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Abstract

New X-ray free electron lasers (e.g. the European XFEL) require a new generation of synchro-
nization system to achieve a stability of the FEL pulse, such that pump-probe experiments can
fully utilize the ultra-short pulse duration (50 fs). An optical synchronization system has been
developed based on the distribution of sub-ps optical pulses in length-stabilized fiber links.
The synchronization information is contained in the precise repetition frequency of the opti-
cal pulses. In this thesis, the design and characterization of the laser serving as laser master
oscillator is presented. An erbium-doped mode-locked fiber laser was chosen. Amplitude and
phase noise were measured and record-low values of 0.03 % and 10 fs for the frequency range
of 1 kHz to the Nyquist frequency were obtained. Furthermore, an initial proof-of-principle
experiment for the optical synchronization system was performed in an accelerator environ-
ment. In this experiment, the fiber laser wase phase-locked to a microwave reference oscillator
and a 500 meter long fiber link was stabilized to 12 fs rms over a range of 0.1 Hz to 20 kHz.
RF signals were obtained from a photodetector without significant degradation at the end of
the link. Furthermore, the laser master oscillator for FLASH was designed and is presently in
fabrication and the initial infrastructure for the optical synchronization system was setup.

Zusammenfassung

Freie Elektronen Laser wie z.B. der European XFEL produzieren Rontgenpulse mit einer Zeit-
dauer von einigen 10 Femtosekunden. Um diese Pulse fiir z.B. Pump-Probe Experimente
mit hochster Zeitauflosung nutzen zu kénnen, wird ein neuartiges Synchronisationssystem ge-
braucht, so dass eine Zeitstabilitdt des Rontgenpulses beziiglich des Probelasers von ebenfalls
wenigen zehn Femtosekunden erreicht wird. Ein vielversprechender Ansatz basiert auf der
Verteilung von optischen Pulsen mit einer Zeitdauer von ca. 100 Femtosekunden iiber ldngen-
stabilisierte Faserlinks. Die Synchronisationsinformation ist in der prézisen Repetitionsrate
der Laserpulse enthalten. In dieser Arbeit wird sowohl Design als auch Charakterisierung des
modengekoppleten Erbium-dotierten Faserlasers vorgestellt, der als “laser-master oscillator”
des Systems benutzt werden soll. Eine der wichtigsten Eigenschaften ist das Amplituden- und
Phasenrauschen dieser Laser. Es wurde zu 0.03% bzw. 10 fs in einem Frequenzbereich von
1 kHz bis zur Nyquistfrequenz vermessen, was eine bisher nicht erreichte Stabilitét darstellt.
Weiterhin wurde ein erster Test dieses Synchronisationskonzeptes in einer Beschleunigerumge-
bung durchgefiihrt. Ein Faserlaser wurde an die Mikrowellenreferenz des Beschleunigers
gekoppelt und eine 500 Meter lange Glasfaserleitung wurde auf 12 fs stabiliert. Radiofrequen-
zsignale wurden aus den iibertragenen optischen Signalen gewonnen, ohne das Phasenrauschen
signifikant zu beeintriachtigen. Weiterhin wurde der laser-master oscillator” fiir FLASH ent-
worfen sowie die Infrastruktur fiir das optische Synchronisationssystem fiir FLASH aufgebaut.
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1. Introduction and Motivation

The key mission of new free-electron lasers facilities such as the European X-ray Free-
Electron Laser (XFEL) [Alt06] or the Free-Electron Laser in Hamburg (FLASH) is to
produce ultra-short FEL pulses of between 20 fs and 100 fs duration at an unprece-
dented peak brilliance of up to (10** photons/s/mm?/0.1%BW). Most present day fa-
cilities depend on self amplified spontaneous emission (SASE), where spontaneous
radiation from an electron bunch in an undulator is amplified in a highly nonlinear
process to yield output peak powers in the GW range. Since the SASE process starts
from noise, there are statistical timing and pulse energy fluctuations which cannot be
compensated for.

