and theoretical results; real Dirac potential so-
lutions, full red line, real Dirac potentials are coinciding with the data of SP03
blue line.
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Figure 7.16: CoupledchannelsS = 1; T = 1, np [0,3]GeV, SM00;continuousso-
lution (green), singleenergysolutions, open greencircles,with error bars, SP03
continuous solution (blue), single energy solutions, full blue circles, with error
bars; real phaseshift data � (T) and theoretical results; real Dirac potential so-
lutions, full red line, real Dirac potentials are coinciding with the data of SP03
blue line.
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Figure 7.17: Coupled channels S = 1; T = 1, np [0,1.2]GeV, SM00; continu-
ous solution (green), singleenergysolutions, open greencircles,with error bars,
SP03 continuous solution (blue), single energy solutions, full blue circles, with
error bars; real phaseshift data � (T) and theoretical results; real Dirac potential
solutions, full red line, real Dirac potentials are coinciding with the data of SP03
blue line.
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Figure 7.18: Available absorptionphaseshifts � (T). Dirac potentials generateno
absorptionandOMP-1, OMP-2 andOMP-3 parametersareadjustedto reproduce
the continuousenergysolutionsof � (T). SM00,continuoussolution (green)single
energysolutions(opengreencircleswith error bars)and SP03continuoussolution
(blue) singleenergysolutions (full blue circleswith error bars).
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Figure 7.19: Continuation of Fig. 7.18.
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Figure 7.20: Continuation of Fig. 7.18.
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7.5.1 1S0; 3P0 and 3P1 Channels

NN phaseshift data, seeFigs.7.12-7.17and absorption 7.18, show in almost all
channelsand for TLab > 280MeV a complicated energydependenceand devia-
tions from the Dirac potential predictions. Exceptionalcasesarethe 1S0; 3P0 and
3P1 channels,shown in Figs.7.12,7.14. They show a practical perfect reproduction

� D ata = � D ir ac; for 0 < TLab < 1100MeV (7.7)

by the Dirac potential alone. However, the absorption

� D ata 6= 0; whereas � D ir ac = 0 for 280< TLab < 1100MeV. (7.8)

This demands an optical potential VO M P + iWO M P that leaves the real phase
shifts � (k) unchangedbut generatesan absorption � (T) > 0 for 280 < TLab <
1100MeV. As optical model interaction, we usedOMP-1, OMP2 and OMP-3/or
a narrow normalizedGaussian,seeFig. 7.5,

W(r ) =

(
W0 NG(r0; a0) exp(� (r � r 0)2=a2

0);

W� � (r � r 0);
(7.9)

with VO M P = 0. The following conclusionsaredrawn: The phaseshifts � (T); � (T)
for 280 < TLab < 1100 MeV imply an optical potential at the surface of the
repulsive core for 1S0; 3P0 and 3P1 partial waves. Intermediate dibaryons are
practically not formed, the BB channel is realizedby a dibaryon fusion/scission
picture as shown in Fig. 7.21. The BB dibaryon quark dynamic is reduced to
energy dependent complex boundary conditions at the core radius permitting
mesonproduction. The mesonexchangemechanism Fig. 7.22 is not valid inside
the coreradius. Caveat, at this stageof our work, we integrated from the origin
through the core region realizing a small real wave function at the core radius
[280]. In Fig. 7.23,7.25 are shown the np OMP-1 strengths values. The crucial
center of baryon NN and BB transition radius is r 0 = 0:5 � 0:025fm. At higher
energiesTLab > 1:1GeV, the transition surfacebecomesmore and more faded,
washedout and translucent whenthe energyof dibaryon statesmatchesthe total
energyof the NN system. Intermediate short lived dibaryons J P

B B = 0+ ; 0� ; 11

are formed, seeFig. 7.21.

We estimate, from the phasebehavior in thesethree channels,the total energy
(lowest mass)of a dibaryon system mB B = 2400� 150MeV and a width � >
150MeV.

Coupling to dibaryons is realized for TLab > 1100MeV and the fusion/scission
picture may changegradually into a fusion/�ssion picture as shown in Fig. 7.21.
The hadronic pair excitation, however, is likely to dominate the dynamicsasalso
for higher energies,Fig. 6.1.
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Figure 7.21: Left, causedby the Pauli exclusionprinciple for a six quark dibaryon
and TLab;N N < 1100MeV suggestsa futile ringing of the nucleonsand a suppres-
sion of dibaryon formation. One or half nucleonsmay experiencea transition,
N 7! �(3 ; 3) XY hadrons. It gives the impressionof a fusion/scissionmecha-
nism. Right, the formation of dibaryons, at su�cien t high energy, is governed
by medium to longer rangedquark gluon 
ux tubeswith fusion into a six quark
hadron sizeddibaryon with sequential decay. This inspiresa fusion/�ssion mech-
anism.

7.6 First Geometrical In terpretation

One important aspect of using e�ective NN interactions is related to regulariza-
tion at short distances.It is known that the mesontheory breaksdown at short
range,(r � 0:5) fm, due to the intrinsic structure of the nucleons[394]. For that
reason,in most mesonmodels,the onebosonexchangepotentials areusually reg-
ularized to remove the singularities at the origin by introducing a form factor in
a phenomenologicalway. Usually monopole, dipole, exponential, Woods-Saxon
or other form factors [524, 574] have beenusedaccounting for the �nite sizeof
the nucleonsand pions. It has beenestablished[523] that the most important
feature is the principal rangeof the form factors, while their detailed analytical
structure doesnot have a large impact on NN processesand the overall results
are insensitive to the details of how the form factors have beenchosen. The ef-
fective NN interactions in the medium, which are usually parameterizedin terms
of mesonexchangetype propagatorsof Yukawa shape, are clearly missingmeson
nucleon vertex form factors. In folding calculations for optical model and tran-
sition potentials, an averaging over the intrinsic momentum distribution of the
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Figure 7.22: Mesonexchangemechanism.

target nucleus is carried out. In theseconditions the useof on-shell mesonex-
changepropagatorsmight lead to spuriouse�ects sincecontributions from large
o�-shell momenta can be overestimated. Such uncertainties are avoidedby intro-
ducing nucleonic form factors depending on the o�-shellnessof the nucleonand
suppressinglarge o�-shell energiesand momenta [306]. Thus one may exclude
contributions from small distanceswherethe composite structure of mesonsand
nucleonswould becomevisible. As phenomenologicalapproach we choose the
folding model, seeEq. (6.57).

In the previoussection,we found a universal repulsive core radius with r c �
0:5 fm for all channels. It meansthat the mesonexchangemechanism generates
potential energieswhich are small in comparisonwith nucleonmasses.However,
the repulsive corereacheswithin a fraction of the nucleonradius several GeV and
more. Such coreformation implies hard momentum mechanismwhich cannot be
taken from the nucleonas a whole but rather from its constituents.

