Gauge covariant multiscale analysis of complex systems

Dissertation zur Erlangung des Doktorgrades des Fachbereichs Physik der Universität Hamburg

vorgelegt von Claudia Lehmann aus Langenhagen

Hamburg 2004

Gutachter der Doktorarbeit: Prof. Dr. G. Mack Prof. Dr. K. Fredenhagen Gutachter der Disputation: Prof. Dr. G. Mack Prof. Dr. J. Louis Datum der Disputation: 06.02.2004 Vorsitzender des Prüfungsausschusses: Prof. Dr. J. Bartels Vorsitzender des Promotionsausschusses: Prof. Dr. R. Wiesendanger Dekan des Fachbereichs Physik: Prof. Dr. G. Huber

Abstract

A fundamental physical theory is characterized by a minimum of a priori structure. Observable physical phenomena at low energy scales can be explained as a result of complexity reduction [1]. Thus the building of effective theories is of fundamental importance. Renormalization group transformations and multigrid methods as a sort of it aim at constructing effective theories. These should reproduce the physics at a larger scale providing for locality and gauge covariance. In this thesis block spins (variables of the effective theory) are constructed with respect to locality requirements. They are used to solve discretized elliptical differential equations by means of multigrid methods. A generalized formalism is presented in form of a twogrid. It does not assume a Hilbert space a priori. The gauge covariance of the resulting block spin is discussed. The locality requirement of an effective theory may also lead to nonunitary parallel transporters. Higgs fields may be interpreted as a part of such a nonunitary parallel transporter in a fifth dimension. They may arise as a result of renormalization group transformations. The renormalization group flow of the Higgs potential is computed in a one-dimensional example. (This dimension will later be interpreted as extra dimension.) Starting with a pure gauge theory at the UV-fixpoint the flow moves towards an IR-fixpoint in the asymptotic behaviour. This is computed exactly. Spontaneous symmetry breaking can lead to a splitting of the masses of the fermions of different flavor. The possibilities of symmetry breaking are discussed. Based on joint work with G. Mack and T. Prüstel a gauge theoretic model in five dimensions is introduced, which contains the standard model as effective theory. It explains flavor mass splitting as result of a Higgs mechanism and provides the possibility to compute the Cabibbo-Kobayashi-Maskawa matrix in principle.

Zusammenfassung

Eine fundamentale physikalische Theorie zeichnet sich durch ein Minimum an a-priori-Struktur aus. Der Beobachtung zugängliche physikalische Phänomene auf niedrigeren Energieskalen können als Resultat einer Komplexitätsreduktion erklärt werden [1]. Somit ist die Bildung effektiver Theorien von zentraler Bedeutung. Renormierungsgruppentransformationen und Mehrgitterverfahren, als eine Form dieser, zielen auf die Bildung von effektiven Theorien. Diese sollten die Physik auf einer gröberen Skala wiedergeben und dabei Lokalität und Eichkovarianz gewährleisten. In dieser Arbeit werden unter Berücksichtigung von Lokalitätsforderungen Blockspins (Variablen der effektiven Theorie) konstruiert. Sie finden ihre Anwendung in der Lösung diskretisierter elliptischer Differentialgleichungen, die mit Hilfe von Mehrgitterverfahren gelöst werden können. Ein allgemeiner Formalismus, der nicht von einer a-priori-Hilbertraumstruktur ausgeht, wird hier anhand eines Zweigitters vorgestellt. Die Eichkovarianz des resultierenden Blockspins wird diskutiert. Die Forderung nach Lokalität einer effektiven Theorie kann aber auch zu nichtunitären Paralleltransportern führen. Higgsfelder können als Teil eines solchen nichtunitären Paralleltransporters in eine fünfte Dimension interpretiert werden und durch Renormierungsgruppentransformationen entstehen. In einem eindimensionalen Beispiel wird der Renormierungsgruppenfluss des Higgspotentials exakt berechnet. (Diese Dimension soll später als Extradimension interpretiert werden.) Beginnend mit einer reinen Eichtheorie am UV-Fixpunkt nähert sich der Fluss im asymptotischen Verhalten dem IR-Fixpunkt, der berechnet wird. Spontane Symmetriebrechung kann zur Massenaufspaltung von Fermionen unterschiedlichen Flavors führen. Die Möglichkeiten der Symmetriebrechung werden hier diskutiert. Basierend auf einer gemeinsamen Arbeit mit G. Mack und T. Prüstel wird ein eichtheoretisches Modell in fünf Dimensionen vorgestellt, dessen effektive Theorie das Standardmodell liefert. Es erklärt die Flavor-Massenaufspaltung als Folge eines Higgsmechanismus und bietet die Möglichkeit, die Cabibbo-Kobayashi-Maskawa-Matrix im Prinzip zu berechnen.

ii

Contents

1 Introduction 1

2 Solving linear problems for disordered systems 5 2.1 Statement of the problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.1.1 Multigrid procedures to solve linear equations . . . . . . . . . . . . . . . . 5 2.1.2 Locality and coarse graining . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.2 Technical preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2.1 The problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2.2 Hilbert spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2.3 Preconditioners . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.3 Twogrid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 2.3.1 Additive Schwarz method . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 2.3.2 Multiplicative Schwarz method . . . . . . . . . . . . . . . . . . . . . . . . 16 2.3.3 Twogrid schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.3.4 Generalized Neumann boundary conditions . . . . . . . . . . . . . . . . . 19 2.3.5 The restriction operator C . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 2.3.6 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.4 Interpolation operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 2.4.1 Ideal interpolation operator . . . . . . . . . . . . . . . . . . . . . . . . . . 24 2.4.2 Determination of practical interpolators . . . . . . . . . . . . . . . . . . . 27 2.4.3 Compatible relaxation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 2.5 Comments on the gauge covariance of the procedure . . . . . . . . . . . . . . . . 34 2.6 Generalization to other operators . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 2.6.1 The Dirac formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3 RG-flow for gauge theories with nonunitary parallel transporters 41 3.1 Holonomy groups and unitary gauge group . . . . . . . . . . . . . . . . . . . . . 41 3.2 Higgs fields as nonunitary parallel transporters . . . . . . . . . . . . . . . . . . . 42 3.2.1 The idea of nonunitary extra dimensions . . . . . . . . . . . . . . . . . . . 42 3.2.2 The bilayered membrane . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 3.2.3 The Higgs potential and its essential G-biinvariance property . . . . . . . 44 3.3 A soluble model in one dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 3.3.1 Integration of the fermions . . . . . . . . . . . . . . . . . . . . . . . . . . 49 3.3.2 Integration of the bosons . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 3.3.3 Taking the logarithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 3.3.4 An example: The case SL(2,C ) . . . . . . . . . . . . . . . . . . . . . . . . 63 3.3.5 Asymptotic behavior after many RG-steps . . . . . . . . . . . . . . . . . . 65

3.4 Beyond the one-dimensional model . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4 Group theory of flavor mass splitting 75 4.1 Group theoretic preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 4.2 Symmetry breaking patterns . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 4.2.1 Physical application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 4.2.2 An example for flavor mass splitting . . . . . . . . . . . . . . . . . . . . . 79 4.3 Adjoint vs. nonadjoint Higgs field . . . . . . . . . . . . . . . . . . . . . . . . . . 79 4.4 Classification of the possible unbroken subgroups . . . . . . . . . . . . . . . . . . 81

5 Origin of quark masses and CKM-matrix 87 5.1 Description of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 5.1.1 Possible assignment of the gauge groups . . . . . . . . . . . . . . . . . . . 88 5.2 Mass splitting in the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 5.3 Explicit symmetry breaking and the CKM-matrix . . . . . . . . . . . . . . . . . . 91 5.3.1 Diagonal subgroup and Cabibbo-Kobayashi-Maskawa matrix . . . . . . . 92 5.4 The full action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 5.5 Standard model Higgs doublet . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 5.6 Effective 4-dimensional theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 5.6.1 The photon and its extra modes . . . . . . . . . . . . . . . . . . . . . . . 102 5.6.2 The two different bulk’s gauge groups . . . . . . . . . . . . . . . . . . . . 103 5.7 Further comments on the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6 Summary and outlook 107

A Generalized Neumann and tight Dirichlet boundary conditions 109

B Balanced Neumann Neumann method 113 B.1 High and low frequency spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 B.2 Iterative solution of the high frequency problem . . . . . . . . . . . . . . . . . . . 115

C Harmonic analysis 117 C.1 The groups R_+ and R_+ SU(2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117 C.2 The quantum-mechanical Lorentz group SL(2,C ) . . . . . . . . . . . . . . . . . . 119 C.3 The groups GL(2,C ) and R_+ SL(2,C ) . . . . . . . . . . . . . . . . . . . . . . . . . 122

Chapter 1

Introduction

It is generally agreed that a physical theory is the more fundamental the less a priori structure is assumed. Gauge theories are of great importance because of their poor a priori structure. Starting with a theory that is assumed to be fundamental one wants to know the features of its effective theory at observable energy scales. Following this, Adler for example obtained the Einstein action as effective phenomena. This leads to the assumption that in spite of complexity reduction that is obtained by building effective theories emergent phenomena may appear that do not have to be assumed a priori. The Higgs mechanism is an example.

Multiscale analysis aims at constructing effective theories. Given a local theory which describes physics at some possibly arbitrarily small scale, one wishes to construct an effective theory with fewer degrees of freedom that describes physics at a coarser scale. This means that it reproduces the results of the original theory for all measurements whose resolution is not higher than indicated by the coarse scale. The procedure may be repeated. Wilson’s real space renormalization group is a form of multiscale analysis [50].

The central issue in this approach is locality. The effective theory has to be local. Otherwise it is unmanageable and useless. The first and essential step in the definition of an effective theory is the specification of its variables. These are functions of the variables of the original theory. For historical reasons they are called block spins [27]. They are obtained as image of a so-called restriction operator. The block spin must be chosen in such a way that the resulting effective theory is local. This is an art. No general recipe is known.

Gauge theories live on vector bundles whose fibres are vector spaces V_z attached to sites of space or space-time, continuous or discrete. We will concentrate on the discrete case, including unstructured grids. There is no natural a priori identification of different fibres. Instead, there are parallel transporters U(C) : V_z → V_w along paths C from z to w. In conventional gauge field theories they are unitary maps when fibres are equipped with a suitable scalar product.

It is a central hypothesis of this thesis that the requirement of locality of the effective

2 1 Introduction

theory may require the introduction of nonunitary parallel transporters as block spins at some scale when one starts with an ordinary gauge theory in five or more dimensions, possibly with matter fields but without Higgs fields.

A general theory of gauge field theories with nonunitary parallel transporters was recently presented in the Ph.D. thesis of T. Prüstel [41]. The nonunitary parallel transporters contain, besides a unitary factor, another factor which may be interpreted as a Higgs field.

Before turning to the renormalization group flow for gauge field theories, the solution of inhomogeneous linear equations

Lu = f (1.1)

on vector bundles on a grid is considered in chapter 2. Solving such equations with local relaxation methods one faces the problem of critical slowing down. Basically the convergence decreases with the number of iteration steps. This motivates the introduction of multigrid methods: An error that cannot be reduced any more can be opened up for further iterations on a coarser lattice. This is to be repeated in a multigrid algorithm. Elliptic inhomogeneous linear equations are of great importance in engineering. Accordingly, there is a continued effort to enlarge the domain of applicability of the well developed existing theory. There are difficulties to solve linear equations in physics as well. The Euklidean Dirac equation in an external gauge field is an example, which is important in lattice gauge theory.

Besides this, much can be learned in this laboratory about the proper choice of a restriction operator C and the preservation of locality properties in the effective theory. The restriction operator maps the fields of the original lattice to the effective scale. The effective theory will involve an effective problem operator L^1 on a coarse grid. There is an important issue which has never been systematically studied in gauge field theories of elementary particles, in spite of its importance. By contrast, it is a central theme in the multiscale approach to linear equations. This is the truncation of the effective action or problem operator L̂^1 which is defined by L once the restriction operator is chosen. It is impractical because it has exponential tails and thus needs to be truncated. One seeks exact solutions of eq.(1.1). Therefore the error made by the approximation of L̂^1 by L^1 has to be corrected. This is done with the help of so-called Schwarz iterations. A measure of quality of the truncation is introduced and shown to govern the convergence of the Schwarz iteration.

Even the standard model exhibits features that are not completely understood. The explanation of the hierarchy of the quark masses or the computation of the Cabibbo- Kobayashi-Maskawa-matrix belongs here. The wish to describe such features as emergent phenomena motivates the study of renormalization group flows. In chapter 3, the study of renormalization group transformations of gauge theories with nonunitary parallel transporters is begun with the study of a one-dimensional model. One imagines that only the extra dimension of a five-dimensional theory is retained. The locality requirement becomes trivial, but the renormalization group flow of the Higgs potential can be studied in detail. A qualitative explanation is added showing how locality properties can become

1 Introduction 3

restrictive when the extra dimensions are added.

If the nonunitary parallel transporters (PT) are invertible maps between fibres, PT along closed loops and their inverses generate a noncompact holonomy group H which contains the compact gauge group G. Only G is a local symmetry. It is an interesting question as to what patterns of spontaneous symmetry breaking can arise from Higgs fields made out of gauge fields in extra directions. This will be discussed in chapter 4 as result of a collaboration with M. de Riese and G. Mack. The general answer is not known, but for the Higgs field studied here, results are obtained. First, H determines according to which representation of G the Higgs field transforms. It is in general not the adjoint representation, unless H can be interpreted as a complex group. Further, the possible unbroken symmetry subgroups are maximal compact subgroups of parabolic subgroups of H. Group theorists know how to classify them [22]. With the help of existing software written by M. de Riese [43] lists of examples are compiled.

Models with extra dimensions became an interesting topic in contemporary physics [3]. Of course, on effective scales they should come by the standard model’s properties. Chapter 5 presents a model constructed in collaboration with G. Mack and T. Prüstel [31], which explains how Higgs fields of the type studied here can generate flavor mass splitting by spontaneous symmetry breaking of G. It lives on a five-dimensional space-time with a finite extent d in the fifth direction. Left- and right-handed fermions are attached to opposite boundaries L and R. The Higgs potential is supposed to be determined by the result of a renormalization group flow which stops when the scale equals d. The Cabibbo- Kobayashi-Maskawa matrix C is originally a dynamical field which fluctuates around a constant value determined by the ground state of the full theory. It is not fixed by the Higgs mechanism and would remain undetermined if it were not for explicit symmetry breaking on the boundaries. The model predicts axigluons.

Chapter 6 sums up the results. The appendix shows technical details that help to understand some issues outlined in this work.

4 1 Introduction

Chapter 2

Solving linear problems for disordered systems

There are different methods to solve discretized elliptic linear differential equations [46]. Most of them are not applicable to disordered systems, which are not approximately translation invariant. We introduce a scheme that resists and could be applied to a large range of problems. It is based on a multigrid procedure that is demonstrated by the twogrid. The most important condiment is the construction of a local block spin that also gauge covariant.

2.1 Statement of the problem

2.1.1 Multigrid procedures to solve linear equations

We want to solve discretized differential equations of the form

Lu = f. (2.1)

We concentrate at first on elliptic problems with a positive operator L. Some such problems can be solved by Algebraic Multigrid: a black box problem solver. But its applicability is so far mostly restricted to scalar equations with special properties. We are seeking much more general procedures. Usual local iteration methods are applied to improve an approximate solution u_{approx} of equation (2.1) step by step. The solution of such problems using local relaxation methods shows the feature of critical slowing down. This means basically that the modes associated with small eigenvalues of the operator L do not converge well. The multigrid method deals with this. An error that cannot be reduced any more on some scale can become again a candidate for local relaxation methods on a coarser scale. Concerning the Laplacian for example, the smooth modes, those to small eigenvalues, converge badly an their smoothness can be decreased relatively to a lattice by enlarging the lattice spacing. Thus one goes to larger scales to solve an effective version of eq.(2.1) and interpolates the result back to the fine scale. One has to find good restriction operators C to convert (2.1) into a coarse grid equation and good interpolators to go back to the original scale. We will discuss such choices for very general problems.

6 2 Solving linear problems for disordered systems

The most important requirement on C is that nailing down Cu = 0 will eliminate critical slowing down. Ellipticity will not be required to start with, but spectral properties of local approximations L^N to L turn out to be important to make the construction of C practical.

2.1.2 Locality and coarse graining

The elimination of degrees of freedom is the center point of building an effective theory. For linear problems this complexity reduction can be obtained by retaining weighted sums of fine grid variables as variables of the effective theory on the coarse grid. They are called block spin, see eq.(2.3). In general the block spin construction is not unique and may lead to nonlocality of the effective theory. The building of an effective theory is connected with the question of separating high and low frequencies in such a way that locality and the physics at the coarser scale is preserved. In this chapter we want to discuss how the demand of locality can be satisfied when we go to an effective theory. The main task is to find an appropriate choice of a block spin that represents the fields at the larger scale.

A chosen block spin leads to a decomposition into high (u^h) and low (u^l) frequency parts of a field u.

u = u^l + u^h. (2.2)

The low frequency part is involved in the effective theory. The exact solution to an equation Lu = f on a fine lattice is u = Gf with G = L^{−1}. G(x, y) is the Green’s function. The high frequency solution u^h defines a new Green’s function, what we will call Γ(x, y). Its decay length has not to be bigger than one lattice spacing of the coarse grid. If this is, so we can write u^l = J U where J is an interpolator and U an element of the vector space on the coarse grid. We consider subsystems of the original lattice when we go to coarser scales. This will be explained in section 2.3. Equation (2.1) on the coarse grid reads L^1U = F, where the effective operator L^1 should have good locality properties. The decomposition (2.2) is linear. This linear problem is equivalent to a free field theory without translation invariance. In gauge theory we will not have such a linear decomposition.

Let us have a look at the Green’s function G(x, y) = 1 Z ∫ Du u(x)u(y)e^{− 12 ⟨u,Lu⟩},

2.2 Technical preliminaries 7

which involves the Gaussian measure^1_Z Due^{− 1}2^{⟨u,Lu⟩} with covariance L^{−1}. The Green’s function can be identified with a correlation function in statistical systems. In cases of interest it decays slowly. The field on the coarser scale is obtained by linear restriction, applying a so-called restriction operator C U = Cu, U(x) = ∑ z∈x C_{xz}u(z). (2.3)

Here the sites z are elements of a grid Λ^0 and x label those of coarse grid Λ^1 ⊂ Λ^0. The Green’s function of the high frequencies is then given by Γ(x, y) = 1 Z ∫ Du u(x)u(y)e^{− 12 ⟨u,Lu⟩}δ(Cu), keeping the block spin fixed. A proper choice of a restriction operator leads to the fact that the correlation length of Γ is short. Thus locality properties are improved by keeping the block spin fixed. Γ will appear later as Green’s function of the high frequency problem in the compatible relaxation scheme.

A key issue will be how to construct a restriction operator C that assures good locality properties. In lattice gauge theory one is interested in the construction of gauge covariant block spins. This question will be examined in section 2.5.

2.2 Technical preliminaries

This section introduces the mathematical preliminaries to solve discretized linear equations. We introduce the notion of a linear system and the equation defined on it. Possible choices of a scalar product on the space of solutions and properties of the operators are discussed. Preconditioners are introduced. They convert the problem into a Hilbert space problem. We will focus on its desirable properties.

2.2.1 The problem

We seek solutions u ∈ V of well posed linear equations

Lu = f (2.4)

where f ∈ V^′. The vector space V^′ is the dual of a finite dimensional real or complex vector space V, and L is an invertible linear operator L : V → V^′. Elements of the dual V^′ are linear maps f : v → ⟨f, v⟩ from V to R or C . Eq.(2.4) is therefore equivalent to a(u, v) = ⟨f, v⟩ for all v ∈ V, (2.5) where a is the nondegenerate bilinear form on V defined by a(u, v) = ⟨Lu, v⟩.

8 2 Solving linear problems for disordered systems

In the literature, eq.(2.5) is called the weak form of eq.(2.4). We are interested in spaces V which contain real or complex functions or vector valued generalizations thereof, as follows.

There is a finite but large set of nodes z, w, ... ∈ Λ^0, and to every node z there is a finite dimensional vector space V_z with dual V^′_z . In addition there is a finite set of directed edges ⟨zw⟩, and whenever ⟨zw⟩ is an edge or z = w, a linear map L_{zw} : V_w → V^′_z is defined. For convenience, we set L_{zw} = 0 otherwise. V consists of functions u : z → u(z) ∈ V_z . Accordingly, V^′ consists of functions f : z → f(z) ∈ V^′_z , and ⟨f, u⟩ = ∑ z ⟨f(z), u(z)⟩, (Lu)(z) = ∑ w L_{zw}u(w). Often, nodes z, w... ∈ Λ^0 are sites of structured or unstructured grids. But our interest includes cases which are very different from discretized differential equations. To give an example of an interesting problem, the nodes may be the atoms of a protein whose folding process is to be studied.

By abuse of terminology, we will always speak of a grid, and we include the edges as part of the specification of the grid. A grid together with a specification of vector spaces V_z and linear maps L_{zw} will be called a Linear system Λ^0 for short. Concerning the vector spaces there are several cases

i) If all V_z ≡ V are the same, f and u are vector valued functions. In the special cases V = R or C , they are ordinary real or complex functions.

ii) If all V_z are isomorphic (i.e. have the same dimension) but cannot be identified in a natural way, then f, u are sections of vector bundles. This situation is encountered in lattice gauge theories of elementary particle physics, and for some other disordered systems.

iii) Different V_z may have different dimensions. f, u are sections of fibre bundles with fibres V^′_z and V_z . When we start from a problem of type i) or ii), multigrid methods may lead to problems of type iii) on coarser grids, because different numbers of coarse grid variables may be needed at different sites of the coarse grid. We wish to admit this possibility because there may be problems without translation invariance which are “difficult in the vicinity of some hot spots”.

We will start with the case of positive L. We discuss more general situations later on.

2.2 Technical preliminaries 9

We wish to construct a fast converging iterative procedure by exclusive reference to the structure furnished by the equation (2.4). A scalar product which turns V into Hilbert space is not part of the given structure, nor is the identification of different fibres V_z . On the contrary, it is the core of the problem how to convert the linear equation (2.4) into a Hilbert space problem with a small condition number of the problem operator.

The condition number k of a positive operator in a Hilbert space is the ratio of the largest and smallest eigenvalue. More generally it is the ratio of largest and smallest singular value.

2.2.2 Hilbert spaces

Before proceeding, let us recall some results from linear algebra concerning dual spaces, and fix notation.

V^′ consists of linear maps f : v → ⟨f, v⟩ ∈ R or C and

⟨λ_1f_1 + λ_2f_2, u⟩ = λ̄_1⟨f_1, u⟩ + λ̄_2⟨f_2, u⟩

where λ̄ is the complex conjugate of the number λ; λ̄ = λ for λ ∈ R.

By definition an operator L : V → V^′ is positive semidefinite if ⟨Lu, u⟩ ≥ 0 for all u, and positive if ⟨Lu, u⟩ > 0 for all u ≠ 0. We write A ≤ B if B − A is positive semidefinite. The adjoint of a map A : V → W of vector spaces is a map A^∗ : W^′ → V^′, defined by ⟨A^∗f, u⟩ = ⟨f, Au⟩ for f ∈ W^′, u ∈ V. A positive operator L : V → V^′ is automatically self-adjoint.

A positive operator D : V → V^′ equips V with a scalar product ⟨·, ·⟩_D, ⟨u, v⟩_D = ⟨Du, v⟩ thereby converting it into a Hilbert space. In this notation, the above bilinear form a(u, v) = ⟨u, v⟩_L. A Hilbert space is identified in a natural way with its dual. The Hilbert space adjoint A^+ of an operator in a Hilbert space with scalar product ⟨·, ·⟩_D is again an operator in the same Hilbert space with the defining property ⟨A^+u, v⟩_D = ⟨u, Av⟩_D. Equivalently

A^+ = D^{−1}A^∗D .

A Hilbert space operator A is positive if ⟨Au, u⟩_D > 0 for u ≠ 0. A positive A is automatically self-adjoint, A = A^+. We take it for granted that a Hilbert space problem Au = f can be solved by fast converging iteration if the condition number is not too large.

10 2 Solving linear problems for disordered systems

2.2.3 Preconditioners

Here we introduce preconditioners. They are applied in multigrid analysis to lessen the condition number and thus lead to better convergence. The search for a good twogrid or multigrid procedure can be interpreted as search for good preconditioners.

The standard approaches to solving the linear equation (2.4) consist of two steps:

1.) Convert the problem into a Hilbert space problem with the help of a preconditioner S. 2.) Solve the Hilbert space problem with the help of Krylov subspace methods (sketched below), such as conjugate gradient.

A preconditioner S is an invertible linear map S : V^′ → V. It is required to be positive if L is positive. In this case SL : V → V is a positive selfadjoint operator in the Hilbert space V with scalar product a = ⟨·, ·⟩_L, i.e. ⟨SLu, u⟩_L > 0 if u ≠ 0. Often S is not given explicitly, but must be computed as an inverse of an operator B = S^{−1} : V → V^′.

Iteration methods

Iteration methods are techniques for improving the accuracy of an approximate solution. Let u_{approx} be an approximate solution of the equation Lu = f. We write then Lu_{approx} = f. The error is denoted by e ∈ V, e = u_{approx} − u, and obeys and thus Le = f − Lu_{approx} = r, r ∈ V^′. Now assume we have a linear algorithm for the approximate solution of Le = r. We can find an approximation to the error e ≈ Sr. Thus the new, corrected approximate solution is given by u_{new} ≈ Sr + u. The operator S is referred to as the preconditioner. The convergence rate depends only on the condition number k(SL) =^{λmax(SL)}_{λmin(SL)} .

One can introduce methods for accelerating the convergence of the basic iteration. If u^n denotes the approximate solution after n iterations of the solution process, one can write the iteration as

u^{n+1} = u^n + τS(f − Lu^n)

with a so-called damping factor τ. It is an extra scalar parameter, which may be chosen to improve convergence. This scheme is often called Richardson’s method. Its convergence can be accelerated again by taking linear combinations of the obtained iterates. This is done by Krylov subspace methods.

2.2 Technical preliminaries 11

i) Krylov methods consists of first generating a Krylov subspace, which is given by K_n(r, L, S) = span{Sr, (SL)Sr, (SL)^2Sr, ...(SL)^{n−1}Sr}. ii) An approximate solution to the linear system is then obtained by minimizing the error in various norms, over all potential solutions in K_n(r, L, S).

A special Krylov subspace method is the conjugate gradient method. It is generally only suitable for symmetric positive definite matrices and strongly recommended for such problems. The conjugate gradient uses a three-term recurrence relation. This means that only a small number of vectors have to be kept during the iteration. [45]

A good preconditioner should have the following properties:

i) The computation of Sf (f ∈ V^′) is manageable.

ii) The condition number k of SL is not too large. Loosely speaking this means that S is an approximate inverse of L.

Given a good preconditioner S, the solution u of the linear equation (2.4) can be determined by fast converging iterative solution of the equation SLu = Sf. Remark: If L is a positive operator, Conjugate Gradient is an appropriate Krylov subspace method for solving the Hilbert space problem SLu = Sf. Its rate of convergence is determined by the condition number k of SL.

We will seek to construct good preconditioners by Schwarz methods. The strategy which we pursue is to start with a bad preconditioner D^{−1} and to cure it by adding coarse grid corrections. An operator D : V → V^′ will be called diagonal if D_{zw} = 0 for z ≠ w. Diagonal preconditioners will be our simplest and most important starting point. An obvious candidate is D_{zz} = L_{zz} . This is positive if L is positive.

High and low frequency problem

The essence of a multigrid procedure can be seen by considering a twogrid. One obtains a multigrid method from a twogrid method by using a twogrid once more to solve the low frequency problem, and so on and so on. We will concentrate on twogrid problems.

The basic idea of the twogrid cure is as follows. Suppose that for u ∈ V λ_{min}⟨Du, u⟩ ≤ ⟨Lu, u⟩ ≤ λ_{max}⟨Du, u⟩,

12 2 Solving linear problems for disordered systems

so that the condition number of the operator L = D^{−1}L is λ_{max}(L)/λ_{min} (L). In the most transparent variant (compatible relaxation), one introduces an “energy cutoff” ϵ and one splits V into a sum V = V_0 + V_1,

which is approximately orthogonal with respect to the scalar product a(·, ·) = ⟨ , ⟩_L and such that: 1. ϵ⟨Du, u⟩ ≤ ⟨Lu, u⟩ ≤ λ_{max}⟨Du, u⟩ for u ∈ V_0 . The determination of u ∈ V_0 is the high frequency problem.

2. V_1 consists of interpolates of elements U ∈ V^1 of sections on a coarse grid, and finding the solution u ∈ V_1 of the equation ⟨Lu, v⟩ = ⟨f, v⟩ for all v ∈ V_1 is equivalent to finding the solution U ∈ V^1 of a coarse grid equation

L^1U = F. (2.6)

3. There is a positive and easily inverted coarse grid version D^1 : V^1 → V^{1′} of D such that λ_{min}⟨D^1U, U⟩ ≤ ⟨L^1U, U⟩ ≤ Cϵ⟨D^1U, U⟩ for U ∈ V^1 with C ≈ 1.

Then the problem has been approximately factored in such a way that the condition number is factored, λ_{max}/λ_{min} = (λ_{max}/ϵ)(ϵ/λ_{min}). There is a high frequency problem with condition number λ_{max}/ϵ on the Hilbert space V_0 with scalar product provided by D, and a low frequency problem with condition number Cϵ/λ_{min} on the Hilbert space V^1 with scalar product provided by D^1.

If V_0 and V_1 are only approximately orthogonal, one needs a further iteration, to be constructed by invoking a Schwarz method, which calls for approximate solutions of high and low frequency problems in alternation.

The coarse grid equation (2.6) is a linear equation on the coarse grid. It is also called the effective problem, and L^1 is called the effective problem operator. One may say that the problem has been reduced to an effective problem on the coarse grid when the high frequency problem is mastered. It is possible to admit energy cutoffs ϵ(x), which depend on the block x. Convergence results depend on a lower bound on them.

2.3 Twogrid

Now we are ready to perform the step towards an effective problem. We introduce a block lattice Λ^1 by composition of sites on the fine grid to a so-called block. Types of blocks are classified according to their overlap. The construction of an operator L with generalized Neumann boundary conditions on block boundaries is introduced. It is our crucial tool to construct a restriction operator. Then we recall the construction of projectors that are used for Schwarz methods.

2.3 Twogrid 13

Given a Linear System Λ^0 we construct a coarse grid with nodes x, y, .... edges ⟨xy⟩, and vector spaces V_x . Linear maps L^1_{xy} : V_y → V^′_x will also be constructed. L^1 will be invertible, so that we obtain another Linear System Λ^1. We call this the block lattice. There is an associated vector space V^1 of sections U : x → U(x) ∈ V_x and its dual space V^{1′}, which consists of sections F : x → F (x) ∈ V^′_x . Given F ∈ V^{1′}, the solution of the coarse grid problem is U ∈ V such that L^1U = F . The nodes x are themselves grids, called blocks to begin with. They are obtained from the original grid by domain decomposition. They consist of some subsets z ∈ x of the nodes of the original grid together with all the edges between distinct nodes z, w ∈ x.

Given x, the boundary ∂x of x consists of all edges ⟨zw⟩ whose target z is in x, and whose source w is not. z ∈ x is called a boundary point if it is target of an edge in the boundary of x.

In Algebraic Multigrid (AMG) [46], the construction of a suitable decomposition is a major part of the analysis. Here we imagine at first that some decomposition has been chosen. Then we will investigate convergence properties, and from this criteria for good choices of decompositions will emerge. Examples suggest much less sensitivity to the choice of a decomposition than for AMG.

There are two different kinds of domain decomposition.

1. Non-overlapping blocks. Different blocks share neither nodes nor edges.

2. Different blocks overlap in boundary points and possible edges between them.

Somewhat paradoxically, case 1 leads to generalizations of what is known as Schwarz methods with overlap, while case 2 leads to sub-structuring methods, also known as Schwarz methods without overlap. What is known in the literature [49] as balanced Neumann Neumann, outlined in appendix B. It illustrates possibility 2.

The construction of the vector spaces V_x associated with coarse grid points x is more subtle.

First, the blocks x must be converted into Linear Systems by specification of a collection {L^{N,x}} of operators V → V^′, such that L^{N,x}_{zw} = 0, unless z = w ∈ x or ⟨zw⟩ is an edge in x. They are to be constructed from L.

In the case of blocks which do not overlap, it is required that

L^N = ∑ x L^{N,x} ≤ L , (2.7)

14 2 Solving linear problems for disordered systems

i.e. L − L^N is a positive semidefinite operator. Note that in this case, edges in boundaries of blocks do not belong to any block. We say that L^N does not couple different blocks.

In the case of blocks, which overlap in boundaries, it is required that ∑ x L^{N,x} = L . (2.8)

Collections of operators L^{N,x}, which fulfill these conditions, will be called problem operators with generalized Neumann boundary conditions. The same name is given to L^N in case of non-overlapping blocks.

Let us motivate the name. For structured grids, there is often a unique choice of L^N which respects the symmetry of the grid. In particular, in the classical case of the standard discretization −Δ of the negative Laplacian, −Δ^N is defined by the requirement that −Δ^N u = −Δu for all u such that u(z) = u(w) for all edges ⟨zw⟩ in boundaries of (non-overlapping) blocks x. It obeys

0 ≤ −Δ^N ≤ −Δ, (2.9)

and it has a zero mode for every block.

For the general class of problems, which we consider here, there is no natural definition of a problem operator with Neumann boundary conditions. It may be impossible to find operators which obey the analog of bounds (2.9). The square L of the Dirac operator for an electron in an external magnetic field can serve as an example to see the difficulty. To the best of the author’s knowledge Neumann methods for such a general class of problem operators L have never been considered before. We seek operators L^N with the aforementioned properties. In general, the choice of the L^{N,x} is neither unique, nor is L^{N,x} positive semidefinite. It will be a main task to deal with generalized eigenmodes of L^{N,x} with eigenvalues below some small positive ϵ which will be called the energy cutoff. The construction of L^{N,x} will be the topic of section 2.3.4. To define generalized eigenmodes, one needs in general a preconditioner D^{−1} which does not couple blocks. Any positive diagonal D satisfies this condition. Problem operators with Dirichlet boundary conditions can also be used as preconditioners. In special cases (positive semidefinite L^{N,x} and ϵ small enough), the only relevant generalized eigenmodes are zero modes, and they are actually independent of the choice of D.

Given L^{N,x} and D, the vector spaces V_x will be constructed as detailed in section 2.3.5, together with restriction maps C_x : V → V_x such that C_xu depends only on u(z) for z ∈ x. Using this, a restriction operator C : V → V^1 Cu(x) = C_xu

2.3 Twogrid 15

is defined. It maps sections on the original grid to sections on the coarse grid. Given the restriction operator C, one needs to select an interpolation operator J : V^1 → V such that the operator CJ : V^1 → V^1 is easy to invert, and the support of functions in J V_x extends to a reasonably small neighborhood of the subdomain x. We discuss in section 2.4.1 how to choose J .

Finally, a decomposition of V is chosen in the form V = V_0 + V_1 V_1 = J V^1, together with scalar products ã_0 and ã_1 on V_0 and V_1, respectively. These scalar products serve as substitutes for the scalar product a(u, v) = ⟨Lu, v⟩ in the weak form (2.5) of the original equation.

Given ã_0 and ã_1, this defines operators L^1, L_0 such that ã_1(J U, J V ) = ⟨L^1U, V ⟩, L^1 : V^1 → V^{1′}, ã_0(u, v) = ⟨L_0u, v⟩, L_0 : V_0 → V^′_0.

In addition, preconditioners S^1 : V^{1′} → V^1, S_0 : V^′_0 → V_0.

are specified. The preconditioner S^1 serves to solve the coarse grid (or low frequency) problem, which is to compute (L^1)^{−1}F for F ∈ V^{1′}, and S_0 serves to solve the so-called high frequency problem which is to compute L^{−1}_0 f, for f ∈ V^′. L^{−1}_0 f is defined for f ∈ V^′ because V^′_0 is a factor space of V^′, i.e. consists of equivalence classes [f] of elements f of V^′. L^{−1}_0 f = L^{−1}_0 [f] depends only on the equivalence class of f.

The additive or multiplicative Schwarz method will be used in a standard way to reduce the original problem to the solution of the high frequency and low frequency problems. It involves operators T_i : V → V_i such that for all v ∈ V_i ã_i(T_iu, v) = ⟨Lu, v⟩. Explicitly, T_1 = J (L^1)^{−1}J^∗L, (2.10) T_0 = L^{−1}_0 L.