A second option to create the FEL pulses is by modulating the electron beam with
a high power laser beam at the desired output wavelength and to amplify only the
modulated part of the electron beam (’seeded”-FEL’s). This approach is presently
under development and will be implemented at FERMI [BroO7] and is proposed as an
upgrade for FLASH [Sch07]. Laser systems operating at the desired FEL wavelength
(typically tens of nanometers or shorter) are presently not available. High harmonics of
the fundamental laser wavelength (often a titanium-sapphire laser with a wavelength of
around 800 nm is used) produced in a gas cell are foreseen to produce seeding pulses
with wavelengths down to around 30 nm. The seeding approach is presently not a
viable option for facilities which produce x-ray pulses in the Angstrom range. For the
seeding approach, the most important source of timing variations is the jitter between
the laser system producing the laser pulses used to seed the FEL and the accelerator
reference. This can be controlled by stabilizing the laser system with respect to the
main accelerator reference.

1.1. The timing problem in modern accelerators

The short pulse duration of the FEL pulses opens a new road to time-resolved exper-
iments with resolutions down to the ten femtosecond range [GAB*08]. These exper-
iments are usually conducted by using a pump-probe approach. Most commonly, the
FEL pulse is used to pump the sample and pulses from a dedicated short-pulse high-
power optical laser system are used to probe the response with variable time delay. To



1. Introduction and Motivation

fully use the time resolution offered by the short FEL pulse durations, the synchro-
nization between the FEL pulse and the probe laser system must be extremely tight,
ideally on the order of the FEL pulse duration.

The timing jitter between the FEL pulse and the probe laser is dominated by:

e The timing jitter of the FEL pulse with respect to to the accelerator phase refer-
ence which is mainly caused by,

the stability of the laser system used to produce photoelectrons at the pho-
tocathode,

the stability of the radio frequency (RF) in the accelerating cavities,

jitter introduced by the bunch compression,

the jitter introduced by the SASE process.
e The timing jitter between the probe laser and the accelerator phase reference.

The electron bunches needs to enter the undulator with timing jitter comparable to
the pulse duration, which requires point-to-point stabilization of various RF frequen-
cies for the critical components (booster section, injector, bunch compressors and ex-
perimental area) with femtosecond precision. This translates to an amplitude and phase
stability of the RF of 10~* and 0.01 deg respectively in the cavities used to impose an
energy chirp on the electron bunch. The required amplitude stability levels have almost
been achieved in present day facilities, e.g. at JLAB and at FLASH [Lie05, Sim05].
The best phase stability reported for superconducting cavities is on the order of 0.03 °;
improving this to the 0.01 ° level (21 fs at 1.3 GHz) seems feasible. However, in order
to accurately measure the phase stability, one requires a high-quality reference with
much smaller phase jitter than the signal to be measured. A key challenge is to provide
this reference in facilities spanning a few kilometers in length.

These requirements appear to be beyond the capability of traditional RF distribution
systems based on temperature-stabilized coaxial cables. A promising way to reach
this goal was first suggested by Prof. Kértner of MIT in 2004 [KMO4]. It is based on
an optical transmission system, depicted schematically in Figure 1.1. The centerpiece
of the system is a mode-locked laser that emits a train of sub-picosecond light pulses
with very low timing jitter. To further reduce the overall timing jitter of the laser, it is
phase-locked to a microwave reference oscillator. The optical pulse train is distributed
over actively length-stabilized optical fiber links to multiple remote locations. The pre-
cise repetition frequency of the pulse train contains the synchronization information.
At the remote locations, the laser pulse train can be used directly for beam diagnos-
tics [LHL*06], locking other laser systems with optical cross correlators or by directly
seeding them with the transmitted pulse train [DKOS5], or generating highly-stable RF



1.2. The FLLASH accelerator and free-electron laser

signals [KLO6]. This approach opens the road to long-term synchronization of vari-
ous components in the accelerator to the 10 fs level over long distances (up to several
kilometers).

One of the key components for the synchronization system is the source of the opti-
cal pulse train to be transmitted. It needs to supply a highly phase-stable optical pulse
train with a reliability that is compatible with continuous accelerator operation. Most
laser systems do not meet these requirements and the main part of this thesis has been
devoted to design, built and evaluate a suitable laser system and to conduct a first test
of a fiber optic distribution in a real accelerator environment.