This implies that the mesonexchangemechanism should be limited to r >
r c where OBEP e�ects remain small when comparedwith the nucleon massor
kinetic energiesTLab > 300MeV. The repulsive core,hasfor TLab < 300MeV, no
other e�ect but to reducethe relative wave function to extremely small values.
This hasno sizeablee�ect for low energynuclear phenomenaand high precision
NN potentials [278] which give excellent �ts to phaseshifts data. Use of such
potentials in few and many body nuclear physicsproducedno essential worries.
This view haschangedwith NN models [433,520, 401].

In this sectionwearestudying the geometricalpicture of NN scatteringaround
the region � 0:5 fm and the strengths and local OMP-3 in which the particle
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absorption processesare the relevant mechanismswhereultimately QCD e�ects
dominate.

Our calculation is a solution of the energydependent full relativistic equations
in coordinate space.

7.6.1 Numerical Results of OMP-1 and OMP-2

In Sec.6.3, we discussedthree di�erent OMP models,which can give us perfect
�ts to the experimental phaseshift data. The results of OMP-1 and OMP-2
models are plotted in Figs. (7.23-7.26)with TLab > 300 MeV and three values
of the cut-o� radius R0. The OMP-1 and OMP-2 models are very simple ap-
proachesto introducethe optical model. Its real part is proportional to the short
rangeDirac potential, thus V0 controls only the strength of the short rangeDirac
potentials. What part of radial rangeactsasshort rangeis controlled by R0. The
imaginary OMP is a normalizedGaussian. It can be radially shifted by R0, the
width control parameter is a. The T = 0 1P1 channel data are limited within
0 < TLab < 1:1 GeV, the rest curvesare madeby SAID. The potential strengths
V0; W0 vary smoothly and suggestthe coupling to �(3 ; 3) to be resonancelike
for TLab < 1 GeV. OMP-1 is highly qualitativ e and should not be usedto draw
seriousconclusion.
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Figure 7.23: The numerical results from OMP-1. Realoptical potential strengths
V0 (left) in VO M P = � V0VD ir ac(1 + exp((r � R0)=a)) � 1~2=m for di�erent Woods-
Saxon radii R0 = 0:5; 0:6; 1 fm and di�useness a = 0:02. Imaginary potential
strengths W0 (right) WO M P = W0NG exp(� (r � R0)2=a2); a = 0:2 of normalized
Gaussiantype.
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Figure 7.24: Continuation of Fig. 7.23
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Figure 7.25: The numerical results from OMP-2. Realoptical potential strengths
V0 (left) in VO M P = V0(1 + exp((r � R0)=a)) � 1~2=m for di�erent Woods-Saxon
radii R0 = 0:5; 0:6; 1 fm and di�usenessa = 0:02. Imaginary potential strengths
W0 (right) in WO M P = W0NG exp(� (r � R0)2=a2); a = 0:2 of normalizedGaussian
type.
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Figure 7.26: Continuation of Fig. 7.25
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7.6.2 Numerical Results of OMP-3

This model combinesthe long rangepart of the Dirac potential, OBEP for r > 0:5
fm, and the QCD relevant region r � 0:5 fm which we describe with the OMP-3
of Subsec. 6.3.1. It is, no doubt, a phenomenologicalmodel. Its merits are a
consistent picture, expressedin terms of energy dependent V0 and W0, for all
partial wavesof pp and np scattering. The Dirac potential is cut-o� within 0.514
fm. This choiceeliminatesall suddenattractions of the Dirac potential for r � 0:5
fm. The short range scalar and vector potential was �xed with Eq. 6.72g. The
real Gaussianpotential may be repulsive, V0 > 0, as well as attractiv e, V0 < 0,
and the imaginary Gaussianstrengths are absorptive, W0 < 0.

Figs. 7.27 and 7.28 show the channel and energydependenceof V0 and W0

for isospin T = 1, essentially pp data. In the low energy region, TLab < 300
MeV, we observe often an attractiv e pocket with V0 < 0. Low partial waves
show a signi�cantly stronger repulsion as high partial waves. We interpret it as
a consequencefor needof angular momentum transfer to the six quark modes.
Lack of NN orbital angular momentum yields repulsion. The obviously favored
1D2 channel respondswith attraction in the QCD domain.

The absorption W0 shows only a dramatic di�erence in the 1D2 channel.
However, SM00 and SP03show unexpected large changesFigs. 7.12 and 7.18.
This suggest,another solution may bring W0(1D2) again down. np channels,
T = 0, shown in Figs. 7.29-7.32allow a similar interpretation, as given for
T = 1, but lack of absorption data classi�es them as preliminary.

An animation of the OMP-3 results is shown in Figs. 7.33-7.50.The parame-
ters are listed in Table. 7.6. The �tted potential strengths for GWU/VPI SAID
SP03are listed in Tables. 7.7-7.12.

Table 7.6: The parametersfor OMP-3, obtained from Eq. (6.71).

Potentials Potential strength [MeV] Radius [fm] Di�useness[fm]
Vr ef Eq. (5.257) (Figs. 7.6-7.11) 0.514 0.02
Vscalar -480 0.514 0.02
Vvector 600 0.514 0.02
VOM P Figs.7.27, 7.29 0.514 0.01
WOM P Figs.7.28, 7.30 0.514 0.01
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Figure 7.27: The real potential strengths OMP-3 V0(TLab) of the Gaussianfor
isospinT = 1 singlet and triplet channels
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Figure 7.28: The imaginary potentials strengthsOMP-3 W0(TLab) of the Gaussian
for isospinT = 1 singlet and triplet channels.
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Figure 7.29: The real potential strengths OMP-3 V0(TLab) of the Gaussianfor
isospinT = 0 singlet and triplet channels.
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Figure 7.30: The imaginary potentials strengthsOMP-3 W0(TLab) of the Gaussian
for isospinT = 0 singlet channels,the experimental data do not existent for other
channels.
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Figure 7.31: The real (upper) and imagine (below) potential strengths OMP-3
V0(TLab) of the Gaussianfor isospinT = 1 coupledchannels.
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Figure 7.32: The real (upper) and imagine (below) potential strengths OMP-3
V0(TLab) of the Gaussianfor isospinT = 0 coupledchannels.
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.33: Three dimensionalrepresentation of the potential strengths for 1S0,
T = 1: a.) The energydepend Dirac referencepotential for r > 0:514 fm using
Eq.(5.257). b.) Superposition of scalarand vector potentials Eq. (6.71). c.) The
sum of (a.) and (b.). d.) The OMP-3 real potential. e.) Imaginary part of
OMP-3. f.) The total real potential.
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.34: Three dimensionalrepresentation of the potential strengthsfor 1D2,
T = 1: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.35: Three dimensionalrepresentation of the potential strengthsfor 1G4,
T = 1: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.36: Three dimensionalrepresentation of the potential strengths for 3P0,
T = 1: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.37: Three dimensionalrepresentation of the potential strengths for 3P1,
T = 1: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.38: Threedimensionalrepresentation of the potential strengthsfor chan-
nel 3f 30, T = 1: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.39: Three dimensionalrepresentation of the potential strengthsfor 3H5,
T = 1: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.40: Three dimensionalrepresentation of the potential strengths for 1P1,
T = 0: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.41: Three dimensionalrepresentation of the potential strengthsfor 1F3,
T = 0: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.42: Three dimensionalrepresentation of the potential strengthsfor 1H5,
T = 0: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.43: Three dimensionalrepresentation of the potential strengthsfor 3D2,
T = 0: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.44: Three dimensionalrepresentation of the potential strengthsfor 3G4,
T = 0: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.45: Three dimensionalrepresentation of the potential strengths for 3S1,
T = 0: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.46: Three dimensionalrepresentation of the potential strengthsfor 3D1,
T = 0: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.47: Three dimensionalrepresentation of the potential strengths for � 1,
T = 0: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.48: Three dimensionalrepresentation of the potential strengths for 3P2,
T = 1: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.49: Three dimensionalrepresentation of the potential strengthsfor 3F2,
T = 1: (Continuation of Fig. 7.33).
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a. Dirac referencepotential b. Saxon-Wood potential