To verify the first formula, write T_1u = J U with U = (L^1)^{−1}J^∗Lu and compute ã_1(T_1u, J V ) = ⟨L^1U, V ⟩ = ⟨J^∗Lu, V ⟩ = ⟨Lu, J V ⟩. q.e.d.

16 2 Solving linear problems for disordered systems

We recall some standard results. Given the split

V = V_0 + V_1

and scalar products ã_0 on V_0 and ã_1 on V_1, operators T_i : V → V_i are defined for i = 0, 1 by ã_i(T_iu, v) = a(u, v) for all v ∈ V_i

2.3.1 Additive Schwarz method

One introduces T_{as} = T_0 + T_1 : V → V This is well defined since V_i ⊂ V. The corresponding preconditioner S_{as} : V^′ → V is defined by T_{as} = S_{as}L. If the scalar product ã_1 comes from a positive operator D_1 : V_1 → V^′_1 and ã_0 comes from a positive operator D_0 : V_0 → V^′_0 then T_0 = D^{−1}_0 L and T_1 = D^{−1}_1 L. Therefore, S_{as} = D^{−1}_0 + D^{−1}_1 .

Now remember that S_{as} is a good preconditioner if T = SL has reasonably small condition number as an operator in the Hilbert space V with scalar product a = ⟨·, ·⟩_L. The standard convergence theory [49] gives bounds on the largest and smallest eigenvalue. In the case of the decomposition in only two subspaces the result simplifies as follows

Theorem 1 Let there exist (i) a constant C_0 such that for all u ∈ V there exists a decomposition u = u_0 + u_1, u_i ∈ V_i, such that ã_0(u_0, u_0) + ã_1(u_1, u_1) ≤ C^2_0 a(u, u) ;

(ii) a constant ω such that for i = 0, 1 a(u, u) ≤ ωã_i(u, u) for all u ∈ Range T_i. Then the minimal and maximal eigenvalues of T obey C^{−2}_0 ≤ λ_{min} ≤ λ_{max} ≤ 2ω. 2.3.2 Multiplicative Schwarz method

In this method, the same operators T_0 and T_1 are used as above, and one sets

T_{ms} = I − (I − T_1)(I − T_0) = T_0 + T_1 − T_1T_0 .

Therefore, if the scalar products come from positive operators D_0, D_1 as above, then T_{ms} = S_{ms}L with S_{ms} = D^{−1}_0 + D^{−1}_1 − D^{−1}_0 LD^{−1}_1 The standard convergence result is a variant of a result of Bramble Pasciak, Wang and Xu [7], as follows [49]. It is only useful if 0 < ω < 2. The inequality ω < 2 can always be achieved by rescaling the scalar products ã_i. The result is stated in terms of the norm || · ||_a in the Hilbert space V with scalar product a

2.3 Twogrid 17

Theorem 2 Under the same conditions as in Theorem 1, ||I − T_{ms}||^2_a ≤ 1 − 2 − ω̂ 1 + 2ω̂^2C^2_0 where ω̂ = max (1, ω).

The standard procedure is to use this for simple iterations. Starting with an initial guess u^0, the n-th iterate u^n (n = 0, 1, ...) gets updated to u^n → u^{n+1} = (I − T_{ms})u^n. But one can also use Krylov subspace methods. There exists also a symmetric version (which is suitable for use with Conjugate gradient) T_{sms} = I − (I − T^+_{ms})(I − T_{ms}) = T_{ms} + T^+_{ms} − T^+_{ms}T_{ms} .

2.3.3 Twogrid schemes

We will now present a list of twogrid schemes. Given the restriction operator C : V → V^1, the space V^1 is fixed. Different schemes differ in the choice of V_0, the scalar products ã_0 and ã_1, and the preconditioners. The interpolation operator J enters only into the Schwarz method, and determines its convergence.

Non-overlapping blocks

1. Compatible relaxation.

The name compatible relaxation refers to the use of updating sweeps on the original grid which leave Cu unchanged. V_0 = {u ∈ V, Cu = 0}, ã_0(u, v) = ⟨Lu, v⟩, u, v ∈ V_0 = ⟨[L + κC^∗D^1C]u, v⟩, (2.11) ⟨S^{−1}_0 u, v⟩ = ⟨Du, v⟩. u, v ∈ V_0 Eq.(2.11) holds for any κ and for any D^1. Concerning the coarse grid problem, there are several variants. i) Choose ã_1(J U, J V ) = ⟨L^1U, V ⟩, L^1 = J^∗LJ and a preconditioner S^1. There are two choices for S^1. Either S^1 = (D^1)^{−1} with (D^1)^{−1} = CD^{−1}C^∗ (2.12) or one solves the coarse grid problem by setting up another twogrid procedure, and so on if desired. This leads to a multigrid procedure.

18 2 Solving linear problems for disordered systems ii) ã_1(J U, J V ) = ⟨D^1U, V ⟩ with D^1 from eq.(2.12). This amounts to making very simple coarse grid corrections. No preconditioner S^1 is needed in this case since D^1 is easy to invert. Very simple coarse grid corrections are frequently used in domain decomposition. They are not in a multigrid spirit.

2. Softened compatible relaxation.

Choose κ > ϵ and set V_0 = V , ã_0(u, v) = ⟨[L + κC^∗D^{1′}C]u, v⟩, u, v ∈ V_0, S_0 = (D + κC^∗D^{1′}C)^{−1} (2.13) with D^{1′} : V^1 → V^1 constructed together with the restriction operator C in section 2.3.5. The coarse grid is treated the same way as for compatible relaxation.

3. Block Jacobi.

V_0 = {u ∈ V, Cu = 0} as in the compatible relaxation scheme but ã_1(J U, J V ) = ϵ⟨D^1U, V ⟩, ã_0(u, v) = λ_{max}⟨Du, v⟩, S_0 = D^{−1}(D − C^∗D^1C)D^{−1} with D^1 from eq.(2.12). S_0 is the exact inverse of the operator L_0 : V_0 → V^′_0 associated with a_0, i.e. it is a perfect preconditioner. L^1 = D^1 can also be inverted exactly.

4. Orthogonal spaces.

Let V^⊥_1 be the orthogonal complement of V_1 = J V^1 with respect to a(·, ·), and let P_1 be the orthogonal projector on V_1. Set V_0 = V^⊥_1 = (I − P_1)V, ã_0(u, v) = ⟨Lu, v⟩, ã_1(J U, J V ) = ⟨L^1U, V ⟩ with L^1 = J^∗LJ . In such a scheme, the Schwarz iteration converges in one step, but every iteration of the high frequency problem involves an application of P_1 which requires the solution of a coarse grid problem, because P_1 = J (L^1)^{−1}J^∗L.

P_1 equals the operator T_1 in equation (2.10). Often this will be too expensive unless the high frequency iteration converges fast. For this purpose one needs a good preconditioner S_0 for the high frequency problem. Suitable choices would be S_0 = (D + κC^∗D^1C)^{−1} or S_0 = (L^N + κC^∗D^1C)^{−1}

2.3 Twogrid 19

with an operator L^N ≤ L that does not couple between blocks. For instance, one may use the “historical” additive Schwarz method with overlap. One selects neighborhoods N (x) of the blocks x in the original grid. One sweeps through the blocks x in some order. For each x, one updates u(z) for z ∈ N (x) in such a way that the cost functional^1_2 ⟨Lu, u⟩ − ⟨f, u⟩ is minimized, subject to the constraint that u(z) for z /∈ N (x) remain unchanged. This amounts to solving inhomogeneous Dirichlet problems on N (x), cp. [45].

The coarse grid problem could be solved in the same ways as discussed above. In particular one may use a multigrid procedure.

Alternatively one could use ã^1(U, V ) = ⟨D^1U, V ⟩. Again, this is not in a multigrid spirit.

Our main interest will be in the first two methods.

Blocks overlapping in boundaries

5. Orthogonal spaces and Neumann Neumann methods.

Let V^⊥_1 be the orthogonal complement of V_1 with respect to a(·, ·), and let P_1 be the orthogonal projector on V_1, as above.

V_0 = V^⊥_1 = (I − P_1)V, ã_0(u, v) = ⟨Lu, v⟩. The high frequency problem is solved by an additive Schwarz method, cp. section 2.3.1. This method reduces to the balanced Neumann Neumann method in case L^{N,x} are positive semidefinite, and the energy cutoff ϵ is chosen so small that only the zero modes are relevant for defining the coarse grid problem.

A possible preconditioner is also given by

S_0 = L^N + κC^∗D^1C.

In the sequel of this chapter we concentrate on non-overlapping blocks.

2.3.4 Generalized Neumann boundary conditions

We would like to explain the construction of the operator with generalized Neumann boundary conditions. This preserves a generalization of the equality −△^N ≤ −△ that is valid for the Laplacian. This mechanism is also applicable to “tight” Dirichlet boundary conditions, as outlined in appendix A. In subsection 2.3.6 a suitable construction of the Helmholtz operator with Neumann boundary conditions is proposed. It fulfills the requirement L^N ≤ L.

20 2 Solving linear problems for disordered systems

Assume that V is made into a Hilbert space with a scalar product ⟨·, ·⟩_D. Then L = D^{−1}L is selfadjoint in this Hilbert space if L = L^∗, and L^+ = D^{−1}L^∗. We define positive semidefinite operators wP_z = D_{zz}(L^+_{wz} L_{wz} )^{12} : V_z → V^′_z .

Let X be the union of all blocks x and ∂X consists of all edges between different blocks. ∂x consists of edges with target in block x and source not in x. Then we define L^N_{zw} = { 0 for ⟨zw⟩ ∈ ∂X L_{zw} for z ≠ w and ⟨zw⟩ /∈ ∂X L_{zz} − ∑ z^′:⟨z^′,z⟩∈∂X z^′ P z for z = w. where ⟨zw⟩ stands for the edge between z and w. This operator fulfills the requirement for blocks that do not overlap in boundaries

L^N = ∑ L^{N,x} ≤ L, if L is positive definite with respect to the scalar product. This is shown in detail in appendix A.

2.3.5 The restriction operator C

Given a Linear System, a domain decomposition into blocks x, a definition of the problem operator with Neumann boundary conditions, a preconditioner D which does not couple blocks, and an “energy” cutoff ϵ. We may consider generalized eigenmodes ϕ^α_x ∈ V of L^{N,x}, defined by D^{−1}L^{N,x}ϕ^α_x (z) = E^α_x ϕ^α_x (z) for z ∈ x,

ϕ^α_x (z) = 0 for z /∈ x.

We may imagine that the modes are ortho-normalized, ⟨ϕ^α_x , ϕ^β_y ⟩_D = δ^{αβ}δ_{xy}. (2.14)

Given x, let there be n_x ≥ 0 such eigenmodes with eigenvalues E^α_x < ϵ, and let them be labeled by α = 1, ..., n_x. Then V_x shall consist of column vectors V_x ∋ c_x = (c^1_x, ...c^{nx}_x )^T made of real or complex numbers. Let ϕ^x_α ∈ V^′ be the dual basis, viz. (ϕ^x_α, ϕ^β_y ) = δ^β_α δ^y_x . For u ∈ V we define c_x = C_xu by c^α_x = ⟨ϕ^x_α, u⟩ , α = 1, ...n_x. (2.15)

C maps the functions ϕ^α_x ∈ V, α = 1, ...n_α bijectively into a basis of V_x . Therefore we may define a scalar product ⟨ , ⟩_D1′ on V^1 = {V_x } by

⟨Cϕ^α_x , Cϕ^β_x⟩_D1′ = ⟨ϕ^α_x , ϕ^β_x⟩_D (2.16)

2.3 Twogrid 21

for α, β = 1, ...n_x. This defines an operator D^{1′} : V^1 → V^{1′}.

Let E_x : V_x → V_x be the matrix made of the eigenvalues, (E_xc_x)^α = E^α_x c^α_x .

and let E : V^1 → V^1 be the operator defined by (EU)(x) = E_xU(x) . Then C_xD^{−1}L^{N,x} = E_xC_x and in case of non-overlapping blocks, CD^{−1}L^N = EC. 2.3.6 Examples

To illustrate the spirit of the construction of the restriction operator, we give an informal discussion of some examples.

The anisotropic Laplacian Consider a two-dimensional quadratic grid. Let ∇ be the finite difference derivative (∇_μu(z) = u(z + μ̂) − u(z) for lattice spacing 1 and μ = 1, 2) and let L = − 2∑ α=1 a_{αβ} (z)∇_α∇_β, be the anisotropic Laplacian, where a(z) is a positive 2×2-matrix which depends smoothly on z, and which may have a large ratio^{λ2}_{λ1} of eigenvalues for some or all z. To bring out the ideas as clearly as possible, suppose that we have inside of some cube of side length s around x̂ L = −λ_1∇^2_1 − λ_2∇^2 with large ratio^{λ2}_{λ1} . The operator L^N with traditional Neumann boundary conditions on the boundary of the cube is well defined. For suitably positioned fairly large blocks, the eigenmodes are cos(k_1z_1 + k_2z_2) with k_i ≈^{niπ}_s with non-negative integer n_i and the eigenvalues are λ_1k^2_1 + λ_2k^2 . Thus if we choose ϵ = λ_2(^π_s )^2, then the eigenmodes with eigenvalues < ϵ are

cos k_1z_1, k_1 = n_1π s with n_1 = 0, ... [√λ_2 λ_1 ] , (2.17)

22 2 Solving linear problems for disordered systems

where [n] is the largest integer ≤ n. Thus, the number of modes increases proportional √_{λ2} λ_1 . From these modes, the restriction operator C is to be built according to section 2.3.5.

Let us try to explain why this will work by comparing with another approach which is based on the adjustment of the shape of the blocks. If it were not for the discreteness of the grid, we could rescale z_1 to remove the anisotropy.

z_1 → z^′_1 = √ λ_2 λ_1 z_1, z_2 → z^′_2 = z_2

where ∇ = √_{λ2} λ_1 ∇

′ and

L = −λ_2(∇^{′2}_1 + ∇^2).

We can treat this problem locally by choosing as a block a square of the extent s in z^′_1 and in z^′_2, and an energy cutoff ϵ = λ(^π_s )^2 so that the only eigenmode < ϵ of L^N is the constant mode. The new square is the image of a rectangle in z_1, z_2 of extent s in z^2 and √_{λ1} λ_2 s in z1. There are √_{λ2} λ_1 of such rectangles inside of the original square in z1, z2. The

constant modes in these rectangle multiplied with arbitrary factors combine to modes in the original rectangle, which are constant in z_2 and piecewise constant in z_1. Suitable such modes can be regarded as piecewise constant approximations to our modes (2.17). Thus the two ways of treating the problem locally are quite similar.

If it were not for the z-dependence of a(z) the whole problem would reduce to solving the Laplace equation and could be solved be the second approach. The block spins would be block averages of u. It is well known that compatible relaxation with such a choice of a restriction operator works well.

The advantage of our approach is that it is a general purpose procedure for a wide range of problems. One does not need to inspect the problem first in order to find a suitable choice of ingredients in the twogrid procedure. Besides, in the present example, the z-dependence of a would create practical problems when one wants to implement the second procedure.

The Helmholtz operator

When one considers solutions of a wave equation with periodic time dependence e^{−iωt} one is lead to the Helmholtz equation. Its inhomogeneous version reads

(△ + ω^2)u = f

where △ is the lattice Laplacian. Note that the original problem is a hyperbolic problem, and that the Helmholtz operator is neither positive nor elliptic because the equation −k^2 + ω^2 = 0 has nontrivial solutions k.

To get a well defined problem, one needs to specify boundary conditions such as the

2.3 Twogrid 23

Sommerfeld radiation condition, which involves the normal derivation of the solution at the boundary (ideally at ∞), (△_n + iω)u = o ( r^{− d−12} ) in d dimensions. The Helmholtz equation has been studied in the literature [9]. We recall some heuristics of which we expect that it can be made precise applying our procedure using the Helmholtz operator with suitable generalized Neumann boundary conditions. Details have not been worked out yet. The key feature of the problem is that there are very many low lying modes, but not so many that the multigrid procedure would not lead to a consecutive thinning of degrees of freedom at successive scales. In our approach, the dimension of the fibres V_x will increase with the scale, but nevertheless the total number of degrees of freedom is expected to decrease.

The low lying eigenmodes of the Helmholtz operator are plane waves e^{ikx} with eigenvalues

λ_k = ω^2 − k^2

of small modulus |λ_k| < ϵ. Because ω^2 − k^2 ≈ 2ω(ω − |k|) this is equivalent to |k| = ω − ϵ 2ω ... ω + ϵ 2ω . Their number is approximately proportional to the integral Ω_d

∫_{ω+} ϵ_{2ω} ω−^ϵ_{2ω} drr −1 ≈ Ω_ddϵω^{d−2}, where Ω_d is the volume of the unit sphere S^{d−1}.

The problem will be to find a similar estimate for the number of low lying modes of the Helmholtz operator with generalized Neumann boundary conditions on block boundaries.

A proposal for the squared operator with generalized Neumann boundary conditions is as follows. Consider

L_H = (△ + ω)^2u = f.

Expanding the square this reads

(△^2 + 2△ω^2 + ω^4)u = f.

An adequate Operator with Neumann boundary conditions is given by

L^N_H = (△^2)^N + ω^4 + 2ω^2△^D

where^D stands for Dirichlet boundary conditions, as △^2 is positive and △ negative definite. It fulfills L^N_H ≤ L_H due to −△^N ≤ −△ ≤ −△^D.

24 2 Solving linear problems for disordered systems

2.4 Interpolation operators

We wish to construct an interpolation operator J that can be used in practical applications. We construct it as approximation to another ideal interpolator that is canonically determined by the restriction operator C and that is well known in the literature. It was introduced in the framework of quantum field theory in the framework of a rigorous renormalization group approach [14]. Our interpolation operator is defined to be a local approximation to the ideal interpolation operator which has exponential tails. We will explain how the practical interpolation operator is determined. A measure of its quality will be introduced. Given the problem operator, the interpolation operator J will determine the effective problem operator L^1 on the coarse grid. Again L^1 is an approximate to an ideal coarse grid operator L̂^1.

2.4.1 Ideal interpolation operator

We turn to the consideration of the interpolation operator J : V^1 → V from the coarse grid to the fine grid. Let V_C = {u ∈ V : Cu = 0}. This is the space V_0 of the compatible relaxation scheme.

We will construct interpolation operators J as approximations to an ideal interpolation operator A which maps V^1 to the orthogonal complement of V_C . If we could use the split V = V_C + AV^1 then the multiplicative Schwarz iteration would converge in a single step.

This requirement does not fix A uniquely. If we substitute A → AR where, R is any invertible map V^1 → V^1, then AV^1 stays unchanged. We will later use this freedom to advantage. For now we eliminate it by imposing the subsidiary condition CA = I. CA maps V^1 to V^1.

We give a formula for A. Define an ideal coarse grid problem operator L̂^1 : V^1 → V^{1′} by (L̂^1)^{−1} = CL^{−1}C^∗ . (2.18)

Proposition 1 A = L^{−1}C^∗L̂^1 .

maps V^1 to the orthogonal complement of V_C in the Hilbert space V with scalar product a = ⟨·, ·⟩_L and satisfies CA = I. Moreover, the ideal problem operator L̂^1 can be recovered from it, L̂^1 = A^∗LA.

Needless to say, these formulae do not give a practical way of computing A and L̂^1. But we will see later that AU can be computed by fast converging compatible relaxation.

2.4 Interpolation operators 25

Proof of Proposition 1. Let v ∈ V_C so that Cv = 0. Then ⟨AU, v⟩_L = ⟨LAU, v⟩ = ⟨C^∗L̂^1U, v⟩ = ⟨L̂^1U, Cv⟩ = 0. This proves the first part of the proposition. The assertion CA = I is obvious from eq.(2.18). Finally we compute

A^∗LA = A^∗C^∗L̂^1 = L̂^1 . q.e.d.

Let A(z, x) : V_x → V_z be the “integral kernel” of A, viz. (AU)(z) = ∑ x A(z, x)U(x) .

It can be proven under fairly general assumptions, without use of translation invariance, that A_{zx} decays exponentially with distance between z and x, in appropriate norms and with distance measured in path length on the coarse grid. The precise decay length may depend on ϵ. In the classical case L = −Δ, ϵ > 0 small, the operators C and A were introduced and studied 20 years ago by Kupiainen and Gawedzki [14] for use in a rigorous renormalization group approach for quantum field theory. In this classical case, the decay properties on hypercubic grids with hypercubes as blocks can be obtained by Fourier analysis. The decay length is one coarse grid lattice spacing. The results were later extended to gauge theories, where translation invariance cannot be used, by Balaban and collaborators [6]. The fast decay could also be deduced from the fast convergence of the compatible relaxation.

In spite of this, the exponential tails of A(z, x) preclude its practical use. Moreover, one knows from the study of the classical case L = −Δ that the decay properties of A can be much improved by making use of the freedom of replacing A by AR. This will cure another problem at the same time. The strategy outlined in section 2.2.3 requires a good upper bound on (D^1)^{−1}L^1 to make the low frequency problem well conditioned. D^1 is the coarse grid version of the original “bad” preconditioner D, cp. eq.(2.12). There is no guarantee that (D^1)^{−1}L̂^1 will satisfy such a bound.

With this motivation, we introduce a one-parameter family of ideal interpolation operators A_κ and, later on, of ideal coarse grid problem operators L̂^1_κ. The parameter κ shall be in the range ϵ < κ ≤ ∞, where ϵ is the energy cutoff. Set

G_κ = CL^{−1}C^∗ + 1 κ (D^1)^{−1} , (2.19)

A_κ = L^{−1}C^∗G^{−1}_κ .

These formulae are useless for practical calculation, but there is a useful alternative form which can be used as equivalent definitions.

26 2 Solving linear problems for disordered systems Proposition 2 For κ < ∞ and D^1 as defined in eq.(2.12), A_κ = κ(L + κC^∗D^1C)^{−1}C^∗D^1 (2.20) Moreover A_κ = AR_κ with R_κ = 1 −^1_κ (D^1)^{−1}G^{−1}_κ , and A = lim_{κ→∞} A_κ. Proof of proposition 2: Starting from the definitions (2.19)f, we compute (L+κC^∗D^1C)A_κ = C^∗G^{−1}_κ + κC^∗(D^1)[G_κ −^1_κ (D^1)^{−1}]G^{−1}_κ = κC^∗D^1. This proves the first formula. The limiting value of A_κ is immediate from the definitions. The assertion A_κ = AR_κ = A ( 1 − 1 κ (D^1)^{−1}G^{−1}_κ is derived by inserting G_κ. It follows A_κG_κ = AG_κ−^1_κ A(D^1)^{−1} ⇔ A(L̂^1)^{−1} = L^{−1}C. q.e.d.

Corollary 1 (High frequency propagators) Define the self-adjoint high frequency propagators Γ_κ and Γ : V^′ → V by Γ_κ = (L + κC^∗D^1C)^{−1} Γ = lim_{κ→∞} Γ_κ.

0 < κ < ∞. Then A_κ = κΓ_κC^∗D^1, (2.21) ΓC^∗ = 0 , CΓ = 0, (2.22) Γ_κL = 1 − A_κC , (2.23) so that ⟨u, Γ_kLv⟩ = ⟨u, v⟩ for u, v ∈ V_C . In particular ΓLv = v for all v ∈ V_C .

The last assertion shows that Γ restricted to V_C is the inverse of L_0 in the compatible relaxation scheme.

Proof of corollary 1 is immediate from the proposition. Multiply both sides of eq.(2.23) with (L + κC^∗D^1C); divide eq.(2.21) by κ and take the limit. Γ maps V_C to V_C , because CΓ = 0. q.e.d.

Lemma 1 Define the family of ideal coarse grid problem operators by L̂^1_κ = A^∗_κLA_κ.

so that L̂^1 = lim_{κ→∞} L̂^1_κ and L^1_κ = R^∗_κL̂R_κ. It satisfies the upper bound L̂^1_κ ≤ κD^1.

Proof of lemma 1. Inserting the definitions one computes A^∗_κLA_κ = G^{−1}_κ − 1 κ G^{−1}_κ (D^1)^{−1}G^{−1}_κ ≤ G^{−1}_κ .

2.4 Interpolation operators 27

It is immediate from its definition that G_κ ≥^1_κ (D^1)^{−1}. This implies the stated bound. q.e.d.

For illustration we show in figure 2.1 the integral kernel A(z, x) of A_κ for various values of κ in the classical case L = −Δ on a quadratic lattice in two dimensions, with 8 × 8 squares as blocks. Cu(x) is the average of u(z) over the 8 × 8 square x in this example. A single block x = 0 is considered, and A_κ(z, 0) is shown for z on a line which passes close to the center of x. One sees that the constraint CA = I for κ → ∞ forces oscillations into A which worsen the decay properties. The constraint requires that the block averages av_{z∈y}A(z, x) = 1 for y = x and = 0 for all other blocks y. The falloff properties are improved if κ is above and close to ϵ, where ϵ is the first nonzero eigenvalue of −Δ^N in the example. [21, 17]

Figure 2.1: This figure shows cross sections through A-kernels for 8 × 8-blocks with κ values of 100 (top),^1_8 (center) and^1_{32} (bottom) in units a = 1. Note that the kernel oscillates for high κ values [18].

2.4.2 Determination of practical interpolators

Finally we are ready to consider practical approximations J to A_κ, which differ from A_κ in their support properties. Let J_x : V_x → V be defined by J U(z) = ∑ x J_xU(x). We choose neighborhoods N (x) of blocks x in the original grid, and require that J_x vanishes outside N (x).

We distinguish two cases.

28 2 Solving linear problems for disordered systems

i) N (x) consists of entire blocks, viz. x and some neighbors.

ii) It consists smaller neighborhoods N (x).

In case i) we may continue to use formula (2.20) for the kernel A_κ(z, x) of A_κ when z ∈ N (x); for z /∈ N (x) the kernel vanishes. More generally, let us consider the problem of finding a good interpolation operator J up to right multiplication J → J R with a diagonal R. Multiplication with diagonal R does not change the locality properties of either J or L^1 = J^∗LJ ; it takes L^1 → R^∗L^1R. We may use this freedom to prescribe the diagonal part of L^1, e.g. L^1_{xx} = ϵD^1_{xx}.

We formulate the problem of finding an interpolation operator as an extremal problem. If we impose support properties as subsidiary conditions, practical approximations to the ideal interpolation operator will be obtained. The iterative solution of the extremal problem converges fast because it is equivalent to a compatible relaxation; moreover, it involves a local problem operator with Dirichlet boundary conditions.

Let for example be S_0 = D^{−1}[D − C^∗D^1C]D^{−1} : V^′ → V_C , with D^1 from eq.(2.12). This is suitable preconditioner, regarded as a map of V^′. It satisfies CS_0 = 0, S_0C^∗ = 0, and ⟨S_0Dv_0, v_0⟩ = ⟨v_0, v_0⟩ if Cv_0 = 0. This is easily verified. An ideal interpolation kernel J = AR has the defining property LJ = C^∗L^1 for some L^1. Therefore S_0LJ = 0. Since D^1 > 0 this is true if and only if tr(D^1)^{−1}J^∗LS_0LJ = 0. We may therefore determine J as solution of the extremal problem

Tr(D^1)^{−1}J^∗LS_0LJ = Min

subject to some subsidiary condition which excludes J = 0. Here Tr is the trace in V^1, i.e. TrΦ = ∑ x tr Φ_{xx}, tr is the trace in V_x . As a subsidiary condition we could take tr ( CD^{−1}LJ ) xx = 1. Without support properties as further subsidiary conditions, the extremal problem has general solution J = L^{−1}C^∗D^1λ, with λ : V^1 → V^1 arbitrary, except that tr λ_{xx} = 1. In particular, J = A_κR with a suitably normalized diagonal R furnishes a family of solutions parameterized by κ. Remembering that the support properties of A_κ depend in general on κ, we expect that the imposition of support properties as additional subsidiary condition will remove the arbitrariness, except for right multiplication with a suitable diagonal R. Given that A_κ has good enough support properties, the unique extremum is expected to be close to A_κR for some κ ≈ ϵ, with a diagonal R. Let L^{D,x} be the problem operator restricted to N (x) with homogeneous Dirichlet boundary conditions on the boundary of N (x). Hence, LJ_x = L^{D,x}J_x if J_x has the indicated support properties. Variation with Lagrange multipliers leads to S_0L^{D,x}J_x = D^{−1}C^∗γ with some γ. But CS_0 = 0 and CD^{−1}C^∗ = (D^1)^{−1}, therefore γ = 0. An equation S_0Φ = 0 requires that Φ = C^∗Ψ. Therefore we are lead to the equation

L^{D,x}J_x = (C^∗λ)_x (2.24)

2.4 Interpolation operators 29

for some λ : V^1 → V^{1′}. Explicitly, (C^∗λ)_x = ∑ y C_yλ_{yx}. Assuming that for all neighboring blocks y to x the support of J_x fills out only part of y, eq.(2.24) cannot be true unless λ_{yx} ∝ δ_{yx}. Therefore we may determine J_x up to multiplication with diagonal R from the right by solving the inhomogeneous equation L^{D,x}J_x = ( C^∗D^1 ) x This implies that (L^{D,x}J_x)(z) = 0 for z /∈ x, i.e. J_x is a “harmonic” function on supp J_x \ x. Next we define a measure of the quality of an interpolation operator. As earlier, let V^′_C be the dual of the space V_C = {u ∈ C : Cu = 0}. This equals the high frequency space V_0 of the compatible relaxation scheme. Recall also that we have the freedom of substituting J → J R. This freedom may be eliminated by prescribing CJ .

Lemma 2 Suppose CJ = R. Then J = AR + Γh with h = LJ mod C^∗V^{1′} ∈ V^′_C . Here Γ = L^{−1}_0 is the high frequency propagator (2.22) in the compatible relaxation scheme.

Proposition 3 Under the same condition, let L^1 = J^∗LJ . Then L^1 is related to the ideal coarse grid problem operator L̂^1 by

L^1 = R^∗L̂^1R + h^∗Γh,

where L̂^1 is the exact effective problem operator defined by CL^{−1}C^∗ = (L^1)^{−1} In particular, L^1 ≥ R^∗L̂^1R.

Definition 1 (Quality of coarse grid problem operators) Under the same conditions, L^1 is said to have quality at least δ, 0 < δ ≤ 1 if 1 2 − δ R^∗L̂^1R ≤ L^1 ≤ 1 δ R^∗L̂^1R. Definition 2 (Quality of interpolation operators) Under the same conditions, the quality δ of the interpolation operator J is the largest number δ in the interval 0 < δ ≤ 1 such that

h^∗Γh ≤ (1 − δ)L^1.

It is easy to show that there is always such a δ > 0.

Proposition 4 If J has quality δ then L^1 = J^∗LJ has quality at least δ.

30 2 Solving linear problems for disordered systems

Proof of Lemma 2: Let V_0 = V_C and L_0 : V_0 → V^′_0 be as in the compatible relaxation scheme. We have C(J − AR)U = 0 for any U ∈ V^1. Therefore u = (J − AR)U ∈ V_0. Since L_0 : V_0 → V^′_0 is invertible, u = L^{−1}_0 h with h = L_0u ∈ V^′_0. This proves the first assertion. Since V_0 is a subspace of V, its dual V^′_0 is a factor space of V^′, and by definition of L_0 we have L_0u = Lu mod C^∗V^{1′} = LJ U mod C^∗V^{1′}

because LARU = C^∗L̂^1RU ∈ C^∗V^{1′}. q.e.d.

Proof of Proposition 3: We compute L^1 = (R^∗A^∗ + h^∗Γ)L(AR + Γh) = R^∗A^∗LAR + h^∗ΓLΓh since LA = C^∗L̂^1 and ΓC^∗ = 0. It follows that L^1 = R^∗L̂^1R + h^∗ΓL_0Γh = R^∗L̂^1R + h^∗Γh. q.e.d.

Proof of Proposition 4: The lower bound on L^1 follows because L^1 ≥ R^∗L̂^1R by proposition 3. To verify the upper bound on L^1 we start from the assertion of proposition 3, L^1 = R^∗L̂^1R + h^∗Γh. By the definition of the quality of J it follows that L^1 ≤ R^∗L̂^1R + (1 − δ)L^1, i.e. δL^1 ≤ R^∗L̂^1R. q.e.d.

2.4.3 Compatible relaxation

The convergence of a twogrid scheme involves three issues.

i) Convergence of the iterative solution of the high frequency problem.

ii) Convergence of the iterative solution of the low frequency problem.

iii) Convergence of the Schwarz iteration which is needed when V_0 and V_1 are not exactly orthogonal.

The first issue involves the condition number of L_0. In the (softened) compatible relaxation scheme ⟨u, L_0v⟩ = ⟨u, L + κC^∗D^{1′}Cv⟩ for v ∈ V_0 ⊆ V. The crucial issue is to ensure by construction of the restriction operator C that the lower bound L ≥ λ_{min}D gets improved to L_0 ≥ ϵD. This is ensured by proposition 5 below.

Proposition 5 Let the restriction operator C be constructed as in section 2.3.5 with “energy cutoff” ϵ, and let D^{1′} : V^1 → V^{1′} be the diagonal operator with defining property (2.16). Let κ ≥ ϵ. Then L + κC^∗D^{1′}C ≥ ϵD on V.

Proposition 5 shows that the construction of the restriction operator C works. The constraint Cu = 0 nails down those modes that are slow to converge.

2.4 Interpolation operators 31

Proof of proposition 5: Since L ≥ L^N it suffices to establish that ⟨u, [L^N + κC^∗D^{1′}C]u⟩ ≥ ϵ⟨u, Du⟩. Expand u in the complete set of eigenvectors ϕ^α_x of D^{−1}L^N with eigenvalues E^α_x , viz. u = ∑ x,α u^x_αϕ^α_x with u^x_α ∈ C . Because L^N does not couple blocks ∑ x ∑ α,β ū^x_βu^x_α{⟨ϕ^β_x, L^N ϕ^α_x ⟩ + κ⟨Cϕ^β_x, D^{1′}Cϕ^α_x ⟩} C annihilates ϕ^α_x with α > n_x, and for the remaining modes we may use eq.(2.16) to evaluate the second term. Thus, = ∑ x n_x∑

α,β=1 ū^x_βu^x_αẼ^α_x ⟨ϕ^β_x, Dϕ^α_x ⟩

with Ẽ^α_x = E^α_x + κ if α = 1, ....n_x and Ẽ^α_x = E^α_x otherwise. The matrix element is proportional δ^{αβ} by eq.(2.14) and Ẽ^α_x ≥ ϵ by construction. Therefore the above expression is ≥ ϵ⟨u, Du⟩. q.e.d. The second issue involves upper and lower bounds on the effective problem operator L^1 on the coarse grid (compare the discussion in section 2.2.3 on how to construct a good preconditioner). In the coarse grid problem it is to be solved by simple iteration, the condition number of L^1 governs the convergence of the coarse grid iteration. If we want to solve it by a twogrid procedure (and so on and so on), the upper and lower bounds can serve as a substitute for the bounds λ_{min}D ≤ L ≤ λ_{max}D from which we started. Proposition 6 and 7 below give lower and upper bounds on L^1.

Proposition 6 Suppose λ_{min}D ≤ L and the interpolation operator obeys CJ = R. Let D^1 as in eq.(2.12). Then

L^1 ≥ λ_{min}R^∗D^1R.

Proposition 7 Suppose the interpolation operator is constructed as an approximation to A_κ in the sense that R = CJ = CA_κ, κ ≥ ϵ (ons thinks of R = R_κ as A_κ = AR_κ), and the effective problem operator has quality δ > 0. Then

L^1 ≤ κ δ D^1.

The second result suggests to choose κ ≈ ϵ. We were unable to prove a useful bound in case κ = ∞. This suggests that the freedom to improve locality properties by choice of R is essential.

Proof of proposition 6: By proposition 3

L^1 = R^∗L̂^1R + h^∗Γh ≥ R^∗L̂^1R

32 2 Solving linear problems for disordered systems

where L̂^1 is the exact effective problem operator defined by CL^{−1}C^∗ = (L^1)^{−1}. Thus (L^1)^{−1} ≤ R^{−1}(L̂^1)^{−1}R^{∗−1} = R^{−1}CL^{−1}C^∗R^{∗−1} and for all F ∈ V^{1′} ⟨F, (L^1)^{−1}F ⟩ ≤ ⟨R^{∗−1}F, CL^{−1}C^∗R^{∗−1}F ⟩ ≤ λ^{−1}_{min}⟨R^{∗−1}F, CD^{−1}C^∗R^{∗−1}F ⟩, since L^{−1} ≤ λ^{−1}_{min}D^{−1} by hypothesis. By definition of D^1 of eq.(2.12) this equals = λ^{−1}_{min}⟨F, R^{−1}(D^1)^{−1}R^{−1}F ⟩.