In the following a linac-driven light source will be introduced and its main compo-

remote locations

fiber ﬂ n
Master Laser ncwp'ers 1 ” RF-optical [\/\/\I

Oscillator sync module

stabilized -
low-bandwidth fibers RF-optical
lock sync module
low-noise low-level RF
microwave
i Optical to optical
oscillator p p Laser

sync module

Figure 1.1.: Schematic overview of the optical synchronization system

nents explained. Taking the Free Electron Laser in Hamburg (FLASH) as an example,
the main aspects regarding the time jitter of the electron beam are discussed. The gen-
eral layout of the machine has been widely described in various sources, the description
given here follows the one found in [Ste07]. Then an introduction to the theoretical
foundations of propagation of ultra-short pulses in optical fibers and mode-locking is
given. In chapter 3 the proposed fiber laser system for the laser master oscillator is
described, followed by the characterization of the key properties of the laser system.
In chapter 5 a first test in an accelerator environment will be presented followed by the
design and layout of the laser master oscillator for FLASH.

1.2. The FLASH accelerator and free-electron laser

The free electron laser in Hamburg (FLASH) has recently been upgraded to a maxi-
mum electron energy of 1 GeV allowing to cover the wavelength range from 6.2 nm to
45 nm [TES02] with significant power also present in the third and fifth harmonic. The
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Figure 1.2.: Schematic layout of FLASH at DESY. The beam is accelerated to a maximum energy of
1 GeV in six acceleration modules ACC1 to ACC6 containing eight superconducting cav-
ities each. The two bunch compression stages are denoted by BC. The accelerator is fol-
lowed by a diagnostic section and the undulator to create the FEL radiation. Abbreviations
for the experiments in the diagnostic section are explained in the text.

FEL is based on the principle of self amplified spontaneous emission (SASE), which
opens the way to powerful FELs in the x-ray regime. Electron bunches of extremely
high local charge density are needed to achieve laser saturation in the undulator mag-
net.

The FLASH linear accelerator and free electron laser consists of three main parts:
the RF-photoinjector, the superconducting linac including the bunch compressors, and
the undulators. A schematic overview of FLASH is shown in Fig. 1.2.

1.2.1. The photoinjector gun

A laser driven RF photo-cathode gun is used to produce the high current electron
bunches with small transverse emittance and a small energy spread as they are needed
for the operation of a SASE-FEL [SCG*02, FP02].

A high power, actively mode-locked Nd:YLF laser generates a series of pulses at
a wavelength of 1047 nm. The pulses are frequency doubled twice in two nonlinear
crystals to reach a wavelength of 262 nm with a pulse energy of up to 50 uJ and a
pulse duration of 4 ps (rms). Three frequencies from the master oscillator (13.5 MHz,
108 MHz and 1.3 GHz) are used to mode-lock the Nd:YLF laser with a fundamental
repetition rate of 27 MHz. The 13.5 MHz are used ensure that the laser operates at the
fundamental repetition frequency, whereas the 108 MHz and 1.3 GHz are used to ob-
tain a shorter pulse duration. Before amplification, the laser repetition rate is reduced
to a maximum of 2.5 MHz. This is one of the systems that will greatly benefit from
an optical synchronization system, since the residual timing jitter can be greatly re-

10



1.2. The FLLASH accelerator and free-electron laser

duced compared to conventional RF synchronization techniques by using optical cross
correlators.

The laser beam is focused onto a cesium telluride (Cs,Te) photo-cathode, where
the pulses liberate electrons due to photo emission. The cathode is placed inside a
1%-0611 normal conducting copper RF structure operated at 1.3 GHz with a maximum
accelerating gradient of up to 42 MV/m on the cathode. The high gradient is needed to
rapidly accelerate the electrons to relativistic energies to reduce the emittance increase
due to internal Coulomb forces. One solenoid coil is placed around the RF cavity
to produce a longitudinal magnetic field of 0.163 T along the axis of the cavity. A
small bucking coil at the back of the cathode is used to cancel the field at the cathode
surface. The solenoid field focuses the accelerated electrons to counteract the effects
of the internal Coulomb forces. This way it is possible to achieve a bunch charge of
0.5 to 1 nC with a normalized transverse emittance of only a few micrometers.

The electron bunches leave the gun with an energy of about 4.5 MeV per electron
and an rms bunch length of about 4 ps and are injected into the first accelerating mod-
ule.