c. Dirac+Saxon.W (a.+b.) d. OMP real potential

e. OMP imaginary potential f. full real (a.+b.+d.)

Figure 7.50: Three dimensionalrepresentation of the potential strengths for � 2,
T = 1: (Continuation of Fig. 7.33).
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Table 7.7: Values of the OMP3 potentials strengths for the single channels
1S0; 1D2; 1G4 (T = 1) GWU/VPI SAID. The valuescalculatedin the Eq. (6.71).

1S0
1D2

1G4

TLab(MeV) V0 W0 V0 W0 V0 W0

200.0 -259.140 -0.290 -317.055 28.082 -4.369 -0.729
300.0 127.180 -0.463 -404.961 12.056 -46.016 0.399
400.0 476.603 -1.902 -431.259 -69.757 -86.119 0.655
500.0 789.076 -6.584 -412.549 -182.512 -122.769 -3.230
600.0 1065.215 -15.737 -363.114 -289.911 -154.600 -13.008
700.0 1306.225 -29.543 -295.055 -370.895 -180.736 -28.556
800.0 1513.827 -47.304 -218.423 -421.749 -200.741 -48.412
900.0 1690.179 -67.803 -141.352 -451.167 -214.566 -70.589
1000.0 1837.801 -89.677 -70.194 -473.266 -222.503 -93.313
1100.0 1959.499 -111.712 -9.650 -501.437 -225.129 -115.507
1200.0 2058.286 -133.023 37.092 -544.453 -223.258 -136.966
1300.0 2137.312 -153.105 68.231 -605.102 -217.891 -158.261
1400.0 2199.779 -171.792 83.212 -680.954 -210.162 -180.455
1500.0 2248.873 -189.152 82.598 -766.464 -201.288 -204.740
1600.0 2287.681 -205.371 67.932 -855.505 -192.523 -232.087
1700.0 2319.118 -220.635 41.608 -943.524 -185.100 -262.998
1800.0 2345.853 -235.070 6.735 -1028.744 -180.184 -297.391
1900.0 2370.228 -248.715 -32.994 -1112.155 -178.822 -334.631
2000.0 2394.182 -261.550 -73.441 -1196.403 -181.888 -373.680
2100.0 2419.180 -273.550 -110.149 -1283.983 -190.040 -413.279
2200.0 2446.131 -284.740 -138.480 -1375.396 -203.658 -452.127
2300.0 2475.314 -295.228 -153.749 -1467.978 -222.805 -488.935
2400.0 2506.301 -305.187 -151.352 -1555.986 -247.166 -522.361
2500.0 2537.883 -314.777 -126.906 -1632.124 -276.005 -550.819
2600.0 2567.989 -324.046 -76.379 -1689.926 -308.110 -572.307
2700.0 2593.616 -332.846 3.775 -1725.326 -341.741 -584.537
2800.0 2610.746 -340.930 116.487 -1734.120 -374.585 -585.842
2900.0 2614.275 -348.411 263.933 -1699.975 -403.697 -577.623
3000.0 2597.935 -356.920 447.405 -1564.955 -425.459 -569.398
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Table 7.8: Values of the OMP3 potentials strengths for the triplet channels
3P0; 3P1; 3F3 (T = 1) GWU/VPI SAID. The valuescalculatedin the Eq. (6.71).

3P0
3P1

3F3

TLab(MeV) V0 W0 V0 W0 V0 W0

200.0 -81.883 -0.961 407.409 1.413 -120.689 12.218
300.0 162.446 3.971 679.522 1.759 -127.031 39.568
400.0 415.644 0.445 911.738 -0.523 -90.805 7.054
500.0 666.280 -20.046 1108.429 -3.735 -27.079 -84.406
600.0 905.344 -58.284 1273.705 -7.740 51.693 -209.847
700.0 1126.028 -108.415 1411.413 -14.284 135.477 -338.178
800.0 1323.515 -161.227 1525.135 -25.980 216.471 -443.642
900.0 1494.759 -207.597 1618.192 -44.990 288.919 -511.510
1000.0 1638.274 -241.052 1693.639 -72.032 348.919 -539.186
1100.0 1753.921 -258.996 1754.268 -105.970 394.237 -534.068
1200.0 1842.687 -262.651 1802.609 -144.030 424.114 -509.588
1300.0 1906.475 -256.019 1840.926 -182.502 439.084 -480.721
1400.0 1947.889 -244.334 1871.219 -217.700 440.778 -460.007
1500.0 1970.017 -232.467 1895.226 -246.938 431.739 -454.854
1600.0 1976.218 -223.703 1914.419 -269.262 415.235 -466.513
1700.0 1969.908 -219.144 1930.006 -285.773 395.065 -490.740
1800.0 1954.343 -217.837 1942.931 -299.418 375.373 -519.852
1900.0 1932.405 -217.542 1953.874 -314.259 360.462 -545.576
2000.0 1906.388 -215.871 1963.249 -334.311 354.600 -561.895
2100.0 1877.782 -211.451 1971.206 -362.165 361.834 -567.071
2200.0 1847.061 -204.655 1977.631 -397.665 385.802 -564.087
2300.0 1813.465 -197.575 1982.144 -437.005 429.542 -559.087
2400.0 1774.785 -193.031 1984.100 -472.611 495.304 -557.897
2500.0 1727.152 -192.779 1982.591 -494.152 584.362 -561.546
2600.0 1664.819 -195.601 1976.441 -490.959 696.826 -562.785
2700.0 1579.949 -196.696 1964.210 -455.963 831.449 -547.059
2800.0 1462.395 -190.733 1944.192 -391.034 985.444 -503.195
2900.0 1299.492 -182.210 1914.418 -313.315 1154.289 -451.311
3000.0 1075.837 -208.261 1872.649 -261.670 1331.546 -498.079
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Table 7.9: Values of the OMP3 potentials strengths for the coupled channels
3P2; 3F2; 3PF2 (T = 1) GWU/VPI SAID. The valuescalculatedin the Eq. (6.71).