This implies L^1 ≥ λ_{min}R^∗D^1R. q.e.d.

Proof of proposition 7: According to proposition 3 L^1 = R^∗L̂^1R + h^∗Γh and by the definition 2 of the quality of the interpolation operator h^∗Γh ≤ (1 − δ)L^1.

This combines to L^1 ≤ δ^{−1}R^∗L̂^1R. By choice of R, R^∗L̂^1R = L̂^1_κ. It follows now from lemma 1 that L^1 ≤^κ_δ D^1. q.e.d.

Finally, we need to examine the convergence of the Schwarz iteration. For conceptual clarity we separated the issues, and the Schwarz iteration involves operators T_0 = L^{−1}_0 L, T_1 = J (L^1)^{−1}J^∗L.

Because of the appearance of the inverse L^{−1}_0 of L_0 and (L^1)^{−1} of L^1, their application involves the exact solution of a high frequency problem and of a low frequency problem, respectively. Proposition 8 below asserts convergence properties of the symmetrical multiplicative Schwarz method with these operators. If the error propagation operator has norm ||E|| < 1, then the error decreases by a factor ||E|| in every step of the iteration. In practice one uses approximate solutions of the high frequency and low frequency problem. The author proved convergence results for this case in [33] in somewhat less general setting.

Proposition 8 (Convergence rate of the symmetrical multiplicative Schwarz twogrid method) Let V = V_0 + J V^1 with V_0 = {u ∈ V : Cv = 0}, a_0(u, v) = ⟨Lu, v⟩ and a_1(J U, J V ) = ⟨L^1U, V ⟩ for some L^1. Suppose that the coarse grid problem operator L^1 has quality at least δ, then the error propagation operator E = 1 − T_{sms}, T_{sms} = (1 − T_0)(1 − T_1)(1 − T_0) for the symmetrical multiplicative Schwarz twogrid method has norm ||E||_a ≤ (1 − δ) with respect to the scalar product a(·, ·) = ⟨·, ·⟩_L.

2.4 Interpolation operators 33

Appeal to the standard convergence theory (of section 2.3.2) would give a poorer bound. Therefore, we use a more direct estimate for the proof.

Proof of proposition 8: We split an arbitrary v ∈ V as follows

v = v_0 + v_1 , v_0 ∈ V_0, v_1 ∈ AV^1

By construction of A this is an orthogonal split with respect to the scalar product a. Explicitly, v_1 = ACv , v_0 = (1 − AC)v.

Because the Schwarz construction is invariant under J → J R, we may assume without loss of generality that CJ = I. (2.25) We exhibit (1 − T_0) and (1 − T_1) as block matrices. T_0 = ΓL where Γ = L^{−1}_0 in the compatible relaxation scheme. Thus, T_0v = ΓL(1 − AC)v + ΓLACv = (1 − AC)v + ΓC^∗L̂^1Cv = v_0

because ΓC^∗ = 0. Thus, (1 − T_0)v = ( 0 0 0 1 ) ( v_0 v_1 ) . Since ( 0 0 0 1 ) ( a b b^∗ c ) ( 0 0 0 1 ) = ( 0 0 0 c ) we only need the low frequency component of T_1v_1, v_1 = AV from the block matrix giving (1 − T_1)v. We have from the explicit formula (2.10) for T_1 in section 2.3

T_1AV = J (L^1)^{−1}J^∗LAV = J (L^1)^{−1}J^∗C^∗L̂^1V = A(L^1)^{−1}L̂^1V + Γh(L^1)^{−1}L̂^1V = A(L^1)^{−1}L̂^1V + high frequency part.

By normalization convention (2.25), V = Cv if v = AV . Therefore

E = 1 − (1 − T_0)(1 − T_1)(1 − T_0) = ( 0 0 0 A[1 − (L^1)^{−1}L̂^1]C ) . Thus, ⟨v, Ev⟩_L = ⟨Lv, Ev⟩ = ⟨LAV, A[1 − (L^1)^{−1}L̂^1]V ⟩ = ⟨L̂^1V, [1 − (L^1)^{−1}L̂^1]V ⟩ = ⟨[L̂^1 − L̂^1(L^1)^{−1}L̂^1]V, V ⟩.

On the other hand, ⟨v, v⟩_L = ⟨L̂^1V, V ⟩ + ⟨v_0, v_0⟩ ≥ ⟨L̂^1V, V ⟩.

34 2 Solving linear problems for disordered systems

From the assumption on the quality of L^1 it follows that −(1−δ)L̂^1 ≤ [L̂^1 −L̂^1(L^1)^{−1}L̂^1] ≤ (1 − δ)L̂^1. Thus |⟨v, Ev⟩_L| ≤ (1 − δ)⟨v, v⟩_L. q.e.d. It is interesting that only the coarse grid problem operator itself enters, not the quality of the interpolation. Thus if we had a way of finding a good approximation L^1 to the ideal coarse grid problem operator L̂^1 other than with the help of a good interpolation operator, this would be good enough. Renormalization is a way to improve coarse grid problem operators.

This property of the symmetrical multiplicative Schwarz method comes from the fact that the last factor (1 − T_0) (post smoothing) which involves an exact solution of a high frequency problem corrects any imperfections of the interpolation.

Note also that the ideal coarse grid problem operator L̂^1 has quality 1. If we could use it, the multiplicative Schwarz method would converge in one step; it is actually not essential to use the symmetrical method for this.

2.5 Comments on the gauge covariance of the procedure

One wants to obtain gauge covariant fields on the coarser grid. Here we recall some basics of the idea of gauge covariance. Parallel transporters are introduced.

We adhere to the philosophy that the essence of gauge theories is the validity of the Naheinformationsprinzip: There is no a priori possibility to compare vectors in different fibres V_z of bundles V. This means that there is neither a natural identification of different fibres V_z ≠ V_w nor a preferred basis in the fibre. To make any kind of comparison, one needs a connection. It yields parallel transporters. They are linear maps U(C) : V_z → V_w associated with paths C from z to w. Sometimes one introduces a basis {e_α(z) ∈ V_z ; α = 1, ...n_z = dim V_z }. This is called a moving frame. Sometimes moving frames within a class are singled out, for instance orthonormal basis when V_z is equipped with a scalar product.

Gauge transformations are transformations of moving frames (within the class)

e_α(z) → e^′_α(z) = e_β (z)S^β_α(z) (2.26)

with an invertible matrix S(z). For orthonormal bases S(z) needs to be unitary. The matrices S(z) form the gauge group. We admit situations where it depends on x. Gauge covariance means independence of a choice of a moving frame (within the class). When everything is formulated without any reference to a moving frame, then gauge covariance in the above sense is manifest. Vector potentials A depend on a choice of a moving frame and they transform in a certain way under changes of moving frames, i.e.

2.5 Comments on the gauge covariance of the procedure 35

gauge transformations. But connections can also be defined without any reference to a moving frame [29]. The parallel transporters U(C) of eq.(2.26) make no reference to a moving frame.

Our procedure for solving linear equations is gauge covariant in the above sense. It uses neither an identification of fibres nor a preferred basis. When the twogrid procedure is repeatedly applied the procedure on all the coarser grids is manifestly gauge covariant in the same sense. With the exception of a subtle point in the construction of the restriction operator C which will be analyzed below we work without any moving frames.

This gives an additional flexibility compared to block spin procedures as have been used by Balaban et al. [6] in the rigorous approach to the construction of Euklidean gauge field theories. The dimension of the fibres V_x on coarse grids is dynamically determined in the present theory (given an energy cutoff) and is a priori arbitrary. It follows that the gauge groups are different on different scales.

Let us discuss the difference in more detail. Given a moving frame, parallel transporters U(C) along paths C from z to w can be converted to parallel transport matrices ⊔(C) via

U(C)e_α(z) = e_β (w) ⊔^β_α (C).

They transform under gauge transformations according to ⊔(C) → S(w) ⊔ (C)S(z)^{−1}. The parallel transport matrices determine the vector potentials, ⊔(C) = 1 − A_μ(z)δz for infinitesimal paths from z to z + δz^μ. There are corresponding formulas on the lattice within the semi-commutative differential calculus and geometry of Dimakis and Müller- Hoissen [10]. In the traditional block spin approach, parallel transport matrices ⊔^1 on the coarse grid are constructed from parallel transport matrices ⊔ on the fine grid. To do so, sites x of the coarse grid are identified with sites x̂ of the fine grid, e.g. the centers of hypercubes. The fibres V_x on the coarse grid have the same dimension as fibres V_z on the fine grid. One identifies the fibres V_x = V_{x̂} . In this way, a moving frame on the fine grid determines a moving frame on the coarse grid, and gauge transformations on the fine grid induce gauge transformations on the coarse grid

⊔^1(C^1) → S(ŷ) ⊔^1 (C^1)S(x̂)^{−1}

for coarse grid paths from x to y. For our procedure one would have to adapt the number of eigenmodes that are taken to the coarse grid, thus one would have to fix the energy cutoff.

In the present approach, the dimensions of the of the fibres V_z and V_x on the fine and coarse grids need not be the same, and it is not true in general that a moving frame on the fine grid determines a moving frame on the coarse grid. Moreover the dimension of V_x may depend on x. The remarks at the beginning of this subsection ought to convince the reader that there is a meaningful notion of gauge covariance nevertheless.

36 2 Solving linear problems for disordered systems

Parallel transporters in the linear problem On discrete spaces, paths C are composed from links ⟨wz⟩ and parallel transporters along paths are composed from parallel transporters U(⟨wz⟩) = U_{wz} along links according to the rule U(C_2 ∘ C_1) = U(C_2)U(C_1). Given the problem operator L : V → V^′ of the linear problem and a diagonal operator D : V → V^′, parallel transporters can be identified as U_{wz} = −D^{−1}_{ww}L_{wz} : V_z → V_w . (2.27) The parallel transporters can be used to write down the random walk expansion of the solution u of the linear equation Du = f, viz. [35] u(z) = ∑ w ∑ C:w→z U(C)D^{−1}_{ww}f(w).

This is the iterative solution based on the (poor) preconditioner D^{−1}.

Covariance properties of the restriction operator In the construction of the restriction operator, a basis in the fibre V_x on the coarse grid was used. This basis is in general not unique. Let us show that the maps L̂^1_{yx} : V_x → V_y which define the ideal coarse grid problem operator L̂^1 are unaffected by the arbitrariness. The arbitrariness comes from the freedom in the choice of phases of the generalized eigenmodes ϕ^α_x , and from possibly degenerate eigenmodes. This leaves the arbitrariness ϕ^α_x → ϕ^{′α}_x = ϕ^β_xS^α_β (x) (2.28) with a unitary matrix S with the property that S^α_β (x) = 0 unless E^α_x = E^β_x . This is of the form of gauge transformations of moving frames. It induces gauge transformations of the dual basis ϕ^x_α of the dual space V^′_x .

If we use a more elegant notation than in section 2.3.5 regarding the eigenmodes ϕ^α_x themselves as the basis vectors of V_x , then the formula for the block spin reads Cu(x) = n_x∑

α=1 ϕ^α_x ⟨ϕ^x_α, u⟩ ∈ V_x

and this is invariant under gauge transformations (2.28). Therefore C is a well defined operator mapping V → V^1 = {V_x }. The construction of the ideal problem operator L̂^1 involves only C and the problem operator L. Therefore L̂^1 is well defined and invariant under gauge transformations (2.28).

2.5 Comments on the gauge covariance of the procedure 37

An example with degenerate eigenmodes: The SU(2)-covariant Laplace equation

Consider a hypercubic lattice as fine grid, and suppose the fibres V_z of V are two-dimensional irreducible representation spaces of SU(2), equipped with the scalar product (i.e. defined by an operator D) which makes the representation unitary. Let unitary parallel transporters U_{wz} : V_z → V_w be given for w nearest neighbor of z. Then the SU(2)-covariant Laplacian △ is defined. Its brother △^{N,x} with Neumann boundary conditions acts on ϕ ∈ V according to (△^{N,x}ϕ)(z) = ∑ w∈xw n.n. z (U_{zw}ϕ(w) − ϕ(z)) for z ∈ x. The sum goes over nearest neighbors w of z which are in the same block x. It was first shown by Kalkreuter [24] that there is to any solution ϕ ∈ V^′ of the eigenvalue equation (−△^{N,x}ϕ)(z) = E_xϕ(z) a second solution ϕ^′ = ϕ̄ϵ with the same eigenvalue E_x. ϕ̄ is the complex conjugate of ϕ and ϵ is the antisymmetric tensor which equips V_z with an antisymmetric bilinear form. In the limit U_{zw} → I, −△ becomes the ordinary Laplacian, and the two solutions with eigenvalue E_x = 0 (zero modes) are constants on the block x, and vanish outside.

More generally, if we retain only the lowest eigenvalue, the fibres V_x of V^1 are twodimensional and the traditional identification V_x = V_{x̂} could be made. This procedure was described in [26].

Following Kalkreuter the kernel of the restriction operator can be regarded as solution of the eigenvalue equation (−△^{N,x}C^∗)(z, x) = E_xC(z, x) with the subsidiary condition C^∗(z, x) = 0 if z /∈ x. The identification leads to the covariance condition

C(x, x̂) = r(x)I, with r(x) > 0 real (2.29)

for gauge groups U(1) and SU(2) at the block center x̂. Then (2.29) ensures the transformation property C(x, z) → g(x̂)C(x, z)g(z)^{−1} under gauge transformations.

38 2 Solving linear problems for disordered systems

2.6 Generalization to other operators

So far, we considered positive problem operators L. When one wishes to consider an inhomogeneous linear equation Au = F with A that is not positive, possibly not even self-adjoint, one may form the positive operator L = A^∗A and consider the equation Lu = A^∗f. It is generally agreed that it is not a good idea to proceed in this way, because the condition number gets squared, and becomes, therefore, much larger.

The most essential step in a multigrid procedure for the solution u ∈ V of a linear equation is the formulation of a high frequency problem on a subspace V_0 of V. It can be solved by fast converging iteration. This requires improving the lower bound on the problem operator D^{−1}L.

To appreciate this remember that the construction of a good interpolator of a solution U of a coarse grid equation (from a poor approximation like C^∗U) is a high frequency problem, and a good coarse grid problem operator can be computed from a good interpolation operator.

In this section we show how a suitable high frequency problem can be formulated whose problem operator does not involve a square of A. The restriction operator C of the squared problem will be used to define it. Krylov subspaces will be exhibited, which can be used to obtain an iterative solution. The main tool is the consideration of what we call Dirac operators. Their classical counterpart is the Euklidean version of Dirac’s operator for an electron in an exterior electromagnetic field with vector potential a_μ. It is made from the Weyl operator A = iℏ

∑_4

μ=1 σ^μ(∂_μ − iea_μ), with Pauli matrices σ^μ(μ = 1, 2, 3) and σ^4 = iI (2 × 2 unit matrix), according to formula (2.30) below.

2.6.1 The Dirac formalism

We introduce a formalism that allows to treat operators A that appear in the discretized differential equation, which need not be positive, self-adjoint or symmetric. The construction of subspaces of high frequencies involve a positive L.

Let A be an arbitrary operator A : V → V^′. We assume again that a positive diagonal operator D : V → V^′ has been selected, that defines a scalar product ⟨·, ·⟩_D on V. It will be used to construct preconditioners in a similar way as before. Let D^{−1}A := A : V → V. According to Dirac we introduce the self-adjoint operators /A := ( 0 A A^∗ 0 ) , /D := ( D 0 0 D ) : V ⊕ V → V^′ ⊕ V^′ (2.30) =: W =: W^′

with A^∗ : V → V^′ the adjoint of A. The scalar product can be written as follows ⟨ /A (u ⊕ v), (u ⊕ v)⟩_D = ⟨Av ⊕ A^∗u, (u ⊕ v)⟩_D = ⟨Av, u⟩_D + ⟨u, Av⟩_D.

2.6 Generalization to other operators 39 with u ⊕ v ∈ V ⊕ V. Eigenequations The operator L := A^∗D^{−1}A is positive and self-adjoint since D is positive by hypothesis. It follows that L = D^{−1}L = D^{−1}A^∗D^{−1}A is a positive operator on the Hilbert space.

Theorem 3 To every eigenvalue λ^2 > 0 of the quadratic operator L there is a pair of eigenvalues ±λ of the Dirac eigenvalue problem /A ( u v ) = λ /D ( u v ) with operator A.

Proof: The generalized eigenequation of /A /D^{−1} /A ( u v ) = ( D^{−1} 0 0 D^{−1} ) ( 0 A A^∗ 0 ) ( u v ) = λ ( u v )

can be written explicitly Av = λDu A^∗u = λDv. (2.31) The first equation is solved by u = λ^{−1}D^{−1}Av. Inserting into (2.31) leads to A^∗D^{−1}Av = Lv = λ^2Dv. Thus (λ^2, v) is generalized eigenvalue and eigenvector of the squared operator L, more precisely eigenvalue to L = D^{−1}L and the eigenvector to /D^{−1} /A is ( ±λ^{−1}D^{−1}v v ) . q.e.d.

It’s easy to show, that /A /D /A = ( AD^{−1}A^∗ 0 0 L ) . Formulation of the high frequency problem The operator A acts on V and so does L. We use the restriction operator C of the squared problem operator to define V_0 = {v ∈ V, Cv = 0}. The Dirac operator /A acts on W = V ⊕ V and we define its high frequency subspace

W_0 = D^{−1}AV_0 ⊕ V_0.

A high frequency Dirac operator /A_0 is defined by the requirement that ⟨ξ, /A_0η⟩ = ⟨ξ, / A η⟩ for ξ, η ∈ W_0. Because W_0 is a subspace of W, its dual space W^′_0 is a quotient space of W^′. The following lemma characterizes it. It uses the exact interpolation operator A : V^1 → V of the squared problem.

40 2 Solving linear problems for disordered systems

Lemma 3 The dual space W^′_0 of W_0 consists of the equivalence class [f ⊕ g], f, g ∈ V^′, where [f ⊕ g] = 0 if g = AAG, G ∈ V^1 and f = C^∗F, F ∈ V^{1′}.

Proof: We must show that ⟨g, D^{−1}Av_0⟩ = 0 and ⟨f, u_0⟩ = 0 if f = C^∗F and g = AAG and u_0, v_0 ∈ V_0. We compute ⟨AAG, D^{−1}Av_0⟩ = ⟨LAG, v_0⟩ = ⟨C^∗L̂^1G, v_0⟩ by proposition 1. This equals ⟨L̂^1G, Cv_0⟩ = 0. Similarly ⟨C^∗F, u_0⟩ = ⟨F, Cu_0⟩ = 0. q.e.d.

According to lemma 3, this reads Av = g mod AA A^∗u = f mod C^∗.

Since A^∗D^{−1}AA = LA = C^∗L̂^1, the solution of the high frequency Dirac problem involves the solution of

A^∗D^{−1}Av = A^∗D^{−1}g mod C^∗ that is L_0v = A^∗D^{−1}g mod C^∗.

Thus by solving the high frequency problem for /A one obtains v = ΓA^∗D^{−1}g, where Γ is the high frequency Green’s function for the squared problem.

Having related the solution of the high frequency Dirac problem to the solution of the high frequency problem for the squared operator L, we can now use theorem 5 to convert the bound L_0 ≥ ϵD for the problem operator of the latter problem to a lower bound √ ϵ on the modolus of the generalized eigenvalues of /A_0. This shows that the choice of W_0 achieves what it should.

Krylov subspaces of W_0

If v_1, v_2, v_3, ... is a sequence of elements v_i ∈ V_0 then ( 0 v_1 ) , ( D^{−1}Av_1 v_2 ) , ( D^{−1}Av_2 v_3 ) , ... is a sequence of elements of W_0. One could choose

v_{n+1} = S_0Av_n

where

S_0 = D^{−1}(D − C^∗D^1C)D^{−1}

and D^1 is the coarse grid version of D (for the squared problem) defined in eq.(2.12), viz. (D^1)^{−1} = CD^{−1}C^∗. S_0 projects on V_0, compare the operator S_0 for the block Jacobi method in section 2.3.

Concerning the low frequency problem one could introduce suitable restriction operators /C and interpolation operators /A . Unfortunately this had not yet lead to any restrictions on the effectice operator A^1, that should be choosen with good locality properties.

Chapter 3

Renormalization group flow for gauge theories with nonunitary parallel transporters

After an introduction to holonomy groups the basic idea of an interpretation of Higgs fields as nonunitary parallel transporters is presented. In principle, they are restricted to an extra dimension. In a one-dimensional model that retains only the nonunitary extra direction we will explain how Higgs fields and thus a Higgs potential appears out of a usual gauge theory by performing renormalization group transformations. What we can learn from this model will be explained with respect to more space-time dimensions.

3.1 Holonomy groups and unitary gauge group

In standard differential geometry on connected differentiable manifolds M every connection defines a holonomy group [29]. One chooses a point ẑ on M arbitrarily. The connection defines parallel transporters U(C) along piecewise smooth curves C on M. Let −C be the path backwards and C_2 ∘ C_1 the path that is obtained by composition of path C_1 with C_2. Conventional parallel transporters obey

U(−C) = U(C)^{−1}, (3.1) U(C_2 ∘ C_1) = U(C_2)U(C_1). (3.2)

The holonomy group H consists of parallel transporters U(C) along closed loops C from ẑ to ẑ. H is independent of ẑ up to isomorphy. Because of eq.(3.2) the product of two elements of H is also an element of H. Thus H is a semigroup. We wish to discuss what happens if we do not demand eq.(3.1).

In discrete theories curves C = b_n ∘ ... ∘ b_1 are composed from edges b_i, and we can give up U(−b) = U(b)^{−1}. Without further assumptions except (3.2) the parallel transporters C along closed paths from ẑ to ẑ make up a semigroup that does not need to be a group, and that can depend on ẑ. This leads to theories that are much more general than usual gauge theories. They may be relevant for a generalized theory of complex systems [35]. In the following chapters we focus attention on theories in which eq.(3.1) need not be hold,

42 3 RG-flow for gauge theories with nonunitary parallel transporters

but in which it is still true that parallel transporters U(C) are invertible maps between fibres of a vector bundle. We will see that such theories are useful to explain features of elementary particle physics. They are natural generalizations of standard gauge theories which can incorporate Higgs fields with a geometrical interpretation.

Let U be a connection in a vector bundle, then U(C) : V_ẑ → V_ẑ are maps from the fiber V_ẑ onto itself, for closed paths C. If we make the assumption that these U(C) are invertible, then the holonomy group H is defined to be the group that is generated by U(C) and U(C)^{−1}. The inverse U(C)^{−1} does not need to be a parallel transporter itself. This holonomy group is again independent of the choice of ẑ up to isomorphy. In the following, we denote a parallel transporter that does not need to fulfill eq.(3.1) by ϕ ∈ H, thus ϕ^{−1} ∈ H, but ϕ^{−1} does not need to be a parallel transporter.

In the theories which we will examine here all matter fields must form representation spaces of H, so they can be parallel transported. But only a compact subgroup G of H will be a group of local symmetries. We call this the unitary gauge group, or gauge group for short. We remark that parallel transporters which do not obey eq.(3.1) are also useful in general relativity. In this case the group G of local symmetries is noncompact and isomorphic to SL(2,C ), see [41].

3.2 Higgs fields as nonunitary parallel transporters

It has been proposed to consider lattice gauge theories with nonunitary parallel transporters ϕ in order to obtain a geometric interpretation of Higgs fields [38, 41]. The fields ϕ(z, z ± μ) are attached to links on a lattice. They may be subject to a polar decomposition into a selfadjoint factor and a unitary factor. The unitary factor is like a conventional lattice gauge field and the selfadjoint factor is interpreted as a Higgs field. In defect models of the Higgs one imagines that nonunitary parallel transporters occur across defects in space-time. In a five-dimensional theory they would be associated with parallel transporters in one direction, the fifth.

3.2.1 The idea of nonunitary extra dimensions

Many features of the standard model cannot be explained. Think of the fact that the mass of the top quark is more than three thousand times bigger than the mass of the up quark. Thus it is a dream to compute quark masses and the Cabibbo-Kobayashi-Maskawa matrix from a theory that retains the standard model as effective theory.

Based on the work of Prüstel and Mack [38] the idea to abandon the unitarity of parallel transporters across defects has already been examined in [2]. In lattice gauge theory this means for a parallel transporter ϕ(z, z + a_{0μ}), where a_{0μ} is the unit vector in space-time direction μ, that

ϕ^∗(z, z + a_{0μ}) ≠ ϕ^{−1}(z, z + a_{0μ}). (3.3)

3.2 Higgs fields as nonunitary parallel transporters 43

This proposal goes back to the ideas in differential geometry presented in section 3.1. Their principles occur also in the differential calculus of Dimakis and Müller-Hoissen [10], that are relevant for the mathematical description of general gauge theories. It leads to a geometric interpretation of Vierbein fields as parts of gauge fields. The Vierbein of general relativity then originates in the nonunitary parallel transport in the first four directions. The Higgs comes from the nonunitary parallel transport in a further direction [41]. This parallel transport in extra direction(s) can be interpreted as the one between right-and left-handed fermions.

A parallel transporter that fulfills eq.(3.3) must be an element of a group, including nonunitary matrices, that is the holonomy group H. And due to the fact that a parallel transporter along a path composed with the one in the reverse direction changes the field at the starting point, we have to consider holonomy groups that may be noncompact and larger than the gauge group that we denoted by G. The elements ϕ ∈ H transform under the unitary gauge group according to

ϕ(z, z + a_{0μ}) → u(z)ϕ(z, z + a_{0μ})u(z + a_{0μ})^{−1} (3.4)

with u(z), u(z + a_{0μ}) ∈ G. G is the local symmetry.

3.2.2 The bilayered membrane

Here we will sketch a possible model with Higgs field as nonunitary parallel transporter in a fifth direction, namely the bilayered membrane, which is illustrated in figure 3.1.

R

L x, R

x, L

Φ Φ^∗ H ⊃ G bulk

Figure 3.1: Bilayered membrane

The bilayered membrane illustrates the world consisting of two world sheets. Here leftand right-handed fermions live on boundaries on different sides of a domain wall. So they sit on different points (x, R) and (x, L) in a five-dimensional space-time. The Higgs fields are interpreted as nonunitary parallel transporters Φ along this fifth extra dimension, for example across a defect. Such a model has been examined in [2]. As in the standard model we have a two-dimensional representation space Ṽ_L of the left-handed gauge group G_L = SU(2) × U(1) and two one-dimensional representation spaces Ṽ^D_R and Ṽ U_R of the right-handed gauge group U(1). Ignoring color the Higgs field is a mapping Φ : (Ṽ^D_R ⊕ Ṽ^U_R ) × C^3 → Ṽ_L × C^3 , where C^3 is the flavor space.

44 3 RG-flow for gauge theories with nonunitary parallel transporters

We could admit as many fermions in the bulk as on the boundary. In section 3.4 we will explain how nonunitarity appears naturally after a renormalization group step, even if we start with unitary Higgs fields. The bilayered membrane with a distance between the world sheets equal to a lattice spacing is then interpreted as the endpoint of a renormalization group (RG-)flow. The renormalization group flow should then determine the Higgs potential V , starting from an ordinary gauge theory. The minima of the Higgs potential V then give the quark masses and allow us to calculate the Cabibbo-Kobayashi-Maskawa matrix in principle as it will be shown in section 5.3. This leads to the study of RG-flows in theories with nonunitary parallel transporters in an extra dimension.

The existence of a gauge invariant local Higgs potential is a special property of the theory. A model of the type of the bilayered membrane will be presented in the chapter 5. There we will see how an exponential mass hierarchy as we observe it in the standard model can be explained. This leads to the possibility to explain the big differences of the fermion masses.

3.2.3 The Higgs potential and its essential G-biinvariance property

The Higgs potential V (ϕ) is a real function of ϕ ∈ H with the property

V (ϕ^∗) = V (ϕ).

The path integral [40] involves the Haar measure dϕ on H. One integrates over the lattice gauge fields ϕ(z, z + a_{0μ}). The use of the Haar measure is a technical convenience. In case H = GL(n,C ), one could use an Euklidean measure instead. Noninvertible matrices will form a set of Euklidean measure zero, and the logarithm of the factor which distinguishes the Haar measure from the Euklidean measure could be incorporated into the Higgs potential. The two treatments are therefore equivalent. We assume V (ϕ) → ∞ for ‖ϕ‖ → ∞ (3.5) so that exp ( − V (ϕ) ) is integrable and square integrable on the holonomy group H. In the action, terms ∑ V (ϕ(z, z+a_{0μ})) appear. They are attached to links between z and z+a_{0μ}.

Under G-gauge invariance ϕ(z, z+a_{0μ}) → u(z)ϕ(z, z+a_{0μ})u(z+a_{0μ})^{−1} for u(z), u(z+a_{0μ}) ∈ G. The action is required to be invariant under G-gauge transformations. Therefore the Higgs potential must obey

V (u_1ϕu_2) = V (ϕ)

for all u_1, u_2 ∈ G, ϕ ∈ H. This is called the G-biinvariance property. We now assume that we can parameterize an element ϕ ∈H as follows

ϕ = ζu_1d(η)u_2, u_1, u_2 ∈ G, d(η) = e^{η1} . .. e^{ηr} , ζ ∈ C . (3.6)

3.2 Higgs fields as nonunitary parallel transporters 45

We will show later on (section 4.1) by group theoretical means, that a parametrization of the form (3.6) is always possible when H is a semi simple group and G is its maximal compact subgroup. In this case ζ = 1. It is also true when H and G are reductive, e.g. semi simple except for an abelian factor, and their semi simple factors are related in the aforementioned way. In certain cases, including those that are examined in this chapter, d(η) diagonal makes up the complete noncompact Cartan subgroup A of the holonomy group H. It follows from this parameterization and the G-biinvariance property that V (ζa) = V (ζd(η)) (3.7) for ζ ∈ C and a = u_1d(η)u_2.

We consider the special case G = SU(2) and H = GL(2,C ) so that a ∈ SL(2,C ). The following lemma is valid.

Lemma 4 (Properties of SU(2)-biinvariant functions) Suppose SU(2) ⊂ H ⊆ GL(2, C ).

Let V be a function of ϕ ∈ H so that ϕ = ζa with 0 ≠ ζ ∈ C and a ∈ SL(2, C ), which is SU(2)-biinvariant in the sense that V (ϕ) = V (u_1ϕu_2) for all u_1, u_2 ∈ SU(2). Then V (ζa) = V (ζa^{−1}) = V (ζϵa^T ϵ^T ). ϵ is the antisymmetric tensor in two dimensions.

proof: Every element a ∈ SL(2,C ) may be decomposed as a = u_1d(η)u_2 with u_1, u_2 ∈ SU(2), η ∈ R, and d(η) = ( e^{− η}2 0 0 e^η2 ) . There exists w ∈ SU(2) such that wd(η)w^{−1} = d(η)^{−1}, viz. w = ( 0 −1 1 0 ) . It follows that

V (ζa) = V (ζd(η)) = V (ζwd(η)w^{−1}) = V (ζd(η)^{−1}) = V (ζu^{−1}_2 d(η)^{−1}u^{−1}_1 ) = V (ζa^{−1}). The last equation follows from ϵϕ^T ϵ^{−1} = ϕ^{−1}, (3.8) which is true for all ϕ ∈ SL(2,C ). We can use this for ϕ = a, since det a = 1. q.e.d.

This generalizes to other groups H. The essential biinvariance property leads to a very important simplification: The Higgs potential can be written as a function of η: V (ϕ) = V (ζu_1d(η)u_2) = V (ζd(η)) = V(ζ, η). (3.9) For the groups H that are of interest in this chapter, to every permutation π of {1, ..., r} there exists w_π ∈ G such that w_πd(η)w^∗_π = d(π(η)) (3.10)

46 3 RG-flow for gauge theories with nonunitary parallel transporters

with π(η_1, ..., η_r) = (η_{π(1)}, ..., η_{π(r)}). The elements (w_π) form the Weyl group W of the Lie algebra a of the Cartan subgroup A of the holonomy group H. This Weyl group is a discrete group of symmetries of V. The symmetry comes from the invariance under G-gauge transformations. Thus it follows from the biinvariance property that the Higgs potential has the discrete symmetry V(ζ, π(η)) = V(ζ, η). (3.11) We will discuss later on, in section 4.2.1, how this property generalizes to other pairs (H,G).

3.3 A soluble model in one dimension

We will now study the renormalization group flow of the action in a one-dimensional theory with fermions which transform according to the two-dimensional representation of SU(2) with one spinor degree of freedom. In one dimension the unitary factor in the polar decomposition of ϕ(x, μ) can be gauged away, so that ϕ can be regarded as a Higgs field. The renormalization group flow shows interesting features, of which we expect that they generalize to higher dimensions.

Here we assume that only the nonunitary extra dimension is retained. Since we regard only space-like dimensions we do not have time reflections in our model. We will study the real space renormalization group (RG-)flow of the model.

It turns out that a well defined effective action is only obtained when the side length of the blocks is odd in units of the lattice spacing, e.g. l = 3 (otherwise the Boltzmann factor has no logarithm). The gauge group considered here is G = SU(2). We also consider the case with G = U(2). The holonomy group is chosen as a subgroup of GL(2,C ). We consider this group itself, R_+ SL(2,C ), R_+ SU(2) and SL(2,C ). Starting with the well known fermionic lattice action, we integrate out fermions and bosons. This leads to a generalized version of the lattice action on the block lattice. It is shown how to compute the renormalization group flow exactly. Further, we compute the asymptotic behavior of the Higgs potential.

In particular, we consider now a one-dimensional Euclidean lattice with fermions that is denoted by Λ^0 with lattice spacing a_0, z ∈ a_0Z. We will later set a_0 = 1.

z z + a0 z + 2a0 z + 3a0

The Fermi fields ψ(z) and ψ̄(z) are sitting on the sites. The Fermi fields considered here have one spin and two color components.

With every link (z, z + a_0) and its adjoint (z + a_0, z) between neighboring sites there is

3.3 A soluble model in one dimension 47

associated a possibly nonunitary lattice gauge field, or parallel transporter ϕ(z, z + a_0) ∈ H and its adjoint ϕ(z, z + a_0) = ϕ(z + a_0, z)^∗. (3.12) These elements ϕ ∈ H ⊂ GL(2,C ) transform according to the fundamental representation of the gauge group G = SU(2) and are integrated using the Haar measure on H. ϕ(z, z + a_0) → u(z)ϕ(z, z + a_0)u(z + a_0)^{−1}, ψ(z) → u(z)ψ(z), ψ̄(z) → ψ̄(z)u(z)^{−1}. For simplicity, we assume a_0 = 1. We start with an initial action of the form S^0(ψ̄, ψ, ϕ) = ∑ z S^0(z, z + 1) = ∑ z ( S^0_F (z, z + 1) − V^0(ϕ(z, z + 1) )

with an initial Higgs potential V^0(ϕ), that is a real function of ϕ ∈ H and fulfills the biinvariance property V (u_1ϕu_2) = V (ϕ) for u_1, u_2 ∈ SU(2) and the fermionic action

S^0_F (z, z + 1) = zψ̄(z)ϕ(z, z + 1)ψ(z + 1) + z̄ψ̄(z + 1)ϕ(z + 1, z)ψ(z). (3.13) The constant factor z is inserted for later convenience. The resulting Boltzmann factor is B^0(ψ̄, ψ, ϕ) = e^{S0} = ∏ z B^0_F (z, z + 1)e^{−V 0(ϕ(z,z+1))}.

Real space renormalization group (RG-)flow After n RG-steps, the model lives on a chain Λ^n ⊂ Λ^0 of lattice spacing a_n = l^na_0 with fields ψ^n, ψ̄^n, ϕ^n(z, z + a_n).

The RG-steps act on the Fermi fields via decimation, so that ψ^n(z) = ψ(z) for z ∈ a_nZ. The other Grassmann variables on sites in between are integrated out. The effective actions will remain strictly local. There will be sums of contributions of the sites of the block lattices, S^n(ψ^n, ψ̄^n, ϕ) = ∑ z∈Λ^n S^n(z, z + a_n). There are two ways to calculate the effective action of a one-dimensional problem after n RG-steps. In each case we have to integrate out the fermionic and the bosonic degrees of freedom. In either case the final result is an effective Boltzmannian B^n = e^{Sn} , which is a product of factors B^n(z, z + a_n) = e^{Sn(z,z+an)}

48 3 RG-flow for gauge theories with nonunitary parallel transporters

attached to links (z, z + a_n) of the block lattice Λ^n.

The first possibility consists of studying the RG-flow by performing individual RG-steps in order to compute B^{n+1} from B^n. Subsequently, the resulting recursion relation will be solved. Examining the first step shows that the block lattice spacing must be chosen odd. We choose a_1 = 3a_0. It also shows that the effective actions will have a more general form than our initial action.