1.2.2. The present RF-based synchronization system

Presently, all frequencies used in FLASH originate from a central master oscillator
system located near the photoinjector laser. The central frequency is at 9.02777 MHz
which is the 144" subharmonic of the acceleration frequency of 1.3 GHz. All frequen-
cies are transmitted via coaxial cables to their respective destinations. Since stability
of the reference signal is critical for the regulation of the RF field inside the cavities, it
is transported via temperature stabilized cables to minimize drifts.

At the present time, all lasers (injector laser, diagnostic lasers, pump-probe laser and
the planned seed laser) are synchronized to the accelerator using RF techniques. The
achievable short-term stability with these techniques is on the order of 50 fs. Drifts
resulting from the transfer of the reference frequency via cables to the laser positions
are however on the order of several hundred femtoseconds. Diagnostic and pump-
probe laser systems are especially sensitive, since they are located at distances of up to
300 meters from the position of the master oscillator.

1.2.3. The accelerator modules

The electrons are accelerated by alternating electric fields stored in resonant RF cavi-
ties. The cavities used at the FLASH accelerator are superconducting nine cell cavities
developed for the TESLA! collider project [RSTWO1]. The cavities are made from

!Teraelectronvolt Energy Superconducting Linear Accelerator

11
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Figure 1.3.: Cross section of a superconducting RF cavity installed in the FLASH linac[Aun00]. The
power coupler is connected by a wave guide to the klystron. Higher-order mode (HOM)
couplers remove resonant fields of higher order that are induced by the electron bunches. A
pick-up antenna is used to measure the field.

pure niobium and are operated at 2 K using superfluid helium cooling.

The cavities (Fig. 1.3) are excited at 1.3 GHz at their TEMy;o mode, where the
electric field is parallel to the axis. The length of the resonating cells L = %? is be
chosen such that a relativistic particle with speed v ~ ¢ needs half a period of the
resonating frequency to pass from cell to cell. An electron entering a cell at the zero
crossing of the electric field is accelerated along the full length of the cell and leaves
the cell when the electric field strength changes its sign. In multi-cell cavities excited
at their 7-mode, neighboring cells have a phase offset of 7. This means that a standing
wave pattern emerges in the multi-cell cavities, where the sign of the electric field
alternates from one cell to the next. Thus an electron entering the first cell at the zero
crossing of the electric field is accelerated along the full length of the cavity. When
it enters the next cell it is accelerated again, since the phase advance of the standing
wave pattern is m between cells. The RF phase setting, where the electron has the
maximum possible energy gain, is usually referred to as on-crest acceleration, for all
other phases the electron gains less energy (off-crest acceleration) or even loses energy
(deceleration).

The FLASH linac consists of six accelerating modules containing eight cavities
each. The accelerating gradients vary between 12 MV/m and 25 MV/m, for electron
energies between 380 MeV to 1 GeV. The photoinjector and the modules are powered
by three 5 MW klystrons and one 10 MW klystron. The first 5 MW klystron drives the
gun, the second one module ACC1, the third one drives modules ACC2 and ACC3 and
the 10 MW klystron drives the modules ACC4-ACC6. The amplitude and phase of the
accelerating fields in the cavities are controlled by adjusting amplitude and phase of
the individual klystrons. As the phase setting for the RF in ACC1 is significantly dif-
ferent from the other accelerating modules, it is powered by a separate klystron. Each

12



1.2. The FLLASH accelerator and free-electron laser
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Figure 1.4.: Schematic drawing of a bunch compressor. The off-crest acceleration introduces a corre-
lated energy spread. The phase space is sheared by the magnetic chicane. Symbols: 6W:
energy gain of a particle, n: particle energy relative to reference particle, {: relative longi-
tudinal position inside the bunch, p: longitudinal charge density, E: electric field.

a) The particle distribution as a function of { and as a function of W and ¢ before the accel-
eration. b) The particle distribution after off-crest acceleration. c) The particle distribution
behind the magnetic chicane. The peak current is increased. The black ellipse shows linear
compression, the blue shape the effects of non-linear compression. d) The energy gain in
the accelerating cavity as a function of relative longitudinal position.