3P2
3F2

3PF2

TLab(MeV) V0 W0 V0 W0 V0 W0

200.0 -154.526 -0.686 -782.756 0.104 -13.008 0.00
300.0 -123.450 1.010 -733.547 -0.095 -9.359 0.00
400.0 -102.523 0.998 -691.454 -0.097 -5.170 0.00
500.0 -88.884 -1.947 -655.228 -0.095 -0.991 0.00
600.0 -80.170 -7.612 -623.965 -0.362 2.744 0.00
700.0 -74.473 -15.277 -597.061 -1.007 5.719 0.00
800.0 -70.304 -24.138 -574.170 -1.964 7.714 0.00
900.0 -66.553 -33.449 -555.160 -3.078 8.613 0.00
1000.0 -62.445 -42.539 -540.072 -4.208 8.382 0.00
1100.0 -57.509 -50.803 -529.075 -5.290 7.071 0.00
1200.0 -51.528 -57.707 -522.425 -6.361 4.805 0.00
1300.0 -44.510 -62.822 -520.422 -7.531 1.770 0.00
1400.0 -36.639 -65.875 -523.367 -8.930 -1.785 0.00
1500.0 -28.243 -66.798 -531.518 -10.641 -5.567 0.00
1600.0 -19.751 -65.758 -545.051 -12.652 -9.235 0.00
1700.0 -11.652 -63.147 -564.011 -14.829 -12.416 0.00
1800.0 -4.460 -59.533 -588.275 -16.927 -14.710 0.00
1900.0 1.330 -55.566 -617.508 -18.630 -15.695 0.00
2000.0 5.280 -51.860 -651.117 -19.627 -14.940 0.00
2100.0 7.047 -48.880 -688.211 -19.688 -12.009 0.00
2200.0 6.425 -46.865 -727.558 -18.729 -6.471 0.00
2300.0 3.382 -45.804 -767.544 -16.853 2.096 0.00
2400.0 -1.899 -45.524 -806.125 -14.322 14.095 0.00
2500.0 -8.981 -45.854 -840.788 -11.485 29.900 0.00
2600.0 -17.132 -46.881 -868.510 -8.658 49.852 0.00
2700.0 -25.287 -49.203 -885.710 -5.988 74.250 0.00
2800.0 -32.010 -54.079 -888.210 -3.406 103.343 0.00
2900.0 -35.449 -63.252 -871.193 -0.774 137.323 0.00
3000.0 -33.303 -78.161 -829.155 1.563 176.316 0.00
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Table 7.10: Values of the OMP3 potentials strengths for the single channels
1P1; 1F3; 1H5 (T = 0) GWU/VPI SAID. The valuescalculatedin the Eq. (6.71).

1P1
1F3

1H4

TLab(MeV) V0 W0 V0 W0 V0 W0

200.0 460.453 0.156 -94.307 0.00 -284.79450 0.00
250.0 562.608 0.186 -69.417 0.00 -276.60664 0.00
300.0 649.552 -0.011 -45.964 0.00 -271.17457 0.00
350.0 726.158 -0.316 -23.057 0.00 -266.22250 0.00
400.0 796.110 -0.739 -0.064 0.00 -260.22159 0.00
450.0 862.039 -1.683 23.426 0.00 -252.28500 0.00
500.0 925.658 -4.103 47.635 0.00 -242.06290 0.00
550.0 987.892 -9.492 72.620 0.00 -229.63751 0.00
600.0 1049.021 -19.733 98.314 0.00 -215.41817 0.00
650.0 1108.809 -36.844 124.550 0.00 -200.03633 0.00
700.0 1166.638 -62.696 151.098 0.00 -184.24061 0.00
750.0 1221.650 -98.762 177.693 0.00 -168.79184 0.00
800.0 1272.873 -145.988 204.066 0.00 -154.35808 0.00
850.0 1319.363 -204.811 229.980 0.00 -141.40968 0.00
900.0 1360.334 -275.351 255.257 0.00 -130.11427 0.00
950.0 1395.296 -357.748 279.810 0.00 -120.23185 0.00
1000.0 1424.187 -452.544 303.677 0.00 -111.00980 0.00
1050.0 1447.512 -560.973 327.052 0.00 -101.07790 0.00
1100.0 1466.474 -684.896 350.312 0.00 -88.34341 0.00
1150.0 1483.109 -826.073 374.056 0.00 -69.88606 0.00
1200.0 1500.425 -984.323 399.130 0.00 -41.85311 0.00
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Table 7.11: Values of the OMP3 potentials strengths for the triplet channels
3D2; 3G4; 3I 6; (T = 0) GWU/VPI SAID. The valuescalculatedin the Eq. (6.71).

3D2
3G4

3I 6

TLab(MeV) V0 W0 V0 W0 V0 W0

200.0 -766.39 0.00 -125.440 0.00 -211.320 0.00
250.0 -843.96 0.00 -185.387 0.00 -231.363 0.00
300.0 -878.06 0.00 -238.122 0.00 -249.697 0.00
350.0 -879.69 0.00 -283.196 0.00 -266.503 0.00
400.0 -857.93 0.00 -320.605 0.00 -281.899 0.00
450.0 -820.14 0.00 -350.717 0.00 -295.940 0.00
500.0 -772.13 0.00 -374.205 0.00 -308.641 0.00
550.0 -718.34 0.00 -391.972 0.00 -319.978 0.00
600.0 -662.00 0.00 -405.083 0.00 -329.904 0.00
650.0 -605.33 0.00 -414.693 0.00 -338.360 0.00
700.0 -549.65 0.00 -421.977 0.00 -345.283 0.00
750.0 -495.64 0.00 -428.055 0.00 -350.622 0.00
800.0 -443.43 0.00 -433.929 0.00 -354.342 0.00
850.0 -392.82 0.00 -440.404 0.00 -356.441 0.00
900.0 -343.46 0.00 -448.022 0.00 -356.958 0.00
950.0 -294.99 0.00 -456.990 0.00 -355.986 0.00
1000.0 -247.21 0.00 -467.107 0.00 -353.680 0.00
1050.0 -200.31 0.00 -477.697 0.00 -350.271 0.00
1100.0 -154.96 0.00 -487.535 0.00 -346.073 0.00
1150.0 -112.56 0.00 -494.777 0.00 -341.500 0.00
1200.0 -75.35 0.00 -496.889 0.00 -337.071 0.00
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Table 7.12: Valuesof the OMP3 potentials strengths for the coupled channels
3S1; 3D1; 3SD1; (T = 0) GWU/VPI SAID. The values calculated in the Eq.
(6.71).