To perform the general step n → n + 1, the most general form of the local Boltzmannian B^n(z, z + a_n) must be found. It will involve coefficients c^n_i which depend on the block spin ϕ^n. The result is given in eq.(3.22). The coefficients of the initial Boltzmannian are found in eq.(3.23).

The RG-step will be performed in two parts.

First, the decimation of the fermions will be performed. Since the Higgs potential V does not depend on the fermions the factor e^{−V} can be dropped for this purpose. Thus, one computes from B^n, without the factor e^{−V} a semi-effective Boltzmannian B̂^{n+1} which depends on the Fermi fields on Λ^{n+1}, but involves the Bose fields on Λ^n. It has the same general form, eq.(3.21), as B^{n+1} but with coefficients ĉ^n_i which depend on ϕ^n. Second, the effective Boltzmannian B^{n+1} is computed from B̂^{n+1} = B̂^{n+1}_F e^{− ∑ V n} by integrating ϕ^n subject to the constraint that the block spin ϕ^{n+1} takes a prescribed value. This problem is solved by noting that the integral is a convolution product on H. As a result (theorem 5), one obtains the coefficients c^{n+1}_i , which are functions on H as convolution products of factors c^n_j . The convolution product can be converted into an ordinary product by harmonic analysis on H (corollary 4). The resulting recursion relations for the coefficients can be solved (theorem 6). Exploiting again the structure of the coefficients as convolution products, the asymptotic behavior of the Higgs potential for large n can be determined by applying a group theoretical analogon of the central limit theorem. The effective action S^n(z, z + a_n) is obtained from the Boltzmannian by taking the logarithm (see proposition 10).

The second possibility consists in first performing all the fermion integrations. The factor e^{−V} may again be dropped for this purpose. As a result (corollary 3) one obtains an iterated semi-effective Boltzmannian B̂^n, which depends on the Fermi fields on the block lattice Λ^n but on the Bose fields ϕ on the original lattice Λ^0. The combinatorics which describes how new terms in the Boltzmannian are obtained by fermion decimation is interesting. A graphical representation is presented. It is used to discuss how the results could be generalized to fermions in higher dimensional representations of H. From B̂^ne^{− ∑ V 0} one can obtain B^n by integrating the Bose fields ϕ, again subject to the constraint of prescribed block spin ϕ^n. One can show that the integral is again a convolution product, and the result is the same as before. We will not go into detail.

3.3 A soluble model in one dimension 49

3.3.1 Integration of the fermions

The integration of the fermions itself leads to a so-called semi-effective Boltzmannian, or, after taking the logarithm, to a semi-effective action. The integration of the bosons follows as the next step. Here we perform the fermionic integration step by step. We see why an odd lattice spacing of the block lattice is necessary. Corollary 3 then gives the semi-effective Boltzmannian after n RG-steps.

Euklidean fermion fields ψ^σ_α at one site x are generators of a Grassmann algebra A and thus satisfy the anticommutator relation

{ψ^σ_α, ψ^τ_β} = 0; α, β = 1, 2 : σ, τ = 1, . . . s. (3.14)

The dimension s stands for the spinor degree of freedom and one associates to each lattice site x a complex vector space V_x . With a local internal symmetry one gets V_x = (V_x )_s ⊗ (V_x )_d, where (V_x )_s is s-dimensional and (V_x )_d carries a d-dimensional representation of the gauge group G. Then A is the Grassmann algebra over the vector space V = ⨁ x V_x . [12] We limit our attention to fermions with one spinor degree of freedom s = 1 which transform according to the two-dimensional representation of the gauge group SU(2). ψ(z) → u(z)ψ(z) ψ̄(z) → ψ̄(z)u(z)^{−1}, u(z) ∈ SU(2). (3.15) Integration of Grassmann variables at one site z with ψ_αψ_β =^1_2 ϵ_{αβ} ψ_γ ϵ_{γδ} ψ_δ gives according to the Berezin integration formula ∫ d^2ψψ = 0; ∫ d^2ψ 1 2 (ψ^T ϵψ) = ∫ d^2ψψ_αψ_β = ϵ_{αβ} . (3.16)

The need for odd lattice spacing in one dimension

We start with the initial fermionic action given in eq.(3.13), set for simplicity z = 1, a_0 = 1 and consider a chain of sites z − 1, z, z + 1.

z − 1 z z + 1

Here an initial Higgs potential is not involved.

Proposition 9 The Boltzmann factor which is obtained by integrating out ψ(z) and ψ̄ at a single site z is of the form

B̂_F (z − 1, z + 1) = [1 2 ∑ ± (¯ ψ(z ± 1)ϕ^1_−(z ± 1, z ∓ 1)ψ̄(z ∓ 1) + ψ̄(z ± 1)ϕ^1_−(z ± 1, z ± 1)ψ̄(z ± 1) )]

× [1 2 ∑ ± ( ψ(z ± 1)ϕ^1_+(z ± 1, z ∓ 1)ψ(z ∓ 1) + ψ(z ± 1)ϕ^1_+(z ± 1, z ± 1)ψ(z ± 1) )] , (3.17)

50 3 RG-flow for gauge theories with nonunitary parallel transporters

with ϕ^1_−(x, y)_z = −ϕ(x, z)ϵϕ^T (y, z) = ϕ(x, z)ϵ^T ϕ^T (y, z) and ϕ^1_+(x, y)_z = −ϕ^T (z, x)ϵϕ(z, y) = ϕ^T (z, x)ϵ^T ϕ(z, y) (3.18)

This does not define an effective action due to the absence of 1 in the Boltzmann factor, because the lowest order term is of fourth order in Fermi fields. There are also terms of higher orders in the Fermi fields, but the sum terminates because of the anti-commutativity (3.14).

Proof:

The Boltzmann factor is a product of factors associated with links. The factors which contain ψ(z) or ψ̄(z) are associated with links that contain z as initial or endpoint. Their product is

B_F (z − 1, z + 1) = exp ( ∑ ± (ψ̄(z ± 1)ϕ(z ± 1, z)ψ(z) + ψ̄(z)ϕ(z, z ± 1)ψ(z ± 1)) )

= ∏ ± exp (¯ ψ(z ± 1)ϕ(z ± 1, z)ψ(z)ψ̄(z)ϕ(z, z ± 1)ψ(z ± 1) ) ,

The exponential has to be evaluated to fourth order. The higher terms vanish because they contain more than two factors ψ(z) or ψ̄(z) at the same site.

B_F (z − 1, z + 1) =1 + ∑ ± (ψ̄(z ± 1)ϕ(z ± 1, z)ψ(z) + ψ̄(z)ϕ(z, z ± 1)ψ(z ± 1)) + 1 2 ( ∑ ± (ψ̄(z ± 1)ϕ(z ± 1, z)ψ(z) + ψ̄(z)ϕ(z, z ± 1)ψ(z ± 1)) )_2

+ 1 3! ( ∑ ± (ψ̄(z ± 1)ϕ(z ± 1, z)ψ(z) + ψ̄(z)ϕ(z, z ± 1)ψ(z ± 1)) )_3

+ 1 4! ( ∑ ± (ψ̄(z ± 1)ϕ(z ± 1, z)ψ(z) + ψ̄(z)ϕ(z, z ± 1)ψ(z ± 1)) )_4

Integration via eq.(3.16) leads to the result. q.e.d.

The Boltzmannian of proposition 9 does not contain terms of zeroeth order in the Fermi fields. Thus we are not able to take the logarithm to obtain an effective action by integrating out the fermions at all even sites. That means l^1 = 2 is forbidden.

Semi-effective Boltzmann factors

The following corollary gives the semi-effective Boltzmann factor for block length l = 3 after one RG-step. Eq.(3.25) gives the recursion relations for the semi-effective Boltzmannian. Here an initial Higgs potential V and thus the factor e^{− ∑ V} is also not involved. It will be involved when the integration of the bosonic degrees of freedom is performed.

3.3 A soluble model in one dimension 51

Corollary 2 Suppose we integrate out ψ(z) and ψ̄(z) at a single site z, then we integrate out the fermions at the proximate site z + 1. We start again with the initial action S^0_F (z, z + 3) = ∑ z^′=z,z+1,z+2 ψ̄(z^′)ϕ(z^′, z^′ + 1)ψ(z^′ + 1) + ψ̄(z^′ + 1)ϕ(z^′ + 1, z^′)ψ(z^′).

The resulting semi-effective Boltzmann factor is

B̂^1_F (z, z + 3) = 1 4 tr ( ϕ(z + 2, z + 1)ϵ^T ϕ^T (z + 2, z + 1)ϵ^T ) × tr ( ϕ^T (z + 1, z + 2)ϵ^T ϕ(z + 1, z + 2)ϵ^T ) + 1 2 tr ( ϕ^T (z + 1, z + 2)ϵ^T ϕ(z + 1, z + 2)ϵ^T ) ×ψ̄(z)ϕ(z, z + 1)ϵϕ^T (z + 2, z + 1)ϵ^T ϕ(z + 2, z + 3)ψ(z + 3) + 1 2 tr ( ϕ(z + 2, z + 1)ϵ^T ϕ^T (z + 2, z + 1)ϵ^T ) ×ψ̄(z + 3)ϕ(z + 3, z + 2)ϵϕ^T (z + 1, z + 2)ϵ^T ϕ(z + 1, z)ψ(z) + 1 8 tr ( ϕ^T (z + 1, z + 2)ϵ^T ϕ(z + 1, z + 2)ϵ^T ) ×ψ̄(z)ϕ(z, z + 1)ϵ^T ϕ^T (z, z + 1)ψ̄(z) ×ψ(z + 3)ϕ^T (z + 2, z + 3)ϵ^T ϕ(z + 2, z + 3)ψ(z + 3) + 1 8 tr ( ϕ(z + 2, z + 1)ϵ^T ϕ^T (z + 2, z + 1)ϵ^T ) ×ψ(z)ϕ^T (z + 1, z)ϵ^T ϕ(z + 1, z)ψ(z) ×ψ̄(z + 3)ϕ(z + 3, z + 2)ϵ^T ϕ^T (z + 3, z + 2)ψ̄(z + 3) + 1 4 ψ̄(z)ϕ(z, z + 1)ϵ^T ϕ^T (z, z + 1)ψ̄(z) ×ψ(z + 3)ϕ^T (z + 2, z + 3)ϵ^T ϕ(z + 2, z + 3)ψ(z + 3) ×ψ̄(z + 3)ϕ(z + 3, z + 2)ϵϕ^T (z + 1, z + 2)ϵ^T ϕ(z + 1, z)ψ(z) + 1 4 ψ(z)ϕ^T (z + 1, z)ϵ^T ϕ(z + 1, z)ψ(z) ×ψ̄(z + 3)ϕ(z + 3, z + 2)ϵ^T ϕ^T (z + 3, z + 2)ψ̄(z + 3) ×ψ̄(z)ϕ(z, z + 1)ϵϕ^T (z + 2, z + 1)ϵ^T ϕ(z + 2, z + 3)ψ(z + 3) + 1 16 ψ̄(z)ϕ(z, z + 1)ϵ^T ϕ^T (z, z + 1)ψ̄(z) ×ψ(z)ϕ^T (z + 1, z)ϵ^T ϕ(z + 1, z)ψ(z) ×ψ̄(z + 3)ϕ(z + 3, z + 2)ϵ^T ϕ^T (z + 3, z + 2)ψ̄(z + 3) ×ψ(z + 3)ϕ^T (z + 2, z + 3)ϵ^T ϕ(z + 2, z + 3)ψ(z + 3) + ψ̄(z + 3)ϕ(z + 3, z + 2)ϵϕ^T (z + 1, z + 2)ϵ^T ϕ(z + 1, z)ψ(z) ×ψ̄(z)ϕ(z, z + 1)ϵϕ^T (z + 2, z + 1)ϵ^T ϕ(z + 2, z + 3)ψ(z + 3).

These nine terms are obtained by evaluating the fermionic initial action and integrating out the Grassmann variables ψ̄_1(z + 1), ψ̄_2(z + 1), ψ̄_1(z + 2), ψ̄_2(z + 2), ψ_1(z + 1), ψ_2(z +

52 3 RG-flow for gauge theories with nonunitary parallel transporters

1), ψ_1(z + 2), ψ_2(z + 2). Obviously the block spin

ϕ^1(z, z + 3) = ϕ(z, z + 1)ϵϕ^T (z + 2, z + 1)ϵ^T ϕ(z + 2, z + 3)

is involved.

Corollary 3 Assume we want to have the semi-effective Boltzmann factor after n renormalization group steps. This means that we integrate out all fermions at the sites between z and z + 3^n. The recursion relation for the effective parallel transporters ϕ^{n−1} referring to the next finer lattice that is obtained after n − 1 renormalization group steps is

ϕ^n(z, z + 3^n) =

ϕ^{n−1}(z, z + 3^{n−1})ϵ(ϕ^{n−1})^T (z + 2 × 3^{n−1}, z + 3^{n−1})ϵ^T ϕ^{n−1}(z + 2 × 3^{n−1}, z + 3 × 3^{n−1}),

ϕ^n(z + 3^n, z) =

ϕ^{n−1}(z + 3 × 3^{n−1}

, z + 2 × 3^{n−1})ϵ(ϕ^{n−1})^T (z + 3^{n−1}, z + 2 × 3^{n−1})ϵ^T ϕ^{n−1}(z + 3^{n−1}, z).

= 3^n

Referring to this original lattice the iterated semi-effective Boltzmann factor B̂_F (z, z + 3^n) is

B̂_F (z, z + 3n) = 2−(3^n−1) × 3n−3 2∏ i=0 ( tr ( ϕ(z + 1 + 2i, z + 2 + 2i)ϵ^T ϕ^T (z + 1 + 2i, z + 2 + 2i)ϵ^T )

×tr ( ϕ(z + 2 + 2i, z + 1 + 2i)ϵ^T ϕ^T (z + 2 + 2i, z + 1 + 2i)ϵ^T ))

+ 2^{− 3n−12} × (^{3n−3}2∏ i=0 tr ( ϕ(z + 1 + 2i, z + 2 + 2i)ϵ^T ϕ^T (z + 1 + 2i, z + 2 + 2i)ϵ^T ))

×ψ̄(z)ϕ^n(z, z + 3^n)ψ(z + 3^n)

+ 2^{− 3n−12} × (^{3n−3}2∏ i=0 tr ( ϕ(z + 2 + 2i, z + 1 + 2i)ϵ^T ϕ^T (z + 2 + 2i, z + 1 + 2i)ϵ^T ))

×ψ̄(z + 3^n)ϕ^n(z + 3^n, z)ψ(z)

+ 2^{−3n} × (^{3n−3}∏ i=0 tr ( ϕ(z + 1 + i, z + 2 + i)ϵ^T ϕ^T (z + 1 + i, z + 2 + i)ϵ^T ))

×ψ̄(z)ϕ(z, z + 1)ϵ^T ϕ^T (z, z + 1)ψ̄(z) ×ψ(z + 3^n)ϕ^T (z + 3^n − 1, z + 3^n)ϵ^T ϕ(z + 3^n − 1, z + 3^n)ψ(z + 3^n)

+ 2^{−3n} × (^{3n−3}∏ i=0 tr ( ϕ(z + 2 + i, z + 1 + i)ϵ^T ϕ^T (z + 2 + i, z + 1 + i)ϵ^T ))

×ψ(z)ϕ^T (z + 1, z)ϵ^T ϕ(z + 1, z)ψ(z)

3.3 A soluble model in one dimension 53

×ψ̄(z + 3^n)ϕ(z + 3^n, z + 3^n − 1)ϵ^T ϕ^T (z + 3^n, z + 3^n − 1)ψ̄(z + 3^n)

+ 2^{− 3n+12} × (^{3n−5}2∏ i=0 tr ( ϕ(z + 2 + 2i, z + 3 + 2i)ϵ^T ϕ^T (z + 2 + 2i, z + 3 + 2i)ϵ^T ))

×ψ̄(z)ϕ(z, z + 1)ϵ^T ϕ^T (z, z + 1)ψ̄(z) × ψ̄(z + 3^n)ϕ^n(z + 3^n, z)ψ(z) ×ψ(z + 3^n)ϕ^T (z + 3^n − 1, z + 3^n)ϵ^T ϕ(z + 3^n − 1, z + 3^n)ψ(z + 3^n)

+ 2^{− 3n+12} × (^{3n−5}2∏ i=0 tr ( ϕ(z + 3 + 2i, z + 2 + 2i)ϵ^T ϕ^T (z + 3 + 2i, z + 2 + 2i)ϵ^T ))

×ψ(z)ϕ^T (z + 1, z)ϵ^T ϕ(z + 1, z)ψ(z) × ψ̄(z)ϕ^n(z, z + 3^n)ψ(z + 3^n) ×ψ̄(z + 3^n)ϕ(z + 3^n, z + 3^n − 1)ϵ^T ϕ^T (z + 3^n, z + 3^n − 1)ψ̄(z + 3^n)

+ 2^{−(3n+1)} × 3n−5 2∏ i=0 ( tr ( ϕ(z + 2 + 2i, z + 3 + 2i)ϵ^T ϕ^T (z + 2 + 2i, z + 3 + 2i)ϵ^T )

×ϕ(z + 3 + i, z + 2 + i)ϵ^T ϕ^T (z + 3 + i, z + 2 + i)ϵ^T )) ×ψ(z)ϕ^T (z + 1, z)ϵ^T ϕ(z + 1, z)ψ(z) × ψ̄(z)ϕ(z, z + 1)ϵ^T ϕ^T (z, z + 1)ψ̄(z) ×ψ(z + 3^n)ϕ^T (z + 3^n − 1, z + 3^n)ϵ^T ϕ(z + 3^n − 1, z + 3^n)ψ(z + 3^n) ×ψ̄(z + 3^n)ϕ(z + 3^n, z + 3^n − 1)ϵ^T ϕ^T (z + 3^n, z + 3^n − 1)ψ̄(z + 3^n) + ψ̄(z)ϕ^n(z, z + 3^n)ψ(z + 3^n) × ψ̄(z + 3^n)ϕ^n(z + 3^n, z)ψ(z). (3.19) After n or n + 1 RG-steps we still have a sum of nine terms in the semi-effective Boltzmannian, which is what we already had in the initial Boltzmannian after the expansion of the initial action. In our one-dimensional model with fermions of one spinor degree of freedom only these nine terms are reproduced after each RG-step. The most general semi-effective, or even effective Boltzmannian that is strictly local has the same form. It is introduced in eq.(3.22).

Observe the structure of the nine terms in eq.(3.19). Each is a product of factors which together contain all the Fermi fields and depend on ϕ on the fine lattice Λ^0 through block spins ϕ^n only, and gauge invariant factors which are functions of ϕ-fields on individual links on the fine lattice.

Notation of graphical representation of terms appearing The graphical representation of terms appearing in the Boltzmann factor as well as in the resulting action is now introduced to simplify the following expressions. ψ̄(z)ϕn(z, z + a_n)ψ(z + a_n) = Ln(z, z + a_n) ψ̄(z + a_n)ϕn(z + a_n, z)ψ(z) = L̄n(z, z + a_n) 1 4 ψ̄ϵψ̄(z)ψϵψ(z + a_n) = kn(z, z + a_n)

54 3 RG-flow for gauge theories with nonunitary parallel transporters 1 4 ψ̄ϵψ̄(z + a_n)ψϵψ(z) = k̄n(z, z + a_n) (3.20)

We write ψ̄ϵψ̄(z) for ψ̄(z)ϵψ̄(z) and ψϵψ(z) for ψ(z)ϵψ(z).

Lemma 5 For all ϕ ∈ GL(2, C ) the following equation is valid:

ϵϕ^T ϵ^{−1} = [det ϕ]ϕ^{−1}.

Theorem 4 For any two-dimensional representation of the fermions with parallel transporters ϕ ∈ H ⊇ GL(2, C ), the terms above fulfill the equations

(L^n)^2 = −2[det(ϕ^n)]k^n and (L̄^n)^2 = −2[det(ϕ^{n∗})]k̄^n.

Proof: This follows from ψ_αψ_β =^1_2 ϵ_{αβ}ψ_γ ϵ_{γδ} ψ_δ and lemma 5. q.e.d.

A generalized version of the action and the Boltzmannian

It is clear from the results obtained so far that the RG-flow will produce Boltzmannians of a more general form than the Boltzmannian B^0 with which we started. The result (3.19) for the iterated semi-effective Boltzmannian suggests that nine terms will be produced by the fermion decimation. Indeed, the most general G-gauge invariant local effective Boltzmannian will be a sum of nine terms. Expressions with fewer terms will not be reproduced by the RG-flow, except if H ⊆ SL(2,C ). SL(2,C ) is a special case in the sense that for all ϕ ∈ SL(2,C ), det ϕ = 1. This simplifies the expression (3.19) for the iterated semi-effective Boltzmannian as one can see by inspection. The formula will involve the fermion bilinears L^n and quadrilinears k^n defined in (3.20). For technical reasons, we will also need the most general form of the semi-effective Boltzmannian B̂^n. The most general strictly local semi-effective Boltzmannian, denoted by B̂, then has the form

B̂^n(z, z + a_n) =ĉ^n_0 + ĉ^n_1 L^n + ^̄c^n_1 L̄^n + ĉ^n_2 k^n + ^̄c^n_2 k̄^n

+ ĉ^n_3 L^nL̄^n + ĉ^n_4 k^nL̄^n + ^̄c^n_4 k̄^nL^n + ĉ^n_5 k^nk̄^n. (3.21)

Strictly local means that we have only sums of contributions of this form from the lattice sites in the action or products of those in the semi-effective Boltzmannian. This semi-effective Boltzmannian B̂^{n+1} is obtained by starting with the effective Boltzmann B^n, effective after the n-th RG-step, and by integrating out only the fermionic degrees of freedom. The action is obtained by taking the logarithm and has the same form and is given in section 3.3.3. The coefficients c^n_i are still functions of the bosonic variables on the fine lattice. Except for the SL(2,C )-case the Boltzmannian and the action involves four-, six- and eight-fermion interaction terms as k^n or L^nL̄^n, k^nL̄^n and k^nk̄^n.

The most general strictly local effective action and the effective Boltzmannian have the same basic form, but here we name the coefficients c_i.

B^n(z, z + a_n) =c^n_0 + c^n_1 L^n + c̄^n_1 L̄^n + c^n_2 k^n + c̄^n_2 k̄^n + c^n_3 L^nL̄^n + c^n_4 k^nL̄^n + c̄^n_4 k̄^nL^n + c^n_5 k^nk̄^n (3.22)

3.3 A soluble model in one dimension 55

where c^n_0 = exp ( − V^n(ϕ^n(z, z + a_n)) ) is, by definition, the exponentiated initial Higgs potential, if there is one. The coefficients c^n_0 , c^n_3 and c^n_5 are selfadjoint.

Generally, the coefficients c^n_i are functions of ϕ^n(z, z + a_n)

c^n_i = c^n_i (z, z + a_n) = c^n_i [ϕ^n(z, z + a_n)], c̄^n_i = c̄^n_i (z, z + a_n) = c^n_i [ϕ^n(z, z + a_n)^∗] = c^n_i [ϕ^n(z + a_n, z)].

They possess the reality property

c^n_i (ϕ^∗) = c̄^n_i (ϕ).

The RG-flow will determine the dependence of c^n_i on the number n of RG-steps. Again the action is obtained by taking the logarithm and has the same form. Starting with the initial fermionic action (3.13), which can now be written as

⇒ S^0_F (z, z + 1) =zL + z̄L̄,

the initial Boltzmann factor is then

B^0_F (z, z + 1) =1 + zL + z̄L̄ − z^2[det ϕ]k − z̄^2[det ϕ^∗]k̄ + zz̄LL̄ − z^2z̄[det ϕ]kL̄ − z̄^2z[det ϕ^∗]k̄L + z^2z̄^2[det ϕ][det ϕ^∗]kk̄. (3.23)

Performing the fermion integration graphically For the following integration of the bosons and the setting of the recursion relations we now show how the different terms of the Boltzmannian match and form a term of the effective expression upon performing the fermion integration . The integration leads to the following relations, where ∫ is the short notation for ∫ d^2ψ(z + a_n)d^2ψ̄(z + a_n)d^2ψ(z + 2a_n)d^2ψ̄(z + 2a_n). That means we integrate out the four Grassmann variables at each site z + a_n and z + 2a_n.

z z + a_n z + 2a_n z + 3a_n ∫ (kk̄)_2 = 1

∫ L_1(L̄k)_2L_3 = L^1 = L^1

∫¯ L_1(Lk̄)_2L̄_3 = L̄^1

56 3 RG-flow for gauge theories with nonunitary parallel transporters ∫ k_1k_2k_3 = k^1 = k^1 ∫¯ k_1k̄_2k̄_3 = k̄^1 ∫ (L̄k)_1L_2(L̄k)_3 = L̄^1k^1

∫ (Lk̄)_1L̄_2(Lk̄)_3 = L^1k̄^1 ∫ (kk̄)_1(kk̄)_3 = k^1k̄^1 ∫ (LL̄)_1(LL̄)_2(LL̄)_3 = (L^1L̄^1)

(3.24) with (k)_i = k(z + ia_n − 1, z + ia_n) and (L)_i = L(z + ia_n − 1, z + ia_n).

Recursion relations for the coefficients in the semi-effective Boltzmannian Let us admit an effective Boltzmannian as in eq.(3.21) with coefficients c_i. Performing only the fermion integration leads to the following recursion relation for the semi-effective coefficients that are denoted by ĉ_i after the (n + 1)-st RG-step

ĉ^{n+1}_i (z, z + 3a_n) = ∑ jkl d^i_{jkl}c^n_j (z, z + a_n)c^n_k (z + a_n, z + 2a_n)c^n_l (z + 2a_n, z + 3a_n)

with one non vanishing term d^i_{jkl} = 1 in the sum ∑ jkl for i = 0, 1, ¯1, 2, ¯2, 3, 4, ¯4, 5. Explicitly

ĉ^{n+1}_0 (z, z + 3a_n) = c^n_0 (z, z + a_n)c^n_5 (z + a_n, z + 2a_n)c^n_0 (z + 2a_n, z + 3a_n) ĉ^{n+1}_1 (z, z + 3a_n) = c^n_1 (z, z + a_n)c^n_4 (z + a_n, z + 2a_n)c^n_1 (z + 2a_n, z + 3a_n) ^̄c^{n+1}_1 (z, z + 3a_n) = c̄^n_1 (z, z + a_n)c̄^n_4 (z + a_n, z + 2a_n)c̄^n_1 (z + 2a_n, z + 3a_n) ĉ^{n+1}_2 (z, z + 3a_n) = c^n_2 (z, z + a_n)c^n_2 (z + a_n, z + 2a_n)c^n_2 (z + 2a_n, z + 3a_n) ^̄c^{n+1}_2 (z, z + 3a_n) = c̄^n_2 (z, z + a_n)c̄^n_2 (z + a_n, z + 2a_n)c̄^n_2 (z + 2a_n, z + 3a_n) ĉ^{n+1}_3 (z, z + 3a_n) = c^n_3 (z, z + a_n)c^n_3 (z + a_n, z + 2a_n)c^n_3 (z + 2a_n, z + 3a_n) ĉ^{n+1}_4 (z, z + 3a_n) = c^n_4 (z, z + a_n)c^n_1 (z + a_n, z + 2a_n)c^n_4 (z + 2a_n, z + 3a_n) ^̄c^{n+1}_4 (z, z + 3a_n) = c̄^n_4 (z, z + a_n)c̄^n_1 (z + a_n, z + 2a_n)c̄^n_4 (z + 2a_n, z + 3a_n) ĉ^{n+1}_5 (z, z + 3a_n) = c^n_5 (z, z + a_n)c^n_0 (z + a_n, z + 2a_n)c^n_5 (z + 2a_n, z + 3a_n). (3.25) This means that d^0_{50} = d^1_{41} = d^{¯1}_{¯1¯4¯1} = d^2_{22} = d^{¯1}_{¯2¯2¯2} = d^3_{33} = d^4_{14} = d^{¯4}_{¯4¯1¯4} = d^5_{05} = 1 and otherwise d^i_{jkl} = 0. This can be seen directly from the graphical representation.

3.3 A soluble model in one dimension 57

The block spin In the semi-effective Boltzmannian B̂^{n+1}, the fermionic factors (but not the coefficients ĉ^n_i ) depend on ϕ^n only through the following block spin

ϕ^{n+1}(z, z + 3a_n) = ϕ^n(z, z + a_n)ϵϕ^n(z + 2a_n, z + a_n)^T ϵ^T ϕ^n(z + 2a_n, z + 3a_n). (3.26) z z + an z + 2an z + 3an This block spin is gauge covariant in the sense described in section 2.5. And further it is gauge covariant in the sense that a gauge transformation on the finer lattice determines the transformation on the coarser lattice. It transforms according to

ϕ^{n+1}(z, z + 3a_n) → u(z)ϕ^{n+1}(z, z + 3a_n)u(z + 3a_n)^{−1}

for u(z), u(z + 3a_n) ∈ G = SU(2).

Further application of the graphical representation The graphical integration can also be easily applied to fermions that transform according to higher dimensional representations of the gauge group. We focus now on threedimensional representations. In this case we have to perform a fermionic integration over six, instead of four, Grassmann variables. Thus the evaluation of the Boltzmann factor stops after sixteen terms. We have in short notation

B^n(z, z + a_n) =c^n_0 + c^n_1 L^n + c̄^n_1 L̄^n + c^n_2 L^nL̄^n + c^n_3 (L^n)^2 + c̄^n_3 (L̄^n)^2 + c^n_4 (L^n)^2L̄^n + c̄^n_4 L^n(L̄^n)^2 + c^n_5 (L^n)^2(L̄^n)^2 + c^n_6 k^n + c̄^n_6 k̄^n + c^n_7 k^nL̄^n + c̄^n_7 k̄^nL^n + c^n_8 k^n(L̄^n)^2 + c̄^n_8 k̄^n(L^n)^2 + c^n_9 k^nk̄^n (3.27)

but with a new defined 6-fermion interaction term k^n. ψ̄(z)ϕn(z, z + a_n)ψ(z + a_n) = Ln(z, z + a_n)

ψ̄(z + a_n)ϕn(z + a_n, z)ψ(z) = L̄n(z, z + a_n) 1 6^2 ϵαβγ ψ̄_αψ̄_βψ̄_γ (z)ϵ_{αβγ} ψ_αψ_β ψ_γ (z + a_n) = kn(z, z + a_n) 1 6^2 ϵαβγ ψ̄_αψ̄_βψ̄_γ (z + a_n)ϵ_{αβγ} ψ_αψ_β ψ_γ (z) = k̄n(z, z + a_n)

The integration involves the antisymmetric tensor of third order. We sum over the indices. ∫ d^3ψ 1 6 ψ_αψ_βψ_γ = ϵ_{αβγ} ,

58 3 RG-flow for gauge theories with nonunitary parallel transporters

with ψ_αψ_β ψ_γ =^1_6 ϵ_{αβγ} (ϵ_{lmn}ψ_lψ_mψ_n). It can be seen easily that L^3 = −[det ϕ]k. The block spin is

ϕ^1_{αβ}(z, z + 3a_n) = ϕ_{αb}(z, z + a_n)ϵ_{bdf} ϵ_{cge}ϕ_{cd}(z + 2a_n, z + a_n)ϕ_{ef} (z + 2a_n, z + a_n)ϕ_{gβ}(z + 2a_n, z + 3a_n), (3.28)

that can be illustrated via z z + an z + 2an z + 3an . The block spin of eq.(3.28) can also be written as

ϕ^1(z, z + 3a_n) =2ϕ(z, z + a_n)ϕ(z + 2a_n, z + a_n)ϕ(z + 2a_n, z + a_n)ϕ(z + 2a_n, z + 3a_n) − 2[tr ϕ(z + 2a_n, z + a_n)]ϕ(z, z + a_n)ϕ(z + 2a_n, z + a_n)ϕ(z + 2a_n, z + 3a_n) + [tr ϕ(z + 2a_n, z + a_n)]^2ϕ(z, z + a_n)ϕ(z + 2a_n, z + 3a_n) − [tr ϕ(z + 2a_n, z + a_n)^2]ϕ(z, z + a_n)ϕ(z + 2a_n, z + 3a_n).

Remark: If we would start with pure gauge theory the parallel transporters would be elements of the unitary group SO(3). Also the block spin ϕ^1 would be an element of SO(3), its middle factor is just an antisymmetric tensor product of two elements of SO(3).

Nevertheless we admit nonunitary parallel transporters. We now apply the graphical representation to see the matching scheme of the terms that are appearing in the Boltzmannian (3.27). Here, the integral ∫ stands for ∫ d^3ψ(z + a_n)d^3ψ̄(z + a_n)d^3ψ(z + 2a_n)d^3ψ̄(z + 2a_n).

z z + a_n z + 2a_n z + 3a_n ∫ (kk̄)_2 = 1

∫ L_1(L̄^2k)_2L_3 = L^1

∫ (L^2)_1(L̄k)_2(L^2)_3 = (L^1)^2

∫ (L^2L̄)_1(LL̄^2)_2(L^2L̄)_3 = (L^1)^2L̄^1

3.3 A soluble model in one dimension 59 ∫ k_1k_2k_3 = k^1

∫ (kL̄)_1(L^2)_2(kL̄)_3 = k^1L̄^1

∫ (kL̄^2)_1(L)_2(kL̄^2)_3 = k^1(L̄^1)^2

∫ (kk̄)_1(kk̄)_3 = k^1k̄^1

∫ (L^2L̄^2)_1(LL̄)_2(L^2L̄^2)_3 = (L^1)^2(L̄^1)^2

We can read the recursion relations for the semi-effective Boltzmannian B^{n+1}(z, z + 3a_n) after the (n + 1) RG-step in dependence on the coefficients c^n_i of the effective or most general Boltzmannian after n RG-steps (3.27) out of the graphical illustration, e.g.

ĉ^{n+1}_0 (z, z + 3a_n) = c^n_0 (z, z + a_n)c^n_9 (z + a_n, z + 2a_n)c^n_0 (z + 2a_n, z + 3a_n).

3.3.2 Integration of the bosons

We now return to the theory with two components of fermions. The generalization to more dimensional representations is straightforward by applying the graphical representation as we have seen. In principle, we now integrate out the three lattice gauge fields ϕ_1 = ϕ(z, z + a_n), ϕ_2 = ϕ(z + a_n, z + 2a_n) and ϕ_3 = ϕ(z + 2a_n, z + 3a_n) that were connected by the neighboring fermions that we already integrated out, holding the block spin fixed. What we obtain are convolution products. To convert these convolution products into ordinary products harmonic analysis is applied. Details of the harmonic analysis are presented in appendix C. The block spin ϕ^1 of the first block-lattice is denoted by Φ.

Integration of the Higgs field

We have to integrate out the parallel transporters ϕ_1 = ϕ(z, z + 1), ϕ_2 = ϕ(z + 2, z + 1) and ϕ_3 = ϕ(z + 2, z + 3) while keeping the block spin fixed. The constraint is imposed

60 3 RG-flow for gauge theories with nonunitary parallel transporters

with the help of the delta function in the expression below. The semi-effective Boltzmann factor B̂^1 still depends on the Higgs fields ϕ on the links of the original lattice. Thus the expression

B^1 = ∫ dϕ_1dϕ_2dϕ_3δ(ϕ_1ϵϕ^{∗T}_2 ϵ^T ϕ_3Φ^{−1})B̂^1 = ∫ dϕ_1dϕ_2dϕ_3δ(ϕ_1ϵϕ^{∗T}_2 ϵ^T ϕ_3Φ^{−1})B̂^0_1B̂^0_2B̂^0_3 ,

with B̂^0_1 = B̂(z, z + 1), B̂^0_2 = B̂(z + 1, z + 2) and B̂^0_3 = B̂(z + 2, z + 3), has to be evaluated. The block spin ϕ^1(z, z + 3) is denoted by Φ.

Remark: Without loss of generality, we assume that the original action is living on the lattice Λ^0. This can always be achieved by rescaling.

Remember the non-vanishing d^i_{jkl} with ∑ jkl d^i_{jkl} = 1 that brought us to the semi-effective coefficients

ĉ_i(z, z + 3) = ∑ jkl d^i_{jkl}c_j(z, z + 1)c_k(z + 1, z + 2)c_l(z + 2, z + 3) (3.29)

as shown in section 3.3.1. Thus we have to compute coefficients of the form

c^1_i [Φ] = c^1_i (z, z + 3) = ∫ dϕ_1dϕ_2dϕ_3ĉ_i(z, z + 3)δ(ϕ_1ϵϕ^{∗T}_2 ϵ^T ϕ_3Φ^{−1}) = ∑ jkl ∫ dϕ_1dϕ_2dϕ_3d^i_{jk̄l}c_j(z, z + 1)c_k(z + 1, z + 2)c_l(z + 2, z + 3)δ(ϕ_1ϵϕ^{∗T}_2 ϵ^T ϕ_3Φ^{−1}) = ∑ jkl ∫ dϕ_1dϕ_2dϕ_3d^i_{jk̄l}c_i[ϕ_1]c_j [ϕ_2]c_k[ϕ_3]δ(ϕ_1ϵϕ^{∗T}_2 ϵ^T ϕ_3Φ^{−1}).