Adapted from [IscO3].

nine-cell cavity in the modules is equipped with a pick-up antenna to measure its field.
The complex field amplitudes from all eight cavities an ACC1 are added vectorially in
a digital signal processor. The vector sum is used to regulate phase and amplitude of
module ACC1 and the module groups ACC2-3 and ACC4-6.

1.2.4. Bunch compression

The SASE-FEL process requires electron bunches with high peak currents of several
kA. These currents cannot be directly produced in the injector gun, because the re-
sulting repulsive space change forces would be huge and disrupt the bunch. To reach
these high peak currents the 4 ps long electron bunches from the injector gun with
peak currents of about 100 A are longitudinally compressed after further acceleration
at energies of 125 MeV and 380 MeV. At these highly relativistic energies the attrac-
tive magnetic forces largely compensate the repulsive electric space charge forces. For
the compression magnetic chicanes are used in which electrons with different ener-
gies have different path lengths so that an electron bunch with an energy distribution
correlated with the longitudinal position can be compressed in length.

Shifting the phase of the first accelerating module away from the on-crest phase

13



1. Introduction and Motivation

leads to a stronger acceleration of the electrons in the tail of the bunch than the elec-
trons in the head: an energy chirp is imposed on the bunch. In the following magnetic
chicane the higher energetic electrons in the tail of the bunch are deflected less by the
dipole magnets and travel on a shorter trajectory through the chicane, allowing them
to catch up with the leading electrons (Fig. 1.4).

Since the bunch length covers a non-negligible part of the RF wavelength — 4 ps
corresponds to about 2° of an 1.3 GHz oscillation — and the accelerating field has a
sinusoidal time dependency, the energy chirp is not linear. This leads to a nonlinear
compression and results in a longitudinal charge distribution, which is not Gaussian
any more but has a short leading spike followed by a longer tail. The nonlinearity
can be reduced somewhat by using two bunch compressors. If the energy chirp is
introduced in two stages (once with a long bunch before the first bunch compressor and
once between the first and second bunch compressor) the introduced nonlinearities will
be weaker for the second chirping section, as the bunch has already been compressed
by the first bunch compressor. Also other distorting effects like coherent synchrotron
radiation are reduced by distributing the compression among two bunch compressors
at different energies.

At FLASH the energy chirp is imposed on the bunch by an acceleration at about
8° off crest in the first accelerating module. The bunch with an energy of 125 MeV
is then partially compressed in a C-type magnetic chicane and further accelerated to
380 MeV by two modules operated either on-crest or slightly off off-crest to introduce
further energy chirp. The second bunch compressor is a S-type magnetic chicane fur-
ther compressing the bunch to its final shape with a leading spike of about 100 fs length
with a peak current of several kA.

This is also one of the most critical parts of the machine with regard to timing
jitter. Any variation in the energy chirp is directly converted into timing jitter which is
why the amplitude and phase stability of the RF fields inside the cavities is extremely
critical. In a single-stage bunch compression scheme, the timing jitter introduced by
the bunch compressors can be expressed in the form [SAL*05]:

Rssoa\} (C—=1V(os\ (1Y
2 56 Ua ¢ 2
~|—— + | — + | — . 11

2R ) G e b
Here, Rs¢ is the dispersion of the bunch compressor (about 180 mm for FLASH and
100 mm for the XFEL), C is the the compression factor (between 20 and 100), wgr
is the angular frequency of the accelerating RF, 04 /A and o4/w, is the relative am-
plitude and phase stability of the RF in the accelerating cavities responsible for in-

troducing the chirp onto the electron bunch and o, is the timing jitter introduced by
fluctuations of the arrival time of the injector laser pulse at the photocathode.