3S1
3D1

3SD1

TLab(MeV) V0 W0 V0 W0 V0 W0

200.0 -105.367 0.00 -556.062 -0.309 11.140 0.00
250.0 -93.988 0.00 -537.185 -0.385 14.701 0.00
300.0 -84.402 0.00 -520.524 0.098 18.824 0.00
350.0 -76.296 0.00 -505.798 0.475 23.584 0.00
400.0 -69.366 0.00 -493.000 0.283 28.969 0.00
450.0 -63.321 0.00 -482.318 -0.353 34.895 0.00
500.0 -57.890 0.00 -474.060 -0.966 41.218 0.00
550.0 -52.831 0.00 -468.570 -1.269 47.754 0.00
600.0 -47.935 0.00 -466.154 -1.573 54.289 0.00
650.0 -43.038 0.00 -467.000 -2.805 60.596 0.00
700.0 -38.022 0.00 -471.101 -6.128 66.451 0.00
750.0 -32.826 0.00 -478.175 -12.416 71.645 0.00
800.0 -27.452 0.00 -487.586 -22.018 76.000 0.00
850.0 -21.971 0.00 -498.270 -35.180 79.384 0.00
900.0 -16.533 0.00 -508.650 -53.112 81.727 0.00
950.0 -11.370 0.00 -516.565 -78.864 83.034 0.00
1000.0 -6.807 0.00 -519.184 -115.822 83.399 0.00
1050.0 -3.264 0.00 -512.935 -159.546 83.023 0.00
1100.0 -1.270 0.00 -493.422 -175.928 82.226 0.00
1150.0 -1.464 0.00 -455.345 -54.868 81.464 0.00
1200.0 -4.603 0.00 -392.430 475.971 81.341 0.00
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Conclusions

Medium energyNN scattering, as is acceptedfor low energynuclear physics in
general, is determined from proton, nucleon and mesondegreesof freedom in
the long range soft interaction sector, the quark gluon degreesof freedomgov-
ern the short distancehard processes.The identi�cation and parameterization,
of the combined long and short range NN domains, is the topic of this thesis.
The formalism for two coupled Dirac equations,within constraint instant form
dynamics,is usedto study the NN interaction. Explicitly energydependent cou-
pled channel potentials, for usein partial wave Schr•odinger like equations,with
nonlinear and complicatedderivative terms, result. The interactions are inspired
by mesonexchangeof � ; � ; �; ! and � mesonsfor which we adjust coupling con-
stants. This yields, in the �rst instant, high quality �ts to the Arndt phaseshifts
0 to 300 MeV. Second,the potentials show a universal, independent from an-
gular momentum, core potential which is generatedwith the relativistic meson
exchangedynamics. Extrapolations towards higher energies,up to TLab equal 3
GeV, allow to separatea QCD dominated short range zoneas well as inelastic
nucleonexcitation mechanism contributing to mesonproduction. A local optical
model, in addition to the mesonexchangeDirac potential, producesagreement
betweentheoretical and phaseshifts data. The optical model potentials re
ect a
short lived complexmulti hadronic intermediatestructure formation, r � 0:5 fm,
of which the optical model parametersgive a consistent picture. For future work,
the here presented phenomenologicalaccessencouragesa more microscopicand
detailed useof QCD.
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App endix A

Tools, De�nitions and
Conventions

A.1 Ma jorana Represen tation

The four 
 matriceshave real elements and satisfy


 � 
 � + 
 � 
 � = 2g�� ; (A.1)

with g00 = � 1:
The sixteenbasicmatrices
 i (i = 1; 2; :::16)are1,
 5 = 
 0
 1
 2
 3; 
 � ; 
 5
 � ; 
 � 
 �

(� < � ): They are all real and 
 2
5 = � 1; 
 T

5 = � 
 5; whereT denotesthe ordinary
transposedof a matrix. [566]

For any four by four matrix � de�ne the adjoint

~� = � 
 0� T 
 0: (A.2)

then, for any two hermitian anticommuting spinors� 1 and � 2;

�� 1
 � 2 = �� 2
~� � 1; �� = � 
 0: (A.3)

Now ~
 i = 
 i for 1; 
 5; 
 5
 � ; while ~
 i = � 
 i for 
 � ; 
 � 
 � (� < � ): The 16 matrices

 i have squaresequalto � 1: For any 
 i de�ne 
 i sothat 
 i 
 i = +1: The following
rearrangement formula is then valid

( �� 1 )� 2 = �
1
4

X

i

( �� 1
 i � 2)
 i  ; (A.4)

where � 1; � 2 and  are any three spinors. The minus sign comesfrom the anti-
commutation property of the spinors.
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A.2 The Fierz Transformation

Fierz transformation [236] is a namegiven to the expressionof a certain product
of nondiagonalmatrix elements of Dirac �-matrices asan expansioninto products
of diagonalmatrix elements, such as

(�a � i b)(�b� j a) =
16X

k;l=1

ckl (�a � k a)(�b� l b): (A.5)

Here � i standsfor oneof the 16 Dirac matrices f 1; 
 5; 
 � ; 
 5
 � ; � �� g constituting
a linearly independent basisin the spaceof complex4 � 4 matrices. The matrix
elements denoteproducts in Dirac-index spaceonly, i. e.,

(�a � i b) = � a(r ; t) � i  b(r ; t): (A.6)

The Fierz transformation is useful for expressingexchange matrix elements in
terms of densities,currents, and other diagonal ones,which greatly easestheir
usein, for example,relativistic mean-�eld theories.

In the context of nonlinear self-couplingof meson�elds, higher-orderversions
of the Fierz transformation have becomeof interest. If we expressthe order as
the number of �-matrices involved, the above Eq. (A.5) is of secondorder, and
third

(�a � i b)(�b� j c)( �c� k a) =
16X

l ;m;n =1

clmn (�a � l a)(�b� m b)(�c� n c); (A.7)

and fourth order:

(�a � i b)(�b� j c)( �c� k d)( �d � l a) =
16X

m;n;p;q =1

cmnpq (�a � m a)(�b� n b)( �c� p c)( �d � q d):

(A.8)
In many applications, the wave function indiceswill all be summedover, so that
it is su�cien t to deal with an expressionsymmetrizedover the indices. Thus, on
the left-hand sideof Eq. (A.5) in the second-ordercasewe can write

X

ab

(�a � i b)(�b� j a) =
1
2

X

ab

�
(�a � i b)(�b� j a) + (�b� i a)( �a � j b)

�
; (A.9)

and the right-hand side of Eq. (A.5) will be symmetrized exactly in the same
way.

Using the notation
P

f abc:::g to refer to the sum over all permutations of the
symbols a;b;c: : :, we can reformulate the Fierz transformation problem for the
symmetrizedmatrix element as

X

f abg

(�a � i b)(�b� j a) =
X

f abg

X

kl

ckl (�a � k a)(�b� l b); (A.10)
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wherethe factor 1
2 hasbeendropped on both sides.