The coefficients c^1_i are SU(2)-biinvariant functions. An application of lemma 4 of section 3.2.3 is used to perform a change of variables: ϕ_2 → ϕ^′_2 = ϵϕ^{∗T}_2 ϵ^T . In this way, we derive

c^1_i [Φ] = ∑ jkl ∫ dϕ_1dϕ^′_2dϕ_3d^i_{jkl}c_j[ϕ_1]c_k[ϕ^′_2]c_l[ϕ_3]δ(ϕ_1ϕ^′_2ϕ_3Φ^{−1}) = ∑ jkl d^i_{jkl}c_j ∗ c̄_k ∗ c_l[Φ] = ∑ jkl d^i_{jkl}c_j ∗ c¯_k ∗ c_l[Φ]

with dϕ^′_2 = dϕ_2, c_i[ϕ^′_2] = c_i[ϵ(ϕ^∗_2)^T ϵ^T ] = c_i[ζ̄_2ϵ(a^∗_2)^T ϵ^T ] = c_i[ζ̄_2(a^∗_2)^{−1}] = c_i[ϕ^∗_2] = c̄_i[ϕ_2]. The explicit recursion relations that are derived from this are presented in theorem 5.

Theorem 5 (RG-flow for general H) The coefficients c^n_i [Φ] in the effective Boltzmann factor obey the following recursion rela-

3.3 A soluble model in one dimension 61

tions,

c^{n+1}_0 [Φ] = c_0 ∗ c_5 ∗ c_0[Φ] , c^{n+1}_1 [Φ] = c^n_1 ∗ c̄^n_4 ∗ c^n_1 [Φ] , c^{n+1}_2 [Φ] = c^n_2 ∗ c̄^n_2 ∗ c^n_2 [Φ] , c^{n+1}_3 [Φ] = c^n_3 ∗ c^n_3 ∗ c^n_3 [Φ] , c^{n+1}_4 [Φ] = c^n_4 ∗ c̄^n_1 ∗ c^n_4 [Φ] , c^{n+1}_5 [Φ] = c^n_5 ∗ c^n_0 ∗ c^n_5 [Φ] ,

where ∗ is the convolution product on the group H, and Φ ∈ H. (c̄^n_i = c^n_i for i = 0, 3, 5).

All the coefficients are SU(2)-biinvariant functions on H, viz. c_i[u_1Φu_2] = c_i[Φ] for Φ ∈ H, u_1, u_2 ∈ SU(2).

The result of theorem 5 is an immediate consequence of lemma 9 in appendix C and of lemma 4.

We can apply harmonic analysis that is presented explicitly in appendix C to convert the convolution products into ordinary products. G-biinvariant functions, here the Higgs potential as well as the coefficients are SU(2)-biinvariant functions on the holonomy group H. They can be expanded in spherical functions P^Ξ. They are associated with unitary representations Ξ of the holonomy group H. Therefore, we have the following corollary of the recursion relations.

Corollary 4 Let us denote by Ξ those representations which contribute to the harmonic expansion of square integrable functions on the group which are G-biinvariant. Write c̄_i = c¯_i. Then, c^{n+1}_i [Φ] = ∫ dΞ c̃^{n+1}_i (Ξ) P^Ξ(Φ) ,

with Fourier coefficients

c̃^{n+1}_i (Ξ) = ∑ jkl d^i_{jkl}c̃^n_j (Ξ)c̃^n_k (Ξ)c̃^n_l (Ξ) ,

where c̃^n_i (Ξ) = ∫ H dΦ c^n_i [Φ]P^Ξ(Φ^{−1})

The sum over j, k, l = 0, 1, ¯1, 2, ¯2, 3, 4, ¯4, 5 has only one non-vanishing term, which is equal to 1. The non-vanishing coefficients are

d^0_{050}, d^1_{1¯41}, d^2_{2¯22}, d^3_{333}, d^4_{4¯14}, d^5_{505}; d^{¯1}_{¯14¯1}, d^{¯2}_{¯22¯2}, d^{¯4}_{¯41¯4}.

Finally we present the solutions of the recursion relations in terms of the initial values c^0_j , that appear in the initial Boltzmannian (3.23). We assumed the most generalized form of a strictly local Boltzmann factor as given in eq.(3.22) for n = 0.

62 3 RG-flow for gauge theories with nonunitary parallel transporters

Theorem 6 (Solution of the flow equations) For temporary use we introduce the notation (A)^{∗N} = A ∗ A ∗ ... ∗ A (N factors) for the N-fold convolution product. In this notation

c^n_0 [Φ] = c^0 ∗ (c^0_5 ∗ c^0)^{∗N} [Φ], c^n_1 [Φ] = c^0_1 ∗ (c̄^0_4 ∗ c^0_1)^{∗N} [Φ] , c^n_2 [Φ] = c^0_2 ∗ (c̄^0_2 ∗ c^0_2)^{∗N} [Φ] , c^n_3 [Φ] = c^0_3 ∗ (c^0_3 ∗ c^0_3)^{∗N} [Φ] , c^n_4 [Φ] = c^0_4 ∗ (c̄^0_1 ∗ c^0_4)^{∗N} [Φ], c^n_5 [Φ] = c^0_5 ∗ (c^0 ∗ c^0_5)^{∗N} [Φ] ,

with N =^1_2 (3^n − 1).

The Fourier coefficients c̃^n_j (Ξ) obey the same relations with ordinary products in place of convolution products.

The proof is immediate from theorem 5.

3.3.3 Taking the logarithm

The most general form of an action between the lattice sites z and z + a_n has in principle the same form as the Boltzmannian

S^n(z, z + a_n) = a^n_0 + a^n_1 L^n + ā^n_1 L̄^n + a^n_2 k^n + ā^n_2 k̄^n + a^n_3 L^nL̄^n + a^n_4 k^nL̄^n + ā^n_4 k̄^nL^n + a^n_5 k^nk̄^n (3.30) again with coefficients that are functions of the form

a^n_i = a^n_i [ϕ^n(z, z + a_n)] = a^n_i [ϕ^n(z + a_n, z)^∗].

In particular a^n_0 = −V^n ( ϕ^n(z, z + a_n) ) is the negative effective Higgs potential. By straightforward computation (Taylor expansion) one deduces the following proposition. Proposition 10 (Effective action from the effective Boltzmannian) Retaining the assumption L^2 = −2[det ϕ]k, the coefficients a^n_i in the effective action (3.30) are obtained from the coefficients c^n_j in the effective Boltzmannian (3.22) as follows

a^n_0 = ln(c^n_0 ) a^n_1 =b_1 a^n_2 =b_2 + b^2_1[det ϕ] a^n_3 =b_3 − b_1b̄_1 a^n_4 =b̄_4 − b̄_1b_2 + 2b_1b_3[det ϕ] − 2b^2_1b̄_1[det ϕ] + ( 8b_1b̄_1b_3 − 2b^2_3 − 6b^2_1b̄^2_1 ) [det ϕ][det ϕ^∗]

where b_i =^{cni}_{cn0} and ā^n_2 , ā^n_4 are obtained by complex conjugation. .

3.3 A soluble model in one dimension 63

3.3.4 An example: The case SL(2,C )

We now specialize to Higgs fields ϕ ∈ SL(2,C ). We first give the initial values of the coefficients. They simplify in this case because det ϕ = 1. The recursions relations will also simplify.

Let us admit an initial fermionic action

S^0_F (z, z + 1) = zψ̄(z)ϕ(z, z + 1)ψ(z + 1) + z̄ψ̄(z + 1)ϕ(z + 1, z)ψ(z) (3.31) = zL + z̄L̄.

Expanding the Boltzmann factor gives for arbitrary holonomy groups the following initial coefficients c^0_i in the representation of eq.(3.22) c^0_i = b^0_i e^{−V 0} and (3.32) b^0 = 1^{SL(2,C )}= 1 b^0_1 = z^{SL(2,C )}= z b^0_2 = −z^2 det ϕ^{SL(2,C )}= − z^2 b^0_3 = zz̄^{SL(2,C )}= zz̄ b^0_4 = −z^2z̄ det ϕ^{SL(2,C )}= − z^2z̄ b^0_5 = z^2z̄^2 det ϕ det ϕ^{∗ SL(2,C )}= z^2z̄^2 (3.33) with the abbreviations ϕ = ϕ(z, z + 1), V^0 = V (ϕ(z, z + 1)).

Proposition 11 Consider the model with holonomy group H = SL(2,C ). Starting from the initial action (3.31), the effective action after the first, and therefore after every RGstep, retains the form (3.31). In particular

S^1(ψ^1, ψ̄^1, ϕ^1) = ∑ z∈Λ^1 S^1(z, z + 3) S^1(z, z + 3) = z^1ψ̄^1(z)ϕ^1(z, z + 3)ψ^1(z + 3) + z̄^1ψ̄^1(z + 3)ϕ^1(z + 3, z)ψ^1(z) −V^1(ϕ^1(z, z + 3)).

The semi-effective Boltzmannian for H = SL(2,C ) after one RG-step has the form B̂^1(z, z + 3) = (zz̄)^2e^{S1}F^{(z,z+3)}e^{−V (ϕ(z,z+1))−V (ϕ(z+1,z+2))−V (ϕ(z+2,z+3))}, S^1_F (z, z + 3) = z^1ψ̄^1(z)ϕ^1(z, z + 3)ψ^1(z + 3) + z̄^1ψ̄^1(z + 3)ϕ^1(z + 3, z)ψ^1(z) with z^1 = −(z)^2z̄^{−1}. The effective Higgs potential V^1 is described in theorem 7 below. This is equal to coefficients ĉ^1_i = (zz̄)^2b^1_i e^{−3V 0} ,^1 and b^1_i as in eq.(3.33) after having replaced z by z^1 ( det ϕ = 1).

1We admit V^0(ϕ(z, z + 1)) = V^0(z + 1, z + 2). The bosonic integration has to follow, so that this leads to a three-fold convolution product.

64 3 RG-flow for gauge theories with nonunitary parallel transporters

Proof: Because z are constants and det ϕ = 1, the starting coefficients c^0_i , eq.(3.32), which determine the original Boltzmannian (3.34), become ϕ-independent except for overall factors e^{−V 0(ϕ(z,z+1))} common to all of them. They may be pulled out. It follows from eq.(3.29) that the coefficients ĉ^1_i have the same form as the coefficients in the original Boltzmannian (3.34) except for the common overall-factor

(zz̄)^2e^{−V 0(ϕ(z,z+1))−V 0(ϕ(z+1,z+2))−V 0(ϕ(z+2,z+3))} and replacement of z by z^1 as defined in the proposition. The factor (zz̄)^2 remains in the Boltzmannian. Note that (z^1z̄^1)^2 = (zz̄)^2.

Since the original Boltzmannian B^0_F (z, z + 1) = 1 + zL + z̄L̄ − z^2k + zz̄LL̄ − z̄^2k̄ −z^2z̄kL̄ − zz̄^2k̄L + z^2z̄^2kk̄ , (3.34) with L^2 = −2k comes from the action (3.31), the same will be true with appropriate adjustments for the semi-effective Boltzmannian, as stated in the proposition. q.e.d.

We now turn to the integration of the bosons. In particular, we want to describe the flow of the Higgs potential. Harmonic analysis taught us for SL(2,C )

c̃^1_0 = ∫ sinh^2 ηdη c^1_0

2 sin(^1_2 ηρ) ρ sinh η = ∫ sinh^2 ηdη (zz̄)^2(e^{−V 0} )^{∗3}

2 sin(^1_2 ηρ) ρ sinh η

and thus we get

c^1_0 = 1 8π ∫_∞ −∞ c̃^1_0

2 sin(^1_2 ηρ) ρ sinh η

(3.35)

because of c^1_0 = e^{−V 1(ϕ1)}. This generalizes to n renormalization group steps as follows. Theorem 7 (Flow of the Higgs potential for H = SL(2,C )) Given the initial Higgs potential V (ϕ), define b(ρ) = ∫ sinh^2 ηdη e^{−V (d(η))}

2 sin(^1_2 ηρ) ρ sinh η for real ρ. Then after n RG-steps, e^{−V n(d(η))} = 1 8π ∫_∞ −∞ ρ^2dρ [zz̄]^{2n} [b(ρ)]^N

2 sin(^1_2 ηρ) ρ sinh η with N = 3^n.

The factor [zz̄]^{2n} shows the essential role of the fermions. Because of the recursion relation z^1 = (z)^2(z̄)^{−1} we have (z^1)^2(z̄^1)^2 = (z)^2(z̄)^2.

3.3 A soluble model in one dimension 65

In this “trivial” SL(2,C ) model one can see that the integration of the “high frequency components” of the fermions does not affect the flow of the Higgs potential. Further, the integration of the Higgs field does not produce 4-fermion, 6-fermion or 8-fermion interactions. This fact can be understood because the fermionic variables ∈ SL(2,C ) are transformed independently, so that the fermionic part of the action is invariant under SL(2,C )-gauge transformations. On the other hand, the Higgs potential is not invariant under such gauge transformations.

3.3.5 Asymptotic behavior after many RG-steps

Theorem 6 gives the behavior of the coefficients of the effective Boltzmannian after n steps in the form of a convolution product of 2N + 1 factors c^0_i [Φ] with N = 3^n.

The central limit theorem gives the asymptotic behavior of such convolution products in the limit N → ∞, provided the coefficients c^0_j [Φ]dΦ are normalizable measures, or negatives of such. Assuming z = z̄ = ±1, this is always the case for c^0 and for c^5_0, which enter the formula for the exponentiated Higgs potential c^n_0 = e^{−V n} . It is true for the other coefficients in all cases except for holonomy group GL(2,C ) and gauge group SU(2).

We need a central limit theorem for G-bicovariant functions on the noncompact groups H. The principle is derived as follows. Under appropriate conditions (“good functions f”) the Fourier coefficient f̃(Ξ) for normalized measures fdΦ has an isolated absolute maximum at a special representation Ξ_0. The prototype of such a result, which stands behind the central limit theorem on R, is lemma 6 below. As a result, f̃(Ξ)^N , which is the Fourier coefficient of f[Φ]^{∗N} , is well approximated by a Gaussian, and therefore f[Φ]^{∗N} can be accurately computed as inverse transform of a Gaussian. For the applicability of the central limit theorem the SU(2)-biinvariance is of great importance. Basically it leads to the simplification that one only needs the real component of the representation Ξ, that is ρ for SL(2,C) and σ for R_+ SU(2), as it is outlined in appendix C. In the following subsections we focus on the exponentiated Higgs potential.

Lemma 6 (Fourier Transform of normalized measures R) Let f be an integrable and square integrable positive definite function on the real line with ∫ f(x)dx = 1. Then the modulus of its Fourier transform f̃(k) = ∫ e^{ikx}f(x)dx has a unique absolute maximum at k = 0 with f̃(0) = 1.

Proof: From the definition of the Fourier transform and from ∫ fdx = 1 it follows that

|f̃(k)|^2 = |f̃(0)|^2 − ∫ dx dy [1 − cos k(x − y)]f(x)f(y). The second term is negative semi-definite and for any k ≠ 0 it can only vanish if f is either a δ-function or a series of δ-functions with supports whose distance is an integer multiple of 2π/k. This is excluded by the assumption that f is square integrable. Therefore, the only absolute maximum is at k = 0. The assertion f̃(0) = 1 is a restatement of ∫ f(x)dx = 1. q.e.d.

66 3 RG-flow for gauge theories with nonunitary parallel transporters

The group H = SL(2,C ) We assume that z = z̄ = ±1 and consider the SU(2)-biinvariant function f(Φ) = e^{−V (Φ)} = f(d(η)), which is positive definite. By our assumptions, the additive constant in V can be chosen so that f(Φ)dΦ is a normalized measure on SL(2,C ). The Fourier coefficient is f̃(ρ) = ∫ dΦf(Φ)P^ρ(Φ^{−1}) = ∫ sinh^2 ηdη f(d(η))

2 sin^1_2 ηρ ρ sinh η . It is real, obeys f̃(ρ) = f̃(−ρ) and has an isolated absolute maximum 1 at ρ = 0. This follows from the fact that lim_{ρ→0}^{2 sin 12 ηρ}_{ρ sinh η} = 1, while |^{2 sin 12 ηρ}_{ρη} | ≤ 1 and |η^{−1} sinh η| > 1 for η ≠ 0.

If follows from the unique maximum property that f̃(ρ) = e^{− b}_2^{ρ2} + ...

with b = − ∂^2 ∂ρ^2 f̃(ρ)|_{ρ=0} = − ∫ dΦf(Φ) ∂^2 ∂ρ^2 P^ρ(η) | |_{ρ=0} . (3.36)

Theorem 8 The coefficient b in the power series expansion of P^ρ(η) is b = 1 12 ∫ sinh^2 ηdη f(d(η))η^2. (3.37)

Proof: The power series expansion of P^ρ(η) is P^ρ(η) = 2 ρη ( 1 2 ρη − 1 3! 1 8 ρ^3η^3 + ...) = 1 − 1 4! η^2ρ^2 + ... .

With b defined as in eq.(3.36) we obtain the result. q.e.d. Theorem 9 With B = Nb, N = 3n, f̃(ρ)^N ∼ e^{− B}2^{ρ2} and

e^{−V n(d(η))} = f^{∗N} (η) ∼ ∫_{ρ2dρ} 16π e^{− B}2^{ρ2 2 sin 12 ηρ}_{ρ sinh η} , where e^{−V n} = (f)^{∗N} is a n-fold convolution product, we get the following flow of the Higgs potential for large n e^{−V n(d(η))} =^1_{(2πB) 32}^η_{4 sinh η} e^{− 1}8B^{η2} .

3.3 A soluble model in one dimension 67

Proof: The integral can be interpreted as a Fourier transformation. Using g(η) = ∫ dρe^{− B2 ρ2+i ρη2} = 1 (2πB)^12 e^{− 18B η2} one gets

f^{∗N} (η) = [ 2i 2 i ( ∂ ∂η g(η) − ∂ ∂η g(−η) )] 1 sinh η 1 16π = 1 16π sinh η [ − 4 2η 8B 1 (2πB)^12 e^{− 18B η2} − 4 2η 8B 1 (2πB)^12 e^{− 18B η2} ]

= − 1 (2πB)^34 η 4 sinh η e^{− 18B η2} . q.e.d.

The group H = R_+ SU(2)

We specify the representations which enter into the decomposition of SU(2)-biinvariant functions by s = iσ. SU(2)-biinvariant functions f of ru ∈ R_+ SU(2) depend only on r, and the harmonic analysis amounts to a Mellin transformation (see appendix C.1) which in turn is related to a standard Fourier transformation f̃(iσ) = ∫^∞_0 drriσ−1f(r) = ∫_∞ −∞ dxe^{iσx}f(e^x). Let f be positive definite and a good function. Then, by lemma 6, |f̃| has a maximum at σ = 0 and f̃(iσ) = e^{− b}2^{σ2 +iaσ} + . . . if f is normalized appropriately. The coefficients are a = −i^∂_{∂σ} f(iσ) | |_{σ=0} =^∂_{∂s} f(s) | |_{s=0} = ∫^{dr}_r ln rfr (3.38) b = −i^{∂2}_{∂σ2} f(iσ) | |_{σ=0} =^{∂2}_{∂s2} f(s) | |_{s=0} = ∫^{dr}_r ln^2 rfr. (3.39)

Theorem 10 Consider the following convolution product on R_+ SU(2) e^{−V n} = c^{∗N+1}_0 ∗ c^{∗N}_5 with N =^1_2 (3^n − 1), c_i = c^0_i , c_0 = e^{−V} and c_5 = | det Φ|^2e^{−V} . If we choose the constant in V so that c_0 ∗ c_5 is a normalized measure on H and ∫ dϕe^{−V (ϕ)} = N , then we get the following flow of the Higgs potential for large n e^{−V n} ∼ N (2πB)^12 exp [ − 1 2B ln^2(re^A) ] . with

a^′ = ∫_{dr} r ln ra_0(r), a = ∫ dr r ln r(a_0 ∗ a_5)(r),

b^′ = ∫_{dr} r ln^2 ra_0(r), b = ∫ dr r ln^2 r(a_0 ∗ a_5)(r)

B = b^′ + Nb and A = a^′ + Na.

68 3 RG-flow for gauge theories with nonunitary parallel transporters

Proof: According to eq.(3.38) c̃_0(iσ) = e^{− b′2 σ2 +iσa′} ~ (c_0 ∗ c_5)(iσ) = e^{− b2 σ2+iσa} It follows

e^{−V n(r)} = f^N (r) = ∫_∞ −∞ dσr^{iσ}f̃^N (iσ) = ∫_∞ −∞ dσr^{iσ}c̃_0(iσ) ( ~ c_0 ∗ c_5 )_N (iσ) = ∫_∞ −∞ dσr^{iσ}e^{− b′2 σ2+iσa′} ( e^{− b2 σ2+iσa} )_N = ∫_∞ −∞ dσr^{iσ}e^{− B2 σ2+iσA} x=ln r= ∫_∞ −∞ dσe^{iσx}e^{− B2 σ2+iσA} = ∫_∞ −∞ dσe^{− B2 σ2+iσ(A+x)} = 1 (2πB)^12 e^{− 12B (x+A)2} = 1 (2πB)^12 e^{− 12B ln2(reA)} q.e.d.

The other coefficients in the effective Boltzmannian can be treated in the same way, provided the coefficients which enter into the recursion relation are either positive or negative definite. This is true in all cases except for G = SU(2), H = GL(2,C ).

A and B are of order^1_2 (3^n + 1). Their explicit value is determined by the starting Higgs potential V and is obtained by applying eqs.(3.38) and (3.39). A can be transformed to O(1) by a wave function renormalization. It is equivalent to modifying the block spin definition to

ϕ^{n+1}(z, z + 3a_n) = Z^{1/2}ϕ^n(z, z + a_n)ϵϕ^n(z + 2a_n, z + a_n)^T ϵ^T ϕ^n(z + 2a_n, z + 3a_n) (3.40)

with a suitable n-independent constant Z^{1/2}. For A = 0: V (ru) = V (ϕ), ϕ → Z^12 ϕ and rescaling is happening with every renormalization group step. There is a fixpoint for A = 0 and a flat Higgs potential.

The group H = GL(2,C )

Here the aspects of the two previous cases are combined. The representations are labeled by Ξ = (l, s = iσ, ρ) and the transform is

f̃(Ξ) = ∫_{2π} 0 dθ 2π dr r e^{ilθ}r^{iσ} sinh^2 ηdηf(ζd(η)) 2 sin^1_2 ρη ρ sinh η

, (3.41)

which has its maximum at l = 0, s = 0 and ρ = 0. The dominance of l = 0 is the reason for the asymptotic behavior of exp(−V^n(ζd(η))) being independent of the phase ζ, ϕ = ζa a ∈ SL(2,C ).

Corollary 5 With A and B of order N + 1 =^1_2 (3^n + 1) as defined in theorem 10 and B^′ = Nb for N = 3^n as in eq.(3.37) we get the following flow of the Higgs potential for GL(2, C ) e^{−V n(ζd(η))} ∼ N (2πB^′)^32 (2πB)^12 exp [ − 1 8B^′ η^2 − 1 2B ln^2(re^A) ] . (3.42)

3.3 A soluble model in one dimension 69

Again the constant A grows like N, and due to this fact A can be transformed to O(1) by a wave function renormalization. The exponential tends to a constant in the limit of large n (as for R_+ SU(2,C )), when A stays bounded.

Remark: In the special case G = SU(2), H = GL(2, C ) we are not able to compute the asymptotic behavior of some coefficients in the fermionic action. The reason is that some of the coefficients are not measures or negatives of measures. This case is special in that G = SU(2) is not the maximal compact subgroup of H.

The group R_+ SL(2,C ) is treated in the same way, but here the quantum number l is absent. In this case SU(2) is the maximal compact subgroup.

Model with gauge group U(2)

Due to the fact that for H = GL(2,C ), SU(2) is not the maximal compact subgroup we wish to consider also the maximal compact subgroup G = U(2) of GL(2,C ). Locally, U(2) = SU(2) × U(1).

The results can be extended to the model with gauge group U(2) and H = GL(2,C). To do so, we have to investigate the consequences of an additional local U(1)-invariance. Under a U(1)-transformation, ϕ(z, z + 1) → e^{−iϑ(z)}ϕ(z, z + 1)e^{iϑ(z+1)}, ψ(z) → e^{−iϑ(z)}ψ(z) , ψ̄(z + 1) → e^{iϑ(z+1)}ψ̄(z + 1) .

U(1)-biinvariance implies that the Higgs-potential V (ζA) is independent of the phase of ζ.

The block spin (3.26) is not U(1)-covariant, and must be changed by a factor which involves the phase of det ϕ^n to

ϕ^{n+1}(z, z + 3a_n) = e^{iarg detϕn(z+an,z+2an)}ϕ^n(z, z + a_n)ϵϕ^n(z + 2a_n, z + a_n)^T ϵ^T ϕ^n(z + 2a_n, z + 3a_n) .

A parallel transporter that is also covariant under U(1)-gauge transformations leads to a modification of the factor det ϕ that may appear in the coefficients

[det ϕ(z, z + 1)] → e^{−iarg detϕn(z,z+1)}[det ϕ(z, z + 1)].

It is appropriate to change also the definition of the four fermion interaction term k^n that was formerly given as k^n(z, z + a_n) =^1_4ψ̄ϵψ̄(z) × ψϵψ(z + a_n) to

k^n(z, z + a_n) = 1 4 e^{iarg detϕn(z,z+an)}ψ̄ϵψ̄(z) × ψϵψ(z + a_n). When these changes are made, the master integration formulas (3.24) remain valid as they stand. Therefore, the recursion relations theorem 5 for the coefficients c^n_j remain literally valid, and also corollary 4 remains valid with the understanding that harmonic

70 3 RG-flow for gauge theories with nonunitary parallel transporters

expansion of U(2)-bicovariant functions on GL(2,C ) enters.

The initial values (3.33) change as a consequence of the changed definition of k. In the formulas (3.33), det ϕ and det ϕ^∗ have to be replaced by | det ϕ|.

As a consequence, given that z = z̄ = ±1, all the quantities c^0_j [ϕ]dϕ are normalizable measures, or negatives of normalizable measure. It follows from this in the same way as for the other models with this property that the model’s RG-flow moves towards an infrared fixpoint. The asymptotic behavior of the Higgs potential is the same as in the G = SU(2) - H = GL(2,C ) model.

The behavior of the flow of the Higgs potential

To summarize the results of the calculations, we have seen explicitly that for gauge group SU(2) and holonomy group R_+ SU(2) the Higgs potential becomes flat in the limit of large numbers of RG-steps n. It tends to a definite function for holonomy group SL(2,C ) with gauge group SU(2) and for holonomy group GL(2, C ) with gauge group U(2), as well as for gauge group SU(2) and holonomy group R_+ SL(2, C ). In all cases there is a flow towards an infrared (IR) fixpoint, that is described by this functions.

There is an ultraviolet (UV-)fixpoint as well. It is a pure gauge theory with gauge group G. In other words, the parallel transporters are unitary ϕ(z, z + 1) ∈ G = SU(2) or U(2). On this fixpoint the exponentiated Higgs potential e^{−V (ϕ)} = δ_G(Φ) is a function whose support is concentrated on the gauge group G. The δ_G-function is defined by the formula ∫ dϕf(ϕ)δ_G(ϕ) = ∫ G duf(u), for u ∈ G. This model is equivalent to a free fermion theory because unitary parallel transporters can be transformed away in one dimension. But still the one-dimensional model shows the feature where if we are arbitrarily close to this fixpoint of pure gauge theory there is a flow away towards an IR-fixpoint after a large number of RG-steps. In our onedimensional model this means only that our Higgs potential at the starting point has a nearly infinitely deep minimum and the curvature of that minimum decreases upon lowering the cutoff until we end up at the IR-fixpoint. Our one-dimensional model does not allow us to start a nontrivial flow, starting with a pure gauge theory, because the pure gauge theory is a fixpoint, we cannot leave. We need fluctuations to start the flow. Think of fluctuations in the length, e.g. if we consider holonomy group R_+ SU(2), where the parallel transporter ϕ can be decomposed into ϕ = ru, u ∈ SU(2), with length r; r can be chosen arbitrarily close to 1. This problem does not occur in more than one dimension. This will be explained in the following section.

Unfortunately, a typical double well Higgs potential will not come out of a pure gauge theory just by performing a RG-flow in one dimension. We hope and expect that the situation will change in more dimensions, provided there are sufficiently many fermions in the theory. One could think of an effective four-dimensional theory of the bilayered

3.4 Beyond the one-dimensional model 71

membrane type and suppose that a formal continuum limit of our discrete action has the form S(η, ψ̄, ψ, ϕ) = ∫ d^4z (1 2 ∂_μϕ∂^μϕ − V(η) + ψ̄(iγ^μ∂_μ + g ( −ϕ 0 0 ϕ ) )ψ ) (3.43)

with μ = 0, 1, 2, 3 and two components of ψ or ψ̄. For this calculation we just consider nonunitary parallel transporters of the form ϕ = u_1d(η)u_2 with a symmetric Higgs potential function V(η) = V(−η) and coupling constant g. Perturbation calculations suggest that the integration of fermions pushes the Higgs potential towards a Mexican hat shape, while the integration of the bosons pushes it towards single well shape. This is because the contributions to renormalization of mass terms m^2ϕϕ^∗ have opposite sign [30]. Suppose now that the extra dimension has finite extent d. Then the RG-flow will be stopped after a finite number of steps, when d equals one block lattice spacing. Assuming that the final Higgs potential has Mexican hat shape, this will lead to mass generation as described in section 4.

3.4 Beyond the one-dimensional model

In this section a qualitative discussion of the model in more dimensions will be presented. It gives another good reason to investigate nonunitary parallel transporters. We have seen that we are able to compute the RG-flow in one dimension exactly. Unfortunately the one-dimensional model does not show the feature that we could start with an ordinary gauge theory and obtain a flow towards a Higgs model with a double well Higgs potential, which would lead to spontaneous symmetry breaking. We now want to discuss what we can learn from our simple model about what has to be added if we want to involve the conventional four dimensions.

To illustrate the possible generalization we keep the formulation with Weyl spinors and assume a suitable discretization of the Weyl term. ⟨∂_μψ(z + a_μ), ϵσ_μCψ(z)⟩ = ⟨∂_μψ(z + a_μ), ϵσ_μψ̄(z)⟩, where μ enumerates the space-time direction, σ_μ are the Pauli matrices and C is the operator of complex conjugation. The block spin construction depends on these matrices and thus on the directions, but can be performed in the same way as in our one-dimensional example. A nontrivial problem appears in the order of the integrations. Again, we integrate out the fermions at two neighbored sites to obtain a Boltzmannian with a term of zeroeth order in the Fermi fields. But we have several choices to choose these two sites, and of course we have to sum over different paths as it is illustrated in figure 3.3. We have to keep in mind that locality should be preserved, what is a nontrivial question concerning the order of integration.

For simplicity we think of one extra direction, perpendicular to the one considered so far. Figure 3.2 illustrates the integration of fermions and bosons. Let us think again of gauge group SU(2) and holonomy group R_+ SU(2) with the decomposition into a unitary part

72 3 RG-flow for gauge theories with nonunitary parallel transporters

Fermi integration

Bose integration

perpendicular directions 0, 1, 2, 3 →

Figure 3.2: Performing a RG-step with an additional perpendicular direction

u ∈ SU(2) and a selfadjoint part that we already called length r ∈ R_+ . The initial fluctuations of this length needed in one dimension to start the flow away from the pure gauge theory UV-fixpoint towards the IR-fixpoint is not any longer necessary in two dimensions. Here a coarsening that involves unitary parallel transporters from both the extra and the perpendicular direction will produce block spins ϕ^1 in the linear span of the gauge group SU(2). The block spin is still gauge covariant. The mechanism is explained in figure 3.2. Therefore, we get the fluctuation length by a single RG-step. This is so because the sum of elements of SU(2) is not an element of SU(2) any more, see figure 3.3.

After such a RG-step we could of course integrate out the length to obtain again pure gauge theory. It may be possible or not to reduce to ordinary gauge theory by integrating out the length at any scale. But this depends on whether the resulting effective action stays local after this integration. We could be forced into a Higgs model if this locality is not preserved. This will happen if the mass that is determined by the curvature at the minima of the Higgs potential falls below the cutoff scale. We expect that there will be a domain of scales, where the effective theory needs a Higgs field for its locality.

The question of the order of integrating out fermions at lattice sites leads to the suggestion that it may be possible to obtain loop terms after some RG-steps. Figure 3.4 illustrates this. The dashed lines come up after integrating out the fermions at the sites that are labeled with 1. In the second step the fermions at 2 are integrated out. One obtains parallel transporters with target and source at the same point.

3.4 Beyond the one-dimensional model 73

ϕ^1 = = + +

Figure 3.3: After performing the Fermi integration the block spin will be in the linear span.

1

1

2 2

Figure 3.4: Possibility of loop terms.

Such a loop block spin involves the parallel transporter from the left to the right site (both labeled by 2), or vice versa. This must be obtained by some latter RG-transformations maybe in a further dimension. Admitting a triangular lattice loop-terms would appear by a single RG-step.

Some nonunitary link variables ϕ(z, z + a_{0μ}) have already been regarded by G. Mack in the framework of dielectric lattice gauge theories [37]. Here ϕ(z, z + a_{0μ}) takes its value in the linear space G, which consists of real linear combinations of matrices in the gauge group G and can be polar decomposed via ϕ(z, z + a_{0μ}) = u(z, z + a_{0μ})σ_μ(z) with an ordinary unitary gauge field u(z, z + a_{0μ}) ∈ G and a function of a dielectric field ε_μ. Here the integration is performed by involving the Lebesgue measure dϕ on G. It is possible to use the Haar measure on the group of invertible elements of G instead.

74 3 RG-flow for gauge theories with nonunitary parallel transporters

Chapter 4

Group theory of flavor mass splitting

We start again with the important biinvariance property of the Higgs potential. As in the last chapter we consider a gauge theory with nonunitary parallel transporters. Again we admit parallel transporters that are elements of a noncompact holonomy group H. It will be explained how a splitting of the masses of fermions of different flavors can arise through spontaneous symmetry breaking. The group theoretic preliminaries lead to patterns of symmetry breaking. To present the main feature we give a simple example that is compatible with our one-dimensional model of section 3.3.

4.1 Group theoretic preliminaries

The group theoretical basics which are important in explaining symmetry breaking in our models are introduced here. It should be mentioned that we do not use the conventional notations, in order to avoid confusion later on. It is assumed throughout that G (the unitary gauge group) is the maximal compact subgroup of H (the holonomy group). In the group theoretic literature, our H is called G, G is called K, and the content of theorem 11 below is known as the KAK-decomposition.

Some standard facts about noncompact semi simple Lie groups are recalled here. Let H be a semisimple Lie group with Lie algebra h over R. The adjoint action of H on h is denoted by Ad. For matrix groups, Ad(g)X = gXg^{−1}. h possesses a Cartan decomposition,

h = g + p,

with an involutive automorphism σ of h, that is σ^2 = id, such that σX = X for X ∈ g and σX = −X for X ∈ p, and the Killing form of h is negative definite on g and positive definite on p. g is a subalgebra, and if H has a finite center, then its maximal compact subgroup G has Lie algebra g [47]. It follows that Ad(g)X ∈ p for all X ∈ p, g ∈ G. Let a be a maximal abelian Lie algebra in p, and let A be the corresponding subgroup of H. We call A the maximal noncompact abelian subgroup of H. a is unique up to conjugation with elements of G. Corresponding with the Cartan decomposition of h, the elements h

76 4 Group theory of flavor mass splitting

of H admit a decomposition

h = exp(X)g, g ∈ G, X ∈ p. (4.1)

In applications, we encounter reductive Lie groups H = Z H_s, where H_s is a semi simple Lie group and Z a Lie group contained in the center of H. It will factor as Z = Z_c Z_n into a compact group Z_c and a noncompact group Z_n. If G is the maximally compact subgroup of H then Z_c ⊂ G. In our application, Z_n will be R_∗ or R_+ . We will make use of the following theorem.