14



1.2. The FLLASH accelerator and free-electron laser

As an example, a superconducting linear accelerator with a radio frequency of 1.3
GHz and a vector-sum based RF regulation is assumed (compression factor and Rse
as stated above). The vector sum regulation - summing the vectors of the RF of many
cavities and only keeping the sum vector stable - helps in terms of required stability
for amplitude and phase of the RF in the cavities, as uncorrelated errors in amplitude
and phase are reduced by VN, where N is the number of cavities in the vector sum.
Furthermore, there is a correlation between amplitude and phase stability (1 degree
of phase stability corresponds to 1.8 % amplitude stability). Assuming as a goal for
the arrival time stability a value of 50 fs, the most critical number is the amplitude
stability (between 3 and 5 ps/%). The impact of amplitude fluctuations on the arrival
is of the same order as that of phase fluctuations (2 ps/degree). The RF stability needs
to be on the order of 5 - 10~ for amplitude and 0.02 ° for the phase. It turns out, that
incoming timing jitter actually gets reduced after the bunch compressor by a factor
of 20, which is the bunch compression ratio. This is a significant advantage of the
bunch compression scheme. It is however only true, if no energy feedback systems
are present. The incoming timing jitter caused by the photoinjector laser leads to
a different mean energy of the electron bunch. This is measured and corrected by
changing the phase of the acceleration modules. This counteracts the reduction in
timing jitter by the compression.

1.2.5. The diagnostic and collimation section

The last acceleration module is followed by a section equipped with several exper-
iments for bunch diagnostics to measure the longitudinal charge distribution, coher-
ent transition radiation (CTR), slice emittance and the bunch arrival time. These ex-
periments include the transverse deflecting structure (TDS), the CTR beam line, the
electro-optical beam phase monitor, the timing electro-optical experiment (TEO) and
electro-optic diagnostics using temporal and spatial decoding (EOS) [GBS07].

A small dispersive section with collimators protects the undulator magnets from
radiation damage. Copper apertures in front of the dispersive section remove most
of the beam halo, while apertures inside the dispersive section remove electron dark
current which has a different energy than the bunch.

1.2.6. The undulator section

The undulator system consists of six magnets each 4.5 m long. The undulator magnets
create a sinusoidal field in vertical direction on the beam axis with a period of 27.3 mm
and a peak induction of 0.46 T, leading to a horizontal oscillation of the electron beam
(see figure 1.5).

15
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Figure 1.5.: Arrangement of the magnets in the undulator that creates a sinusoidal field on the beam axis
[FP99]. The electron beam oscillation is not to scale.

Between the segments quadrupole magnets are installed to focus the beam as well as
diagnostic tools, such as beam position monitors (BPM) and wire scanners to measure
position and transverse shape of the electron beam. Achieving a perfect overlap of
the electron beam with the radiation field generated inside the undulator is mandatory
for the FEL process. Therefore, the utmost care has been taken in aligning all the
elements. An excellent field quality has been achieved in the undulator modules so
that the expected rms deviations of the electrons from the ideal orbit should be less
than 10 um [Ayv06].

Following the undulators a dipole magnet bends the electron beam to an under-
ground beam dump while the FEL radiation continues through a section with photon
diagnostic to the experimental hall with the user beam lines.
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2. Theoretical Basis of Fiber Lasers

2.1. Propagation of ultra-short pulses in optical
fibers

Much of ultrafast and nonlinear optics is based on an understanding and a quantita-
tive description of the propagation of laser light in a dispersive optical medium. In this
chapter, the basic wave equation will be derived, followed by the theory of pulse propa-
gation in nonlinear dispersive media. Furthermore, the properties of optical fibers with
regard to short-pulse propagation will be discussed, i.e. group velocity dispersion,
nonlinear effects, fiber modes. This chapter is primarily based on [AgrO1b, AgrOla],
further details can be found there.

2.1.1. The wave equation

Like all electromagnetic phenomena, the propagation of pulses in optical fiber is gov-
erned by Maxwell’s equations

i) V-D = p, 2.1
i) V-B = 0,

OB
i vk E = 28
(i11) X 7R

oD

i VxH = j+—

@iv) X Jj+ 7R

where E and H are the electric and magnetic field vectors, respectively and D and B
are the corresponding electric and magnetic flux densities. These coupled equations
describe the time evolution of the electric and magnetic fields. As there are no free
charges in optical fibers, current density j and free charges p vanish. The relation
between flux densities and electric and magnetic fields are generally given by

D=gE+P and B=pH+M, (2.2)
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2. Theoretical Basis of Fiber Lasers

where for an optical medium the induced magnetic polarization M is zero. It is pos-
sible to eliminate B and extract an equation for the electric field only. Using equation