It is important to realizethat becauseof the product structure, the right-hand
side is symmetric under an exchangeof the � matrices as well. It is thus useful
to introducea notation for symmetrizedterms,

� k 
 � l =
X

f abg

(�a � k a)(�b� l b) = (�a � k a)(�b� l b) + (�a � l a)(�b� k b); (A.11)

which can easily be generalizedto higher order, for example, in third order the
symmetrizedproblem becomes

X

f abcg

(�a i b)(�bj c)( �ck a) =
X

l � m� n

clmn � l 
 � m 
 � n ; (A.12)

with
� l 
 � m 
 � n =

X

f abcg

(�a � l a)(�b� m b)(�c� n c); (A.13)

where symmetrization could equivalently be carried out in the indices l; m; n
instead of a;b;c. Termsof fourth and higher ordersare de�ned analogously.

The second-orderFierz transformation asde�ned in Eq. (A.5) can be viewed
as a system of equations obtained by comparing coe�cien ts in the 44 = 162

dimensionalspacespannedby the spinors a,  b, � a, and � b. The coe�cien ts are
given by the components of the �-matrices and thus canbe expressedascomplex
integers. The unknowns ckl are 16� 16 in number, so that we have exactly the
right number of equations,and since the �-matrices form a basis for the 4 � 4
complexmatrices, the decomposition (A.5) is always possible.

The solution of this systemof linear equationscan be carried out using the
standard Gauss elimination algorithm, provided that the coe�cien ts are not
treated in 
oating point arithmetic, but asexact complexfractions.

For third-order Fierz transformations the dimension of the system of equa-
tions is 163 and it is 164 for fourth order, that is, the complexity in going from
secondorder to fourth order is in the ratio 1:16:256.For the latter casepractical
solution would require substantial computing resources,but fortunately in cases
of practical interest the number of terms in the expansioncan be reducedsub-
stantially by symmetry and invariancerequirements. In the symmetrizedcaseof
the preceedingsection,for example,the dimensionin fourth order is reducedby
the number of permutations 4!.

The expansioninto productsof the diagonalmatrix elements of the �-matrices
is always possible, but usually is not the most useful expressionof the Fierz
transformation. To seethis, let us look at an important special case: that of
identit y matrices on the left-hand side. The decomposition problem thus is

(�ab)(�ba) =
X

j k

cj k(�a � j a)(�b� k b); (A.14)
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or, in symmetrizedform,
X

f abg

(�ab)(�ba) =
X

j k

cj k � j 
 � k : (A.15)

Since the left-hand side is a Dirac scalar, this means that the right-hand
side also can contain only scalar combinations of �-matrices. The only scalar
combinations built out of products of two �-matrices are 1 
 1, 
 5 
 
 5, 
 � 
 
 � ,

 5
 � 
 
 5
 � , and � �� 
 � �� , assumingthe familiar index summation convention.
The Fierz transformation problem in this casethus can be restatedas(note that
herebecauseof the completesymmetry of all terms, the symmetrization can be
omitted):

(�ab)(�ba) = c1(�aa)(�bb) + c2(�a 
 5 a)(�b
 5 b) + c3(�a 
 � a)(�b
 � b) (A.16)

+ c4(�a 
 5
 � a)(�b
 5
 � b) + c5(�a � �� a)(�b� �� b):

Note that symmetrization works slightly di�erently in this case: the scalar
products sometimesmake certain index combinations appear repeatedly in the
expansion,but it is still su�cien t to include only oneordering of the � matrices
in the symmetrizedterms.

Eq. (A.16) corresponds to 256 equations for the 5 unknown coe�cien ts.
Clearly most equationswill be redundant; eliminating them from the statement
of the problem, however, turns out to complicate the solution, but the high de-
greeof redundancyprovides a welcomecheck for completenessand consistency
of the assumeddecomposition.

The decomposition of the symmetrizedterm in secondorder is

(�ab)(�ba) = 1
4(�aa)(�bb) + 1

4(�a 
 5 a)(�b
 5 b) + 1
4(�a 
 � a)(�b
 � b) (A.17)

� 1
4(�a 
 5
 � a)(�b
 5
 � b) + 1

8(�a � �� a)(�b� �� b):

In third order the symmetrization is no longer trivial as it was in the second-
order case. It may be surprising that terms with 
 5� �� must be included; these
can be equivalently formulated using the identit y


 5� �� = i
2 � ���� � �� ; (A.18)

but retaining the matrix 
 5 makesthe space-reversalpropertiesof the terms more
readily apparent. Note that either way our basisstill consistsof only 16 linearly
independent matrices.
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Technical Details

B.1 Clebsch-Gordan Coe�cien t

A mathematical symbol used to integrate products of three Spherical Har-
monics. Clebsch-Gordan coe�cien ts commonly arise in applications involving
the addition of angular momentum in quantum mechanics [78]. If products of
more than three SphericalHarmonicsare desired,then a generalizationknown as
Wigner 6j-Symbol or Wigner 9j-Symbol is used. The Clebsch-Gordan coe�cien ts
are written

C j
m1m2

= (j 1j 2m1m2jj 1j 2j m);

and are de�ned by

	 J M =
X

M = M 1+ M 2

CJ
M 1M 2

	 M 1M 2 ;

where J � J1 + J2. The Clebsch-Gordan coe�cien ts are sometimesexpressed
using the related RacahV-Coe�cien t

V(j 1j 2j ; m1m2m); (B.1)

or Wigner 3j-Symbol 0

@
j 1 j 2 j

m1 m2 m

1

A :

Connectionsamongthe three are

(j 1j 2m1m2jj 1j 2m) = (� 1)� j 1+ j 2 � m
p

2j + 1

0

@
j 1 j 2 j

m1 m2 � m

1

A ;

(j 1j 2m1m2jj 1j 2j m) = (� 1)j + m
p

2j + 1V(j 1j 2j ; m1m2 � m) (B.2)
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V(j 1j 2j ; m1m2m) = (� 1)� j 1+ j 2+ j

0

@
j 1 j 2 j 1

m2 m1 m2

1

A : (B.3)

They have the symmetry

(j 1j 2m1m2jj 1j 2j m) = (� 1)j 1+ j 2 � j (j 2j 1m2m1jj 2j 1j m); (B.4)

and obey the orthogonality relationships
X

j;m

(j 1j 2m1m2jj 1j 2j m)( j 1j 2j mjj 1j 2m0
1m0

2) = � m1m0
1
� m2m0

2
;

X

m1 ;m 2

(j 1j 2m1m2jj 1j 2j m)( j 1j 2j 0m0jj 1j 2m1m2) = � j j 0� mm 0:

RacahW-Coe�cien t are written

(J1J2[J 0]J3jJ1; J2J3[J 00]) =
p

(2J 0+ 1)(2J 00+ 1) W(J1J2JJ3; J 0J 00);

and

(J1J2[J 0]J3jJ1J3[J 00]J2) =
p

(2J 0+ 1)(2J 00+ 1) W(J 0
1J3J2J 00; JJ1):