Theorem 11 [28] Let H = ZH_s be a reductive Lie group with semi simple factor H_s, G the maximal compact subgroup of H, A the maximal noncompact abelian subgroup of H_s as introduced above, and Z_n the noncompact factor of Z.

i) Every element h of H admits a decomposition

h = ρg_1ag_2, g_1, g_2 ∈ G, a ∈ A, ρ ∈ Z_n

ii) Every irreducible representation τ of H of finite dimension r admits a scalar product, such that τ(η) are selfadjoint for η ∈ a. Therefore they can be simultaneously diagonalized, hence

τ(a) = τ(exp(η)) = e^{η1} 0 ... 0 e^{ηr} .

iii) If H is a group of n × n-matrices which is its own irreducible representation then the decomposition h = ρg_1ag_2 with diagonal matrices a holds for a group H^′ of n × n-matrices which is isomorphic to H.

Let us now recall the definition of the Weyl group W(A) of the pair (H_s,A): Let M be the centralizer of a in G that is M = {g ∈ G, Ad(g)|_a = I}. Let M^∗ be the normalizer of a in G that is M^∗ = {g ∈ G, Ad(g)a ⊂ a}. Then the Weyl group is defined as

W(A) = M^∗/M.

It is a finite group and the map W(A) → GL(a) given by w(X) = Ad(m^∗)X for X ∈ a, m^∗ ∈ w ∈ M^∗/M is injective.

Corollary 6 (Weyl group as symmetry group of biinvariant functions) Suppose that the function V on H possesses the G-biinvariance property V (g_1hg_2) = V (h) for all g_1, g_2 ∈ G, h ∈ H. Then there exists a function V on Z_n × a such that

V (h) = V (ρg_1 exp(η)g_2) = V(ρ, η) for all g_1, g_2 ∈ G, η ∈ a, ρ ∈ Z_n and V(ρ, w(η)) = V(ρ, η) for all w ∈ W(A).

4.2 Symmetry breaking patterns 77

Proof: The first part is immediate from theorem 11. Let m ∈ M^∗ and w = m^∗ mod M. It follows from the biinvariance property that V (ρm exp(η)m^{−1}) = V (ρ exp(η)) = V(ρ, η). On the other hand V (ρm exp(η)m^{−1}) = V (ρ exp(w(η))) = V(ρ, w(η)). q.e.d.

Remark: One could include the Lie algebra of Z_n in a, thereby avoiding the factors of ρ. This is not convenient for later applications, however, because the factors ρ will play a special role. Moreover, the special role of the point η = 0 would get lost.

4.2 Symmetry breaking patterns

Based on the group theoretical background we discuss the possibilities of spontaneous symmetry breaking. A simple example will demonstrate the main feature.

We define U to be the centralizer of η̂ in G that is it consists of g ∈ G with Ad(g)η̂ = η̂. It will be called the unbroken symmetry group. Let W_{η̂} be the subgroup of elements w ∈ W(A) which leave η̂ invariant, w(η̂) = η̂. It holds

W_{η̂} = (U ∩ M^∗)/M. (4.2)

Let us call an element η̂ of a generic if the centralizer U of η̂ in G is M, that is if Ad(g)η̂ = η̂ for g ∈ G implies Ad(g)η = η for all η ∈ a. Nongeneric η̂ form lower dimensional subalgebras of a. The point η̂ = 0 is nongeneric.

Corollary 7 (Possibility of complete symmetry breaking)

i) If a is a completely noncompact Cartan subalgebra of h then m, the Lie algebra of M, is trivial. M is a discrete group.

ii) If η̂ is generic, then U = M and therefore W_{η̂} is trivial.

Proof: m is, of course, the centralizer of a in g. If a is a Cartan subalgebra, then no element of g can be in its centralizer, because otherwise the Cartan subalgebra could be enlarged. Therefore m is trivial. ii) is the definition of generic η̂ and because of (4.2) W_{η̂} is trivial. q.e.d.

Since M has in general several connected components, it will be a nontrivial discrete group if m is trivial.

Example to corollary 7

Let H = SL(2,R). It possesses a completely noncompact Cartan subgroup consisting of

matrices a = exp(η) = ( e^{η1} 0 0 e^{−η1} ) . The Weyl group has two elements (1, w) and

w(η) = −η. Since a is one-dimensional, its only lower dimensional subalgebra is 0. Thus if η̂ ≠ 0 is a minimum of V, then the Lie algebra u of the unbroken symmetry group U is trivial, and the continuous symmetry is broken completely.

78 4 Group theory of flavor mass splitting

4.2.1 Physical application

In the following, as in the last chapter we assumed that our Higgs fields are parallel transporters along links in extra directions. We denote them by ϕ. They are elements of a typically noncompact holonomy group H, ϕ(x, y) ∈ H and transform under gauge transformation according to ϕ(x, y) → u(x)ϕ(x, y)u(y)^{−1}, where u(x) and u(y) are elements of the gauge group G ⊂ H. Only the unitary gauge group G is a local symmetry. As already discussed in the previous chapter, matter fields form representation spaces of the holonomy group H and lattice gauge fields, on which we focus in this work, take their values in this holonomy group. In section 3.2.3 we saw that local G-biinvariance leads to the essential biinvariance property of the Higgs potential V (ϕ) V (ϕ) = V (u_1ϕu_2), for all u_1, u_2 ∈ G, ϕ ∈ H.

Moreover, it follows from Corollary 6 that the Higgs potential can be written in the form

V (ϕ) = V (ρg_1e^ηg_2) = V(ρ, η),

with η ∈ a and ρ ∈ Z_n, and V is invariant under elements w of the Weyl group W(A) V(ρ, w(η)) = V(ρ, η), for w ∈ W(A). This symmetry under the discrete group W = W(A) arises from local G-biinvariance. The minima η̂ of V form orbits under W. Therefore we may distinguish between two major cases.

i) The W-symmetry is spontaneously broken, either completely or partially.

This is the case if the orbit(s) contain(s) more than one point. Then minima η̂ are situated on a nontrivial orbit of the Weyl group W. Let us assume that there is only one such orbit. The symmetry is completely broken if w(η̂) ≠ η̂ implies that w is the identity. Otherwise there is an unbroken subgroup W_{η̂} of W(A) which consists of w ∈ W(A) such that w(η̂) = η̂. In the real world fermions of different flavor show the effect of mass splitting, thus the W-symmetry must be spontaneously broken in this application.

i) The W-symmetry is not spontaneously broken.

In this trivial case we have only one minimum and thus w(η̂) = η̂ for all w ∈ W(A). In particular this happens when the only minimum occurs at η̂ = 0. In our onedimensional model examined in the previous chapter we had only one minimum and thus no symmetry breaking. (In the standard model fermions of different color have the same mass.)

When spontaneous symmetry breaking occurs, an exponential mass hierarchy occurs naturally. This is suggestive in view of how the big quotients of the masses in the standard model appear. To bring out the principles as clearly as possible, let us look at a simplified model.

4.3 Adjoint vs. nonadjoint Higgs field 79

4.2.2 An example for flavor mass splitting

Let us suppose we would get a Higgs potential V(η) with nontrivial minima η̂ ≠ 0 in our one-dimensional model described in the previous chapter with gauge group SU(2) and noncompact holonomy group H = SL(2,C ). The Lie algebra a is one-dimensional and its elements may therefore be parametrized by real numbers η ∈ R. The Weyl group W(A) has one nontrivial element w which takes η → −η. Therefore, ϕ ∈ SL(2,C ) may be decomposed as ϕ = u_1d(η)u_2 with u_1, u_2 ∈ SU(2), η ∈ R, d(η) = ( e^{− η}2 0 0 e^η2 ) and d(w(η)) = ( e^η2 0 0 e^{− η}2 ) . Assuming that the orbit of the minima under the discrete group W = {1, w} is nontrivial, the minima of V(η) are at ±η̂ ≠ 0. Then at the minima of V (ϕ), ϕ = u_1d(η̂)u_2 and the interaction term with a real coefficient z becomes zψϕψ = 2∑ α=1 ψ^′_αm_αψ^′_α (4.3)

with ψ^′ = ψu_1, ψ^′ = u_2ψ, and masses

m_1 = ze^{−η̂/2} , m_2 = ze^{η̂/2} .

We see that we have fermions of two flavors with different masses.

4.3 Adjoint vs. nonadjoint Higgs field

A nonunitary paralleltransporter admits a polar decomposition into a unitary and a selfadjoint part. The unitary part transforms like a conventional lattice gauge field. While the selfadjoint part transforms like a Higgs field, one might expect that the Higgs field transforms according to the adjoint representation of G. We will show that this does not need to be the case. When it is the case, the Cartan subgroup of G will always remain unbroken. But there also exist groups H such that the G-symmetry can be completely broken.

To see this, let us examine consequences of the biinvariance property of the Higgs potential V from a different point of view which makes closer contact with conventional wisdom.

It is known fact [47] which follows from the Cartan decomposition (4.1) that elements Φ ∈ H can be decomposed as Φ = ρe^X g, g ∈ G, X ∈ p and ρ ∈ Z_n. Let us decompose the paralleltransporter in the extra direction and let μ̂ be the lattice vector in this extra direction. ϕ(x, y = x + μ̂) = ρe^{Ξμ(x)}U(x, y)

80 4 Group theory of flavor mass splitting

with U(x, y) ∈ G, Ξ_μ(x) ∈ p and ρ ∈ Z_n. Gauge transformations act according to U(x, y) → u(x)U(x, y)u(y)^{−1} Ξ_μ(x) → u(x)Ξ_μ(x)u(x)^{−1}. The function V on a may be extended to a function on p ⊃ a which is invariant under the action X → Ad(g)X of G on p. Let us tentatively identify Ξ_μ as a Higgs field and U(x, y) as a conventional lattice gauge field. Using the biinvariance property, the Higgs potential in the action can be written as V (ϕ(x, x + μ̂)) = V(ρ, Ξ_μ(x)). Suppose Ξ̂_μ is the minimum of V, which determines the vacuum expectation value of the Higgs field Ξ_μ. Then the unbroken subgroup U^′ of G consisits of those g ∈ G, which obey

gΞ̂_μg^{−1} = Ξ̂_μ.

In other words, U^′ is the centralizer of Ξ̂_μ in G. Since elements of p are conjugate in G to elements of a, there is a g_1 ∈ G such that

Ξ̂_μ = g_1η̂g^{−1}_1

for some η̂ ∈ a, which is unique up to the action of the Weyl group. It follows that U^′ = g_1Ug^{−1}_1 , where U is the unbroken symmetry group defined in section 4.2. Therefore we have:

Proposition 12 Retaining the notation introduced above, the unbroken symmetry group U^′ is isomorphic to the group U defined in section 4.2.

In any case, the Higgs field takes its values in p which is a linear representation space for G via the tranformation X → Ad(g)X, X ∈ p, g ∈ G. It depends on the group H whether this representation is isomorphic to the adjoint representation of G or not.

It is true if h = Lie H can be interpreted as a complex Lie algebra of half the dimension, because in this case p = ig. The groups H = SL(n,C ) belong to this class. However, it is not true in general. For H = SL(n,R) g consists of antisymmetric real n × n-matrices; it has dimension n(n − 1)/2. In contrast, p consists of traceless symmetric real matrices; it has dimension n(n + 1)/2 − 1. These representation spaces have different dimensions and they are therefore not isomorphic for n > 1.

Examples

- The Lorentz group H = SL(2,C ), with its maximal compact subgroup G = SU(2) consists of rotations and g transforms according to the three-dimensional adjoint representation of G, while p consists of infinitesimal boosts. They are also specified by 3-vectors.

4.4 Classification of the possible unbroken subgroups 81

- The maximal compact subgroup of H = SL(2,R) is G = U(1) whose irreducible representations are labelled by l = 0, ±1, ±2, ... The adjoint representation of U(1) is the trivial representation l = 0, whereas p carries a two-dimensional real representation of U(1) which decomposes into −1 ⊕ 1 in the complex domain.

From the point of view of symmetry breaking, complex Lie algebras h and normal real forms of complex Lie algebras are extreme opposites. The unbroken subgroup U of G is the stability group of the minima of V, regarded as a function on p. If g is a complex Lie algebra, then U always includes the Cartan subgroup of G. In contrast, if g is a normal form then a is a completely noncompact Cartan algebra and corollary 7 tells us that the symmetry may be completely broken.

4.4 Classification of the possible unbroken subgroups

The following result gives us the possible remaining symmetry groups U. It involves the notion of a parabolic subgroup of H. Any noncompact semi simple Lie group H with finite center admits an Iwasawa decomposition H = GAN^+, where N^+ has nilpotent Lie algebra n^+. If M is the centralizer of A in G as before, then P = MAN^+ is known as the minimal prabolic subgroup. Any subgroup of H, which contains P or a subgroup conjugate to it is called a parabolic subgroup. Parabolic subgroups are classified in the mathematical literature [48].

Proposition 13 (G. Mack, M. de Riese [44]) Let in addition to the above mentioned assumptions H be a simple Lie group. For any η ∈ a, the centralizer of η in G is M_η = P_Θ ∩ G, where P_Θ is some parabolic subgroup of H if η ≠ 0 and M_0 = G. Traversing through a all conjugacy classes of parabolic subgroups are obtained in this way. In other words {M_η : η ∈ a, η ≠ 0} is the set of all parabolic subgroups of H intersected with G, plus G itself.

If the minimum of the Higgs potential V takes its value at η̂, then the unbroken symmetry group U is M_{η̂} as classified in proposition 13, because U was defined as a centralizer in section 4.2.

Proof: (The definitions and notations of [48] will be used.)

Fix η ∈ a. M_η is a Lie subgroup of G with identity component M^′_η and Lie algebra m_η. Let a_η be the centralizer of m_η in a or, alternatively, the fixed-point set of Ad(m) for all m ∈ M_η. Let a^⊥ be the orthogonal complement of a_η in a with respect to the Killing form.

Let Σ^+ be the set of positive restricted roots and Σ^±_η the set of positive resp. negative restricted roots λ with λ|_{aη} = 0. Define n^±_η := ∑ λ∈Σ^±_η gλ and as usual n

+ := ∑ λ∈Σ^+ gλ,

where g_λ is the root space to the restricted root λ.

With m^′ := m ⊕ a^⊥ ⊕ n^+_η ⊕ n^−_η the centralizer of a_η in h obviously is m^′ ⊕ a_η. Therefore it holds on the one hand m_η = m^′ ∩ g and on the other p_η := m^′ ⊕ a_η + n^+ is a parabolic subalgebra of h, because it contains the minimal parabolic subalgebra m⊕a⊕n^+.

82 4 Group theory of flavor mass splitting

Let A, N^+, N^+_η and N^−_η be the subgroups of H corresponding to a, n^+, n^+_η and n^−_η , and let L_η be the centralizer of a_η in H. L_η contains M, A, N^+_η and N^−_η as subgroups. Now, P_η := L_η N^+ is a parabolic subgroup, because it contains the minimal parabolic subgroup MAN^+. The compact subgroup of P_η lies in L_η, because the Killing form vanishes on n^+, and therefore is equal to M_η.

In order to show that all conjugacy classes of parabolic subgroups are obtained in this way note that according to [48] all these classes are obtained by choosing subsets Θ of the set of simple restricted roots and taking the space generated by the duals of the elements of Θ in a as a^⊥. Let a_η be the orthogonal complement of a^⊥. Now choose η to lie in a_η in such a way that λ(η) ≠ 0 for all roots not in the root system spanned by Θ. The procedure above leads now to P_η = P_Θ. q.e.d.

The tables on the following pages list the Lie algebras of the corresponding Lie groups. Table 4.1 assigns the Lie algebra m of the centralizer of a in G to the Lie algebra h of a given simple Lie group. For some examples table 4.4 lists the Lie algebras of all possible unbroken symmetry groups of simple groups H with Lie algebra h according to proposition 13. m is the Lie algebra of the minimal and g the Lie algebra of the maximal possible unbroken symmetry group. The intermediate Lie algebras m_{η̂} are listed. Information about the latter are obtained by using the software package [43] of M. de Riese that can also help to treat other simple Lie groups.

4.4 Classification of the possible unbroken subgroups 83 h m a g sl(l + 1, R) trivial R^l so(l + 1) sl(l + 1, C ) u(1)^l R^l su(l + 1) su^∗(l + 1)

⨁_{l+1} 2 su(2) R^{l−1}2 sp(^1_2 (l + 1)) l − 1 ∈ 2N l ≥ 3 su(m, n) su(m − n) ⊕ ⨁ n u(1) R^n su(m) ⊕ su(n) ⊕ u(1) m ≥ 2, n ≥ 1, m > n so(m, n) so(m − n) R^n so(m) ⊕ so(n) m ≥ n sp(l, R) trivial R^l su(l) ⊕ u(1) sp(l, C ) u(1)^l R^l sp(l) sp(m, n) sp(m − n) ⊕ ⨁ n su(2) R^n sp(m) ⊕ sp(n) m ≥ n ≥ 1 so^∗(2l) ⨁_l 2 su(2) R^l2 su(l) ⊕ u(1) l ∈ 2N l ≥ 4 so^∗(2l) ⨁_{l−1} 2 su(2) ⊕ u(1) R^{l−1}2 su(l) ⊕ u(1) l − 1 ∈ 2N l ≥ 4 e_{6(6)} trivial R^6 sp(4) e_{6(2)} u(1) ⊕ u(1) R^4 su(6) ⊕ su(2) e_{6(−14)} su(4) ⊕ u(1) R^2 so(10) ⊕ u(1) e_{6(−26)} so(8) R^2 f_4 e_{7(7)} trivial R^7 su(8) e_{7(−5)} ⨁ 3 su(2) R^4 su(12) ⊕ su(2) e_{7(−25)} so(8) R^3 e_6 ⊕ u(1) e_{8(8)} trivial R^8 so(16) e_{8(−26)} so(8) R^4 e_7 ⊕ su(2) f_{4(4)} trivial R^4 sp(3) ⊕ su(2) f_{4(−20)} so(7) R so(9) g_{2(2)} trivial R^2 su(2) × su(2)

Table 4.1: Lie algebra of the centralizer M and the maximal compact subgroup G of H

84 4 Group theory of flavor mass splitting

h m g m_{η̂} for η̂ ≠ 0 and η̂ nongeneric su(m, 3) su(m − 3) ⊕ 3u(1) su(m) ⊕ su(3) ⊕ u(1) su(m − 3) ⊕ su(2) ⊕ 2u(1) su(m − 2) ⊕ su(3) ⊕ 2u(1) su(m − 2) ⊕ 3u(1) su(m − 2) ⊕ su(2) ⊕ 2u(1) su(m − 1) ⊕ su(2) ⊕ 2u(1) so(m, 2) so(m − 2) so(m) ⊕ u(1) so(m − 2) ⊕ u(1) so(m − 1) so(m, 3) so(m − 3) so(m) ⊕ su(3) so(m − 3) ⊕ u(1) so(m − 3) ⊕ so(3) so(m − 2) so(m − 2) ⊕ u(1) so(m − 1) ⊕ u(1) so(m, 4) so(m − 4) so(m) ⊕ su(4) so(m − 4) ⊕ u(1) so(m − 4) ⊕ so(3) so(m − 4) ⊕ so(4) so(m − 3) so(m − 3) ⊕ u(1) so(m − 3) ⊕ 2u(1) so(m − 3) ⊕ 2so(3) so(m − 2) ⊕ u(1) so(m − 2) ⊕ 2u(1) so(m − 1) ⊕ 2so(3) so(m, 5) so(m − 5) so(m) ⊕ su(5) so(m − 5) ⊕ u(1) so(m − 5) ⊕ 2u(1) so(m − 5) ⊕ so(3) so(m − 5) ⊕ so(4) so(m − 5) ⊕ so(5) so(m − 5) ⊕ so(3) ⊕ u(1) so(m − 4) so(m − 4) ⊕ u(1) so(m − 4) ⊕ 2u(1) so(m − 4) ⊕ so(3) so(m − 3) so(m − 3) ⊕ u(1) so(m − 3) ⊕ 2u(1) so(m − 3) ⊕ so(3) ⊕ u(1) so(m − 3) ⊕ so(5) so(m − 3) ⊕ so(5) ⊕ u(1)

4.4 Classification of the possible unbroken subgroups 85

h m g m_{η̂} for η̂ ≠ 0 and η̂ nongeneric su^∗(6) 3su(2) sp(3) sp(1) ⊕ sp(2) su^∗(8) 4su(2) sp(4) 2sp(2) sp(2) ⊕ sp(3) 3sp(2) su(m, 2) su(m − 2) ⊕ 2u(1) su(m) ⊕ su(2) ⊕ u(1) su(m − 2) ⊕ su(2) ⊕ u(1) su(m − 2) ⊕ 3u(1) su(m − 1) ⊕ 2u(1) so^∗(8) 2su(2) su(4) ⊕ u(1) su(2) ⊕ su(2) ⊕ u(1) sp(2) so^∗(12) 3su(2) su(6) ⊕ u(1) 3su(2) ⊕ su(2) ⊕ u(1) su(4) ⊕ su(2) ⊕ u(1) sp(2) ⊕ sp(1) sp(2) ⊕ sp(1) ⊕ u(1) sp(3) so^∗(16) 4su(2) su(8) ⊕ u(1) 4su(2) ⊕ u(1) 2su(3) 2su(3) ⊕ u(1) su(5) su(5) ⊕ u(1) su(6) ⊕ su(2) ⊕ u(1) 2sp(2) sp(2) ⊕ su(4) ⊕ u(1) sp(3) ⊕ u(1) sp(4) e_{8(−26)} so(8) e_7 ⊕ su(2) so(7) ⊕ so(5) so(8) ⊕ u(1) so(9) so(9) ⊕ u(1) so(9) ⊕ so(3) so(9) ⊕ so(5) ⊕ so(4) ⊕ u(1) so(10) ⊕ u(1) so(11) ⊕ so(3) so(13) ⊕ u(1)

Table 4.2: List of Lie algebras that are candidates for unbroken symmetries. 2u(1) stands for u(1) ⊕ u(1), 2su(1) for su(1) ⊕ su(1), and so on.

86 4 Group theory of flavor mass splitting

Chapter 5

Origin of quark masses and Cabibbo-Kobayashi-Maskawa matrix

Here a gauge theoretic model, which retains the standard model as effective theory is introduced. This chapter is based on joint work with G. Mack and T. Prüstel [31]. Within this model the appearance of the quark masses of the standard model as well as the principle of the computation of the Cabibbo-Kobayashi-Maskawa matrix is explained. The basic idea is the bilayered membrane, which is introduced in section 3.2.2. The model lives on a five-dimensional space-time with two four-dimensional boundaries R and L, where the right- and left-handed quarks and leptons live, a small distance d apart. Quarks of the same weak hypercharge but belonging to different generations are assumed to be in the same irreducible representation of the holonomy group of the bulk. Their masses are determined by the minima of V (ϕ). Assuming multiple minima of V, flavor mass splitting will arise in the manner discussed in the last chapter. We imagine that the model originates from a continuum theory which is a conventional gauge theory with a certain gauge group in the bulk, with an UV-cutoff if needed, and gauge groups as specified below on the boundaries. As a consequence of renormalization group (RG-)transformations, an effective lattice theory with nonunitary parallel transporters is supposed to be obtained, with a distance of one lattice spacing between the two boundaries, and with a nontrivial Higgs potential V which depends on parallel transporters ϕ across the bulk, with values ϕ ∈ H. Since the RG-transformation must preserve locality, it can be performed to a good accuracy in a theory with ∞ extent in the fifth direction. As a result, the Higgs potential V will not depend on the physics on the boundaries.

5.1 Description of the model

The model lives on a five-dimensional space-time, called bulk, with two four-dimensional boundaries R and L. As in the bilayered membrane the right-handed isospin singlet quarks q^U_R = (u_R, c_R, t_R) and q^D_R = (d_R, s_R, b_R), and also right-handed leptons l^e_R and l^μ_R are situated on the boundary R. On the boundary L we have left-handed quarks with isospin doublets q_L = (d_L, u_L, s_L, c_L, b_L, t_L) and left-handed leptons l_L. In the bulk there may be Dirac fermions, presumably as many as there are chiral fermions on the boundaries. The

88 5 Origin of quark masses and CKM-matrix

assignment of the fermions to boundaries is compatible with the action of the Pati-Salam subgroup SU(4)_C × SU(2)_L× SU(2)_R of the GUT group SO(10), but not with the action of SO(10) itself. One may speculate that at scales shorter than the GUT scale, SO(10) is an unbroken local symmetry of the bulk and light fermions migrate to the boundary when SU(2)_L× SU(2)_R breaks in the bulk, surviving temporarily on the boundary. Our model is valid at larger scales, where SU(2)_R is broken on the boundary R. Migration of the modes from bulk to branes has been discussed in the literature [19].

5.1.1 Possible assignment of the gauge groups

Here we propose an assignment of gauge groups and holonomy groups to the boundaries and the bulk. The choice is based on the wish to obtain the standard model as effective theory.

The standard model consists of six quarks. They are put together in three families (u, d), (c, s) and (t, b). Left-handed quarks transform according to the fundamental representation of SU(2) × U(1) × SU(3)_C

q_L = ( q^D q^U ) L ∈ V_L = Ṽ_L × C^3 × C^3 ,

with a two-dimensional representation space Ṽ_L. Fields q^D and q^U are elements of a vectorspace C^3 , which is spanned by the Eigenstates of flavor. The second C^3 -factor accommodates color. Right-handed quarks transform according to a trivial representation of SU(2) × U(1). We have singlets q^U_R and q^D_R , that are put together into a vector of two components

q_R = ( q^D_R q^U_R ) ∈ V^D_R ⊕ V^U_R = (Ṽ^D_R ⊕ Ṽ^U_R ) × C^3 × C^3 .

Again, the two C^3 -factors accommodate flavor and color. Ṽ^D_R and Ṽ^U_R are one-dimensional representation spaces. Figure 5.1 summarizes the asignments.

R

L q^D_R , q^U_R , l^e_R, l^ν_R

q_L, l_L

G_R

G_L × G_R

Φ Φ^∗

H × G_R

⊃ G × G_R

Figure 5.1: Assignment of the gauge and holonomy groups

5.1 Description of the model 89

- G_R is the right-handed unitary gauge group, with G_R = U(1) × SU(3)_C , weak hypercharge and color, in accordance to the standard model. We have two onedimensional representation spaces Ṽ^D_R and Ṽ^U_R and thus two isospin singlets q^U_R = (u_R, c_R, t_R) ∈ V^U_R and q^D_R = (d_R, s_R, b_R) ∈ V^D_R .

- G_L × G_R is the left-handed unitary gauge group, G_L × G_R = SU(2) × U(1) × SU(3)_C , with a 2-dimensional representation space Ṽ_L and a isospin doublet q_L = (d_L, u_L, s_L, c_L, b_L, t_L) ∈ V_L.

- G × G_R is the unitary gauge group of the bulk. A possible choice would be G = SO(3) × SU(3).

- H × G_R is the bulk’s holonomy group. The bulk’s unitary gauge group should be a subgroup of H × G_R for reasons that we have already mentioned in section 3.4. We postulate that G is the maximal compact subgroup G. In our proposed model we choose H = R_∗ H^D × R_∗ H^U , with R_∗ = R\{0}.

H^D = SL(3,R), H^U = SL(3,C ) or vice versa. At least one of them has to be a group of complex matrices otherwise we could not have CP-violation. It is proposed to choose two different groups because otherwise it would be difficult to explain the different mass splitting in the U and D family at this energy scale.

The photon of the standard model is massless and interacts equally with right-and lefthanded quarks, furthermore it mediates interactions between them. Therefore we need an abelian gauge field that propagates in the bulk and separates the quarks. For this reason all unitary gauge groups have the U(1) in common. In the following we disregard color. That means we set V_L = Ṽ_L × C^3 and V_R = Ṽ_R × C^3 .

We denote the parallel transporter across the bulk from the R-boundary to the L-boundary by Φ ∈ H × G_R = R_∗ H^D× R_∗ H^U × G_R. Such parallel transporters have the form Φ = ( ρ^Dϕ^Du^D_R 0 0 ρ^U ϕ^U u^U_R ) : V_L → V^D_R ⊕ V^U_R . (5.1)

According to (5.11) u^D_R = e^{− iϑ}3 and u^U_R = e^{2iϑ}3 . We could also say that ρ^Dϕ^D is an element of the linear span of H^D and ρ^U ϕ^U of H^U , as ρ^D, ρ^U ∈ R_∗ are real numbers. As we have seen in section 3.4, we expect to obtain nonunitary parallel transporters by performing RG-steps. The parallel transporter Φ of the above form (5.1) is supposed to be such a nonunitary one that appears in the effective theory, that is described here. Elements of the unitary gauge group G can be written as ϕ = ( ϕ^D 0 0 ϕ^U ) . with unitary ϕ^D ∈ G^D, ϕ^U ∈ G^U .

90 5 Origin of quark masses and CKM-matrix

5.2 Mass splitting in the model

The essentials of chapter 4 are now applied to our realistic model.

Flavor

In general ϕ^D and ϕ^U are elements of the noncompact groups H^D and H^U . The maximal noncompact abelian Lie algebras a associated with the groups H^D and H^U are twodimensional and its elements may be parameterized by triples η = (η_1, η_2, η_3) ∈ R^3 subject to the condition ∑ η_i = 0. Accordingly, the diagonal matrices exp(η) = d(η) have the form

d(η^D) = e^{ηD1} 0 0 0 e^{ηD2} 0 0 0 e^{ηD3} and d(η^U ) = e^{ηU1} 0 0 0 e^{ηU2} 0 0 0 e^{ηU3} .

The groups H^D and H^U are semi simple. Factors ρ^D and ρ^U have been pulled out already. According to eq.(3.6) of section 3.2.3, their elements ϕ^D and ϕ^U can be parameterized as ϕ^D = A^{D∗}_R d(η^D)A^D_L ϕ^U = A^{U∗}_R d(η^U )A^U_L (5.2)

where A^D_R , A^D_R ∈ G^D and A^U_R, A^U_R ∈ G^U . The Higgs potential V (Φ) fulfills the biinvariance property

V (Φ) = V ( ρ^Dϕ^Du^D_R 0 0 ρ^U ϕ^U u^U_R ) = V(ρ^D, ρ^U ; η^D, η^U ).

The Weyl groups W(A^D) and W(A^U ) are isomorphic to the group of permutations π of three objects. To every permutation π of {1, 2, 3} there exist a w^D_π ∈ G^D and a w^U_π ∈ G^U such that

w^D_π d(η^D)w^{D∗}_π = d(π(η^D)) = d(η^D_{π(1)}, η^D_{π(2)}, η^D_{π(3)}) w^U_π d(η^U )w^{U∗}_π = d(π(η^U )) = d(η^U_{π(1)}, η^U_{π(2)}, η^U_{π(3)}).

The pairs of elements (w^D_π , w^U_π ) form the Weyl group W(A) of the product of the subgroup A = A^D× A^U . Again it follows from the G^D and G^U biinvariance property that the Higgs potential has the discrete symmetry V(ρ^D, ρ^U , π(η^D), π(η^U )) = V(ρ^D, ρ^U , η^D, η^U ).

If the symmetry of W(A) is spontaneously broken, then the quark masses will all come out m_d = ρ̂^De^{η̂D1} , m_s = ρ̂^De^{η̂D2} , m_b = ρ̂^De^{η̂D3} , m_u = ρ̂^U e^{η̂U1} , m_c = ρ̂^U e^{η̂U2} , m_t = ρ̂^U e^{η̂U3} , (5.3)

5.3 Explicit symmetry breaking and the CKM-matrix 91

η_1

η_2 η_3

Figure 5.2: Example for V (Φ) = V (d(η_1, η_2, η_3)) with three minima η̂_1, η̂_2, η̂_3 (black points) that fulfills V (d(η_1, η_2, η_3)) = V (d(η_{π(1)}, η_{π(2)}, η_{π(3)}). Each minimum (η̂_1, η̂_2, η̂_3) is part of a triplet (η̂_{π(1)}, η̂_{π(2)}, η̂_{π(3)}). Two of the three η_i can be chosen independently.

where the minimum of V(ρ^D, ρ^U ; η^D, η^U ) is at (ρ̂^D, ρ̂^U , η̂^D, η̂^U ). Therefore, quark masses in our realistic model are determined by the minima of the Higgs potential. If the W(A)- symmetry would not be broken spontaneously we would have no mass splitting. η̂ = 0 is the only point which is invariant under W(A). The fermions (d, s, b) would therefore retain equal mass in the absence of spontaneous W(A)-symmetry breaking, and similarly for (u, c, t). Color

We disregarded color, but nevertheless we have a brief look at it to emphasize the difference between flavor and color in our model. We could also admit nonunitary parallel transporters χ across the bulk in a possibly noncompact color holonomy group H_C . χ would appear in the nonunitary parallel transporter as a factor of it and could be also parameterized via χ = ru_1d(η_C )u_2, r ∈ R_∗ , u_1, u_2 ∈ SU(3)_C . If the symmetry is to be broken down, the minimum of the Higgs potential V , considered as a function of χ, must be at η_C = 0. In the standard model we do not have splitting of the masses of fermions of different color. The W(A)-symmetry is not spontaneously broken for color, which means that the orbits of the minima of the Higgs potential V under the Weyl group W(A) are trivial for color, but nontrivial for flavor.

5.3 Explicit symmetry breaking and the CKM-matrix

In section 4.2.2 we explained the essentials of flavor mass splitting at the example of a one-dimensional model, where only the extra dimension is retained. The generalization to five dimensions involves a subtle point which is connected with the appearance of a nontrivial Cabibbo-Kobayashi-Maskawa matrix. This will now be explained.

The action will include terms ∑ x q̄_R(x)Φ(x)q_L(x). (5.4)

92 5 Origin of quark masses and CKM-matrix

They will produce masses, as in ordinary Higgs models. Φ(x) = Φ(x, R; x, L) is the nonunitary parallel transporter along the bulk between the sites (x, L) on the L-boundary and (x, R) on the R-boundary. They are specified by a 4-dimensional coordinate x, and Φ(x) has the form (5.1) and depends on x. At discrete minima of the Higgs potential

ϕ^D(x) = A^{D∗}_R (x)d(η̂^D)A^D_L (x) (5.5) ϕ^U (x) = A^{D∗}_U (x)d(η̂^U )A^U_L (x).

The Plaquette term in the action, to be discussed below, produces a kinetic term for ϕ^D, ϕ^U . Because the minima η̂ of the Higgs potential are discrete by hypothesis, an xdependence of η̂^D or η̂^U is strongly disfavored by this kinetic term. But A^D_R (x), A^U_R(x), A^D_L (x), A^U_L (x) have arbitrary x-dependence to begin with.

G_R is a local symmetry on the boundaries. If G^D and G^U were also exact local symmetries on the boundary, and therefore of the whole theory, the factors A^D_L (x), A^U_R(x), A^D_L (x), A^U_L (x) could be transformed to unity by a local gauge transformation. But then there will be no nontrivial Cabibbo-Kobayashi-Maskawa matrix C = A^D_L A^{U∗}_L . Therefore we postulated that there is explicit symmetry breaking on the boundaries as specified above. Then the ground state of the theory will single out special values of A^D_L and A^U_L . How they could be determined will be discussed below. Assuming that 4-dimensional translation invariance is not broken spontaneously, these values will not be x-dependent. Assuming x-independent A^D_L , A^U_R, A^D_L , A^U_L in eq.(5.5) and neglecting fluctuations of ρ^D, ρ^U away from their values ρ̂^D and ρ̂^U at the minima of the Higgs potential, the parallel transporter Φ takes the form Φ = ( A^{D∗}_R m_DA^D_L u^D_R 0

0 A^{U∗}_R m_U A^U_L u^U_R )

with m_D = m_d 0 0 0 m_s 0 0 0 m_b and m_U = m_u 0 0 0 m_c 0 0 0 m_t

with quark masses m_d, m_s, m_b and m_u, m_c, m_t given by eq.(5.3). The mass term (5.4) then takes the form

q̄_RΦq_L = q̄^{D′}_R m_Dq^{D′}_L + q̄^{U ′}_R m_U q^{U ′}_L (5.6)

with q̄^{D′}_R = q̄^D_R A^{D∗}_R u^D_R , q̄^{U ′}_R = q̄^U_R A^{U∗}_R u^U_R, q^{D′}_L = A^D_L q^D_L and q^{U ′}_L = A^U_L q^U_L . In the model at hand, the constant factors A^D_R and A^U_R can be transformed away because the parallel transporters u_R ∈ G_R on the R-boundary commute with elements of G^U , G^D, so that actually q^{D′}_R = q^D_R and q^{U ′}_R = q^U_R . This feature is familiar from the standard model.