(iv) and 2.2, one obtains,
OE oP
VXB = — — 2.3
X Moo + Mo — (2.3)
Taking the curl of both sides of equation (iii) and using the mathematical identity

VX (VxE)=V(V-E)- VE yields
) 9
V(V-E)-VE= - (VxB). (2.4)

Using equation 2.3, one obtains an equation containing E only:

O’E 0*P
V(V-E)-V’E = —pyep— — Hog s

= 2.5)

Since there are no free charge carriers and the material is homogeneous, we have
V- E = 0 and using & = 1/c¢?, the equation above reduces to the wave equation for
isolating, polarizable, nonmagnetic materials

1 &°E o*p

p_ 290800
V°E 292 Wo i (2.6)

2.1.2. Derivation of the nonlinear Schrodinger equation

A few assumptions need to be made to further evaluate 2.6:

e The polarization response of the material is assumed to be instantaneous, i.e.
P is only determined by the present conditions, there is no delayed response
or memory effect in the system. This is valid for a nonlinear response that is
electronic in nature, since the reconfiguration time of the electron cloud is on
the order of 0.1 fs and hence significantly smaller than the period of the optical
light wave. The contribution of molecular vibrations to the nonlinear part of
the polarization (the Raman effect) is neglected for the time being and will be
included later in this section.

e The nonlinearity in P is assumed to be small enough to be treated perturbatively.

e The optical field maintains its polarization along the fiber length, such that a
scalar approach is sufficient.
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2.1. Propagation of ultra-short pulses in optical fibers

The assumption of an instantaneous response allows to expand the induced polar-
ization in a series of powers of the instantaneous electric field:

Pt = eV Er, ) -y OB () + YO B (r, )+ ..) = PL+ Py, 2.7)
— ~
PL PNL

It should be noted that the electric field has a time structure that has a rapidly and
slowly varying component. The fast timescale corresponds to the optical cycle, which
is on the order of A/c ~3fs. The slow timescale corresponds to the width of the
pulse, which is typically on the order of 100 fs or longer. This leads to the following
formulation for the electric field and polarization respectively where the field is written
as a product of a slowly varying amplitude and a plane wave:

Er,n = %ux [E(r, 1) exp(iBoz — iwot)) + c.c.] (2.8)
= %ux [F(x,y)A(z, 1) exp(iBoz — iwpt)) + c.c.] (2.9
f’L(r, H = %ux [P(r, 1) exp(iBoyz — iwpt)) + c.c.] (2.10)

~ 1 ) )
Py, (r,1) = Eux [Pyi(r, 1) exp(iBoz — iwot)) + c.c.]

It is understood, that only the real part of above equations is physically relevant, and
hence the complex conjugate will not be explicitly stated anymore. Here, u, is the
unit vector perpendicular to the direction of propagation, which can be dropped due
to the assumption that the polarization is preserved during the propagation through
the fiber. E(r,t) and P . (r,t) are the slowly varying envelopes of the electric field
and linear/nonlinear polarization respectively. For the later derivations, it is practical
to separate the dependencies on x and y (modal pattern) from that on z and ¢ (prop-
agation). This makes sense, as the transverse mode structure in the fiber is to first
order independent of propagation length and time. The quickly varying parts in both
time and longitudinal position z are expressed as a plane wave which propagates in the
z-direction and is of definite frequency wy and associated wave number 8y = nwy/c.

With the assumptions from equation 2.7, the nonlinear polarization can be approxi-
mated by [AgrO1b]

3
Puu(r, 1) = &evi(r, DE(r, 1) with v (r,0) = ¥ VIEG,0F - (2.11)
ey 18 slowly varying both spatially and temporally compared to the optical wavelength

A and period w. To obtain a solution of the wave equation for the slowly varying
amplitude E(r, 1), it is useful to apply a Fourier transform to equation 2.6 (keeping in
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2. Theoretical Basis of Fiber Lasers

mind (6% — iw)). Whenever a Fourier or reverse Fourier transform is applied in this
thesis, the following form is used:

E(r,w) = foo E(r,t)exp [iwt]dt (2.12)

or
E(r, 1) = %f E(r,w)exp [—iwt]ldw (2.13)

respectively. Since ey, is usually intensity dependent, it is generally not possible to
apply a Fourier transform. However, since a perturbation approach is used in which
€y 1s a small perturbation, it can be treated as locally constant:

(V2 + €(r, w)‘;’—;) E(r,w) = 0. (2.14)
with the dielectric function given by
ewy=1+e+ey=1+7V+ Z)z@)(w). (2.15)
Equation 2.14 can be solved by making an Ansatz of the form
E(r,w — wy) = F(x,y)A(z, w — wp) exp(ikoz) (2.16)
which is the Fourier transform of equation 2.9. Here, A(z, w) is a slowly varying func-

tion of z and F(x, y) is the modal distribution of the pulse in the fiber. Some calculation
(see e.g. [AgrO1b]) leads to two equations for F(x, y) and Az, w):

OPF  PF 2
a7 g @ G —F@IF =0 2.17)
N
2ifoam + (B (w) = B)A =0 (2.18)

Owing to the assumption that A is a slowly varying function of z, its second derivative
with respect to z is neglected in both equations. The wave number S(w) is determined
by solving the eigenvalue equation for the fiber modes. The solution will not be dis-
cussed here, for details see [AgrOlb]. One can approximate the dielectric function
by

e(w) = (n(w) + An)* = n* + 2nAn (2.19)
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2.1. Propagation of ultra-short pulses in optical fibers

where An is a small perturbation given by the nonlinearity of the refractive index and
the absorption & and gain g in the fiber

, i3(0) ~ §w)

An = ny|E?| o
0

(2.20)

The solution for the modal distribution F(x,y) is unchanged compared to the case
without the perturbation, but the eigenvalue solutions are altered to

ko [ [ An(x, pIF (x,y)Pdxdy

2.21
[ [ 1F(x, p)Pdxdy (2.21)

Bw) =B(w) +AB  with AB =

This is similar to the approach used in first-order perturbation theory in quantum me-
chanics, which takes the unperturbed eigenfunctions and computes corrected eigenval-
ues. Only single-mode fibers are considered here, so the only solution of interest for
equation 2.17 is the fundamental fiber mode HE11 given by [AgrO1b]

F(x,y) = Jo(kp), p=x¥*+y*<a (2.22)
inside the core and
F(x,y) = va/pJo(kp)expl-y(p —a)], p=a (2.23)

outside the core. This modal distribution is difficult to work with and is for practical
purposes approximated by the Gaussian distribution

F(x,y) = exp[—(x* + y*)/w’] (2.24)

where w is the width parameter obtained by fitting the exact distribution to a Gaussian
form.
Rewriting equation 2.18 and approximating 5%(w) — ﬁg ~ 2Bo(B(w) — Bo) yields

0A -
5 i[B(w) + AB — BolA. (2.25)
For a final step, one takes the inverse Fourier transform of above equation to arrive at

a time-domain representation of the slowly varying envelope function A(z,t). Since
generally an exact functional form for S(w) is not known, it is helpful to expand it in a
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2. Theoretical Basis of Fiber Lasers

Taylor series about the carrier frequency wy

d 1 d?
B) = Bo+(w—-awo) £ ooy ﬁ b= Bt -0+ o)
(2.26)

The cubic and higher terms are negligible if the pulse duration in the ps-range. For

w=w

femtosecond pulses however, third-order dispersion has to be taken into account. Sub-
stituting equation 2.26 in equation 2.25 and taking the inverse Fourier transform 2.13
results in

i — ——— +iABA (2.27)

Fiber losses and nonlinear effects are accounted for by the term AfS and can be evalu-
ated using equation 2.20, leading to

0A  OA iR PA
0A 5> YA =iy APA  with y = 240

+Bi——+ ———+ 2.28
oz Tler T2 af T 2 ¢St (2:28)

where 7 is called the nonlinear parameter and S s the effective area of an optical fiber.
A precise evaluation requires the use of the modal distribution F(x,y). If the Gaussian
approximation for the fundamental mode is used, S,;; = nw?®. For the interesting
regime around a wavelength of 1.5 wm, it ranges from around 20-100 pm?.

One last transformation brings equation 2.28 into its commonly known form. One
makes a transformation into a reference frame moving at the group velocity v, = 1/8;
of the pulse envelope )

‘2—2