Wigner 3j-Sym bol

The Wigner 3j-symbols have the symmetries
0

@
j 1 j 2 j

m1 m2 m

1

A =

0

@
j 2 j j 1

m2 m m1

1

A

=

0

@
j j 1 j 2

m m1 m2

1

A = (� 1)j 1+ j 2+ j

0

@
j 2 j 1 j

m2 m1 m

1

A

= (� 1)j 1+ j 2+ j

0

@
j 1 j j 2

m1 m m2

1

A

= (� 1)j 1+ j 2+ j

0

@
j j 2 j 1

m m2 m1

1

A

= (� 1)j 1+ j 2+ j

0

@
j 1 j 2 j

� m1 � m2 � m

1

A : (B.5)
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The symbols obey the orthogonality relations

X

j;m

(2j + 1)

0

@
j 1 j 2 j

m1 m2 m

1

A

0

@
j 1 j 2 j

m0
1 m0

2 m

1

A = � m1m0
1
� m2m0

2
; (B.6)

X

m1 ;m 2

0

@
j 1 j 2 j

m1 m2 m

1

A

0

@
j 1 j 2 j 0

m1 m2 m0

1

A = � j j 0� mm 0; (B.7)

where� ij is the Kronecker Delta.
Generalformulas are very complicated,but somespeci�c casesare

0

@
j 1 j 2 j 1 + j 2

m1 m2 � m1 � m2

1

A = (� 1)j 1 � j 2+ m1+ m2

�
�

(2j 1)!(2j 2)!
(2j 1 + 2j 2 + 1)!(j 1 + m1)!

(j 1 + j 2 + m1 + m2)!( j 1 + j 2 � m1 � m2)!
(j 1 � m1)!( j 2 + m2)!( j 2 � m2)!

� 1=2

(B.8)0

@
j 1 j 2 j

j 1 � j 1� m

1

A = (� 1)� j 1+ j 2+ m

�
�

(2j 1)!( � j 1 + j 2 + j )!
(j 1 + j 2 + j + 1)!(j 1 � j 2 + j )!

(j 1 + j 2 + m)!( j � m)!
(j 1 + j 2 � j )!( � j 1 + j 2 � m)!( j + m)!

� 1=2

(B.9)

0

@
j 1 j 2 j

0 0 0

1

A =

8
>>>>>><

>>>>>>:

(� 1)g
q

(2g� 2j 1 )(2g� 2j 2 )!(2g� 2j )!
(2g+1)!

g!
(g� j 1 )!( g� j 2)!( g� j )!

if J = 2g

0

if J = 2g + 1;

(B.10)

for J � j 1 + j 2 + j:
For SphericalHarmonicsYlm (� ; � ),

Yl1m1 (� ; � )Yl2m2 (� ; � )

=
X

l ;m

r
(2l1 + 1)(2l2 + 1)(2l + 1)

4�

0

@
l1 l2 l

m1 m2 m

1

A Y �
lm (� ;  )

0

@
l1 l2 l

0 0 0

1

A :

For valuesof l3 obeying the Triangle Condition �( l1l2l3),
Z

Yl1m1 (� ; � )Yl2m2 (� ; � )Yl3m3 (� ; � ) sin� d� d�
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=

r
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4�

0

@
l1 l2 l3

0 0 0

1

A

0

@
l1 l2 l3

m1 m2 m3

1

A

and

1
2

Z
Pl1 (cos� )Pl2 (cos� )Pl3 (cos� ) sin� d� =

0

@
l1 l2 l3

0 0 0

1

A

2

: (B.11)

Wigner 6j-Sym bol
A generalization of Clebsch-Gordan Coe�cien ts and Wigner 3j-Symbol which
arisesin the coupling of three angular momenta. Let tensor operators T (k) and
U(k) act, respectively, on subsystems1 and 2 of a system,with subsystem1 char-
acterizedby angular momentum j 1 and subsystem2 by the angular momentum
j 2. Then the matrix elements of the scalarproduct of thesetwo tensor operators
in the coupledbasisJ = j 1 + j 2 are given by

(� 0
1j 0

1� 0
2j 0

2J
0M 0jT (k) � U(k) j� 1j 1� 2j 2JM )

= � J J 0� M M 0(� 1)j 1+ j 0
2+ J

8
<

:

J j 0
2 j 0

1

k j 1 j 2

9
=

;
(� 0

1j 0
1jjT (k) jj � 1j 1)( � 0

2j 0
2jjU(k) jj � 2j 2); (B.12)

where

8
<

:

J j 0
2 j 0

1

k j 1 j 2

9
=

;
is the Wigner 6j-symbol and � 1 and � 2 represent additional

pertinent quantum numbers characterizing subsystems1 and 2. The analytic
forms of the 6j-symbol are written for simple cases

8
<

:

a b c

0 c b

9
=

;
=

(� 1)s

p
(2b+ 1)(2c+ 1)

;

8
<

:
a b c

1 c b

9
=

;
=

2(� 1)s+1 X
p

2b(2b+ 1)(2b+ 42)2c(2c+ 1)(2c+ 2)
;

8
<

:

a b c

2 c b

9
=

;
=

2(� 1)s[3X (X � 1) � 4b(b+ 1)c(c + 1)]
p

(2b� 1)2b(2b+ 1)(2b+ 2)(2b+ 3)(2c � 1)2c(2c+ 1)(2c + 2)(2c + 3)
;

where

s := a + b+ c; (B.13)

X := b(b+ 1) + c(c + 1) � a(a + 1): (B.14)
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Wigner 9j-Sym bol
A generalizationof Clebsch-GordanCoe�cien ts andWigner 3j-Symbol andWigner
6j-Symbol which arisesin the coupling of four angular momenta and canbe writ-
ten in termsof the Wigner 3j-Symbol andWigner 6j-Symbol. Let tensoroperators
T (k1 ) and U(k2 ) act, respectively, on subsystems1 and 2. Then the reducedma-
trix element of the productT (k1 ) � U(k2 ) of thesetwo irreducible operators in the
coupled representation is given in terms of the reducedmatrix elements of the
individual operators in the uncoupledrepresentation by

(� 0� 0
1j 0

1� 0
2j

0
2J 0jj [T (k1) � U(k2 ) ](k) jj � � 1j 1� 2j 2J )

=
p

(2J + 1)(2J 0+ 1)(2k + 1)
X

� 00

8
>>><

>>>:

j 0
1 j 1 k1

j 0
2 j 2 k2

J 0 J k

9
>>>=

>>>;

� (� 0� 0
1j 0

1jjT (k1) jj � 00� 1j 1)( � 00� 0
2j 0

2jjU(k2 ) jj � � 2j 2); (B.15)

where

8
>>><

>>>:

j 0
1 j 1 k1

j 0
2 j 2 k2

J 0 J k

9
>>>=

>>>;

is a Wigner 9j-symbol. The explicit formulas are

8
>>><

>>>:

a b C

d e F

G H J

9
>>>=

>>>;

=
X

x

(� 1)2x (2x + 1)

�

8
<

:

a b C

F J x

9
=

;

8
<

:

d e F

b x H

9
=

;

8
<

:

G H J

x a d

9
=

;
;

8
>>><

>>>:

a b J

c d J

K K 0

9
>>>=

>>>;

=
(� 1)b+ c+ J + K

p
(2J + 1)(2K + 1)