5.3.1 Diagonal subgroup and Cabibbo-Kobayashi-Maskawa matrix

The factors A^D_L (x) ∈ G^D, A^U_L (x) ∈ G^U as well as A^D_R (x) ∈ G^D, A^U_R(x) ∈ G^U are part of the trans bulk parallel transporters and are therefore dynamical fields of our model. G_R

5.3 Explicit symmetry breaking and the CKM-matrix 93

is a local symmetry of bulk and both boundaries.

It is a salient feature of our model that the groups G = G^D× G^U and G_L act on the same 6-dimensional representation space Ṽ_L × C^3 , where C^3 is the flavor space, but their action does not commute. As a result, G^D× G^U is neither a local nor a global symmetry of the full theory. As global symmetry it is broken on the L-boundary.

Consider the diagonal subgroup G_{diag} = G^D∩ G^U . There are global symmetries

A^D_L (x) → hA^D_L (x), A^U_L (x) → hA^U_L (x), h ∈ G_{diag} (5.7) A^D_R (x) → h^′A^D_R (x), A^U_R(x) → h^{′′}A^U_R(x), h^′ ∈ G^D, h^{′′} ∈ G^U . (5.8) The first symmetry obtains because h commutes with the parallel transporters u_L(x, x + μ̂) ∈ G_L on the L-boundary. To see this explicitly, examine the following parallel transporter which appears in the Plaquette term across the bulk.

Φu_LΦ^∗ = ( m_DA^D_L 0 0 m_U A^U_L ) ( u_{11} u_{12} u_{21} u_{22} ) ( A^{D∗}_L m_D 0 0 A^{U∗}_L m_U )

= ( m_D 0 0 m_U ) ( A^D_L u_{11}A^{D∗}_L A^D_L u_{12}A^{U∗}_L A^D_L u_{21}A^{U∗}_L A^U_L u_{22}A^{U∗}_L ) ( m_D 0 0 m_U )

= ( m_D 0 0 m_U ) ( u_{11} A^D_L u_{12}A^{U∗}_L A^D_L u_{21}A^{U∗}_L u_{22} ) ( m_D 0 0 m_U ) . (5.9)

u_{ij} are complex numbers. (5.7) is not a local symmetry because the corresponding gauge field on the L-boundary is missing. One can see the non-invariance under local transformations by writing arguments x, x + μ̂ for all the entries in eq.(5.9).

The symmetry (5.8) obtains because h^′ ∈ G^U , G^D commutes with parallel transporters u_R(x, x + μ) ∈ G_R on the R-boundary. Again, it is not a local symmetry as the corresponding G-gauge fields on the R-boundary are missing.

Let us introduce the Cabibbo-Kobayashi-Maskawa field C(x) = A^D_L (x)A^{U∗}_L (x). It is invariant under the unbroken diagonal subgroup G_{diag} = G^D∩ G^U . To sum up, the groups G_L and G (and thus the gauge group of the left-handed boundary and the gauge group of the bulk) do not commute. On the L-boundary the local G-invariance is thus broken down to the diagonal subgroup G_{diag}.

Let W (A^D_L (x), A^U_L (x), A^D_R (x), A^U_R(x)) be the effective action that is obtained by integrating out the quark fields and gauge fields that are associated only with the boundary

94 5 Origin of quark masses and CKM-matrix

gauge groups G_R and G_L, and the fluctuations of η^D, η^U and of ρ^D, ρ^U away from the minimum of the Higgs potential V . The quark masses determined be minimization of V enter into the effective action W as parameters. Assuming that 4-dimensional translation symmetry is not spontaneously broken, the minimum of W will be assumed at constant values of A^D_L , A^U_L , A^D_R , A^U_R. The effective action W , restricted to constant fields, is invariant under the transformations (5.7) and (5.8). Therefore, it depends only on the Cabibbo-Kobayashi-Maskawa matrix C = A^D_L A^{U∗}_L and its minimum determines C.

The Cabibbo-Kobayashi-Maskawa matrix (CKM) could be transformed away if it were not for the G-symmetry breaking by the L-boundary.

5.4 The full action

We will study terms appearing in the action and its invariant properties. The fermions on R are denoted by q_R, those on L by q_L. For now we disregard the leptonic parts of the action.

Weak hypercharge and Higgs doublet

The assignment of the weak hypercharge is as follows [23]

l_L l_R q_L q^U_R q^D_R φ φ̃

−^1_2 −1^1_6^2_3 −^1_3^1_2 −^1_2 .

φ̂(x) is the Higgs doublet of length 1 and

φ̂(x) = ( φ̂_+(x) φ̂_0(x) ) , ^̃φ(x) = (¯ φ̂_0(x) − ^̄φ_+(x) ) . (5.10)

It transforms under v ∈ SU(2) according to φ̂ → φ̂v^∗, ^̃φ → ^̃φv^∗. The Higgs doublet φ will not appear in the action to start with. We will describe later how it is constructed from other fields.

The elements u_R = e^{iϑ}6 of the unitary gauge group G_R of the R-boundary can be parametrized by an angle ϑ. It acts on the right-handed quarks according to ( q^D_R q^U_R ) → t_R(u_R) ( q^D_R q^U_R ) = ( e^{− iϑ}3 0 0 e^{2iϑ}3 ) ( q^D_R q^U_R ) , (5.11)

on left-handed quarks according to

q_L → t_L(u_R)q_L = e^{iϑ6} q_L (5.12)

5.4 The full action 95

and on the Higgs doublets according to

φ → t_φ(u_R)φ = e^{iϑ2} φ (5.13)

φ̃ → t_φ(u_R)^∗φ̃ = e^{− iϑ2} φ̃. (5.14)

Ignoring color the unitary gauge group of L is G_L× G_R = SU(2) × U(1). G_L acts on left-handed quarks as in the standard model and consists of elements

u_L = ( u_{11}I u_{12}I u_{21}I u_{22}I )

where I is the 3 × 3 unit matrix. It acts on the flavor space C^3 .

The action

The lattice action consists of the standard terms on the boundary and the terms across the bulk. We neglect to write Plaquette terms within the boundaries. S = ∑ x ( q̄_R(x)Φ(x)q_L(x) + ∑ μ ( q̄_L(x)u_{Lμ}(x, L)u_R(x, L)q_L(x + μ̂) + q̄_R(x)u_{Rμ}(x, R)q_R(x + μ) + ( tr g^{−2}[Φ^∗(x)t_R(u_{Rμ}(x, R))Φ(x + μ̂)t_L(u_{Rμ}(x, L))^∗u_{Lμ}(x)^∗ − Φ^∗(x)Φ(x)]

+V (Φ) )) + h.c. + Plaquette terms on the boundaries, (5.15)

with q_L(x) = q_L(x, L), q_R(x) = q_R(x, R), Φ(x) = Φ(x, R; x, L), u_{Rμ}(x, R) = u_R(x, R; x + μ̂, R) and t_L(u_{Rμ}(x, L))^∗u_{Lμ}(x)^∗ = u_L(x + μ̂, L; x, L)t_L(u_R(x + μ̂, L; x, L)). μ̂ is the unit vector in μ-direction for the conventional four-dimensional space-time on the boundaries with μ = 0, ...3. The Plaquette term across the bulk involves Φ^∗(x)t_R(u_{Rμ}(x, R))Φ(x + μ̂)t_L(u_{Rμ}(x, L))^∗u_{Lμ}(x)^∗. If we get to effective theories, the Φ has to be included. Because the Φ-field appears also in q̄_RΦq_L, we are not able to rescale ϕ^D, ϕ^U so that coupling constants multiplying them in the Plaquette term appear. Thus, there are two different coupling constants that remain in the Plaquette term. They are taken into account in the combined coupling constant g with

g^{−2} = ( g^{−2}_D I 0 0 g^{−2}_U I ) . (5.16)

Finally, ∑ μ ( q̄_L(x)u_{Lμ}(x, L)u_R(x, L)q_L(x + μ̂) + q̄_R(x)u_{Rμ}(x, R)q_R(x + μ̂) )

is the standard part of the lattice action. q̄_R(x)u_{Rμ}(x, R)q_R(x + μ) is invariant under G_R-gauge transformations and q̄_L(x)u_{Lμ}(x, L)u_R(x, L)q_L(x + μ̂) is invariant under G_L× G_R-gauge transformations. This term in the action is not invariant under local gauge transformations of the bulks gauge group G.

96 5 Origin of quark masses and CKM-matrix u_R

u^∗_Lu^∗_R Φ^∗ Φ

x x + μ̂

R

L

Figure 5.3: Plaquette with lattice spacing a_μ = 1

5.5 Standard model Higgs doublet

It would appear that the G_L-invariance on boundary L is broken also by the interaction with the bulk. It turns out that this is the customary Higgs mechanism. The standard model’s Higgs doublet φ emerges when one passes to a G_L-covariant description. This will now be explained.

We refer to the action (5.15). We introduce an interface g(x) ∈ SU(2) between bulk and L-boundary (bulk → L) and fix it at 1 initially. Thus we have to replace Φ(x) by Φ(x)g^∗(x). The action is now invariant under SU(2)-gauge transformations v(x) ∈ SU(2) which act on q_L and u_{Lμ} as usual, and which take g(x) → g(x)v(x)^∗. To every g ∈ SU(2) there is a complex 2-vector φ̂ of unit length such that g = L[φ̂]. The Plaquette term P_μ becomes

P_μ = ∑ μ ( tr g^{−2}[Φ^∗(x)t_R(u_{Rμ}(x, R))Φ(x + μ̂)L[φ̂(x + μ̂)]^∗t_L(u_{Rμ}(x, L))^∗u_{Lμ}(x)^∗L[φ̂(x)]

− Φ^∗(x)Φ(x)] ) . L[φ̂(x)] ∈ SU(2) is uniquely determined by the requirement

φ̂ = L[φ̂] ( 0 1 ) . (5.17)

Explicitly

L[φ̂] = (¯ φ̂_0 φ̂_+ − ^̄φ_+ φ̂_0 ) , if φ̂ = ( φ̂_+ φ̂_0 ) . (5.18)

We will retain this formula for φ = ρφ̂ for arbitrary length.

We now define Φ̃ by taking out the u_R-factor Φ = diag(u^D_R , u^U_R)Φ̃ = u_RΦ̃ and get

P_μ = ∑ μ ( tr g^{−2}[Φ̃^∗(x)t_R(u_R(x)^∗u_{Rμ}(x, R)u_R(x + μ̂))Φ̃(x + μ̂) (5.19)

× L[φ̂(x + μ̂)]^∗t_L(u_{Rμ}(x, L))^∗u_{Lμ}(x)^∗L[φ̂(x)] (5.20) − Φ^∗(x)Φ(x)] ) .

5.5 Standard model Higgs doublet 97

It follows from the defining property (5.17) that L[vφ] = vL[φ], v ∈ SU(2). Under gauge transformation in U(1) u_R → u_Rw, u_{Rμ} → u_{Rμ}w^∗ and φ → t_φ(w)φ, w ∈ U(1). The weak hypercharge acts according to eqs.(5.11),(5.12) and (5.13).

Corollary 8 With L[φ̂] defined in eq.(5.18) and the actions of the weak hypercharges every w ∈ U(1) fulfills the gauge covariance condition

t_L(w)L[φ̂] = L[t_φ(w)^∗φ̂]t_R(w).

Proof: This follows directly from the requirement of the SU(2)-covariance of terms like u_{Lμ}t_L(u_{Rμ})L[φ̂]t_R(u_R) appearing in the Plaquette term. Further, direct calculation gives t_L(w)L[φ̂] = e^{iϑ6} (¯ φ̂_0 φ̂_+ − ^̄φ_+ φ̂_0 ) = ( e^{iϑ}2 ^̄φ_0 e^{−iϑ}2 φ̂_+ −e^{iϑ}2 ^̄φ_+ e^{−iϑ}2 φ̂_0 ) ( e^{−iϑ}3 0 0 e^{2iϑ}3 )

= L[t_φ(w)^∗φ̂]t_R(w). q.e.d.

Theorem 12 Define

W_μ(x) := L[φ̂(x + μ̂)]u_{Lμ}(x)^∗L[t_φ(u_{Rμ}(x, L))φ̂(x)]^∗ = ( W^{DD}_μ W^{DU}_μ W^{UD}_μ W^{UU}_μ ) , and t^{− 1}3 (u_R(∂p)) = e^{− iϑ}3 , t^23 (u_R(∂p) = e^{2iϑ}3 and let u_R(∂p) = u_{Rμ}(x, L)^∗u_R(x)^∗u_{Rμ}(x, R)u_R(x + μ̂) be the product of the U(1)-factors around a Plaquette. The Plaquette ∂p depends on μ. g_D and g_U are the coupling constants and

Φ̃ = (~ Φ^D 0 0 Φ̃^U ) . The Plaquette term becomes

P_μ = ∑ μ [ g^{−2}_D ( tr[Φ̃^{D∗}(x)t^{− 13} (u_R(∂p))Φ̃^D(x + μ̂)W^{DD}_μ (x) − Φ̃^{D∗}(x)Φ̃^D(x)] )

+g^{−2}_U ( tr[Φ̃^{U∗}(x)t^{23} (u_R(∂p))Φ̃^U (x + μ̂)W^{UU}_μ (x) − Φ̃^{U∗}(x)Φ̃^U (x)] )] , where the trace is 3-dimensional, when we disregard color.

Proof: Using the covariance condition the Plaquette (5.19) becomes

P_μ = ∑ μ ( tr g^{−2}[t_R(u_{Rμ}(x, L)^∗)Φ̃^∗(x)t_R(u_R(x)^∗u_{Rμ}(x, R)u_R(x + μ̂))Φ̃(x + μ̂) × L[φ̂(x + μ̂)]u_{Lμ}(x)^∗L[t_φ(u_{Rμ}(x, L))φ̂(x)]^∗ − Φ^∗(x)Φ(x)] )

98 5 Origin of quark masses and CKM-matrix

with the gauge invariant term W_μ(x) = L[φ̂(x + μ̂)]u_{Lμ}(x)^∗L[t_φ(u_{Rμ}(x, L))φ̂(x)]^∗. Using

t_R(u) = ( t^{− 1}3 (u) 0

0 t^23 (u) ) , t_φ(u) = t^{− 12} (u)I

and canceling U(1)-factors in the Φ^∗Φ-term, we get

P_μ = ∑ μ [ g^{−2}_D ( tr[t^{− 13} (u_{Rμ}(x, L)^∗)Φ̃^{D∗}(x)t^{− 13} (u_R(x)^∗u_{Rμ}(x, R)u_R(x + μ̂))Φ̃^D(x + μ̂)W^{DD}_μ (x)

− Φ̃^{D∗}(x)Φ̃^D(x)] ) +g^{−2}_U ( tr[t^{23} (u_{Rμ}(x, L)^∗)Φ̃^{U∗}(x)t^{23} (u_R(x)^∗u_{Rμ}(x, R)u_R(x + μ̂))Φ̃^U (x + μ̂)W^{UU}_μ (x) − Φ̃^{U∗}(x)Φ̃^U (x)] )] . t^{− 1}3 (u) and t^23 (u) are factors that commute with the other matrices. q.e.d. Theorem 13 We assume that the dependence of x in the Higgs fields Φ̃^D(x) and Φ̃^U (x) comes only from the x-dependence of the factors ρ^D(x) and ρ^U (x) Φ̃^D(x) = ρ^D(x)A^D_R d(η^D)A^D_L Φ̃^U (x) = ρ^U (x)A^U_Rd(η^U )A^U_L .

The Plaquette term can then be written as follows P_μ = ∑ μ { g^{−2}_D tr [ d(η^D)^2 ( ρ^D(x)[t^{− 13} (u_R(∂p))ρ^D(x + μ̂) − ρ^D(x)]

+ ρ^D(x)[W^{DD}_μ (x)ρ^D(x + μ̂) − ρ^D(x)] )] +g^{−2}_U tr [ d(η^U )^2 ( ρ^U (x)[t^{23} (u_R(∂p))ρ^U (x + μ̂) − ρ^U (x)] + ρ^U (x)[W^{UU}_μ (x)ρ^U (x + μ̂) − ρ^U (x)] )]} if t^{− 1}3 and t^23 defined as in theorem 12. Proof: We insert t(u_R(∂p)) = 1 + [t(u_R(∂p)) − 1] and Φ̃^D(x)W^{DD}_μ (x)Φ̃^{D∗}(x) = Φ̃^D(x)Φ̃^{D∗}(x) + [Φ̃^D(x)W^{DD}_μ (x)Φ̃^{D∗}(x + μ̂) − Φ̃^D(x)Φ̃^{D∗}(x + μ̂)].

The Plaquette term is P_μ = ∑ μ { g^{−2}_D tr (~ Φ^{D∗}(x)[t^{− 13} (u_R(∂p))Φ̃^D(x + μ̂) − Φ̃^D(x)]

+ [Φ̃^D(x)W^{DD}_μ (x)Φ̃^{D∗}(x + μ̂) − Φ̃^D(x)Φ̃^{D∗}(x)] ) +g^{−2}_U tr (~ Φ^{U∗}(x)[t^{23} (u_R(∂p))Φ̃^U (x + μ̂) − Φ̃^U (x)] + [Φ̃^U (x)W^{UU}_μ (x)Φ̃^{U∗}(x + μ̂) − Φ̃^U (x)Φ̃^{U∗}(x)] )} because A^{D∗}_{L,R} = (A^D_{L,R})^{−1} q.e.d.

5.6 Effective 4-dimensional theory 99

5.6 Effective 4-dimensional theory and the spontaneously broken extra local U(1)-symmetry

We retain the assumption that we may neglect fluctuations of η^D, η^U away from the minima of the Higgs potential as well as fluctuations of the fields A^D_L (x) etc. away from the constants which determine the CKM-matrix. We wish to show that the action reduces to a discretization of the standard model, except that there is an extra spontaneously broken U(1)-symmetry associated with an extra U(1)-lattice gauge field u^′_μ(x) and a complex Higgs field. When we re-institute color, it will be seen that there is in addition an octet of axigluons. They appear because SU(3)_L × SU(3)_L is broken down to the diagonal subgroup.

Let us first discuss the U(1)-symmetries. From a 4-dimensional point of view the original model has two U(1)-groups of gauge transformations U(1)_L and U(1)_R. They come from the possibility of performing gauge transformations at (x, L) in the L-boundary and at (x, R) in the R-boundary independently. As we shall see there will be spontaneous breaking to the diagonal U(1)-subgroup. The previous rewritings eq.(5.6) of the Yukawa term q̄_LΦq_R as mass terms, the standard model rewriting of the Plaquette terms in the boundaries, which brings in the CKM-matrix, and the formula of theorem 13 for the Plaquette term brought the action to the form of the action of a 4-dimensional theory except for one feature: The U(1)-parallel transporters t_R(u_R(x)) and t_R(u_R(x + μ)) across the bulk appear as factors in t_R(u(∂p)) in the formula for the Plaquette. Moreover, the doublet φ̂ has unit length, in contrast with the standard model’s Higgs field.

To remedy this we make a change of variables and identify the Higgs fields and the extra lattice gauge field.

In place of the real non-vanishing factors ρ^D(x) and ρ^U (x), introduce ρ(x) and σ(x) by

ρ^D(x) = σ(x)ρ(x), ρ^U (x) = σ(x)^2ρ(x) (5.21)

and define the Higgs doublet φ of fluctuating length by φ(x) = ρ(x)φ̂(x), with L[φ] = ρL[φ̂], an extra complex Higgs field ξ(x) by ξ(x) = σ(x)u_R(x), and a new lattice gauge field

u^′_μ(x) = u_{Rμ}(x, L)u_{Rμ}(x, R)^∗ (5.22)

besides u_{Rμ}(x, L). It couples to the difference of the U(1)_L and U(1)_R charges. Under gauge transformations (v_L, v_R) ∈ U(1)_L× U(1)_R ξ → v_Rξv^{−1}_L

100 5 Origin of quark masses and CKM-matrix and u^′_μ(x) → v_L(x)u_{Rμ}(x, L)v_L(x + μ̂)^{−1}v_R(x + μ̂)^∗u_{Rμ}(x, R)^∗v^{−1∗}_R (x). This shows that ξ and u^′_μ are invariant under the diagonal subgroup.

Now we are ready to complete the rewriting of the Plaquette term in the form of a lattice action of a 4-dimensional theory (theorem 13). First we note that the second and fourth term involve φ because

ρ^D(x)W^{DD}_μ ρ^D(x + μ̂) = ( L[φ(x + μ̂)]u_{Lμ}(x)^∗L[t_φ(u_{Rμ}(x, L))φ(x)]^∗ )_{DD} σ(x)σ(x + μ̂) and similarly for the fourth term. Secondly, ρ^D(x)[t^{− 13} (u_R(∂p))ρ^D(x + μ̂) − ρ^D(x)] = ρ(x)ρ(x + μ̂)ξ(x)t^{− 13} (u^′_μ(x))ξ^∗(x) − |ρ(x)|^2ξ(x)ξ^∗(x) and similarly ρ^U (x)[t^{23} (u_R(∂p))ρ^U (x + μ̂) − ρ^U (x)] = ρ(x)ρ(x + μ̂)ξ^{∗2}(x)t^{23} (u^′_μ(x))ξ^2(x) − |ρ(x)|^2ξ^2(x)ξ^{∗2}(x). Neglecting higher order terms ρ(x)ρ(x + μ̂) ≈ ρ(x)^2 = |φ(x)|^2. The last two terms are the U(1)-covariant kinetic term for the ξ-field on a lattice. It might appear that there are two different kinetic terms for the φ-field involving W^{DD} and W^{UU} . But they are proportional because W^{UU} = W^{DD}. It is understood that every term in the action comes together with its hermitean conjugate.

Massive vector meson

The kinetic term of the gauge field of weak hypercharge leads to a massive vector meson M. The mass term of the vector meson comes out of g^{−2}_D tr ( d(η^D)^2ρ^D(x)[t^{− 13} (u_R(∂p))ρ^D(x + μ) − ρ^D(x)]+ g^{−2}_U tr ( d(η^U )^2ρ^U (x)[t^{23} (u_R(∂p))ρ^U (x + μ) − ρ^U (x)] ) , replacing η^U , η^D, ρ^U , ρ^D by their values η̂^U , η̂^D, ρ̂^U , ρ̂^D at the minimum of the Higgs potential and by inserting the quark masses. To extract the mass, we have to recall the correspondence between the terms in the action in the discretized theory and in the continuum. If φ is some Higgs field, and U_μ are lattice gauge fields corresponding to vector potentials A_μ = ig^′A_μ in mathematical and physical normalization, respectively, then on a lattice of lattice spacing a

S_{kin} = 1 2a^2 ∑ ±μ ( φ^∗(x)φ(x) − φ^∗(x)U^∗_μ (x)φ(x + μ) )

= 1 2a^2 ∑ ±μ ( ρ(x)^2 − ρ(x)W_μ(x)^∗ρ(x + μ) )

= 1 2 ∑ ±μ ( − φ^∗D_μφ + 1 2 φ^∗D^2_μφ),

5.6 Effective 4-dimensional theory 101

with D_μ =^1_a (∂_μ + A_μ) =^1_a (∂_μ + ig^′A_μ ). The last expression is obtained by inserting

U_μ(x) = 1 − aA_μ(x) + a^2 2 A^2_μ(x) + ... and

φ(x + μ) = φ(x) + a∂_μφ(x) + a^2 2 ∂^2_μφ(x) + ... . The relevant term for the mass generation is^1_2 φ^∗A^2_μφ, yielding a mass squared g^{′2}⟨φ^∗, φ⟩. Since our lattice spacing is d it follows for the mass

m^2_M = d^2 (g^{−2}_D 9 (m^2_d + m^2_s + m^2_b ) + 4g^{−2}_U 9 (m^2_u + m^2_c + m^2_t ) ) g^{′2} (5.23)

Axigluons So far we neglected to write the lattice gauge fields associated with color. When we take them into account we see that there is, besides the massive vector meson associated with weak hypercharge, an octet of massive axigluons. They arise for the same reason [36]: There are two independent SU(3)_C -gauge groups associated with the L- and R-boundary respectively, and this (SU(3) × SU(3))-symmetry is broken down to SU(3) by the Higgs mechanism induced by the nontrivial minimum of V .

One can write formulae in SU(3)-covariant form. Writing for all the gauge fields G_R

u_R = u^W_R u^C_R, u^W_R ∈ U(1), u^C_R ∈ SU(3).

One sets ξ(x) = σ(x)u^W_R u^C_R ξ(x)^{∗2}(x) = σ(x)^2ū^{W 2}_R ū^C_R ∧ ū^C_R = σ(x)^2ū^{W 2}_R u^C_R

where ū^C_R ∧ ū^C_R is the antisymmetric tensor product of two factors in the 3^∗ representation of SU(3).

For simplicity we go to the gauge when the cross bulk SU(3) parallel transporters are set to 1. Then the above formulae remain valid “mutatis mutandis”. In particular, we may retain eq.(5.22) for the lattice gauge field u^′_μ of the massive vector mesons. But now

u^′_μ ∈ U(1) × SU(3).

The formula for the axigluon masses is the same as in eq.(5.23) except that g^′ is to be replaced by the strong gauge coupling constant, and factors^1_9 and^4_9 are to be replaced by tr (_{λa} 2 )_2 =^1_2 , where λ_a are the Gell-Mann matrices.

Chiral color is not anomaly free in four dimensions for the standard model’s fermion content. On the other hand, the five-dimensional continuum theory with a single color SU(3) from which we supposedly started is anomaly free by hypothesis. This raises the

102 5 Origin of quark masses and CKM-matrix

question whether there are not further fermionic remnants in the effective theory. The following simple system of exotic fermions is known to suffice [13] to cancel anomalies:

(6^∗, 1, − 1 3 ) ⊕ (1, 6, − 1 3 ) that is a fundamental fermion transforming according to the six-dimensional representation of color SU(3) with conventional charge and a dichromatic fermion multiplet with no electric charge.

Fermionic terms on R

Of course, one also has to reformulate the conventional fermionic term on the R-boundary q̄_R(x)u_R(x, x + μ)q_R(x + μ). We imagine that this term is to be pulled down on the 4-dimensional L-boundary with the u_R-factor that appears in the nonunitary Higgs field q̄_R(x)u_R(x, R; x, L)^∗u_R(x, x + μ)u_R(x + μ, R; x + μ, L)q_R(x + μ). 5.6.1 The photon and its extra modes

As we already mentioned, the massless photon interacts equally with right- and lefthanded quarks and mediates interactions between them. This is the reason why in our possible assignment of section 5.1.1 the gauge groups in the bulk and on the boundary have the right-handed abelian gauge group G_R = U(1) in common. This choice leads to the fact that we do not have to insert an interface term between R-boundary and bulk in this special model. The vector potential should fulfill Neumann boundary conditions on R and L. (If it fulfilled Dirichlet boundary conditions it would vanish on the boundary.) Then the lowest mode is independent of the fifth direction. But there are additional modes forming Kaluza-Klein towers.

The photon in the bulk thus may have extra modes (for example massless scalars). Think of polarization in the fifth direction. We can demand that the field strength tensor F_{μ5} = ∂_μA_5 − ∂_5A_μ vanishes on the boundary. If A_μ is independent of the fifth direction, then F_{μ5} = 0 implies that A_5 = const. on the boundary. This eliminates massless modes, as we will see in the following theorem.

Theorem 14 Suppose we impose boundary conditions

∂_5A_μ = 0 on the boundary.

and we gauge to A_5 = 0 in the bulk. (5.24)

The extent of the fifth direction is d. Then the homogenous Maxwell equations admit massless solutions A^0_μ which are x_5-independent and satisfy 4-dimensional Maxwell equations, plus massive modes with masses m_n =^{nπ}_d , with n = 1, 2, 3...

5.6 Effective 4-dimensional theory 103

Proof: Assuming Minkowski metric the wave equation is

∂_M ∂^M A_N − ∂_N ∂^M A_M = 0

with M, N = 0, 1, 2, 3, 5. With eq.(5.24) one obtains

∂_5∂^μA_μ = 0 and (5.25) (□ − ∂^2_5 )A_μ − ∂_μ∂^ν A_ν = 0. (5.26)

Because of the Neumann boundary conditions and an extent of the bulk from z_5 = 0 to z_5 = d, we write

A_μ(x, x^5) = A^0_μ(x) + ∞∑ n=1 A^n_μ(x) cos( nπx^5 d ).

Consider first the x_5-independent modes A^0_μ. Equation (5.26) reduces to

□A^0_μ − ∂_μ∂^ν A^0_ν = 0.

By an x_5-independent gauge transformation we may enforce ∂^ν A^0_ν = 0, and we obtain the wave equation for massless modes. For the other modes eq.(5.26) leads to

(□ + ( nπ d )^2)A^n_μ − ∂_μ∂^ν A^n_ν = 0.

This is the well known wave equation for a massive vector field. It implies

(□ + ( nπ d )^2)A^n_μ = 0.

and ∂^ν A^n_ν = 0. q.e.d.

This is interpreted as Kaluza-Klein tower, we find a tower of massive vector mesons in the bulk in our model.

5.6.2 The two different bulk’s gauge groups

In our model we introduced the bulk’s holonomy group H = R_∗ SL(3,C ) × R_∗ SL(3,R) × U(1). According to sections 4.3 and 4.4, H^D = SL(3,R) and H^U = SL(3,C ) belong to different classes of spontaneous symmetry breaking. In case of SL(3,R) the Higgs part does not transform according to the adjoint representation of its maximal compact subgroup SO(3) (that is, three-dimensional). But the Higgs part of SL(3,C ) with its 8-dimensional maximal compact subgroup SU(3) does so. The W-symmetry for SL(3,R) is broken completely. In case of SL(3,C ) there remains an unbroken U(1) × U(1). Nevertheless, we obtain three minima in the three-dimensional representation.

104 5 Origin of quark masses and CKM-matrix

Consequences for the CKM-matrix

The decomposition as it is used in eqs.(5.1) and (5.2) of the nonunitary parallel transporter allows us to perform a change of variables

q̄_R → q̄^′_R = q̄_RA^∗_Ru_R = ( q̄^D_R q̄^U_R ) ( A^{D∗}_R 0 0 A^{U∗}_R ) ( u^D_R 0 0 u^U_R )

q_L → q^′_L = A_Lq_L = ( A^D_L 0 0 A^U_L ) ( q^D_L q^U_L ) , so that q̄_RΦq_L → q̄^′_Rρ̂d(η)q^′_L if we neglect fluctuations of ρ. The SU(2) gauge term is

q̄_Lγ^μ(∂_μ − A_μ)q_L = q̄_Lγ^μ∂_μq_L + J^a_μ A^μ_a ,

where A_μ is the vector potential, a the index of the isospin and J^a_μ the current.

J^a_μ = 1 2 q̄_Lγ_μτ^aq_L = q̄^′_LA_Lγ_μτ^aA^∗_Lq_L,

where τ^a are 6×6-matrices that involve the Pauli-matrices. The CKM-matrix C = A^D_L A^{U∗}_L appears in the charged current

J^{ch}_μ = 1 2 q̄^′_LA^D_L γ_μA^{U∗}_L q^′_L = 1 2 q̄^′_LCγ_μq^′_L when we change to mass eigenstates. Our H^U = SL(2,C ) involves an unbroken subgroup U(1) × U(1) ∝ S(U(1) × U(1) × U(1)) ⊂ SU(3), that is spanned by e^{iλ3ϑ3} , e^{iλ8ϑ8} and e^{−i(λ3ϑ3+λ8ϑ8)}. The Lie algebra is spanned by the Gell-Mann matrices λ_3 and λ_8. We perform a gauge transformation q̄^′_R → q̄^′_Rh q^′_L → h^∗q^′_L, h ∈ S(U(1) × U(1) × U(1)),

that describes a local symmetry of the Higgs term in the bulk but not on the boundary. But this transformation leads to a transformation of the CKM-matrix C = hA^D_L A^{U∗}_L . The unbroken symmetry is part of the global symmetry, which is used to transform away four phases in the CKM-matrix. Usually the CKM-matrix is only dependent of four instead of eight parameters. In our model this global symmetry originates in the local symmetry of the unbroken subgroup. This is, again, an argument for the model proposed here.

5.7 Further comments on the model

Leptons

In the presence of leptons one needs extra nonunitary parallel transporters.

5.7 Further comments on the model 105 A parallel transporter ϕ^l ∈ SL(3,C ) that enters into the mass term of charged leptons ∝ ē_Rϕ^ll_L is needed to give mass to them. An economical choice would be ϕ^l = ϕ^D.

Another parallel transporter ϕ^ν would be needed to give mass to neutrinos. Most likely one would also need a Majorana mass term for right-handed neutrinos in order to invoke the seesaw mechanism. We refrain from speculating what ϕ^ν might be.

106 5 Origin of quark masses and CKM-matrix

Chapter 6

Summary and outlook

Locality and gauge covariance of an effective theory are the main issues discussed in this thesis. In order to solve linear discretized differential equations via multigrid methods it has been shown how effective problem operators with good locality properties can be constructed in a general framework without the need to specify a Hilbert space a priori. By means of a twogrid, several schemes have been introduced that involve the solution of a high and low frequency problem. We investigated applicability to problems that are not translation invariant. The convergence rate of the so-called compatible relaxation has been computed. The basics are applicable to a variety of problems, without the need to first inspect the problem (or fix the domains that are represented on the coarser scale) and find a suitable mechanism afterwards. Without fixing moving frames in advance the blocks spins constructed here are gauge covariant and, of course, they are strictly local. The effective problem operator involves not necessarily unitary parallel transporters.

This motivates the study of renormalization group transformations with respect to the appearance of nonunitary parallel transporters. The features are explained in a onedimensional model and can be generalized. Here the renormalization group flow of the Higgs potential and its asymptotic behavior was computed exactly. The ordinary gauge theory is a fixpoint and the starting point of the RG-flow. Our fundamental hypothesis is that Higgs fields appear in higher dimensional field theories. At the level of effective theories they are nonunitary parallel transporters along links of the lattice in extra directions and they assume values in a typically noncompact holonomy group. One might consider integrating out the nonunitary part. At some scale the wish to retain locality is expected to forbid a possible integration of nonunitary parts. Gauge invariant functions like Higgs potentials that depend on such nonunitary parallel transporters fulfill the essential biinvariance property. This is important when explaining mechanisms of spontaneous symmetry breaking. Perturbation theoretical considerations would suggest that fermions generate negative contributions to the squared mass leading to spontaneous symmetry breaking.

Nonunitary parallel transporters define a noncompact holonomy group H. Patterns of spontaneous symmetry breaking have been discussed by applying group theoretical tools. One has to investigate the form of the Weyl group of the pair (H_s,A), where H_s is the semi

108 6 Summary and outlook

simple factor of the whole reductive Lie group H. The Weyl-symmetry may be broken completely, partially broken or not broken at all. For the case of partial symmetry breaking a list of possible candidates for unbroken subgroups has been compiled. A five-dimensional model is presented. The particles live on two four-dimensional branes a small distance d apart. We have shown how the Cabibbo-Kobayashi-Maskawa matrix is computable in principle due to explicit symmetry breaking by the boundary on which left-handed particles live. For the given assignments of gauge and holonomy groups, the features of the resulting four-dimensional model are discussed. The main features of the standard model has been obtained. Quark masses can be determined by minimization of the Higgs potential. It is shown that the model predicts the existence of extra massive vector mesons.

It is a dream to compute these quark masses and the CKM-matrix explicitly. One would also like to include the leptonic sector and understand better the comprehension of color in the proposed model. One may wish to consider more complicated models where higher dimensional spaces intersect with boundaries, as well as models with other assignments of gauge groups. Furthermore, one is interested in a generalized mechanism of how Higgs fields appear out of gauge fields, including approaches with orbifolding [39]. It would be important to generalize the classification of possible unbroken symmetry groups to general Higgs fields which arise out of gauge fields. The basics about gauge covariance outlined in chapter 2 may lead to the idea to consider other interesting mechanisms on the way to get to effective theories from the GUT to the Planck scale. Obviously, preserving gauge covariance does not imply that the gauge groups on different scales need to be the same. Studying renormalization group flows with respect to this idea in detail would be an interesting topic. In order to apply a mechanism based on the local practical interpolation operators, which appear in the linear problem, one has to renormalize the effective operators. The question of a generalization of the standard renormalization theory for problems that are not translation invariant has not yet been answered. Concerning our method of the solution of linear equations, one would like to demonstrate that it works for some known difficult problems, including the Helmholtz equation and other problems coming from hyperbolic equations.

Appendix A

Generalized Neumann and tight Dirichlet boundary conditions

Suppose a division of the set of sites of Λ^0 into disjoint nonempty subsets x is given. The edges ⟨zw⟩ of x are all edges in Λ^0 with z ∈ x and w ∈ x. The union X of these grids is also a grid with several disconnected pieces. The boundary ∂X of X consists of links ⟨z, w⟩ with z, w in different blocks. Given the boundary ∂X, we define an operator L^N with Neumann boundary conditions for arbitrary positive (or positive semidefinite) L as specified. The definition depends on a choice of scalar products which make fibres into Hilbert spaces. They may come from a positive diagonal operator D. We define L^N such that L^N ≤ L. Further we define tight Dirichlet boundary conditions. An operator with such boundary conditions is denoted by L^{tD}, with L^{tD} ≥ L. In case of the ordinary Laplacian it differs from the standard definition of −△^D in that it obeys (−△)^{tD}u = −△u for scalar functions u obeying u(z) = −u(w) for edges ⟨zw⟩ ∈ ∂X. If a function with this property is thought to be obtained by smooth interpolation from a function on the continuum, then this function has zeroes “in the middle” of the boundary edges, rather than at their sources.

Given scalar products in fibres V_z , we may introduce orthonormal bases {e^z_j } and dual bases {e^j_z} in V_z with defining property ⟨e^j_z, e^w_k ⟩ = δ^j_kδ^w_z

110 A Generalized Neumann and tight Dirichlet boundary conditions

and translate operators into matrices M and vice versa. The adjoint matrix is denoted M^+, viz M^+_{ij} = M̄_{ji}. Using this we define positive semidefinite operators wP_ze^z_i = ∑ j e^j_z(M^+M)^{12}_{ji} if L_{wz}e^z_i = ∑ j e^j_wM_{ji} (A.1)

or^wP_z = (L^+_{wz}L_{wz})^12 for short, to be read as an equation for matrices. If the pair w, z is not an edge, we set^wP_z = 0.

Definition 3 If L is positive semidefinite, an operator with generalized Neumann boundary conditions on ∂X is defined by

L^N_{zw} = { 0 for ⟨zw⟩ ∈ ∂X L_{zw} for z ≠ w and ⟨zw⟩ /∈ ∂X L_{zz} − ϵ ∑ z^′:⟨z^′z⟩∈∂X z^′ P z for z = w. where ⟨zw⟩ stands for the edge between z and w and ϵ = 1. For positive L an operator with tight Dirichlet boundary conditions L^{tD} is defined by the same formula with ϵ = −1. The definition is extended to negative definite L by L^N = −(−L^N ) and L^{tD} = −(−L^{tD} )., but now ϵ = −1 for Neumann boundary conditions and ϵ = 1 for tight Dirichlet boundary conditions.

For L = −△ the definition of L^N agrees with the standard definition of −△^N .

The definition of an operator L^N is nonlinear in L. It depends on the scalar product. There is no guarantee that it yields an optimal choice of an operator L^N with the desired properties. It can happen that one may add positive diagonal boundary terms while still maintaining the inequality L^N ≤ L.

Lemma 7 Let M be any not necessarily square matrix, and let M^+ be its adjoint, i.e. M^+_{ij} = M̄_{ji}. Then the block matrix

M = ( (MM^+)^12 M M^+ (M^+M)^12 )

is positive semidefinite.

Proof: The matrix M admits a singular value decomposition M = UDV^+, where D is a positive semidefinite diagonal matrix, U^+U = 1 and V^+V = 1. It follows that

(MM^+)^{12} = UDU^+, (M^+M)^{12} = V DV^+,

since this obeys (MM^+)^12 (MM^+)^12 = UD^2U^+ = MM^+ and similarly for M^+M. Let φ = (v, w)^T . One computes ⟨φ, φ⟩ = ⟨D(v^′ + w^′), v^′ + w^′⟩ ≥ 0 with v^′ = U^+v, w^′ = V^+w. Therefore M is positive semidefinite. q.e.d.

A Generalized Neumann and tight Dirichlet boundary conditions 111

Proposition 14 Let D be the diagonal part of L and P : V → V^′ the diagonal operator with entries P_{zz} = ∑ w wP_z. If L is positive semidefinite, and L^{tD} and L^N are defined as in definition 3, then D + P ≥ L^{tD} ≥ L ≥ L^N ≥ D − P Proof of theorem 14: For ϵ = ±1 we define L^ϵ_{zw} = (_w P_z ϵL_{zw} ϵL_{wz}^zP_w ) : V_z ⊕ V_w → V^′_z ⊕ V^′_w. Using the matrix representations (A.1) of P and L, we deduce from lemma 7 that L^ϵ_{zw} is positive semidefinite both for ϵ = 1 and ϵ = −1. For arbitrary sets B of edges, define the operator^ϵL^B : V → V^′ by ⟨^ϵL^B u, v⟩ = 1 2 ∑ ⟨zw⟩ /∈B ⟨L^ϵ_{zw}(u_z ⊕ u_w), v_z ⊕ v_w⟩.

By positive semidefiniteness of L^ϵ_{zw}, every term in the sum is positive semidefinite. From this we deduce monotonicity in B: If B ⊃ C then^ϵL^B ≤^ϵL^C . An easy calculation shows that

1L^{∂X} = P + L^N − D ϵL^∅ = P + ϵ(L − D) −1L^{∂X} = P − L^{tD} + D. Therefore monotonicity of^ϵL^B in B implies L^{tD} ≥ LŁ^N and positivity of^ϵL^{∂X} implies L^N ≥ D − P and D + P ≥ L^{tD}. q.e.d.

112 A Generalized Neumann and tight Dirichlet boundary conditions

Appendix B

Balanced Neumann Neumann method

Here the balanced Neumann Neumann method for the solution of the discretized Laplace equation −△u = f is described. (u is a real function on the grid Ω with Dirichlet boundary conditions on the boundary ∂Ω.)

This is a method that uses blocks which overlap in boundaries, and exactly orthogonal high and low frequency spaces V_0 and V_1. The blocks are labeled by x. The total grid Ω is divided into blocks Ω_x, which overlap in boundary points. The set of boundary points of Ω_x is denoted by ∂Ω_x, and Γ = ( ⋃ x ∂Ω_x ) \∂Ω is the union of all boundaries, excluding the boundary of Ω. The Laplacian △^{N,x} on Ω_x with Neumann boundary conditions on ∂Ω_x is well defined, positive semidefinite, and possesses a zero mode which is constant on Ω_x. These zero modes will span the low frequency space V^1. In our language this means that an energy cutoff ϵ is chosen such that there is exactly one eigenmode of the problem operator with Neumann boundary conditions below ϵ, and the restriction operator is constructed from these zero modes.

The interpolation is done with the help of the notion of an harmonic extension. A function u on Ω is called harmonic if △u = 0. Given a function v on the boundaries of ∪_x∂Ω_x, which vanishes on ∂Ω, the harmonic extension u of v, denoted by u = Hv

114 B Balanced Neumann Neumann method

is a function u on Ω, which is harmonic and obeys u(z) = v(z) for z ∈ ∪_x∂Ω_x. A point z ∈ ∪_x∂Ω_x may be in the boundary of several blocks Ω_x. To handle this, a partition of unity is used. It employs functions ν_x on ∪_x∂Ω_x, which are defined by

ν^{−1}_x (z) = number of blocks whose boundary contains z.

It follows that ∑ x ν_x(z) = 1 for z ∈ Γ. ν_x will appear multiplying functions v on boundaries.

In the following, we shall first describe the high and low frequency spaces V_0 and V_1, and subsequently the preconditioners to solve the high frequency problem. It is customary in application of the balanced Neumann Neumann method to make very simple coarse grid corrections corresponding to the poor low frequency preconditioner (D^1)^{−1}.

B.1 High and low frequency spaces

On starts from the following decomposition of V into two parts

V = Ṽ + ∑ x W_x, where W_x consists of functions with support on Ω_x, which vanish on ∂Ω_x and Ṽ consists of harmonic extensions H(v) of functions v on ∪_x∂Ω_x which vanish on ∂Ω. ∑ x W_x will become part of the high frequency space V_0 while the low frequency space V_1 is contained in Ṽ. It will be specified below.

V_0 = Ṽ^⊥_1 + ∑ x W_x (B.1)

where Ṽ^⊥_1 is the orthogonal complement of V_1 in Ṽ with respect to the scalar product a(·, ·) furnished by the problem operator −△, viz. a(·, ·) = ⃗∇u⃗∇v. The elements u of Ṽ^⊥_1 are called balanced. They fulfill

a(u^′, u) = 0 for all u^′ ∈ V_1.

Their use gives the name to the method. V^1 consists of real functions x → U(x) ∈ R and V_1 consists of interpolates J U, which are constructed as follows. Regard U(x) as a function on ∪_y∂Ω_y , which is constant on ∂Ω_x and vanishes elsewhere. Set J U = H(ν_xU) ∈ V_1. Note the locality properties of the interpolation. Suppose that v ≠ 0 on ∂Ω_x while it vanishes on the rest of Γ. Then its harmonic extention is only non-vanishing on Ω_x and on its neighbors, i.e. on those blocks Ω_y whose boundaries share a point with ∂Ω_x. Given V_1, there will be an orthogonal projector P_1

P_1 : Ṽ → V_1

and Ṽ^⊥_1 = (I − P_1)Ṽ. This identifies Ṽ^⊥_1 and Ṽ/V_1, (I − P_1) : Ṽ → Ṽ^⊥_1 .

B.2 Iterative solution of the high frequency problem 115

B.2 Iterative solution of the high frequency problem

The solution of the high frequency problem has two components, one in ∑ W_x and one in Ṽ^⊥_1 . The determination of the first component is a local problem, because the blocks are decoupled. This is easy to solve by iteration. The component in Ṽ^⊥_1 will be found by Schwarz iterations, which involve the operator T : Ṽ^⊥_1 → Ṽ^⊥_1 . T will be constructed as a sum of contributions from blocks

T = (I − P_1) ∑ T_x(I − P_1) : Ṽ^⊥_1 → Ṽ^⊥_1

with T_x as follows. For selected blocks x, let V_x ⊂ Ṽ be the space of harmonic extensions u of functions v on ∪_y∂Ω_y, which vanish on the complement of ∂Ω_x. Introduce a scalar product ã_x on V_x/V_x ∩ V_1

ã_x(u_1, u_2) = ⟨−△^{N.x}u_1, u_2⟩ = ⟨−△^{N.x}H(ν_xv_1), H(ν_xv_2)⟩.

Remember that Ṽ^⊥_1 ≈ Ṽ/V_1 consists of balanced functions. Finally one specifies the operator T_x : Ṽ → V_x/V_1 ∩ V_x by the defining equation

ã_x(T_xu, [u^′]) = a(u, u^′), [u^′] ∈ V_x/V_1 ∩ V_x.

The right hand side is well defined, i.e. independent of the choice of representative u^′ of the equivalence class [u^′].

Remark that the balancing condition on u ∈ Ṽ^⊥_1 permits to rewrite the scalar product as

ã_x(u_1, u_2) = ⟨[−△^{N,x} + κC^∗D^1C]u_1, u_2⟩

for any κ, D^1 using the aforementioned restriction operator C, which is constructed from the zero modes. As is illustrated in the main text, this possibility is the key to the proof of lower bounds, which guarantee low condition number and thereby fast convergence of the high frequency iteration. A proof that is in this spirit is found in [49].

116 B Balanced Neumann Neumann method

Appendix C

Harmonic analysis

Let f(ϕ) be a SU(2)-biinvariant function on the holonomy group H. We expand f(ϕ) in spherical functions P^Ξ(Φ) that are associated with the unitary representation Ξ of the holonomy group H. The expansion reads f[ϕ] = ∫ dΞf̃(Ξ)P^Ξ(ϕ). (C.1)

dΞ is the restriction of the Plancherel measure on H to representations that contribute to the expansion of SU(2)-biinvariant functions. The transform is

f̃(Ξ) = ∫ H dϕf(ϕ)P^Ξ(ϕ^{−1}). (C.2)

We will call f̃(Ξ) Fourier coefficients. The spherical functions are special cases of representation functions of H that appear in the decomposition of SU(2)-biinvariant functions.

C.1 The groups R_+ and R_+SU(2)

Consider the multiplicative group R_+ , r ∈ R_+ and the one-dimensional representations P^s(r) ≡ T^s(r) = r^{−s} labeled by s ∈ iR, where T^s stands for the representation operator. They act on (1-dimensional) Hilbert spaces H^s. The unitary representations with T^s(r^{−1}) = T^s(r)^∗ are then labeled by s ∈ iR due to r^{−s} = r^s. Thus we get f(r) = ∫_{i∞} −i∞ ds 2πi T^s(r)f̃(s) = ∫_{i∞} −i∞ ds 2πi r^{−s}f̃(s), where^{ds}_i is the Plancherel measure and

f̃(s) = ∫_∞ 0 drr^{−1}T^s(r^{−1})f(r) = ∫_∞ 0 drr^{s−1}f(r).

118 C Harmonic analysis

Remark:

• Integration with the left-invariant Haar measure on the multiplicative group H = R_+ is given by ∫ r^{−1}drf(r). • For H = R_+ SU(2) with ϕ = ru, r ∈ R_+ , u ∈ SU(2) we require the left-invariant Haar measure, which obeys ∫ dϕf(ϕ_1ϕ) = ∫ dϕf(ϕ). We make the ansatz ∫ dϕf(ϕ_1ϕ) = ∫ r^kdrduf(r_1u_1ru). This measure is left-invariant for k = −1 and yields dϕ = d(ru) = r^{−1}drdu = (dlnr)(du).

We can label the representations of H = R_+ SU(2) by χ = (s, l) T^{sl}(ρu) = r^{−s}T^l(u) : H^χ → H^χ, where H^χ is the (2l+1)-dimensional representation space of SU(2) with l = 0,^1_2 , 1,^3_2 , .... Again the unitary representations are labeled by imaginary s. Since the representations of SU(2) are unitary, T^{sl}(ru)^{−1} = T^{sl}(ru)^∗. The harmonic analysis leads to

f(ru) = tr ∫_{i∞} −i∞ ds 2πi ∑ l f̃_l(s)T^{sl}(ru)

= tr ∫_{i∞} −i∞ ds 2πi ∑ l f̃_l(s)r^{−s}T^l(u), f̃_l(s) = ∫_∞ 0 dudrT^l(u^{−1})r^{s−1}f(ru). f̃_l(s) is a linear operator in the (2l+1)-dimensional representation space of SU(2). We now apply this to functions f(ϕ), which are biinvariant in the sense that f(u_1ϕu_2) = f(ϕ) for u_1, u_2 ∈ SU(2) and ϕ ∈ H. For H = R_+ SU(2) SU(2)-biinvariance implies that f(ru) is independent of u ∈ SU(2). This leads to the simplification

f(ru) = ∫_{i∞} −i∞ ds 2πi f̃(s)r^{−s}, (C.3)

f̃(s) = ∫_∞ 0 drr^{s−1}f(ru) (C.4) independent of u.

C.2 The quantum-mechanical Lorentz group SL(2,C ) 119

C.2 The quantum-mechanical Lorentz group SL(2,C )

Every element a of the noncompact group H = SL(2,C ) can be parametrized as

a = u_1d(η)u_2, u_1, u_2 ∈ SU(2), d(η) = ( e^{− η}2 0 0 e^η2 ) . (C.5)

The group SL(2,C ) is a twofold covering of the Lorentz group SO(3,1), whose representations are labeled by χ = (l, ρ) with l = 0, ±1, ±2, .... The representations of SL(2,C ) are labeled in the same way χ = (l, ρ), but with l = 0, ±^1_2 , ±1, .... The representation operators T^χ(a) act on Hilbert spaces H^χ and the expansion of a square integrable function f(a) on SL(2,C ) with the Plancherel measure dχ on the group is f(a) = ∫ dχ tr_χ (~ f(χ)T^χ(a) ) (C.6) = ∑ l ∫_∞ −∞(l^2 + ρ^2)^{dρ}_{8π} tr_χ (~ f(χ)T^χ(a) ) , (C.7)

where tr_χ is the trace over H^χ and f̃(χ) are operators in H^χ. They are obtained of

f̃(χ) = ∫ SL(2,C )

daf(a)T^χ(a^{−1}). (C.8)

da is the Haar measure on SL(2, C ).

Proposition 15 If we decompose a ∈ SL(2, C ) into a product of two SU(2)-matrices and a diagonal matrix d(η)

a = u_1d(η)u_2

as in eq.(C.5) the left- and right-invariant measure on SL(2, C ), normalized as in [42] is given by da = 1 16 sinh^2(η)dηdu_1du_2.

Proof: In the parametrization a = ( α β γ δ )

the Haar measure is given by da = ( i 2 )_3 |α|^{−2}dαdᾱdβdβ̄dγdγ̄ [42] and, thus, depends on six real parameters α = q_1 + iq_2, β = q_3 + iq_4 and γ = q_5 + iq_6. If we parametrize

u_i = u_z(φ_i)u_y(θ_i)u_z(ψ_i), (i = 1, 2, φ_2 = 0)

u_z(φ) = ( e^{− iφ}2 0 0 e^{iφ}2 ) , u_y(θ) = ( cos^θ_2 − sin^θ_2 sin^θ_2 cos^θ_2 )

120 C Harmonic analysis

one gets the Haar measure depending on the parameters η, φ_1, θ_1, θ_2, ψ_1, ψ_2 by computing the functional determinant J of the transformation α, ᾱ, β, β̄, γ, γ̄ → η, φ_1, θ_1, θ_2, ψ_1, ψ_2 and multiplication with (_i 2 )_3

|α|^{−2}. Evaluating everything using Mathematica yields da = 1 16 sinh^2(η) sin(θ_1) sin(θ_1)dηdφ_1dψ_1dψ_2,

where du_1 = sin θ_1dφ_1dψ_1 and du_2 = sin θ_2dψ_2. q.e.d.

The set of functions

ψ^l_m(u) = (2k + 1)^{12} T^k_{l,m}(u) (C.9) k = |l|, k = 0, 1, 2, ..., −k ≤ m ≤ k forms a canonical basis of H^χ, where T^l_{m,m}′ is the matrix element of a representation of SU(2). For matrix elements in the canonical basis we write T^χ_{kmk}′_m′ = (ψ^k_m, T^χ(a)ψ^{k′}_m′ ) = ∫ duψ^k_m(u)T^χ(a)ψ^{k′}_m′ (u), where du denotes the normalized Haar measure on SU(2). Because of decomposition (C.5) we can write

T^χ_{km1k}′_{m2} (a) = ∑ q T^k_{m1m}(u_1)T^χ_{kmk}′_m(d(η))T^k_{m2m}(u_2)

with T^l_{mm}′ (a) = [ (l + m)!(l − m)! (l + m^′)!(l − m^′)!

] 1_2 ∑ n ( l + m^′ n )( l − a_2 l + m − n ) a^n_{11}a^{l+m−n} 12 a^{l+m′−n} 21 a^{n−m−m′} 22 For an element u ∈ SU(2) we have T^χ_{kmk}′_m′ (u) = δ_{kk}′ T^k_{mm}′ (u) [42]. Again there is a simplification when this is applied to functions f(a) with the biinvariance property f(u_1au_2) = f(a) for u_1, u_2 ∈ SU(2). H^χ decomposes into irreducible representations of SU(2). As seen from the canonical basis (C.9) the (2k + 1)-dimensional representation occurs if k ≥ |l|, k − l ∈ Z. Thus, in particular, the trivial representation appears only for l = 0. The canonical basis (C.9) {ψ^k_m} in H^l involves vectors which transform according to the (2k + 1)-dimensional representation of SU(2) (m = −k, .., k). m = 0 if k = 0 and one gets

P^ρ(a) = (ψ^0 , T^{(0,ρ)}(a)ψ^0 ) =

2 sin(^1_2 ηρ) ρ sinh η

. (C.10)

C.2 The quantum-mechanical Lorentz group SL(2,C ) 121

Thus, the expansion simplifies to f(a) ≡ f(η) = ∫_∞ −∞ ρ^2dρ 16π f̃(ρ) (ψ^0 , T^{(0,ρ)}(a)ψ^0 ) = ∫_∞ −∞ ρ^2dρ 16π f̃(ρ) 2 sin(^{12} ηρ)

ρ sinh η

, (C.11)

where (ψ^k_m, f̃(χ)ψ^{k′}_m′ ) = δ_{l0}δ_{k0}δ_k′_0f̃(ρ) and

f̃(ρ) = ∫ sinh^2(η)dηf(η)

2 sin(^1_2 ηρ) ρ sinh η

= f̃(−ρ). (C.12)

Lemma 8 The inversion formula (C.11) and in particular the normalization factor^1_{8π} can be obtained by using the orthogonality relation of the sin-function ∫_∞ −∞ dρ sin 1 2 ηρ sin 1 2 η^′ρ = 2π[δ(η − η^′) − δ(η − η^′)] (C.13) . Proof: First, we verify eq.(C.13). With sin^1_2 ηρ =^1_{2i} (e^{iηρ/2} − e^{−iηρ/2}) we get → ∫_∞ −∞ dρ sin( 1 2 ηρ) sin( 1 2 η^′ρ) = − 1 4 ∫ dρ ( e^{i(η+η′ )ρ/2} + e^{−i(η+η′ )ρ/2} ) − ( e^{i(η−η′ )ρ/2} + e^{−i(η−η′ )ρ/2} )

= − 1 4 ( 2δ( η + η^′ 2 ) − 2δ( η − η^′ 2 ) ) = 2π[δ(η − η^′) − δ(η − η^′)]. Inserting eq.(C.12) in N ∫ dρρ^2f̃(ρ)^{2 sin( 12 ηρ)}

ρ sinh η leads to the normalization factor in the in-

version formula. f(η) = N ∫ dρρ^2 (2 ρ ∫ sinh η^′dη^′f(η^′) sin( 1 2 η^′ρ) )2 sin(^1_2 ηρ)

ρ sinh η = N ∫ dρ ∫ sinh η^′ sinh η f(η^′)4 sin( 1 2 ηρ) sin( 1 2 η^′ρ) = 8πN [δ(η − η^′) − δ(η − η^′)]f(η^′) sinh η^′ sinh η = 8N π[f(η) + f(−η)] = 16N πf(η). q.e.d. (C.14)

Lemma 9 (Convolution) Under harmonic analysis on SL(2, C ), convolution goes into products. Thus, if the square integrable functions f_i admit the expansion

f_i(a) = ∫ dχtr_χ ( f̃_i(χ)T^χ(a) )

for i = 1...n, then ∫ da_1...da_nf_1(a_1)...f_N (a_n)δ(a_1...a_na^{−1}) = ∫ dχtr_χ ( f̃_1(χ)...f̃_n(χ)T^χ(a) ) .

122 C Harmonic analysis

Herein, dχ is the Plancherel measure on SL(2, C ), and T^χ(a) are the representation operators for representations of the unitary principal series. This is well known, and generalizes to the other groups H.

C.3 The groups GL(2,C ) and R_+SL(2,C )

Every element ϕ ∈GL(2,C ), which has eight real parameters, can be parametrized as ϕ = ζa, ζ ∈ C \ {0}, a ∈ SL(2,C ). (C.15) Note that the pair (−ζ, −a) determines the same element as (ζ, a) and that SU(2)- biinvariant functions f obey f(−ϕ) = f(−ζa) = f(ζa) = f(ϕ) because (−1) ∈ SU(2). Here we combine harmonic analysis on SL(2,C ) with harmonic analysis on the multiplicative group C \ {0}. With ζ = re^{iφ}, φ ∈ [0, 2π] and r = |ζ| considered as an element of the dilatation group we get f(ϕ = ζa) = ∑ l∈Z ∫_{i∞} −i∞ ds 2πi ∫ dχ e^{ilφ}r^str (~ f^{ls}(χ)T^χ(a) ) . ∫ dΞ where dχ is regarded as the Plancherel measure of the representations of SL(2,C ) and r^se^{ilφ} is the one dimensional representation (l, s) of C \ {0}. Thus the representations of GL(2, C ) are labeled by Ξ = (l, s, χ). According to our SU(2)-biinvariance property we can replace χ by ρ as in section C.2. Again T^χ(a) is the representation operator of SL(2,C ) because we can write for the spherical function of GL(2,C ) P^Ξ(ϕ = re^{iφ}a) = e^{ilφ}r^sP^ρ(a). The transformation formulae for H = GL(2, C ) are f(ϕ = ζa) = ∑ l∈Z ∫_{i∞} −i∞ ds 2πi ∫_∞ −∞ ρ^2dρ π f̃^{ls}(ρ)e^{ilφ}r^sP^ρ(a), f̃^{ls}(ρ) = ∫_{2π} 0 dφ 2π e^{−ilφ}r^{−s−1} ∫ daf(ζa)P^ρ(a). As for SL(2,C ), we have P^ρ(a) =^{2 sin( 12 ηρ)}_{ρ sinh η} and we can gauge away the SU(2)-part.

The case H = R_+ SL(2,C ) is a direct derivative of H = R_+ SU(2) and H = SL(2,C) and thus a simplification of H = GL(2, C ). For ϕ = ra ∈ R_+ SL(2,C ), r ∈ R_+ , a ∈SL(2,C ) we get f(ra) = ∫_{i∞} −i∞ ds 2πi r^s ∫_∞ −∞ ρ^2dρ π f̃^s(ρ)P^ρ(a)

f̃^s(ρ) = ∫_∞ 0 drr^{−s−1} ∫ daP^ρ(a).

Bibliography

[1] S.L. Adler, Einstein Gravity as a symmetry breaking effect in quantum field theory, Rev. Mod. Physics 54, 729, 1983

[2] B. Angermann, Verallgemeinerte Eichtheorien auf diskreten Mannigfaltigkeiten, Diploma thesis, Hamburg 2003 download from lienhard.desy.de/call.shtml?pub all B. Angermann, G. Mack, M. Olschewsky and T. Prüstel, Gauge Theories with nonunitary parallel transporters: Geometry of Higgs fields (in preparation) M. Olschewsky, Higgsfelder als Verallgemeinerte Eichfelder, Diploma thesis, Hamburg 2002

[3] N. Arkani-Hamed, A.G. Cohen, H. Georgi, (De)Constructing dimensions, Phys. Rev.

Letters 86 4757 (2001), - , Elektroweak symmetry breaking from dimensional deconstruction, Phys. Letters B513, 232 (2001) Hsin-Chia Cheng, C.T. Hill, S. Pokorski, J. Wang, Dynamical Elektroweak Breaking and Latticized Extra Dimensions, Phys. Rev. D64:065007 (2001), hep-ph/0105323 v1, May 01 ; see also C.T. Hill, S. Pokorski, J. Wang, Gauge Invariant Effective Lagrangian for Kaluza- Klein Modes, hep-th/0104035 v2, Apr 2001 Hsin-Chia Cheng, C.T. Hill, S. Pokorski, J. Wang, The Standard Model in the Latticized Bulk, hep-th/0104179 v1, Apr. 01 N. Arkani-Hamed, A.G. Cohen, H. Georgi, (De)Constructing Dimensions, hepth/0104005 v1, Apr 01 N. Arkani-Hamed, A.G. Cohen, H. Georgi Elektroweak symmetry breaking from dimensional deconstruction, hep-ph/0105239 v4, June 2001

[4] M. Bäker, Ein Mehrgitterverfahren für ungeordnete Systeme, Diplomarbeit, Hamburg 1993

[5] M. Bäker, Lokalisation in Lattice Gauge Theory and a New Multigrid Method, heplat/9405005, Hamburg 1994

[6] T. Balaban, Regularity and Decay properties of Lattice Greens Functions, Commun.

Math. Phys. 89 371, 1983 T. Balaban, Renormalization Group Approach to Lattice Gauge Field Theories I, Commun. Math. Phys. 109 249, 1987

124 Bibliography

T. Balaban and A. Jaffe, Constructive Gauge Theory in Erice School Math. Phys. 207, 1985 T. Balaban, J. Imbrie and A. Jaffe, Exact Renormalization Group for Gauge Theories, Harvard Univ. Cambridge-HUTMP-83-B149, 1983

[7] J.H. Bramble, J.E. Pasciak, J. Wang and J. Xu, Convergence estimates for product iterative methods with application to domain decomposition, Math. Comp. 57(195), 1-20, 1991 J. Xu, Iterative Methods by Space Decomposition and Subspace Correction, SIAM Review Vol. 34, No 4, pp. 581-613, December 1992

[8] A. Brandt, Dorit Ron, Recovery of Renormalized Hamiltonians and Coarse-to-Fine Monte-Carlo Acceleration, Gauss Center Report WI/GC-11, Juni 1999 (J. Stat. Phys., to appear)

[9] A. Brandt and I. Livshitz, Wave-ray multigrid methods for standing wave equations, Electr. TRans. Num. Anal. 6, 162-181, 1997 E. Turkel, Numerical difficulies solving time harmonic systems, in Multiscale Computional Methaods in Chemistry (A. Brandt et.al.), NATO Science Series III, vol. 177, ios Press Amsterdam

[10] A. Dimakis and F. Müller-Hoissen, Discrete differential calculus: Graphs, topologies and gauge theory., Journal of Mathematical Physics, 35(12):6703-6735, December 1994

[11] V.K. Dobrev et al, Harmonic Analysis on the n-dimensional Lorentz group with and its Application to Conformal Field Theory, Lecture Notes in Physics, vol 63, Springer Heidelberg 1977

[12] L.D. Faddeev and A.A. Slavnov, Gauge Fields, Addison-Wesley Publishing Company, 1991

[13] P.H. Frampton and S.L. Glashow, Unifiable Chiral color with Natural Glashow- Iliopoulus-Maiani Mechanism, Phys. Rev. Letters, 58, 21, 1987

[14] K. Gawedzki and A. Kupiainen, A Rigorous Block Spin Approach to Massless Lattice Theories, Common. Math. Phys. 77, 31-64, 1980 K. Gawedzki and A. Kupiainen, Massless Lattice ϕ^4 Theory: Rigorous Control of a Renormalizable Asymptotically Free Model, Common. Math. Phys. 99, 197-252, 1985

[15] I.M. Gelfand, M.I. Graev, N.Ya. Vilenkin, Generalized Functions, vol 5, Academic Press New York 1966

[16] M. Griebel, Multilevelmethoden als Iterationsverfahren über Erzeugendensystemen, Teubner, Stuttgart 1994

[17] M. Griessl, G. Mack, Y. Xylander and G. Palma, Self-consistent calculation of real space renormalization group flows and effective potentials, Nucl. Phys. B477 , 878- 924, 1996

Bibliography 125

[18] M. Griessl, J. Würthner, Software package for calculation of RG interpolation kernels and high frequency propagators, download: http://lienhard.desy.de/mackag/cs/RG KGkernels

[19] S. Groot Nibbelink, H.P. Nilles, M. Olechowski, Instabilities of bulk fields and anomalies on orbifolds, hep-th/0205012 v1, May 2003

[20] W. Hackbusch, Multigrid Methods and Applications, Springer Series in Computational Mathematics 4, 1985 W. Hackbusch, Iterative Lösung grosser schwachbesetzter Gleichungssysteme, Teubner, Stuttgart 1993

[21] P. Hasenfratz, P. Niedermayer et. al., Nucl. Phys. B477, 1998

[22] S. Helgason, Differential Geometry, Lie Groups, and Symmetric Spaces, Academic Press, New York, 1978

[23] K. Huang, Quarks, Leptons and Gauge Fields, World Scientific, 1992

[24] Thomas Kalkreuter, Multigrid Methods for Propagators in Lattice Gauge Theories, hep-lat/9409008, September 1994

[25] T. Kalkreuter, G. Mack, G. Palma, M. Speh, Effective field theories, Lecture notes in Physics 409, Springer Verlag, 1992

[26] T. Kalkreuter, G. Mack, M. Speh, Blockspin and Multigrid for Staggered Fermions in Non-Abelian Gauge fields, in Fermion Algorithms, Editors: H.J. Herrmanns, F. and Karsch, World Scientific, 1991

[27] L.P. Kadanoff, Scaling laws for Ising models near T_c, Physics 2, 263, 1965

[28] A. W. Knapp, Lie groups beyond an introduction, 2nd edition, Birkhäuser, New York 2002

[29] S. Kobayashi and K. Nomizu, Foundation of Differential Geometry, Intersience Publishers 1963

[30] T. Kosler, Der Einfluss von Fermionen auf den Renormierungsgruppenfluss, Diploma thesis, Hamburg, 2001

[31] C. Lehmann and G. Mack and T. Prüstel, Origin of quark masses and Kobayashi Maskawa matrix in a gauge theory with nonunitary parallel transporters, hepph/0305331, 2003

[32] C. Lehmann and G. Mack, Gauge theories with nonunitary parallel transporters: A soluble Higgs model, hep-ph/0305026, 2003

[33] C. Lehmann, Konvergenzeigenschaften von Mehrgitterverfahren für ungeordnete Systeme, Diploma thesis, Hamburg 2000, download: http://lienhard.desy.de/mackag/

126 Bibliography

[34] G.Mack: Pushing Einsteins principles to the extreme, in: G. ’t Hooft et al, Quantum Fields and Quantum Space Time, Plenum Press, NATO-ASI series B: Physics vol. 364, New York 1997 [35] G. Mack, Universal Dynamics, a Unified Theory of Complex Systems. Emergence, Life and Death (dedicated to the memory of Harry Lehmann), Commun. Math. Phys. 219 141-178 (2001), hep-th/0011074 [36] G. Mack, To gauge theories from a minimum of a priori structure, Proc. Steklov Math. Institute 226, 208, 1999 [37] G. Mack, Dielectric Lattice Gauge Theory, Nuclear Physics B235[FS11] 197-225, 1984 226 208-216 (1999) [38] G. Mack and T. Prüstel, Gauge theories with nonunitary Parallel transporters, to appear [39] P. Manousselis an G. Zoupanos, Dimensional Reduction over coset spaces and supersymmetry breaking, hep-ph/0111125, 2001 [40] I. Montvay, G. Münster: Quantum fields in a lattice Cambridge, University Press, Cambridge 1994 [41] T. Prüstel, Gauge theories with nonunitary parallel transporters, Ph.D. thesis, Hamburg 2003 [42] W. Rühl, Lorentz group and harmonic analysis, W.A. Benjamin, New York 1969 [43] M. de Riese, software package, to appear on http://lienhard.desy.de [44] M. de Riese, Exceptional space-time symmetries in QFT, Ph.D. thesis, in preparation [45] B. Smith, P. Bj/orstad and W. Gropp, Domain Decomposition, Cambridge University Press, 1996 [46] K. Stüben and U. Trottenberg, Multigrid Methods, Springer, 1985 [47] Nolan R. Wallach, Harmonic analysis on homogeneous spaces, Marcel Dekker, New York 1973 [48] G. Warner, Harmonic analysis on semi-simple Lie groups, Springer, 1972 [49] O. Widlund, Domain decomposition methods for elliptic partial differential equations, Kluwer Academic publishers, 1999 [50] K. Wilson, Phys. Rev. B4 3174 (1971)

K. Wilson and J.G. Kogut, Phys. Reports 12 75 (1974)

Acknowledgment

It is a great pleasure to thank Prof. Gerhard Mack. I am very lucky to have had the possibility to work with Prof. Gerhard Mack. His tireless inspiration made our collaboration unforgetable for me.

I thank him for his great personal engagement and the support of this work. I would also like to thank Prof. Fredenhagen for the report on this thesis.

Mathias de Riese was always open to answer any questions about physics and apart. Thank you also for sharing your knowledge about group theory and for all the time you have spent on the success of my work. The encouragement you gave me, helped a lot. I enjoyed sharing my office with you.

I enjoyed the helpful discussions about Higgs fields and much more with Bastian Angermann. I thank Martin Porrmann for his useful comments on this thesis. Anamarija Ćurkovic̀ and Ryan Gresham, my english master, thank you for your stylistic comments.

I thank Thorsten Prüstel for the joint work on our model. He, Falk Neugeborn, Michael Olschewsky and Michael Roehrs, contributed to this work with several discussions in our seminar. Guillermo Palma, Martin Meyer-Schellersheim and Lienhard Mack helped during several periods of my work. I just want to express my thanks to the members of the II. Institute. I enjoyed the time and the great possibilities that I found here. Thanks to Prof. J. Bartels for his engagement. It was a pleasure to have Stefan Berge and Thomas Grimm around. Thanks to Reinhard Lorenzen, Muharrem Küskü and Bernd Kuckert for their sympathy.

Phillip Hochmair went with me though my ups and downs with incredible patience. Thank you for letting me be what I am. I thank my dearest Christina Strauch for always being there for me. I am thankful for all the good wishes and the support and sympathy I got from my friends during the last years: Thanks to Alex, Julia, Marcus, Myri, Nicolas and Tomislav. Sorry for not mentioning all of you.

I hardly can express what my parents mean to me and thus to all what I do. Thank you for your love and encouragement and our wonderful friendship.

Finally, I thank the Deutsche Forschungsgemeinschaft (DFG) for financial support. Thanks to the Graduiertenkolleg “Zukünftige Entwicklungen in der Teilchenphysik”.