8
<

:

a b J

d c K

9
=

;
;

8
>>><

>>>:

S S 1

L L 2

J J 1

9
>>>=

>>>;

=

8
<

:

S L J

L S 1

9
=

;

8
<

:

J L S

L J 1

9
=

;

5

8
<

:

2 L L

L 1 1

9
=

;

+
(� 1)S+ L + J +1

15(2L + 1)

8
<

:

S J L

J S 1

9
=

;
8
<

:

2 L L

L 1 1

9
=

;

:
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The matrix elements of the tensor product of two operators are given by

[T (ki 1) � T (k2) ](k3 )
k3

=
X

k1k2

(R1k1R2k2jR1R2R3k3)T
(k1)
k1

T (k2 )
k2

; (B.16)

and for the scalarproduct are

(T (k) � U(k)) = (� 1)k
p

2k + 1[T (k) � U(k) ](0)
0 : (B.17)

Wigner-Eckart theorem:

< JM jT (� )
k jJ 0M 0 > = (� 1)J � M

0

@
J � J 0

� M k M 0

1

A < J jjT (� ) jj J 0 > : (B.18)

This relation is known asthe Wigner-Eckart theorem. The coe�cien t < J jjT (� ) jj J 0 >
is called the reducedmatrix element of T (� ) and is independent of the magnetic
quantum numbers M ; M 0 and k:

B.2 Op erators for Radial Form

In order to obtain the �nal eigenvalueradial equationsof the wave equationsEqs.
(5.257), it is useful for numerical calculation of the coupled and the uncoupled
equationsin the variable r , we have usedthe following operators

1. p2

2. (� 1 � � 2) spin-spin term
3. L � (� 1 + � 2) spin-orbit angular momentum term
4. L � (� 1 � � 2) spin-orbit angular momentum di�erence term
5. (� 1 � r̂ )( � 2 � r̂ ) tensor term
6. r̂ � p Darwin term
7. L � (� 1 � � 2) additional spin dependent terms
8. (� 1 � r̂ )( � 2 � p) + (� 2 � r̂ )( � 1 � p) spin independent terms.
We are listed the following expressionsfor numerical calculation:

Or = < Ljj r̂ k jjL > = (� 1)L
p

L̂ L̂ k̂

0

@
L k L

0 0 0

1

A ; (B.19)

OL = < L0jj ~LjjL > =
q

L(L + 1)L̂� L 0L ; (B.20)

O� = < s0jj � jj s > =
p

6; (B.21)

Or = < L0jjr 0jj L0 > =
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8
<

:

if L = L + 1 ! L +1
L̂ (2L +3)

�
@
@r � L

r

�

if L = L � 1 ! L
L̂ (2L � 1)

�
@
@r + L +1

r

�
:

(B.22)

Now, onecan usethe Eq.(B.15), to drive a simple form of the operators

O� 1 � � 2 = < S0jj [� 1 � � 2]k jjS > = 6
p

k̂ŜŜ0

8
>>><

>>>:

1=2 1=2 S0

1=2 1=2 S

1 1 k

9
>>>=

>>>;

; (B.23)

Or̂ � r̂ = < L0jj [r̂ � r̂ ]k jj L > =

(� 1)L 0+ k+ L
p

k̂
X

L

< L0jj r̂ jjL >< Ljj r̂ jj L >

8
<

:

1 1 k

L L0 L

9
=

;
: (B.24)

Finally, we becomes
1.

O� = < L0S0J jj � ~2c2� jj LSJ > = � ~2c2

�
d2

dr2
�

L(L + 1)
r 2

�
� LL 0� SS0; (B.25)

2.

a) O� 1 � 2a = < L0S0J jj (� 1 � � 2)jjLSJ > = 2S(S + 1) � 3; (B.26)

b) O� 1 � 2b = < L0S0J jj (� 1 � � 2)jjLSJ > =

6(� 1)L 0+ S+ S0+ J
p

Ŝ0Ĵ

8
<

:

S0 J L

J S 0

9
=

;

8
<

:

1=2 1=2 S

1=2 1=2 0

9
=

;
; (B.27)

3.

OLS = < L0S0J jj (~L � ~S)jjLSJ > = (J (J + 1) � L(L + 1) � S(S + 1)); (B.28)

4.

OL� 1 � � 2 = < L0S0J jj ~L � (� 1 � � 2)jjLSJ > =

p
6(� 1)S0+ J + L + S

p
ŜŜ0

8
<

:

L0 S0 J

S L 1

9
=

;
OL

8
<

:

1=2 S0 1=2

S 1=2 1

9
=

;
(1 � (� 1)S0� S) =

p
6(� 1)S0+ J + L + S

q
L(L + 1)L̂ ŜŜ0

8
<

:

L0 S0 J

S L 1

9
=

;

8
<

:

1=2 S0 1=2

S 1=2 1

9
=

;
(1� (� 1)S0� S);

(B.29)
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5.

O� 1r � 2 r = < L0S0J jj (� 1 � r̂ )( � 2 � r̂ )jjLSJ > =

8
>>><

>>>:

1 1 0

1 1 0

0 0 0

9
>>>=

>>>;

O� 1 � 2b+

15

8
>>><

>>>:

1 1 0

1 1 0

2 2 0

9
>>>=

>>>;

p
2J + 1

8
>>><

>>>:

L0 S0 J

L S J

2 2 0

9
>>>=

>>>;

O� 1 � � 2 Or̂ � r̂ ; (B.30)

6.

Or̂ �~p = < L0S0J jj (r̂ � p)jjLSJ >

= (� 1)L 0+ S0+ J +1+2 L Ĵ
X

L

< Ljj r̂ jjL >< L0jjr 0jj L0 >

8
<

:

1 1 0

L L L

9
=

;
; (B.31)

7.

OL �(� 1 � � 2 ) = < L0S0J jjL � (� 1 � � 2)jjLSJ > =

(� 1)S0+ J + L
p

Ĵ

8
<

:
L0 S0 J

S L 1

9
=

;
OL O� 1 � � 2 ; (B.32)

8.

O� 1r � 2p = < L0S0J jj (� 1 � r̂ )( � 2 � p) + (� 2 � r̂ )( � 1 � p)jjLSJ > =

X

k

3k̂Ĵ

8
>>><

>>>:

1 1 0

1 1 0

k k 0

9
>>>=

>>>;

8
>>><

>>>:

L0 S0 J

L S J

k k 0

9
>>>=

>>>;

< L0jj [̂r � p]k jj L >< S0jj [� 1� � 2]k jjS > (1+( � 1)k)

=
X

k

3k̂Ĵ

8
>>><

>>>:

1 1 0

1 1 0

k k 0

9
>>>=

>>>;

8
>>><

>>>:

L0 S0 J

L S J

k k 0

9
>>>=

>>>;

Or̂ �~pO� 1 � � 2 (1 + (� 1)k): (B.33)

Usingaboveexpressions,we canget their coupledand uncoupledradial eigen-
value equationsfrom Eqs.(5.257).
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